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The rainbow truncation of the quark Dyson-Schwinger equation is combined with the ladder Bethe-Salpeter
equation for the meson bound state amplitudes and the dressedWuagktex in a manifestly covariant
calculation of theK|; transition form factors and decay width in the impulse approximation. With model gluon
parameters previously fixed by the chiral condensate, the pion mass and decay constant, and the kaon mass, our
results for theK,; form factors and the kaon semileptonic decay width are in good agreement with the
experimental data.
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I. INTRODUCTION culation of theK; transition form factors is analogous to
recent calculations of the pion and kaon electromagnetic

The central unknown quantity required for reliable calcu-form factors in impulse approximatidri5|. Here we dem-
lations of weak decay amplitudes are the hadronic matribonstrate that in the same framework, with a consistent dress-
elements. In this respect, the semileptokig decay is an ing of the quarkw vertex, we can also describe the semilep-
interesting process: pseudoscalar mesons are well understotgthic decay of both the neutral and charged kaons, without
as Goldstone bosons, only the vector part of the weak inter@NY readjustment of the model parameters. In Sec. Il we
action is involved, and there are experimental data availablE8view the formulation that underlies a description of the
which allow one to judge various theoretidahode) calcu- ~ MeSON form factors within a.modellng of QCD through the
lations. These calculations generally fall into two different PSES and dBCUS‘?‘ the details of the model. In Sec. Ill we
classes: effective theories using meson degrees of freedomresent our numepcal results for thg fqrm fa}ctors and decay
e.g., chiral perturbation theofi,2], and models employing widths. A discussion of our results is given in Sec. IV.
quark and gluon degrees of freedom, e.g., constituent quark
models[3-5] and the Dyson-Schwinger approdh-8. Il. MESON FORM FACTORS WITHIN

In particular, the light-front approach has been a popular THE DSE APPROACH
framework for a Hamiltonian approach to analyze exclusive The matrix elements describing kaon semileptonic decays
hadronic process¢8], and the pseudoscalar-to-pseudoscalage
weak transition form factors have been studied within a

light-front constituent quark model in Refgl,5]. One com- KNP .OY=(#%p)[sv ulK*(k

plication of the light-front formalism is that in the analysis of u (PQ=(m (P)lsy,ulK™ (1))

timelike exclusive processes one needs to take into account 1

light-front nonvalence contributions, which are absent in a = ﬁ(h(—Qz)PMJrff(—Qz)Q#), 1)

manifestly Poincarénvariant approach. Recently, an effec-
tive treatment has been presentd®] to incorporate such
contributions, and a systematic program has been laid o
[11] to take into account the nonvalence contributions. How- 0 _
ever, the systematic program explicitly requires all higher I8 (P.Q)=(m"(p)|sy,ulK°(k))
Fock-state components while there has been relatively little _
progress in computing the basic wave functions of hadrons =.(-Q Pﬂ+f*(_Q2)QM’ 2
from first principles. Furthermore, thénonperturbative )
dressing of the quarkV vertex and the dynamical chiral whe;e P,=(p+k), and Q,=(k—p),, with P-Q=m’
symmetry breaking are yet underdeveloped aspects in this Mk for on-sohell pions and kaorisAlternatively, we can
approach. In particular the latter aspect needs to be serious@ecompose]ﬁ into its transverse and longitudinal compo-
considered for processes involving pions and kaons, whichents
are the pseudo Goldstone bosons associated with dynamical
chiral symmetry breaking12,13. o P.-Q

In this work we use the set of Dyson-Schwinger equations Jl'i (P,Q)=f,(— QZ)TM,,(Q)PV+ fol —Qz)—zQM ,
[DSEY to calculate theK;; transition form factors. The Q
DSEs provide us with a manifestly covariant approach which @)
is consistent with dynamical chiral symmetry breakjid],
electromagnetic current conservatipb5], and quark and
gluon confinemeng16]. For recent reviews on the DSE and *we employ a Euclidean space formulation w@R<0 for time-

its application to hadron physics, see RéfsZ,18. Our cal-  like vectors{y, ,y,}=24,,, andyl,=1v,.

