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Elimination of clock jitter noise in spaceborne laser interferometers
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Space gravitational wave detectors employing laser interferometry between free-flying spacecraft differ in
many ways from their laboratory counterparts. Among these differences is the fact that, in space, the end
masses will be moving relative to each other. This creates a problem by inducing a Doppler shift between the
incoming and outgoing frequencies. The resulting beat frequency is so high that its phase cannot be read to
sufficient accuracy when referenced to state-of-the-art space-qualified clocks. This is the problem that is
addressed in this paper. We introduce a set of time-domain algorithms in which the effects of clock jitter are
exactly canceled. The method employs the two-color laser approach that has been previously proposed, but
avoids the singularities that arise in the previous frequency-domain algorithms. In addition, several practical
aspects of the laser and clock noise cancellation schemes are addressed.
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I. BACKGROUND

A. Introduction

During the last ten years, work has been going on to
fine and design a spaceborne laser interferometer for the
poses of the detection of low-frequency (1024 Hz→1 Hz)
gravitational waves@1–3#. These interferometers work b
passing laser signals between widely separated space
reading out the relative phases of the signals, and combi
signals between different spacecraft to eliminate laser ph
noise and enhance the gravitational wave signal. A typ
design concept is shown in Fig. 1. Three spacecraft~S/C!
move on trajectories that keep them at the vertices of
equilateral triangle, and signals are passed in both direct
along each of the three long arms thus formed. The pas
of a gravitational wave through the system will create sm
changes in the curvature of space through which the la
signals are passing, thereby advancing or retarding
phases of the laser signals. The amplitude of the phase
produced is proportional to the amplitude of the gravitatio
wave, proportional to the distance between the spacec
and dependent on the orientation of the arm relative to
direction of propagation of the wave. The detection of t
phase differences between the signals in the arms consti
the detection of the gravitational wave, and the detai

FIG. 1. Geometry and notation for the constellation of thr
spacecraft.
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waveform observed for the phase change reveals informa
about the astronomical source that created the wave—
providing gravitational astronomy observations of the acc
erated massive bodies that emit gravitational waves.

The difficulty in gravitational wave detection is the sma
ness of the phase change expected from the reasonabl
tronomical sources one might expect to see. In one miss
concept, the laser interferometer space antenna~LISA!, the
lengths of the arms are 53109 m. Despite this long baseline
the amplitudes of the expected sources are so small th
sensitivity1 of 10 pm Hz21/2, or 10mcycle Hz21/2 of a 1-mm
wavelength laser, has been set as a requirement for the
tector. Unfortunately, the most stable lasers that can be b
have phase fluctuations many orders of magnitude la
than this. In ground-based gravitational wave detecto
where the phase requirements are more stringent still,
problem of laser phase fluctuations has been solved by
ating an equal-arm interferometer. In this type of instrume
a single laser signal goes down two arms, bounces off
end masses, and is recombined by allowing the return
signals to interfere with each other. By maintaining the ar
lengths strictly equal, the laser phase noise cancels when
returned signals are combined. To see how this happens
consider two arms radiating from S/C 1 in Fig. 1. Let t
phase of the laser in S/C 1 bef1(t) and the gravitational
wave signal in the arm of the detector between S/C 1
S/C 2 beh12(t). Then the signal received at S/C 1, assum
that the signal is sent from 1, transponded with no chang
phase at S/C 2, and then beat again against the laser in

1It has long been the practice of the gravitational wave commu
to characterize noise or sensitivity in terms of the ‘‘root spect
density.’’ The relation between the variance and the spectral den
of a time seriesn is given by^n2&5*Df Sn( f ) d f , whereD f is the
bandwidth andSn is the spectral density with units~n units!2 Hz21.
The root spectral density is simplyASn( f ) and has units~n
units! Hz21/2. Over a bandwidth where the spectrum is flat, the
lationship between the rms amplitude ofn and the root spectra
density ofn is nrms5ASn( f )AD f .
©2001 The American Physical Society02-1
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RONALD W. HELLINGS PHYSICAL REVIEW D64 022002
y21~ t !5f1~ t22L12!2f1~ t !1h12~ t !1n21~ t !, ~1!

wheren21(t) is the total nonlaser phase noise in S/C 1 wh
tracking S/C 2 and where the light travel time in the arm
L12. The signal received from S/C 3 is written by letting
→3 in Eq. ~1!. When the signals received at S/C 1 from t
spacecraft at the ends of the two arms are subtracted
resulting interferometer signal is

z1~ t ![y21~ t !2y31~ t !5f1~ t22L12!2f1~ t22L13!

1h12~ t !2h13~ t !1n21~ t !2n31~ t !. ~2!

If the two arms are exactly the same length (L125L13), the
laser phase noise will disappear. However, when the end
the arms are free-flying spacecraft, the armlengths canno
controlled to maintainL125L13. In this case another metho
must be found.

B. Unequal-arm interferometer algorithms

Such a method was discovered by Faller, and refined
published in 1996@4#. In this method it was recognized tha
since the laser phase noise inf1(t) is many orders of mag
nitude larger than any of the other noise sources, the si
in one arm of the interferometer@Eq. ~1!# can be used to
determine the laser phase noise, and the measured time s
of the noise can then be used to correct the interferom
signal@Eq. ~2!# for the fact that the arm lengths are not equ
Working in the frequency domain, one writes the connect
betweenf1 andy21 as

y21~ f !5~12exp@22p i f L 12# !f1~ f !, ~3!

where the Fourier decompositions are given by

y21~ f !5E
0

`

y21~ t !exp@2p i f t #dt and

f1~ f !5E
0

`

f1~ t !exp@2p i f t #dt. ~4!

The Fourier composition of the laser phase noise is t
found by dividing the Fourier decomposition of the observ
y21 by the transfer function

f1~ f !5
y21~ f !

12exp@22p i f L 12#
~5!

and the time series forf1(t) is generated by Fourier synthe
sis fromf1( f ). Oncef1(t) is known, its contribution to Eq
~2! can be synthesized and subtracted from the obse
z1(t) to give an interferometer signal that is free of las
phase noise.

The problem in this procedure, however, is that Eq.~5!
has singularities at frequenciesf 5n/L, wheren is a positive
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integer,2 so the gravitational wave detector will be relative
insensitive near these frequencies. In addition, this met
requires a Fourier transform, with all its sensitivity to bias
and aliasing, before the laser phase correction can be im
mented. Fortunately, a new method has recently been dis
ered that works entirely in the time domain@5# and avoids
these difficulties. This method consists of combining the s
nals from each arm with a time offset in such a way as
undo the inherent time offsets at the light times (2Li j ) in Eq.
~2!. The combination is namedX(t) and is given by

X~ t !5y21~ t22L13!2y31~ t22L12!2y21~ t !1y31~ t !. ~6!

