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Three-flavor oscillation solutions for the solar neutrino problem
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The good agreement of standard solar models with helioseismology and the combined analysis of the solar
neutrino experiments suggest that the solution of the solar neutrino problem is located in particle physics rather
than in astrophysics. The most promising solution is neutrino oscillations, which usually are analyzed within
the reduced two-flavor scheme, because the solutions found therein reasonably well reproduce the recent data
of Super-Kamiokande about the recoil-electron energy spectrum, zenith-angle and seasonal variations, and the
event rate data of all the neutrino detectors. In this work, however, a survey of the complete parameter space
of three-flavor oscillations is performed. Basically 8 three-flavor solutions could be identified, where the best
one with Dm12

2 52.7310210 eV2, Dm13
2 51.031025 eV2, Q12523°, and Q1351.3° ~denoted SVO! is

slightly more probable than any two-flavor solution. However, as the greatest value forDm23
2 of these three-

flavor solutions is about 2.531024 eV2, none of these solutions is consistent with the results of the atmo-
spheric neutrino problem whereDm23

2 *1023 eV2. The relatively weak improvement of the fit using three-
flavor instead of two-flavor oscillations, which appears to be due to an inconsistency of the different kinds of
data, indicates that there are possibly still systematic errors in at least one data set or that the statistics is not
yet sufficient. In addition, the abilities of SNO and Borexino to discriminate the various two- and three-flavor
solutions are investigated. Only with very good statistics in these experiments can the correct solution to the
solar neutrino problem be identified unambiguously.

DOI: 10.1103/PhysRevD.64.013009 PACS number~s!: 14.60.Pq, 26.65.1t, 96.60.Jw
ola
f
ll
in

sib
o

be

ol
og
ol

ic
io

to
s
in

er

rg
if
u

a-
e
s
ne
-

-
x-
a

the
rdly

lar
tan-
o-

ot to

no
nto

d in

of

ith
pro-
hors
re

iled
ed
trino

e
ata
ng
-

-
the
ncy
I. INTRODUCTION

From the beginning of the first measurements of the s
neutrino flux on Earth@1# until the present time, the origin o
the solar neutrino problem has not yet be resolved tota
While previously inaccurate or unknown physics used
solar-model calculations could have been made respon
for the discrepancy between measured and predicted s
neutrino flux, this kind of solution can presently almost
ruled out, basically for two reasons.

First, the high precision in the measurements of the s
p-mode frequencies and the development of helioseismol
cal inversion techniques enable the determination of the s
sound-speed profile with high accuracy@2#. Comparison with
standard solar models containing improved input phys
such as opacity, equation of state, and microscopic diffus
shows excellent agreement with seismic models@3–5#. Pre-
dictions for the event rates in the solar neutrino detec
deduced from these standard solar models still are incon
tent with the measurements, confirming the solar neutr
problem~Table II!.

Second, the three types of currently operating exp
ments, the chlorine detector@1#, the gallium experiments
GALLEX/GNO @6# and SAGE@7#, and the Cˇ erenkov-light
counter Super-Kamiokande have different neutrino-ene
thresholds. This allows to determine the contribution of d
ferent parts of the solar neutrino spectrum to the total fl
without explicitly taking into account solar-model calcul
tions. From this analysis it has been inferred that the exp
mental results can be explained only with huge change
the nuclear fusion rates. The best fit with the data is obtai
even with anegativeflux of neutrinos created in the electron
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capture process of7Be @8#. Nevertheless, strong modifica
tions of the reaction cross sections would be difficult to e
plain experimentally and theoretically. Moreover, even if
presently unknown physical process could account for
demanded changes, the resulting solar models would ha
be consistent with helioseismology@9#.

The most promising approach to the solution of the so
neutrino problem is an extension to the particle-physics s
dard model—neutrino mixing. Analogous to Cabibb
Kobayashi-Maskawa~CKM! mixing in the quark sector,
weak and mass eigenstates of neutrinos are supposed n
be identical but connected by a unitary transformation.

Under this assumption an initial solar electron neutri
can be converted during its propagation to the Earth i
another flavor, am or t neutrino~just-sooscillations@10#!.
Furthermore, the neutrinos may coherently scatter forwar
solar matter@Mikheyev-Smirnov-Wolfenstein~MSW! effect
@11##, altering the conversion probability for a certain set
mixing parameters.