Jpr the charged kaon, and for the neutral kaon
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with T, the transverse projection operator lines. This equation has solutions at discrete value®of
=—mﬁ, wheremy is the meson mass. Together with the

Q)=|s,,— QuQy (4) canonical normalization condition foqq bound states, it

e Yo ) completely determineE , the bound state BSA. The differ-

ent types of mesons, such gsseudo}scalar,(axial-)vector,
In the isospin-symmetric limit, which we employ here, theand tensor mesons, are characterized by different Dirac
form factorsf . (t= — Q?) andf,(t) are the same for thi€* structures. The most general decomposition for pseudoscalar

and thek?®. bound states i513]
In impulse approximation, these matrix elements are
given by Tpg(ks ko) =ys[iIE(K%K-Q; 7) + QF (k% k- Q; 7)

KO dq i< +KG(K%k-Q; 7)
Ju (PaQ):NCJ' (ZT)ATr[Sd(Q)FK (d,.9-kK)S(q—k) F o QK H(EK-Qi )], ®

xiTs™(q-k,q-p)S“(q-p)Csq—p.a)], where the invariant amplitudds, F, G andH are Lorentz
(5) scalar functions ok? andk- Q. Note that these amplitudes
explicitly depend on the momentum partitioning parameter
whereS' is the dressed quark propagator with flavor index?- However, so long as Poincairvariance is respected, the
f, T . the pion(kaon Bethe-Salpeter amplitudeBSA], resulting physical observables are independent of this param-
andT"$™" the dresseduW vertex, each satisfying their own eter[15].
DSE. Note that the coupling constant and the CKM matrix In order to describe wealand electromagnetncform fac-
elementV, . are removed from the definition of the quank-  tors one also needs the dresspgV (and qgy) vertices.
vertex. These vertices satisfy an inhomogeneous BSE: e. gssz
vertexI'5"(p, ,p_) satisfies
A. Dyson-Schwinger equations

4
The DSE for the renormalized quark propagator in Eu- suw _ B fA d*q _
clidean space is L (P p-)=Zo(y= vuvs) + (277)4K(p,q,Q)
S(p) 1_ IZzp+Z4m ) ®Ss(q+)l—‘zaw(q+,q_)su(q_) (9)
A d4q )\a .
+Zlf (2 )49 D) 5 7 S@TL(G:P), B. Model truncation
©) To solve the BSE, we use a ladder truncation, with an

effective quark-antiquark interaction that reduces to the per-

whereD (k) is the dressed-gluon propagatbf(q;p) the turbative running coupling at large momelﬁﬂaa,lsﬂ

dressed-quark-gluon vertex, akes p—q. The most general A

solution of Eq.(6) has the formS(p) “1=ipA(p?)+ B(p?) K(p,q;P)— — g(kZ)Dfree(k) W@ v (10

and is renormalized at spacelike according toA(u?)=1

and B(,uz) m(u) with m(ux) the current quark mass. The e

notation [ represents a translationally invariant regulariza-whereD (k= p—aq) is the free gluon propagator in Landau

tion of the integral withA the regularization mass-scale; at 9auge. The corresponding rainbow truncation of the quark

the end of all calculations this regularization scale can b&SE, Eq.(6), is given byI',(q,p)— ¥,\'/2 together with

removed. 2,9°D,,,(k)—G(k?)DI°%(k). This combination of rainbow
Mesons can be studied by solving the homogeneouand ladder truncation preserves both the vector and axial-