A little algebra will show that the combination of signals
Eq. ~6!, using Eq.~1! for yi j (t), will exactly eliminate the
f1(t) terms. Theyi j in Eq. ~6! represent round-trip signals
In a recent paper, Armstrong, Estabrook, and Tinto@6# have
used one-way signals and identified several more comb
tions of signals that will likewise cancel out thef i(t) noise
terms without canceling the gravitational wave signals.

C. High doppler rate algorithms

As a result of these procedures, laser phase noise ca
essentially eliminated as a noise source. However, there
mains another noise source, whose level is likewise m
orders of magnitude greater than the desired noise floor,
must be addressed. This noise arises due to the fact tha
relative velocity of free-flying spacecraft will produce a Do
pler shift in the frequency of the signal received at ea
spacecraft, so that the beat frequency between the rece
laser signal and the local laser signal will amount to tens
MHz. In addition, if the lasers in the two spacecraft are ea
independently stabilized by their own Fabry-Perot caviti
then the frequencies of the two lasers, being determined
the lengths of the cavities which cannot be made exa
equal, will differ by even more, probably by several hundr
MHz. The gravitational wave will appear as a tiny~;10
mcycle Hz21/2! shift in the phase of this beat signal. As w
discuss in the next section, the measurement of phase to
precision in a signal at this high a frequency will require
frequency standard with relative frequency stabilityDn/n
510217 over a time equal to the period of the gravitation
wave we are trying to detect~;1000 s!. This is beyond the
capability of the best laboratory frequency standards,
‘‘clocks,’’ and well beyond the capability of those that ca
reasonably be used in space. So what is to be done?

In a companion paper@7# to the frequency-domain
unequal-arm algorithm paper@4#, a frequency-domain proce
dure was presented that would eliminate this clock no
This method required that a second laser signal be u
along the arms of the interferometer. Each spacecraft m
therefore broadcast two laser signals, the main signal an

2Equation~5! is also singular atf 50 ~whenn50!, but the laser
phase noise in the interferometer signal@Eq. ~2!# goes to zero asf
→0, so the detector sensitivity remains unimpaired in the lo
frequency limit.
2-2
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ELIMINATION OF CLOCK JITTER NOISE IN . . . PHYSICAL REVIEW D64 022002
second signal that is frequency offset relative to the m
signal by an amount tied to the local clock. Thus, whate
phase reference is being used at one spacecraft is sent
the far spacecraft where it is measured and recorded. T
working in the frequency domain, an inversion like that
Eq. ~5! may be performed, and a time series giving the jit
in each clock may be formed by Fourier synthesis. In t
way, whatever error is induced by reading laser phase r
tive to a noisy frequency standard may be simulated
corrected. This frequency-domain method, however, suf
all of the limitations noted above for synthesizingf i(t),
including the poles atf 5n/L.

It is the main purpose of this paper to present a se
time-domain algorithms that may be used to process
dual-frequency laser data and eliminate the noise due
clock jitter. These algorithms will be developed in Sec.
and will represent the clock-jitter counterparts of the la
phase noise algorithms reported in Refs.@5# and@6#. In Sec.
III, we also present several practical aspects of the data
cessing that have not previously been addressed.

II. TIME-DOMAIN ALGORITHMS

A. Instrument concept

We assume an instrument labeled as in Fig. 1, with th
identical spacecraft numbered 1, 2, and 3. The signal
ceived at timet by S/C 1 from S/C 2 will be denoted a
y21(t). In the previous section, our expressions for the s
nals assumed that the lasers in S/C 2 and S/C 3 were p
locked to the incoming signals from S/C 1, so that whate
phase S/C 2 received was simply bounced back toward
1. While this assumption simplifies the formulas in the ca
of a single interferometer with a single central spacecr
there are reasons@6,8# for keeping the lasers in each spac
craft independent of the others. Indeed, if data from a sec
interferometer~with vertex at one of the other spacecraft! are
to be collected simultaneously with the first, then the for
of the signals for the second interferometer are not the sim
expressions given in Sec. I. In the remainder of this paper
will assume that the laser in each spacecraft is locked onl
its own Fabry-Perot cavity. The case where some lasers
locked to incoming signals may be recovered as a spe
case of the expressions we derive~see Sec. III D!.

We write the phase of the signal sent by S/Ci and re-
ceived by S/Cj as

yi j ~ t !5f i~ t2Li j !2f j~ t !1hi j ~ t !1ni j ~ t !. ~7!

The notation is the same as in Eq.~1!, except thathi j andni j
have changed their meaning slightly. In Eq.~1!, these quan-
tities were the total signal and the total nonlaser noise g
erated during the round trip of the signals, including wh
ever noise S/Ci contributed while it was transponding th
signal. Here, in Eq.~7!, hi j represents the gravitational wav
signal generated during the one-way trip from S/Ci to j, and
ni j represents the noise that arises one way, dominated a
Fourier frequencies by equal amounts of position noise
both spacecraft and at high Fourier frequencies by shot n
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in the laser receiver at S/Cj @9#. We further separate the lase
phase into a part that is a pure constant frequency and a
that is random phase noise

f i~ t !5n i t1pi~ t !, ~8!

wheren i is the constant laser frequency in S/Ci andpi(t) is
the phase noise in this laser. If we also write the armlength
an initial distance plus a constant velocity,

Li j 5Li j ,01Vi j t, ~9!

then Eq.~7!, with Eqs.~8! and ~9! included, becomes

yi j ~ t !5@~n i2n j2Vi j n i #t1pi~ t2Li j !2pj~ t !1hi j ~ t !

1ni j ~ t !, ~10!

where we have dropped the constant phase offset assoc
with Li j ,0 .

Now let us estimate the sizes of the various terms in
~10!. The magnitude of the first term,n i2n j , will depend on
how closely tuned the frequencies of the lasers in the
spacecraft may be, considering that each will be locked to
own Fabry-Perot cavity. For the OMEGA mission@3#, which
proposed using independent Nd yttrium-aluminum-gar
~YAG! ~1064-mm wavelength! lasers in each spacecraft i
this way, a reasonable estimate was found to be 300 MHz
any event, the next termVi j n i , will be of order;10 MHz,
so the receiver design must accomodate this fundame
frequency foryi j , even in the case of nonindependent e
lasers. The size of thepi terms in Eq.~10! will depend on
how accurately the lasers are locked to the cavities in e
spacecraft~see Sec. III A for an estimate!. The smallest de-
tectablehi j (t) gravitational wave phase signal is required
be 10 mcycles Hz21/2, so uncanceledpi(t) laser noise and
otherni j (t) phase noise must be less than this. Therefore
order to detect a gravitational wave with periodt51000 s in
a bandwidth D f 51/t, a phase shift ofdf5ASfAD f
50.3mcycle must be detected in a total phase of 300 M
31000 s5331011cycles. If we recast this requirement i
terms of frequency, we see that this corresponds3 to detecting
a 2 nHz frequency shift in a signal of 300 MHz. In order
measure a frequency to a this accuracy, a frequency stan
with frequency stability 2 nHz/300 MHz'10217 is required.
Since there presently exists no space-qualified freque
standard with such performance, clock jitter will be a ma
noise source in the detectors unless it is dealt with in so
other way.