The possible values for the mixing parameters, w
which the measured event rates in all detectors can be re
duced simultaneously, have been derived by various aut
@12,13#, but oscillations between only two flavors usually a
taken into account.

Recently Super-Kamiokande has published more deta
information about the energy distribution of the recoil
electrons and the zenith-angle dependence of the neu
signal@14,15#. In the analysis of the 825-day data it becam
clear that it is not possible to explain satisfactorily these d
and the event rates of all detectors by one set of mixi
parameters~see@16#!: An excess of event rates in the high
energy bins was inconsistent with the other data.

It was the initial motivation of the present work to exam
ine whether an expansion of the neutrino analysis to
more general three-flavor case could resolve this discrepa
©2001 The American Physical Society09-1
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H. SCHLATTL PHYSICAL REVIEW D 64 013009
between the different types of data. However, after
Super-Kamiokande group reanalyzed their data and inclu
new data~1117 days in total!, the excess in the energy-bi
data diminished and now all data can be explained simu
neously by two-flavor oscillations. Furthermore, t
8B-neutrino spectrum has been redetermined by perform
new measurements of the electron spectrum of the8B decay
@17# ~hereafter OG00!. Although within the error ranges th
spectrum is in agreement with the one of Ref.@18# ~hereafter
BL96!, the number of high-energetic neutrinos is over
higher than previously thought. Thus, the excess in hi
energy bins is further reduced which yields a yet sligh
better reproduction of the data by two-flavor solutions~see
Sec. IV A!. After the analyses performed in this work we
finished, new calculations of the cross section of the3He
proton capture, which produces the most energetichep-
neutrinos, have been published yielding a 4.5 times hig
value than previously evaluated@19#. Since these neutrino
were contributing about 1% to the number of events in
highest energy bin of Super-Kamiokande, using the n
3He1p cross section increases the expected rates in
energy bin by about 4%. This probably leads to a sligh
improved fit of the two-flavor solutions to the data. Howev
as mainly the highest energy bin is influenced and the dif
ence including the new instead of the old3He1p cross sec-
tion is small, no significant impact on the results of this wo
is expected, where still the smaller3He1p cross section of
Ref. @20# has been used. Anyway, it is presently still n
clear which solution to the solar neutrino problem is t
correct one, and hence all possible solutions should be
duced.

Therefore, in this work the most general case of thr
flavor oscillations is investigated without making any a
sumptions about the mass scale as, for instance, inspire
the atmospheric neutrino problem. The latter is taken in v
ous publications@21–24# as a constraint to investigate thre
flavor oscillations. Here, the aim is to examine whether
expansion to three flavors leads to new solutions with wh
the fits to all kinds of data can be improved compared to
usual two-flavor analysis. The implications for the atm
spheric neutrino puzzle are discussed afterwards.

In Sec. II the equations for three-flavor oscillations a
derived from the solution to the Klein-Gordon equation a
the size of the parameter space is deduced. After descri
the underlying solar model and the neutrino analysis in S
III, the results for two-flavor and three-flavor oscillations a
shown~Sec. IV!. Finally the abilities of forthcoming experi
ments like SNO and Borexino to discriminate the vario
solutions are discussed~Sec. V!.

II. THEORY OF NEUTRINO OSCILLATIONS

In the following an overview of the basic equations f
neutrino oscillations is provided with particular emphasis
the three-flavor case. A more thorough description can
found, e.g., in@25# or @9#.

A. Vacuum oscillations

If neutrinos have mass, a mixing matrix similar to th
Kobayashi-Maskawa matrix in the quark sector can be
veloped:
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una&5S ne

nm

nt

D 5US n1

n2

n3

D 5Uun i&, ~1!

whereuna& denotes the weak andun i& the mass eigenstates
The unitary matrixU can be parametrized by

U5S 1 0 0

0 c23 s23

0 2s23 c23
D S c13 0 s13e

2 id

0 1 0

2s13e
id 0 c13

D
3S c12 s12 0

2s12 c12 0

0 0 1
D , ~2!

where si j and ci j are abbreviations for sinQij and cosQij
(0<Q i j ,p/2), respectively, andd is a CP-violating phase
@26#, which is neglected in the following.1 The equation of
motion for a neutrino beam in vacuum obeys the Kle
Gordon equation for free particles (\5c51),

~] t
22¹21M2!un i~ t,rW !&50, ~3!

where the mass matrixM2 is defined as

M25S m1
2 0 0

0 m2
2 0

0 0 m3
2
D ,

with mi being the mass of the neutrino mass eigenstaten i .
Generally the solution is given by a superposition of pla
wavesei (kW•rW2vt) with the dispersion relation

v25kW21m2.