Bethe-Salpeter equatigBSE] for g?gP bound states, wita ~ Vector Ward-Takahashi identities. This ensures that pions are

andb flavor indices, (almosi massless Goldstone bosons associated with dynami-
cal chiral symmetry breakinfgl3]; in combination with im-
_ A g4 pulse approximation for meson form factors, Eg), it also
(p+,p )—f 4K(p,q;Q) ensures current conservation. Furthermore, this truncation
(2m) was found to be particularly suitable for the flavor octet

a ab b pseudoscalar and vector mesons since the next-order contri-
®S(q)I(a+,0-)5°(A-), () puytions in a quark-gluon skeleton graph expansion, have a

. significant amount of cancellation between repulsive and at-
wherep, =p+7Q andp_=p—(1— »)Q are the outgoing tractive correction$20].

and incoming quark momenta respectively, and S|m|larly for The model is completely specified once a form is chosen

g- . The kerneK is the renormalized, amputated) scatter-  for the “effective coupling” G(k?). We employ the ansatz
ing kernel that is irreducible with respect to a pairgqd [19]
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G(K*) 4m*DK* o - 47? vy F(K?)
k2 - w6 = + ! 1.2 o b
E|n[7+(1+kZ/AgCD)?] e

— *’.—’-.’
(11) -t

f-»(t)

with y,=12/(33-2N;) and ]—'(s)=[1—exp(—s/4mt2)]/s.

The ultraviolet behavior is chosen to be that of the QCD ——— 1(0)=0.964, 1= 0.027

running couplinga(k?): the ladder-rainbow truncation then ~ °* | —-— £t =-0.11 (constant) |

generates the correct perturbative QCD structure of the DSE

BSE system of equations. The first term implements the_.

strong infrared enhancement in the regionkf<1 Ge\? 00 - iy

phenomenologically required21] to produce a realistic S Sk BRI SR S A S e S

value for the chiral condensate. We usg=0.5 GeV, 7

=€—1, Ny=4, Agcp=0.234 GeV, and a renormalization  -0.4 * * : :

scaleu=19 GeV which is well into the perturbative domain -0.05 0.00 tof‘in [Ge%;]o 0.15 0.20

[13,19. The remaining parametergy=0.4 GeV andD -

=0.93 Ge\f along with the quark masses, are fitted to give  FIG. 1. Our results fof . (t) (solid dots with linear fit (dashed

a good description of the chiral condensate,x andf . line), and f _(t) (solid diamond} with a constant fit{dot-dashed
Within this model, the quark propagator reduces to thdine) in the physical region.

perturbative propagator in the ultraviolet region. However, in

the infrared region both the wave function renormalizationare often analyzed in terms df. and f,, using a linear

Z(p?)=1A(p? and the dynamical mass functidvl(p?)  parametrization

=B(p?)/A(p?) deviate significantly from the perturbative

behavior, due to chiral symmetry breaking. It is interesting to A

note that the typical results obtained using the rainbow DSE, f(t)= f(O)( 1+ _2t) . (12

a significant enhancement bf(p?) below 1 GeVf and also m

an enhancement d(p?), have recently been confirmed by

lattice simulationg22]; with the present ladder DSE model, Such a linear parametrization for bdth andf, implies that

the functionsZ andM are in semiquantitative agreement with f_ is independent of, sincef, is related tof .. via

the forms obtained in lattice simulatiof3].

m

The vector meson masses and electroweak decay con- t
stants one obtains in this model are in good agreement with fo()=f. () +——=F_(1). (13
experimentg19]. Without any readjustment of the param- My =Mz

eters, one gets remarkable agreement with the most recent o _

Jlab data forF, [24], and also for other electromagnetic TO Within a few percentf _ is indeed almost constant in the
charge radii and form factofd5,25. The strong decays of Physical region, 8t<0.13 GeV, as can be seen from Fig.
the vector mesons into a pair of pseudoscalar mesons are aldo OUr results are summarized in Table |, where we have
well-described within this mod€l26]. Here we apply the included a slope parametgrfor f_(t) as well.