B. Clock jitter

To see how clock-jitter noise enters the readout of
laser phases, let us consider the detection process in m
detail. We will anticipate our final solution to this problem

3The spectral density of frequency noise is related to the spe
density of phase noise bySn5v2Sf54p2f 2Sf , so the rms fre-
quency noise isdn rms5ASnAD f 52p f df rms.
2-3
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RONALD W. HELLINGS PHYSICAL REVIEW D64 022002
by discussing the two laser signals that will ultimately
needed. Figure 2 shows symbolically the signals that are
and received by the two spacecraft at the two ends of a si
arm. The fundamental laser frequency in S/C 2 isn2 and the
laser phase noise isp2(t). In addition, a second laser sign
is superimposed on the same beam, either by merging sig
from two separate lasers~as in OMEGA @3#, with the beat
frequency between the two acting as the local spacec
clock! or by modulating the main laser signal at a frequen
equal to the fundamental frequency of the ultrastable os
lator ~USO! that serves as the local spacecraft clock~as in
the current LISA design@2#!. The frequency of the loca
clock is f 2 and it is assumed to have phase jitterq2(t). Thus
S/C 2 will send laser signalsn2t1p2(t) and (n21 f 2)t
1p2(t)1q2(t), while S/C 1 has local laser signalsn1t
1p1(t) and (n11 f 1)t1p1(t)1q1(t). The phases of the two
signals from S/C 2, as received as S/C 1, are

f2~ t !5n2~12V12!t1p2~ t2L12!1h21~ t !1n21~ t !
~11a!

and

f28~ t !5~n21 f 2!~12V12!t1p2~ t2L12!1q2~ t2L12!

1h21~ t !1n218 ~ t !. ~11b!

Then218 in Eq. ~11b! may include some noise, like spacecra
position noise, that is the same as inn21, and other noise
like shot noise, that will be different from the shot-noise p
of n21. When these signals are beat against the local las
S/C 1, two signals result:

y21~ t !5f2~ t !2f1~ t !

5@~n22n1!2V12n2#t1p2~ t2L12!2p1~ t !

1h21~ t !1n21~ t ! ~12a!

and

y218 ~ t !5f28~ t !2f18~ t !

5@~n22n1!1~ f 22 f 1!2V12~n21 f 2!#t1p2~ t2L12!

2p1~ t !1q2~ t2L12!2q1~ t !1h21~ t !1n218 ~ t !,

~12b!

FIG. 2. Geometry of a single one-way link showing the las
frequencies generated on each spacecraft.
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both composed of constant-frequency terms plus phase
tuations.

The procedure for reading out the phases of the two
nals y21(t) and y218 (t) may best be understood by referen
to Fig. 3. The two incoming signals from S/C 2,f2 , andf28 ,
fall on a photodiode on board S/C 1, where they interfe
with a portion of the two signals,f1 andf18 , that are being
broadcast from S/C 1. If, as has been proposed@7#, the rf
clock signalsf i are at much higher frequency than the 3
MHz of n22n1 , then y21(t) and y218 (t) will be the only
signals in this frequency band@see Ref.@7#, Eq. ~14!# and
will not be confused with any other of the six beat freque
cies on the photodiode, generated by mixtures of the f
input frequencies.

In order to read out these rf frequencies, a local oscilla
~LO! is first used to beat the signals down to a low baseb
where they may be sampled and fit to determine an ave
phase. For the clock-jitter cancellation procedure to wo
the LO must be phase-locked to the localf i clock, as we
show below. The LO could be a piece of hardware~like the
phase-stable frequency synthesizer developed for
OMEGA mission @10#! or a piece of software in a digita
processor~as long as the clock cycles for the processor
tied to the spacecraft time standard!. Whatever the realiza-
tion of this frequency subtractor, however, it is important f
the method of this paper that the same frequency be s
tracted from bothy21(t) andy218 (t).4

The LO will produce a frequency that is close to the fr
quencies of the two signalsy21(t) andy218 (t). This frequency
will be tied to the local spacecraft clock by making the L
frequency some rational fractiona21 of the local clock fre-
quencyf 1 . The functional forms of the two baseband signa
coming out of the mixer will then be

s21~ t !5y21~ t !2a21@ f 1t1q1~ t !#

5@~n22n1!2V12n22a21f 1#t1p2~ t2L12!2p1~ t !

2a21q1~ t !1h21~ t !1n21~ t ! ~13a!

4An example of a receiver that does not satisfy this requirem
would be one that processed the rf signals directly to measure
phase. Such an instrument can be thought of as an LO that b
each signal separately down to dc. In order to do this for bothy21(t)
and y218 (t), a different frequency would have to be mixed wi
y21(t) than withy218 (t), and the clock-jitter cancellation procedur
we describe here will not work at the required accuracy.

r

FIG. 3. Details of the laser receiver showing the four sign
falling on the photodiode and the two 300-MHz radio frequen
signalsy21 and y218 that are the beat frequencies between the fo
The frequency synthesizer produces a frequencya21f 1 that mixes
both y21 and s218 down to baseband signalss21 and s218 , with a21

;(n22n12V12n2)/ f 1 .
2-4
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ELIMINATION OF CLOCK JITTER NOISE IN . . . PHYSICAL REVIEW D64 022002
and

s218 ~ t !5y218 ~ t !2a21@ f 1t1q1~ t !#

5@~n22n1!1~ f 22 f 1!2V12~n21 f 2!2a21f 1#t

1p2~ t2L12!2p1~ t !1q2~ t2L12!2~a2111!q1~ t !

1h21~ t !1n218 ~ t !, ~13b!

wherea21 has been chosen so thata21f 1;n22n12V12n2 .
Equation~13a! is the main signal, which will be present eve
if there is no second laser frequency in the beam. The clo
jitter problem we are trying to solve is apparent in this eq
tion. When any laser signal is detected and read out,
q1(t) jitter in the local clock in the receiving spacecraft w
produce a phase noisea21q1(t) in the result. Assuming a
standard space-qualified USO, this term will correspond
frequency noise;1 mHz. This is three orders of magnitud
larger than the 2 nHz accuracy needed for the gravitatio
wave requirement. Therefore, even after theX(t) combina-
tion is formed and thepi(t) terms drop out, there will be
ai j qi(t) terms that will remain and will dominate the noise
the detector.