In the case of the Sun with an almost stationary neutr
flux, un i(t,rW)& can be expanded in components of fixed fr
quency un i(rW)&

v
e2 ivt. For a spherically symmetric flux o

relativistic neutrinos (k'v) one finally gets

2 i
]

]r
un i~r !&

v
5S v2

M2

2v D un i~r !&
v
. ~4!

The constant ‘‘potential’’v can be removed by shifting th
energy scale, and by usingt5r , Eq. ~4! can be formally
written as a more familiar Schro¨dinger-type equation

i
]

]t
un i~ t !&

v
5Hun i~ t !&

v
, ~5!

1The effect of theCP-violating phase on the analysis of neutrin
oscillation data has been elaborated on in@27#.
9-2
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THREE-FLAVOR OSCILLATION SOLUTIONS FOR THE . . . PHYSICAL REVIEW D 64 013009
with H5Ekin'M2/(2v). The general solution to this equa
tion is

un i~ t !&
v
5e2 i tM 2/~2v!un i~ t0!&

v
. ~6!

The probabilityP(r )a→b to detect a neutrinona with energy
E5v as a neutrino of typenb at distancer 5t from the
source is therefore given by (U 215U †)

P~r !a→b5u^nbuUe2 ir (DM2/~2E!)U †una&u2. ~7!

Using Dmi j
2 5mj

22mi
2 the matrixDM2 reads

DM25M22m1
2Id35S 0 0 0

0 Dm12
2 0

0 0 Dm13
2
D .

With the mass eigenstate of an electron neutrino being

S n1

n2

n3

D
e

5U †S 1

0

0
D 5S c12c13

s12c13

s13

D , ~8!

Eq. ~7! yields, for the survival probability ofne’s in vacuum,

P~r !e→e
(3) 512sin2S Dm12

2 r

4E D cos4Q13sin22Q12

2Fsin2S Dm13
2 r

4E D cos2Q12

1sin2S Dm23
2 r

4E D sin2Q12Gsin22Q13. ~9!

The superscript (3) denotes the case of three-flavor mix
Pe→e

(3) depends on four quantities, two mass-squared dif
ences,Dm12

2 and Dm13
2 (Dm23

2 5Dm13
2 2Dm12

2 ), and two
mixing anglesQ12 and Q13. The third mixing angleQ23

does not appear in Eq.~8! and hencePe→e
(3) is independent of

this quantity. The survival probabilities fornm andnt depend
on Q23, but its value cannot be determined by solar-neutr
experiments, as in the energy range of solar neutrinosnm and
nt interact equally with the detector material via neutral c
rent ~NC! interactions. Thus, only the total number ofm plus
t neutrinos, given by 1-Pe→e

(3) , influences the event rates i
detectors such as Super-Kamiokande, SNO, or Borexino

For oscillations between two neutrino flavors where
mixing into the third flavor occurs~e.g.,ne↔nm , Q1350),
Eq. ~9! simplifies to the well-known formula

P~r !e→e
(2) 512sin2S Dm2r

4E D sin22Q, ~10!

where Dm25Dm12
2 or Dm13

2 for ne-nm and ne-nt oscilla-
tions, respectively (Q defined analogously!.
01300
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B. Matter effect

During the propagation of neutrinos through the Sun th
coherently scatter forward on the particles of the so
plasma. Unlikem and t neutrinos, which only interact via
NC reactions, electron neutrinos can additionally couple
W bosons to electrons. Thus, the scattering cross section
ne is altered in contrast to that of the other two neutri
flavors. This can lead to a resonant flavor transition, wh
may create a purenm or nt beam from the originally created
electron neutrinos, first theoretically postulated and
scribed in@11# ~MSW effect!.

This effect can be included in Eq.~5! by substitutingH
with H̃5H1Veff , where

Veff5A2GFNeU †S 1 0 0

0 0 0

0 0 0
D U

influences solely thene contribution of the neutrino beam
GF is the Fermi coupling constant andNe the electron num-
ber density. The new HamiltonianH̃ is no longer diagonal in
the mass basis. To evaluate the survival probability and t
exp(2iH̃t) it is therefore necessary to diagonalizeH̃ by a
unitary transformationV:

H̃m5S M1 0 0

0 M2 0

0 0 M3

D 5V †H̃V.