same approach to the kaon semileptonic decay. Our resul.ts agree quite well with the available data for
f (1), see Fig. 2. Also the results for other observables com-

pare reasonably well with the experimental data, given the
I1l. NUMERICAL RESULTS error bars, and the differences between the form factor pa-
rameters extracted from the charged and the neutral kaon
decay, see Table I. The partial decay width o 7 ev,
%nd K—m uv, is obtained by integrating the decay rate

To calculate the form factork..(t), we start by solving
the quark DSE in rainbow approximation, and subsequentl
use its solution to solve the homogeneous BSE, (g.for
the pseudoscalar bound states, and the inhomogeneous BSE

E i i ar GF|Vus|2 mI2 2 mI2

g. (9), for the quarkw vertex, using the ladder truncation, “~ _ 1— —| K| KAO)| 1+ == |[f,(1)]2
Eq. (10). With these BS amplitudes and quark propagators, dt 2443 t 2t) 17

we then calculate the form factors in impulse approximation )

using Eq.(5). In the SU3) flavor limit, f,=F ., the pion ) m2\ “3m? ,

electromagnetic form factor, arfid =0. We therefore expect | 1= m_ﬁ 8t [fo(0I%], (14)

f, to be of order one for smatl On the other handf _,
which is a measure of the constituent mass ritigM , [3],
is expected to be significantly smaller. This expectation i
indeed confirmed by our calculations, see Fig. 1.

In the physical regionm?<t<(mx—m,)?=0.13 GeV, K(t)= i((m2+m2—t)2—4m2m2)1/2 (15)
our results forf . (t) are almost linear. The experimental data 2my K K

Swhere
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TABLE I. Our results, compared to d&ta8] where available and some other calculations. The partial decay width i§ is 10 because

J§+=Jﬁ0/\/§ in the exact isospin limit, the experimental value for Kié partial decay width should be multiplied by a factor of two, in
order to compare it with our calculation and with tk& partial decay width.

Our Experiment Other theory

calc K* KO xPT[2,29 DSE model[7] Light cone[10]
f,(0) 0.964 0.977 0.98 0.962
N, (e3) 0.027 0.02760.0021 0.028&0.0015 0.031 0.028 0.026
N (u3) 0.027 0.03%*0.008 0.0340.005 0.031 0.029 0.026
—f_(0) 0.10 0.16 0.24
A 0.03 0.023
—¢&=—1_(0)/f.(0) 0.11 0.3%0.15 0.1%0.09 0.17 0.25 0.01
No 0.018 0.006:0.007 0.0253:0.006 0.017 0.007 0.025
fo(mZz—m2) 1.18 1.22 1.18
I'(Kes) 7.38 3.89 7.50 7.3
I'(K,3) 4.90 2.57 5.26 4.92

and m; is the lepton mass. Again, we find good agreementomponents at th&* mass, because the homogeneous ver-
with the data, see Table I. sion of Eq.(9) has a solution aQ?= —mi*, corresponding
For comparison, we have also included the results fromg thek* vector meson. The longitudinal part of the quark-
some oth_er model calculatiofg,10] and from 1-Ioop.chiral W vertex has a resonance peak at the location of ibe
perturbation theony2,29]. Our results compare quite well scalar bound state. We tentatively identify this with the

with chiral perturbation theory, not only for the slope param—Kg(Mso) meson: however, in contrast to vector states, the

eters, but also for the curvature of the form factors. A PT€use of ladder approximation is expected to be inadequate for
diction from current algebra is the value 6§(t) at the PP P q

Callan-Treiman point = m2 — m2 namely f, /f . =1.22 scalard31]. Near these bound states, the vertex behaves like
- L R g Kitg— 4
[2,30]. The reason we gét(mz—m?2)=1.18 instead of 1.22

is related to our value df, : we obtainf,=109 MeV in our r™(ps -1 Q)~T***(p, ,p_:Q)

model [13,19, compared to the experimental value T, (Q)

113 MeV. Because our approach satisfies constraints com- 4V pn ) K*(p+ p_:Q)

ing from current conservation and the axial-vector Ward- Q%+ mi* !