C. Laser and clock noise cancellation algorithms

Before we discuss the algorithms that will cancel theqi(t)
clock-jitter noise terms in Eq.~13!, let us review the combi-
nations of theyi j (t) signals that are used to cancel las
phase noise. We summarize the results from the paper
Armstrong, Estabrook, and Tinto@5,6#, but we use notation
~for numbering spacecraft and arms! consistent with Fig. 1
and Eq.~7!.
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Consider, then, the combination ofyi j (t) defined by

X~ t !5y12~ t2L1222L13!2y13~ t2L1322L12!

1y21~ t22L13!2y31~ t22L12!1y13~ t2L13!

2y12~ t2L12!1y31~ t !2y21~ t !. ~14a!

It may be noted thatX(t) is formed from signals that trave
only along the two armsL12 andL13, with no data included
from theL23 arm. If there were ever a failure in the spac
craft such that one arm of the interferometer would no lon
be operative, that arm could be designated theL23 arm, and
the other two arms could still be used to provide a las
phase-noise-freeX(t) signal. Functions analogous toX(t)
may also be formed by permuting each subscript in Eq.~14!
(1→2→3) to define a signalY(t) that requires no data from
L13,

Y~ t !5y23~ t2L2322L12!2y21~ t2L1222L23!

1y32~ t22L12!2y12~ t22L23!1y21~ t2L12!

2y23~ t2L23!1y12~ t !2y32~ t ! ~14b!

and again to giveZ(t) which requires nothing fromL12.

Z~ t !5y31~ t2L1322L23!2y32~ t2L2322L13!

1y13~ t22L23!2y23~ t22L13!1y32~ t2L23!

2y31~ t2L13!1y23~ t !2y13~ t !. ~14c!

To see how the these combinations work to eliminate la
phase noise, we expand Eq.~14a! using Eq.~7! to express
the yi j (t) in terms of their elements, and find
X~ t !5f1~ t22L1222L13!2f2~ t2L1222L13!1h12~ t2L1222L13!1n12~ t2L1222L13!

2f1~ t22L1322L12!1f3~ t2L1322L12!2h13~ t2L1322L12!2n13~ t2L1322L12!

1f2~ t22L132L12!2f1~ t22L13!1h12~ t22L13!1n21~ t22L13!

2f3~ t22L122L13!1f1~ t22L12!2h13~ t22L12!2n31~ t22L12!

1f1~ t22L13!2f3~ t2L13!1h13~ t2L13!1n13~ t2L13!

2f1~ t22L12!1f2~ t2L12!2h12~ t2L12!2n12~ t2L12!

1f3~ t2L13!2f1~ t !1h13~ t !1n31~ t !

2f2~ t2L12!1f1~ t !2h12~ t !2n21~ t !. ~15!
us,

As may be seen by inspecting the first two terms on each
of Eq. ~15!, the laser phase noise terms cancel in pairs. S
lar expansions may be used to see the cancellation inY(t)
andZ(t) by permuting 1→2→3 in Eq. ~15!.

However, as we saw in the last section, it is not theyi j (t)
signals that are directly measured on each spacecraft,
rather, thesi j (t) signals that contain clock-jitter noise in ad
dition to the other noise terms. Because one must use
e
i-

ut,

he

observablesi j (t) to form X(t), there will be unavoidable
clock-jitter noise included from each of the spacecraft. Th
the creation of

X~ t !5s12~ t2L1222L13!2s13~ t2L132L12!1s21~ t22L13!

2s31~ t22L12!1s13~ t2L13!2s12~ t2L12!1s31~ t !

2s21~ t ! ~16!
2-5
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yields a signal with clock jitter

X~ t !5a12@q2~ t2L12!2q2~ t2L1222L13!#

2a13@q2~ t2L13!2q3~ t2L1322L12!#1a21@q1~ t !

2q1~ t22L13!#2a31@q1~ t !2q1~ t22L12!#

1signal1noise, ~17!

where the signal and noise terms are the combinations o
hi j (t) and ni j (t) terms given in Eq.~15!, and where terms
representing constant phase shifts have been dropped.
permutations 1→2→3 in Eq. ~17! give the residual clock-
jitter noise terms inY(t) andZ(t).

The key to the elimination of theai j qk noise terms in Eq.
~17! is found by reference to Eqs.~13!. When thesi j8 (t)
secondary laser signal@Eq. ~13b!# is subtracted from the
main laser signalsi j (t) @Eq. ~13a!# the resulting difference5

r i j8 ~ t ![si j ~ t !2si j8 ~ t !5~ f i2 f j1Vi j f j !t1qj~ t !

2qi~ t2Li j !1ni j ~ t !1ni j8 ~ t ! ~18!

will contain a combination of the two clock jitters. The cloc
frequenciesf i will be known a priori and the orbits will be
known well enough to determineVi j . The constant fre-
quency part of Eq.~18! may therefore be subtracted off b
hand, leaving a signal that contains only theqi terms plus the
instrumental noise terms:

r i j ~ t ![r i j8 ~ t !2~ f i2 f j1Vi j f j !t

5qj~ t !2qi~ t2Li j !

1ni j ~ t !1ni j8 ~ t !. ~19!

A little algebra will then verify that the combination

j~ t !5X~ t !2a12r 21~ t22L13!1a13r 31~ t22L12!

2~a121a21!r 13~ t2L13!1~a131a31!r 12~ t2L12!

1~a121a131a31!r 21~ t !2~a131a121a21!r 31~ t !

~20a!

will exactly cancel out theqi terms in Eq.~17!. Similarly,
combinations given by

c~ t !5Y~ t !2a23r 32~ t22L12!1a21r 12~ t22L23!

2~a231a32!r 21~ t2L12!1~a121a21!r 23~ t2L23!

1~a231a121a21!r 32~ t !2~a211a231a32!r 12~ t !

~20b!

and

5It is here that the need for a common LO frequency,ai j f j , mixed
with both theyi j and theyi j8 signals, becomes apparent, for on
then will theai j qj terms cancel exactly, leaving the simple comb
nation ofqj given in Eq.~18!.
02200
he

he

z~ t !5Z~ t !2a31r 13~ t22L23!1a32r 23~ t22L13!

2~a131a31!r 32~ t2L23!1~a231a32!r 31~ t2L13!

1~a311a231a32!r 13~ t !2~a321a131a31!r 23~ t !