Similar to vacuum oscillations the constant phaseM1Id3 can
be removed fromH̃ as it does not change the survival pro
ability. The complicated analytical expressions forDMi j

have been evaluated in@28#. Recently, exp(2iH̃t) has been
calculated in@29# by using the Cayley-Hamilton theorem
without explicitly derivingV. In the present work, however
V andMi are computed with a fast numerical algorithm u
ing none of the analytic expressions.

C. Parameter space

Recently various publications appeared which dealt w
the actual size of the necessary parameter space coverin
possible solutions of the solar neutrino problem@30–32#. In
this section the sometimes confusing statements about
topic are summarized and clarified.

The mixing angles can be defined to lie in the first qua
rant by appropriately adjusting the neutrino field phas
similar as in the quark sector@33#. This can also be verified
from the final formulas, as, for instance,P(r )e→e

(3) depends
solely on the square of sinQij and cosQij ( i j 512,13), re-
spectively. Moreover, it has been shown in@30# that it is also
sufficient to consider 0<Q23,p/2, if P(r )e→m

(3) and
P(r )e→t

(3) , respectively, are to be measured. In the case
matter-enhanced oscillations the situation is not as trivial,
using an analytical formula for the evolution of a neutrin
state in matter as derived in@29# @Eq. ~44! therein#, one can
also show that the evolution of an initial electron neutrino
9-3
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H. SCHLATTL PHYSICAL REVIEW D 64 013009
determined only by the squares of sinQij and cosQij .

1. Two flavors

First, the case of two-flavor oscillations is examined. E
changing the first and second rows in the definition of
mass eigenstates@Eq. ~1!# implies thatDm2→2Dm2 and
sinQ↔cosQ@⇔Q→(p/22Q)#.2 Since the assignment o
the massesmi to the respective mass eigenstaten j must not
change the results, e.g., the caseDm2.0, 0<Q<p/4 is
equivalent toDm2,0, p/4<Q<p/2 for any possible form
of the Hamiltonian. Thus, without loss of generalityQ can
be chosen to be within@0,p/4#.

For pure vacuum oscillations Eq.~10! can be applied
which yields thatP(r )e→e

(2) is independent of the sign ofDm2

and under the transformationQ→(p/22Q). Hence, in this
case it is even sufficient to considerDm2.0.

The situation is different for oscillations in matter, whe
the resonance condition for the MSW transition is given

Nres5
Dm2/2E

A2GF

cos 2Q. ~11!

A resonance may occur ifNres is positive; thus,Dm2

.0 (Q<p/4). Although no resonance occurs for negati
values ofDm2, matter still influences the evolution of th
neutrino flavor composition in the solar interior~for a more
detailed study see, e.g.,@28#!.

In Fig. 1 the effect of solar matter on the energy dep
dence of Pe→e

(2) is demonstrated. ForE/uDm2u&108

MeV/eV2 vacuum oscillations would yield an energ
independent survival probability for electron neutrinos,
the vacuum oscillation length is small and therefore onl
mean value of@Eq. ~10!#

2The indices 12 and 13 of the mass-squared difference and mi
angle, respectively, are omitted in the two-flavor case.

FIG. 1. Annually averaged probability of detecting a neutri
produced in the solar center asne on Earth for sin22Q50.7 (0
<Q,p/4) with Dm2.0 ~solid and dash-dot-dot-dotted! and
Dm2,0 ~dashed and dash-dotted line!, respectively. The two lines
in each case show the probability neglecting~solid and dashed! and
including ~dash-dot-dot-dotted and dash-dotted!, respectively, the
Earth-regeneration effect@34#.
01300
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^Pe→e
(2) & r5120.5 sin22Q ~12!

would be measurable on Earth. For sin22Q50.7 this leads to
^Pe→e

(2) & r50.65. In contrast with the case withDm2.0 ~solid
line!, where the resonant flavor conversion diminishes thene
contribution of the solar neutrino current, forDm2,0
~dashed line! the ne portion is even enhanced compared
the pure vacuum-oscillation case. Thus, the minimum va
of the ne contribution for Dm2,0 is obtained for pure
vacuum oscillations. However, since vacuum oscillations
this mass range yield at most a suppression of thene flux of
50%@Eq. ~12!# and the solution to the solar neutrino proble
demands, at least to explain the Homestake experimen
stronger suppression of about 60%, forDm2,0 no reason-
able solution can be obtained. Hence it is sufficient to c
sider in the two-flavor MSW case similar to the two-flav
vacuum oscillations solelyDm2.0(Q<p/4).