Takahashi identity, it is not surprising that we indeed agree

with these predictions from chiral perturbation theory. rsQu )
Outside the physical regiorf,. (t) and fo(t) are clearly + Q%+ [Po(ps,p-:Q),

not linear, as shown in Fig. 3. In the region we considered, K3

our result forf (t) is very well approximated by a mono- (16)
pole, with monopole mas®?=0.87 Ge\f. The reason for

this monopole behavior is easy to understand: the Verte\)/(vhereFK* andTs are the bound state BSAs, angdandr

function FZ“W has a resonance peak in its transverse vectofhe residues of the vertex at these pdl&g]. In our model
we have actual poles in the quakvertex, rather than reso-

~ nance peaks, because we have not included meson loop cor-
1.20 + e rections in our kernel, and therefore we do not generate a
7 width for theK* nor theKj . In the spacelike region and at
115 | | small timeliket=—Q“ we expect these corrections to be
_ - /?7 small. However, they will modify our results significantly
g e
N P % close to the resonance peak. B
g oy =T As can be seen from E@5), these poles ier“W lead a
= L. . 0 .
{Ff‘f similar behavior ole'j near these poles. From E@) it is
1.05 ¢ T ] clear that the vector meson pole leads to a polg,ift), but
o : not in fy(t), whereas the scalar meson induces a pole in
r'e .
. . . fo(t) but notinf  (t):
100 0.02 004 006 008 01 012 014 ot) +(0)
t [GeV?) 0
2 _QM ‘]/Ij
FIG. 2. Our results forf . (t), normalized tof . (0)=1, com- fo(=Q%)=——=, a7
pared to the experimental resul&7]. My —m
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scalar channel than in the vector channel. Therefore, our cal-

5 . | culation forfy(t) should not be trusted quantitatively in the
— fit 0.86/(0.87 - 1) ] imelik ) b d th I . .
_____ 0.45 + 0.41/(0.80 — 1) il timelike region beyond the Callan-Treiman point,

! =0.23 GeV.

In the spacelike asymptotic regioh, and f, seem to
behave differently: a monopole fit does not work fgr In
order to fitfy, we either need to add a nonzero constant, or
use at least two monopoles. Simple power counting indicates

that.J;'jO scales like 1Q; inserting this behavior in Eq$17)
and(18) implies thatf , (t) falls like 14, but f,(t) goes to a
constant(up to logarithmic correctionsat large spacelike
(remember thaP scales likeQ in the asymptotic region
This behavior off, agrees with the perturbative QCD
(PQCD predictions for the electromagnetic pion and kaon
form factor[36]; the behavior off, can be understood if one
08 Y 0.0 04 0.8 realizes that the combinatidig(t)(m2 —m?2)/t does fall like
t=-Q° [GeV] 14 if fo(t) goes to a constant.

FIG. 3. Our results forf . (t) (solid dot3 with monopole fit
(solid_curve, andfy(t) (open squargswith a constant plus mono- IV. DISCUSSION
pole fit (dashed curve

Using the rainbow-ladder truncation of the set of DSEs

with a model for the effective quark-antiquark interaction
i (18)  that has been fitted to the chiral condensatefandwve study
Q*P*— (mﬁ— mi)z theK,5 decay in impulse approximation. Our results, both for
the form factors and for the decay width, are in good agree-
ment with experimental data, without any readjustment of
the parameters; they also compare quite well with chiral per-
turbation theory. Note however that in chiral perturbation
theory the pion charge radius is used as input, in order to fix
a low-energy constant, which is important for these form
factors as well, in particular fox , . In our calculation, the
only model parameters are in the infrared behavior of the
effective quark-antiquark interaction, which were fitted to
the chiral condensate and the pion decay congte®it the
pion charge radius follows from a calculation similar to the
%ne presented here for tikg, decay[15].
e our approach is based on previous work by Kalinoveky

f.(-QY)= QP+ (Mg —m2) Q)3

Note thatf _(t) will in general be sensitive to both the scalar
and the vector meson bound state.