~20c!

will produce signals based onY(t) andZ(t) that are cleaned
of clock-jitter noise. It is also apparent that, if theai j coef-
ficients are much less than unity, the additional noise~ni j and
ni j8 ! contributed by adding in ther i j signals will be negligible
compared to that already present in the signalsX(t), Y(t),
and Z(t). In fact, thesi j8 signals only appear multiplied by
ai j , so, with ai j small enough, their phase noiseni j8 can
actually be much larger thanni j without adding appreciably
to the noise in the final signals.

In order for the phase combinations of Eq.~20! to be
calculated, the ratiosai j will have to be known. If these
ratios are determined via phase-locked loops on board e
spacecraft, then those values will have to be telemete
from each spacecraft so that the combinations in Eqs.~20!
can be formed. However, since the LO on each spacecra
only required to beat the frequency down to a baseband
perhaps, a few kHz, accurate enough values forai j may eas-
ily be determined on the ground from knowledge of t
clock frequencies and of the spacecraft orbit. In this case
proper ratios, including Doppler shifts, may simply be u
loaded from the ground and stored in memory on board e
spacecraft.

In addition to theX(t), Y(t), andZ(t) signals, the recen
paper by Armstrong, Estabrook, and Tinto@6# has identified
several other combinations of the six one-way signals fr
the three arms of the interferometer that are also free of la
phase noise. One such combination6 is

A~ t !5y31~ t !2y21~ t !1y23~ t2L13!2y32~ t2L12!

1y12~ t2L132L23!2y13~ t2L122L23!. ~21!

Other laser-noise-free signals may be found by permu
indices 1→2→3 to giveB(t) and thenC(t). As before, it is
not theyi j that are observable, but thesi j . Using Eq.~13a!
for the si j , Eq. ~21! becomes

A~ t !5a21q1~ t !2a12q2~ t2L132L23!1a13q3~ t2L122L23!

2a31q1~ t !1a32q2~ t2L12!2q23q3~ t2L13!

1signal1noise. ~22!

An important difference between Eq.~22! and Eq.~17! may
be noted. In Eq.~17!, eachai j multiplies a difference be-
tween twoqj terms taken at different times. This is the pro
erty that made it possible to find a linear combination of t

6This signal is denoteda(t) in Ref. @6#, but we would like to use
Greek letters for the signals after they are cleaned of clock jitter
we useA(t) for the laser-phase-noise-free signal given in Eq.~21!
and reservea(t) to represent its clock-jitter-canceled counterpar
2-6
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r i j @Eq. ~19!# that reproduced the difference and corrected
it. In Eq. ~22!, however, eachai j multiplies a singleqj term,
and there is no way, short of the frequency-domain met
of Ref. @7#, to determine a singleqj time series by itself.
Therefore, simple time-domain combinations of signals t
will eliminate clock jitter fromA(t), B(t), andC(t) do not
exist.

Nevertheless, let us consider the following combination
A(t) and r i j signals:

a~ t ![A~ t !1a12r 23~ t2L13!2a13r 32~ t2L12!

1~a121a23!r 31~ t !2~a131a32!r 21~ t ! ~23a!

along with its permuted counterparts

b~ t ![B~ t !1a23r 31~ t2L12!2a21r 13~ t2L23!

1~a231a31!r 12~ t !2~a211a13!r 32~ t ! ~23b!

and

g~ t ![C~ t !1a31r 12~ t2L23!2a32r 21~ t2L13!

1~a311a12!r 23~ t !2~a321a21!r 13~ t !. ~23c!

When Eqs.~19! and ~22! are used in Eq.~23a!, we find

a~ t !52~a122a211a232a321a312a13!q1~ t !

1signal1noise. ~24!

Now let us remember that theai j are determined byai j
;(n i2n j2Vi j n i)/ f j . When thef j clock frequencies are in
dependently set on each spacecraft, there is no reason
should have any particular relationship to each other,
there is therefore no reason for the combination ofai j in the
coefficient ofq1(t) in Eq. ~24! to be particularly small. On
the other hand, a careful choice of these frequencies m
accomplish just that. One such choice is to make eacf i
proportional to the laser frequency on that spacecraft. In f
this condition is automatically satisfied when the local clo
is formed by beating together two lasers that are ph
locked to nearby modes of the same cavity. Whether
proportionality is achieved via two lasers or simply by tuni
each USO to a frequencyf i5ln i , wherel is some constant
the coefficient ofq1(t) in Eq. ~24! becomes

a122a211a232a321a312a31

5@~12V23!n1~n21n3!~n32n2!

1~12V13!n2~n11n3!~n12n3!

1~12V12!n3~n11n2!~n22n1!#/~ln1n2n3!.

~25!

The terms containingVi j will each be of orderVi j (n i
2n j )/ f i;Vi j ai j , which, assuming typical valuesai j ;0.1
andVi j ;1027, will make contributions of order 1028. The
terms without Vi j add up to (n22n1)(n32n2)(n3
2n1)/(ln1n2n3), which is small of order 10213. Thus, the
a(t) given by Eq.~23!, while not eliminating theqi terms of
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Eq. ~22! identically, can nevertheless reduce them to a le
where they are negligibly small. Similar derivations a
similar conclusions hold for theb(t) andg(t) given in Eqs.
~23b! and ~23c!.

III. DISCUSSION AND APPLICATIONS

A. Time resolution requirements

The algorithms for producing laser phase noise canc
tion @Eqs.~14!# and those for canceling clock jitter@Eq. ~20!#
require that the observed signals be available at exactly
right times so that they may be properly combined. There
two parts to this requirement. First, the light timesLi j must
be known with sufficient accuracy and, second, the sign
must be available with sufficient time resolution for the s
nal with the correct time offset to be found. The light tim
will only be known to some finite measurement accuracy a
the si j and r i j signals will only be sampled at some finit
time resolution. In this section, we will calculate what th
requirements for the light-time measurement and signal t
resolution will be. The following two sections will discus
how the time resolution may be achieved without excess
data rate requirements for the spacecraft telemetry syst
and how the light time may be measured to the requi
accuracy.

Let us assume that an errordLmn is made in our knowl-
edge of themnth arm of the interferometer, or, equivalentl
that one of the signals is not known at exactlyt2Lmn , but
only at t2Lmn2dLmn . Then a portion of thepj (t) laser
phase noise@Eq. ~8!# will remain uncorrected. To see how
this arises, we write each of thepj (t) as a Taylor series
expanding Eq.~13a! at time t2Lmn to read

si j ~ t2Lmn!5pi~ t2Li j 2Lmn!1 ṗi~ t2Li j 2Lmn!dLmn

2pj~ t2Lmn!2 ṗ j~ t2Lmn!dLmn , ~26!

where we have dropped all contributions tosi j except for the
pj terms. It is the laser phase noise that dominates, so if
have sufficient light-time knowledge and time resolution
satisfy the laser phase noise cancelation requirement, we
automatically have sufficient for the clock-jitter cancellatio
When Eq.~26! is used for all thesi j terms in Eq.~16!, X(t)
becomes

X~ t !5~dL122dL13! ṗ1~ t22L1222L13!

1dL12@ ṗ2~ t2L1222L13!2 ṗ2~ t2L12!#

2dL13@ ṗ3~ t2L1322L12!2 ṗ3~ t2L13!#. ~27!

If the measurements ofL12 and L13 are independent and o
orderdL, then the relationship between the spectral den
of laser phase noise inX(t) and the spectral density ofṗi is

SX5@214 sin2~2vL13!14 sin2~2vL12!#~dL !2SDn ,
~28!

where SDn5Sṗ is the spectrum of frequency fluctuation
The time-domain differences ofṗ j in Eq. ~27! produced the
2-7



e

rv

ro
in

ib
e

ee

u

ro

i
rd
na
cr
c
h

ne

rate
e
it is

cy

her
lu-

he

se-

ith

ght

ion

u nal

RONALD W. HELLINGS PHYSICAL REVIEW D64 022002
sin2(2vL) terms as transfer functions in Eq.~28!. If we av-
erage Eq.~28! over all frequenciesv, we find

S̄X57.66~dL !2SDn ~29!

giving a requirement onDL of

dL50.36
AS̄X

ASDn

53.631026 s, ~30!

where, in the evaluation of Eq.~30!, we have assumed th
usual phase noise requirement of 1025 cycles Hz21/2 and as-
sumed that the spectrum of laser frequency stability obse
in the laboratory,SDn( f );1 Hz2 Hz21 at a frequency of 1
Hz, can continue to lower frequency when the Fabry-Pe
cavity has the thermal stability it is expected to have
space. If this is indeed the case, a time resolution of 1ms
would reduce the residual laser phase noise to a neglig
level. If this stability is not achievable in space, a finer tim
resolution would be needed for sampling thesi j and r i j sig-
nals, and a more precise knowledge of the light time betw
spacecraft would be required.

B. Signal requirements

As was discussed in the previous section, the signals m
be sampled on board each spacecraft with a 1ms or better
resolution. However, Eqs.~14! and ~21! show that the com-
binations needed to eliminate laser noise require signals f
all three spacecraft@i.e., the formation ofX(t) requiress12,
s13, ands212s31#. As we will show in Sec. III D, even in the
case where some of the lasers are locked to the incom
signals, signals from multiple spacecraft are needed in o
to form the complete unequal-arm interferometer combi
tions. Thus, the signals read out on board each space
will have to be telemetered to the ground or to other spa
craft in order to create the required combinations. T
straightforward communication of the time series forsi j and
r i j with ms time resolution, and with enough bits to defi

TABLE I. Signal requirements for the setx(t), c(t), andz(t).
The times listed for each signal are those at which the signal m
be accumulated on board each spacecraft.

Signals Times

s21 t2L1222L23 t2L12 t22L13 t
r 21 t2L12 t22L13 t
s31 t2L1322L23 t2L13 t22L12 t
r 31 t2L13 t22L12 t
s12 t2L1222L13 t2L12 t22L23 t
r 12 t2L12 t22L23 t
s32 t2L2322L13 t2L23 t22L12 t
r 32 t2L23 t22L12 t
s13 t2L1322L12 t2L13 t22L23 t
r 13 t2L13 t22L23 t
s23 t2L2322L12 t2L23 t22L13 t
r 23 t2L23 t22L13 t
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the phase to the required accuracy, would require a data
on the order of 100 Mb/s. This is prohibitively high for th
space missions that have been proposed. Fortunately,
also unnecessary, as we shall now show.

In order to detect gravitational waves in the LF frequen
band, a sample time ofDt51 s is all that is required in the
X(t) and other signals. The only reason for using a hig
sample rate than this would be to provide the higher reso
tion necessary to correctly createX(t) and the other signals
by combining data from the various spacecraft with t
proper time offsets. However, one-second samples ofX(t)
can be generated by averaging a higher-resolution time
ries. If we average Eq.~16! over the desired sample timeDt,
we find

Xn[
1

Dt Etn

tn1Dt

X~ t ! dt

5
1

Dt H Etn

tn1Dt

s12~ t2L1222L13! dt

2E
tn

tn1Dt

s13~ t2L1322L12! dt

1E
tn

tn1Dt

s21~ t22L13! dt2E
tn

tn1Dt

s31~ t22L12! dt

1E
tn

tn1Dt

s13~ t2L13! dt2E
tn

tn1Dt

s12~ t2L12! dt

1E
tn

tn1Dt

s31~ t ! dt2E
tn

tn1Dt

s21~ t ! dtJ , ~31!

whereXn is the nth sample, taken at timetn5nDt. There-
fore, if the si j signals are available on each spacecraft w
ms resolution, all that is required in order to allow theX(t)
combination to be formed is the integral of each of the ei
terms on the right-hand side over theDt interval. In fact, all
that is required, for example, from S/C 2 is the combinat

st
TABLE II. Signal requirements for the seta(t), b(t), and

g(t). The times listed for each signal are those at which the sig
must be accumulated on board each spacecraft.

Signals Times

s21 t2L132L23 t2L13 t
r 21 t2L13 t
s31 t2L122L23 t2L12 t
r 31 t2L12 t
s12 t2L132L23 t2L23 t
r 12 t2L23 t
s32 t2L122L13 t2L12 t
r 32 t2L12 t
s13 t2L122L23 t2L23 t
r 13 t2L23 t
s23 t2L122L13 t2L13 t
r 23 t2L13 t
2-8
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1

Dt Etn

tn1Dt

@s12~ t2L1222L13!2s12~ t2L12!#dt. ~32!

Consider, for example, a case with light timesL12
515.776 339 1 s andL13515.822 714 2 s. At a timet7184
57184 s, S/C 2 would need to have available the averag
s12 from t57136.578 233 s~i.e., tn2L1222L13 with 1 ms
resolution! to 7137.578 233 s (tn2L1222L131Dt). The av-
erage ofs12 from 7168.223 661 (tn2L12) to 7169.223 661
(tn2L121Dt) would also be needed. The difference b
tween these two 1 s averages is the signal required from S
2 in order to formX(t).