The present model has a vector bound statet at
=0.876 GeV? (cf. the experimental mass mi*
=0.796 GeV) [19]. Thus the monopole behavior of the
form factor f  (t) in Fig. 3 simply reflects the existence of
this pole. A similar behavior was found in the pion and kaon
electromagnetic form factofd5]. The physicaf , (t) can be
expected to rise more slowly withthan our present calcu-
lations due to meson loop corrections, and will develop
nonzero imaginary part above the threshold for intermedia

7K states. . al. [7], and the results are quite similar. However, an impor-
The scalar form factorfy(t) does also exhibit the ex- (ant difference with this earlier study is that we dress the
pected pole behavior, and we are able to identify the scalgf arkwy vertex by solving the inhomogeneous BSE for this
and the vector poles separately, see Fig. 3. The lowsst vertex. The main advantage of doing so is that we thus au-
scalar bound state in this model has a massnf tomatically include effects coming from intermediate vector
=0.80 GeV, which is rather low compared to the and scalar mesons. Another difference is that here we use
K& (1430) with a massn®=2.04 Ge\f; on the other hand, actual solutions of a DSE for the propagators and BS ampli-
it could be an indication that there exists a light scalar resotudes in Eq.(5), rather than phenomenological parametriza-
nancex(900), as has been speculaf8@]. Something simi-  tions, which reduces the number of parameters in the calcu-
lar happens in the/d quark sector: in rainbow-ladder trun- lation.
cation, one typically finds a scalavd bound state around We have demonstrated explicitly that both (t) and
m=0.6 to 0.7 GeV[33-34, just below thep mass. This fy(t) exhibit resonance peaks in the timelike region due to
bound state could either correspond to a braadr to thef,  the existence of vector and scalar bound states respectively.
and/ora,, in which case the calculated mass is about 30 torhe effects of meson loops are not included in our present
40% too low. It is known that the leading perturbative cor-calculation, which is why we find a pole behavior rather than
rections to the ladder kernel cancel to a large extent in botla resonance peak. In Rdf7] it was already demonstrated
the pseudoscalar and vector channel, but not in the scaldéihat non-analytic effects from such loops could contribute
channel; we therefore expect in the scalar channel significarsignificantly to the behavior of the form factors, not only
repulsive corrections to the ladder kernel which could in-beyond the threshold fotrK production, but also in the
crease the mass of the scalar bound dtaté We also ex- physical region. We hope to be able to incorporate these
pect meson loop corrections to be more important in theeffects in future work.
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Our results are also similar to those obtained recently bylored in a light-front calculation of the pion form factor
Ji and Choi[10] in a light-front calculation, at least for [37]. It would be interesting to see the effect of such a run-
f . (t), which dominates this decay, even though details ohing mass on th&,; form factors, in particular orf _(t),
the calculation are quite different. In light-front calculations which in general appears to be quite sensitive to details of
of timelike processes one has to include particle-numberthe calculation.
nonconserving Fock states to recover the Lorentz covariance,
which qompllcgtes the ca!culaﬂo[iLO,l]]. Slnqe our ap- ACKNOWLEDGMENTS
proach is manifestly covariant, such contributions are auto-
matically included in our impulse approximation. Another We would like to thank P. C. Tandy, C. D. Roberts, K.
difference is that we use momentum-dependent quark seliMaltman, S. R. Cotanch, and H. Choi for stimulating discus-
energies, consistent with dynamical chiral symmetry breaksions and useful suggestions. This work was supported by
ing, whereas in Ref[10] constituent quarks with fixed the U.S. DOE under grants No. DE-FG02-96ER40947 and
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mass (instead of a fixed constituent madsave been ex- the National Energy Research Scientific Computing Center.
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