If we consider the total data requirements from all spa
t
e
e
,

io

02200
of

-

-

craft and for the complete set of variables,x(t), c(t), and
z(t), the data requirements shown in Table I may be form

As may be seen, each spacecraft is required to prod
four 1 s averages of each incomingsi j signal and three of
eachr i j signal, each with its particular time offset. Since t
r i j signals are required at the same times as their respe
si j signals, all that is required to produce them is to gener
thesi j8 at the three times given above for ther i j and to simply
subtract to getr i j 5si j 2si j8 as in Eq.~18!. The 14 pieces of
data at each spacecraft are then combined into three sig
that are telemetered to other spacecraft or to the groun
order for thex(t), c(t), andz(t) set of signals to be formed
The data required from each spacecraft are
oard.
set of
S/C1: H D1x5s21~ t22L13!2s21~ t !2s31~ t22L12!1s31~ t !2a21r 21~ t22L13!1~a121a131a31!r 21~ t !,
D1c5s21~ t2L12!2s21~ t2L1222L23!2~a231a32!r 21~ t2L12!,
D1z5s31~ t2L13!2s31~ t2L1322L23!2~a231a32!r 31~ t2L13!,

~33a!

S/C2: H D2c5s32~ t22L12!2s32~ t !2s12~ t22L23!1s12~ t !2a32r 32~ t22L12!1~a231a121a21!r 32~ t !,
D2z5s32~ t2L23!2s32~ t2L2322L13!2~a131a31!r 32~ t2L23!,
D2x5s12~ t2L12!2s12~ t2L1222L13!2~a131a31!r 12~ t2L12!,

~33b!

S/C3: H D3z5s13~ t22L23!2s13~ t !2s23~ t22L13!1s23~ t !2a13r 13~ t22L23!1~a311a231a32!r 13~ t !,
D3x5s13~ t2L13!2s13~ t2L1322L12!2~a121a21!r 13~ t2L13!,
D3c5s23~ t2L23!2s23~ t2L2322L12!2~a121a21!r 23~ t2L23!.

~33c!

It should be noted that all six values of theai j must be known by each spacecraft in order to form these combinations on b
It can easily be verified thatx(t), c(t), andz(t) are formed by adding together just these nine pieces of data, so this
signals represents the data rate requirement for this type of mission.

The set of data needed to forma(t), b(t), andg(t) is summarized in Table II. In the case of thea(t), b(t), andg(t)
combinations, there are fewer time offset signals that must be accumulated on each spacecraft~threesi j instead of four and two
r i j instead of three!, but the times are not all the same as those in Table I. Thus, if both sets,x(t), c(t), andz(t) anda(t),
b(t), and g(t), are desired, then more data must be accumulated in the laser receivers~six si j and four r i j !. The data
combinations needed to form thea(t),b(t),g(t) set are

S/C1: H D1a5s31~ t !2s21~ t !1~a211a23!r 31~ t !2~a131a32!r 21~ t !,
D1b5s31~ t2L12!2s21~ t2L132L23!1a23r 31~ t2L12!,
D1g5s31~ t2L122L23!2s21~ t2L13!2a32r 21~ t2L13!,

~34a!

S/C2: H D2b5s12~ t !2s32~ t !1~a321a31!r 12~ t !2~a131a21!r 32~ t !,
D2g5s12~ t2L23!2s32~ t2L132L12!1a31r 12~ t2L23!,
D2a5s12~ t2L132L23!2s32~ t2L12!2a13r 32~ t2L12!,

~34b!

S/C3: H D3g5s23~ t !2s13~ t !1~a311a12!r 23~ t !2~a321a21!r 13~ t !,
D3a5s23~ t2L13!2s13~ t2L122L23!1a12r 23~ t2L13!,
D3b5s23~ t2L122L13!2s13~ t2L23!2a21r 13~ t2L23!.

~34c!
led.
to
re-

lt of
As was the case forx(t), c(t), and z(t), each spacecraf
must know all of theai j from the other spacecraft before th
a(t),b(t),g(t) combinations can be formed. The data r
quirement fora(t),b(t),g(t) is again nine pieces of data
three from each of three spacecraft. The signal combinat
in Eq. ~34! are independent of those in Eq.~33!, so, if both
-

ns

thex(t), c(t), andz(t) and thea(t),b(t),g(t) data sets are
desired simultaneously, the data rata requirement is doub

Assuming that each data point requires, say, 64 bits
accurately represent the phase in microcycles, the data
quired from the spacecraft has been reduced, as a resu
the considerations in this section, from 100 Mb/s to 9364
2-9
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5576 b/s. The laser phases will be sampled with micros
ond accuracy and then averaged to form the 14 1 s phase
measurements given in Tables I and II. These are then ad
together in the proper ratios to produce the signal comb
tions of Eq. ~33! or Eq. ~34!, and this is all that must be
telemetered to the ground. There remains, however, one
portant use for the high rate data. This is the subject of
next section.

C. Measuring the L ij

Let us consider the cross-correlation function ofs21 and
s12 over a record of lengthT:

C12~t!5
1

T E
2T/2

T/2

s21~ t2t!s12~ t ! dt. ~35!

When thesi j are expanded, keeping only the dominant la
phase noise terms, Eq.~35! becomes

C12~t!5
1

T E
2T/2

T/2

@p2~ t2L122t!2p1~ t2t!#

3@p1~ t2L12!2p2~ t !#dt

52
1

T E
2T/2

T/2

p2~ t2L122t!p2~ t ! dt

2
1

T E
2T/2

T/2

p1~ t2t!p1~ t2L12! dt, ~36!

where thep1p2 terms have been dropped since the statist
independence ofp1 andp2 will make them negligibly small.
The two remaining integrals in Eq.~36! are just the autocor
relation functions ofp1 andp2 with time offsets

C12~t!52Ap2
~t1L12!2Ap1

~t2L12!. ~37!

Thus, the cross-correlation function will have peaks at1L12
and2L12, corresponding to the zero-lag peaks in the au
correlation functions ofp1 andp2 . Examination of the cross
correlation function and identification of these peaks w
therefore provide a measure of the light timeL12.

The measurement of theLi j will not need to be performed
on a continuing basis, since the observed Doppler rate insi j
will give the change in range between spacecraft. The m
surement will therefore only be needed once initially a
again whenever a check of the integrated range is des
For each range measurement, thesi j may be sampled at a
raw rate of one every microsecond and the raw data fr
several seconds of measurement ofsi j andsji can be teleme-
tered to the ground at a low data rate over a long period
time. Once both signals are available, the identification ofLi j
will consist simply in formingCi j and finding the unique
value of t where the two maxima of the cross-correlati
function occur. If the data are averaged over several sam
times, in order to reduce the data required for formingCi j ,
then interpolation between the two maxima on either side
t56Li j can determine the correct value.
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One practical problem in the procedure we have just
scribed is that the solid-state lasers we have assumed fo
space missions are, in fact, very low in phase noise a
sample time of 1ms. The products of thepi laser phase
noises risk being swallowed up in theni j shot noises in the
phase readout system. There are two things that may be
to get around this problem. First, since there is alway
phase modulator in the main laser beam that is used for
phase locking to the Fabry-Perot cavity, that phase mod
tor could be used to impose a 1 MHz pseudorandom phas
noise code on the laser signal. The resulting phase s
could be as large as desired and could be much larger
the shot-noise floor. Alternatively, the process of averag
the raw data rate over several samples will give a laser ph
noise at what is effectively a longer sample time. The no
at this sample time will be greater than that at the raw rate
1 ms since lasers typically exhibit a 1/f noise spectrum in
this frequency range. This noise may be great enough
itself to be detectable above the shot noise, and the true v
of t could be determined by interpolating the correlati
function. In Fig. 4, a simulation of this general technique
shown for a 1 ms~instead of a 1ms! time resolution. A total
of 105 points of pseudorandompi(t) phase noise data wer
generated with a fundamental time resolution of 0.1 ms. T
data were then lagged by the proper amounts to represens12
and s21 to 0.1-ms resolution. Thesi j were each average
over ten-point bins to form a total of 10 s of 1-ms-resoluti
signal. A sample of the time series ofs12 is shown in Fig.
4~a!. Finally, the cross-correlation functionC12(t) was

FIG. 4. ~a! Segment of the 10 s time series for pseudorand
phase noise and~b! the cross-correlation function fors12 and s21

with L125133.4 ms.
2-10
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formed @Fig. 4~b!#, and an interpolated estimate ofL12 was
made, as given in the figure. A similar set of graphs is sho
in Fig. 5 for assumed 1/f noise. In each case, with only 104

data points in the cross correlation, the interpolation has
termined the correct value ofL12 ~133.4 ms! to about 0.4%
of the 1-ms resolution.

D. Lasers phase locked to the incoming signals

The implementation of the space interferometer that m
resembles the laboratory Michelson interferometer is t
where two of the spacecraft act like active mirrors, transp
ding without any change of phase whatever signal they
ceive. For example, S/C 1 in Fig. 1 might contain the mas
laser and the lasers on S/C 2 and S/C 3 would be ph
locked to the signal they received from S/C 1. As we ha
shown in Eq.~2! and Eq.~5!, the forms of the Michelson
signal z1(t) and the interferometer signalX(t) are particu-
larly simple in this case and may be completely formed w
signals that are available on S/C 1. This simple form m
also be found, beginning with the fundamental formula
one-way arms@Eq. 14~a!# by setting y13 and y12 to zero,
reflecting the fact that the phase-locked lasers on S/C 2
S/C 3 will be locked in such a way that this condition
always met. However, when these two quantities are se
zero in the formula forY(t) andZ(t), the results are

FIG. 5. ~a! Segment of the 10 s time series for 1/f inherent laser
phase noise and~b! the cross-correlation function fors12 and s21

with L125133.4 ms.
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Y~ t !5y23~ t2L2322L12!2y21~ t2L1222L23!

1y32~ t22L12!1y21~ t2L12!2y23~ t2L23!2y32~ t !

~38a!

and

Z~ t !5y31~ t2L1322L23!2y32~ t2L2322L13!

2y23~ t22L13!1y32~ t2L23!2y31~ t2L13!1y23~ t !.

~38b!

One point to be noticed here is thatY(t) andZ(t) cannot be
written by permuting indices in Eq.~6!, since there is a fun-
damental difference between an independent central l
sending out two beams that are reflected and returned a
central laser that is itself locked to an incoming beam wh
phase is independent. Thus, even when the end lasers
phase locked, the only way to form combinations beyo
X(t) that are laser-phase-noise free is to use the formula
Eq. ~38!. As is explicitly shown in Eq.~38a!, the formation
of Y(t) requires a combination of signals from S/C 3,y23(t
2L2322L12)2y23(t2L23), and from S/C 1,y21(t2L12
22L23)2y21(t2L12), in addition to the signal,y32(t
22L12)2y32(t), from S/C 2. Different combinations are re
quired, again from all three spacecraft, in order to formZ(t).

When the lasers in S/C 2 and S/C 3 are locked to
incoming phase of the lasers from S/C 1, the correct form
las for the generation ofx(t), c(t), z(t), a(t), b(t), and
g(t) are found by settingy13 andy12 identically to zero at all
times in Eqs.~14! and in Eq.~21! ~with its permuted exten-
sions!. To see the data requirements from each spacec
the sames13 ands12 variables should be set to zero in Eq
~33! and~34!. As may be seen in Eqs.~33!, the data rate from
each spacecraft is the same, with or without the end la
locked to their incoming signals. Only if the clocks on boa
each end spacecraft were also phase locked to the incom
difference betweens1i and s1i8 ~so thatr 125r 1350!, would
the two signalsD2x and D3x in Eq. ~33! not need to be
telemetered from the two end spacecraft. And, in the cas
a(t), b(t), andg(t) there can be no reduction in data rate
all.

To summarize, there is nothing wrong with locking th
end lasers in the way that has been proposed. Such loc
will probably be required if there is a desire to reduce the
frequency to the minimal;10 MHz that is obtained when
the only frequency offsets are the unavoidable Doppler
quency shifts. However, this approach provides essenti
no simplification of the data taking nor reduction of the da
rate requirements for the mission.

IV. CONCLUSIONS

As a result of the algorithms we have presented, we fi
that it is possible to completely eliminate the clock-jitt
noise at all frequencies for the case of theX(t), Y(t), and
Z(t) variables by use of the data combinations in Eq.~20!.
For the case of theA(t), B(t), and C(t) variables, it is
possible to reduce the clock-jitter noise to a negligible le
2-11
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by use of Eq.~23! and by a judicious choice of the cloc
frequencies on board each spacecraft. We have also inv
gated the timing precision and resolution required for c
ation of the laser phase noise elimination and for the clo
jitter elimination@Eq. ~30!# and have suggested a method f
measuring the time-of-flight of the laser signals to this ac
racy. Finally, we have specified how the data rate requ
ments for the mission can be minimized by use of appro
ate simultaneous time-offset averages on each space
The data that must be generated by the laser receive
given in Table I for thex(t), c(t), andz(t) variables and in
Table II for thea(t), b(t), andg(t) set. The data that are t
be communicated to the ground in order to form the las
noise-free and clock-jitter-free signals are then given by
~33! for x(t), c(t), andz(t) and by Eq.~34! for a(t), b(t),
t.

02200
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-

-
-

i-
aft.
is

r-
.

and g(t). From these requirements, we derive a minimu
data accumulation rate of 576 b/s for the set of all th
spacecraft. In the case where two lasers are phase locke
the incoming signals from one master laser, the data rate
thex(t), c(t), andz(t) variables can be reduced to 488 b
~if the local spacecraft clocks are likewise phase locked
the master spacecraft clock!, but there is no reduction pos
sible at all for thea(t), b(t), andg(t) set of variables.
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