Recently, it was pointed out in@32,35# that the 3s ranges
of the large mixing angle~LMA ! and low mass-squared dif
ference~LOW! solutions~see below! extend outside this re
gion, but additional solutions for the solar neutrino proble
could not be found there. In the analysis of@32# and @35#,
however, Dm2 was fixed to be positive and thus 0<Q
,p/2 has been examined. The partp/4,Q,p/2 of that
parameter space~termed the ‘‘dark side’’! is equivalent to
the regionDm2,0 and 0,Q,p/4 discussed above.

2. Three flavors

The considerations of the two-flavor case are now
tended to three flavors. In Fig. 2 the flavor space for
electron neutrino is illustrated, wherene is represented as

ng

FIG. 2. Geometrical illustration of the flavor space available
a ne in the mass basis (n1 ,n2 ,n3)T. The spherical segment is di
vided into three sectors of equal size and shape, where each c
obtained from another by mirroring at the respective diagon
Maximal mixing is given at the intersection of all three sector b
ders, i.e., sin22Q1251 and sin22Q135

8
9 . The cross in sector III

indicates the case sin22Q125sin22Q1351; the dashed border ex
tends sector I to the area withQ12,Q13<p/4. The dotted line splits
sector I into two symmetric parts.~See text for more details.!
9-4
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THREE-FLAVOR OSCILLATION SOLUTIONS FOR THE . . . PHYSICAL REVIEW D 64 013009
~yet unknown! point on the surface of an eighth of a un
sphere. While in the two-flavor case the ordering of t
masses enables two cases to be distinguished (Dm2,0 and
Dm2.0), in the three-flavor scenario six cases can be id
tified. But since exchanging any axes in Fig. 2 maps
flavor space onto itself, each mass hierarchy can of cours
obtained from the ‘‘canonical’’ one (m1

2,m2
2,m3

2) simply
by exchanging the respective assignment ofmi to n j in Eq.
~1!.

Unlike the two-flavor case, where for pure vacuum osc
lations the parameter space could be further decreased, t
not possible in the general three-flavor scenario, as, e
Dm23

2 5Dm13
2 2Dm12

2 is not invariant under the transforma
tion Dm12

2 →2Dm12
2 .

For three-flavor neutrino oscillations in matter an ex
analytic resonance condition can hardly be obtained bec
of the complicated formula for the mass eigenvaluesDMi j .
If the masses are well separated, the two-flavor resona
condition@Eq. ~11!# can be applied for both systems by su
stituting the quantities (Dm2, cos 2Q) by
(Dm12

2 cosQ13, cos 2Q12) and (Dm13
2 , cos 2Q13), respec-

tively @36#. Hence, in this case consideringQ12,Q13<p/4
~sector I extended to the dashed borders in sector III of F
2! with Dm12

2 ,Dm13
2 >0 is sufficient to obtain all possible

solutions where two resonances may occur. However,
solution to the solar neutrino problem may also be a com
nation of a nonresonant and a resonant oscillation and
masses can be in principle very similar, too. Thus, the wh
parameter space must be taken into account.

In @21#, for instance, three-flavor oscillations were inve
tigated assuming a canonical mass hierarchy and usin
fixed value for Dm13

2 51023 eV2 in agreement with the
atmospheric-neutrino results. They examined the remain
parameter space by applying an analytical formula for thene
survival probability, which approximates the solar electro
density profile by an exponential function and is valid f
Dm13

2 '1023 eV2 andDm12
2 significantly smaller thanDm13

2 .
Under these conditions the parameter space could be red
considerably.

In the present work, the most general case of three-fla
oscillations of solar neutrinos is investigated, and thus th
restrictions are not applicable here. Instead of performin
survey over the whole flavor space (0<Q12,Q13,p/2) with
canonical mass hierarchy, I prefer to consider the c
Dm12

2 ,Dm13
2 .0 which covers two possible mass hierarchi

Thus, in this case only half of the total flavor space must
overviewed. In the illustration provided in Fig. 2 this reduc
area is given by sector II and the lower half of secto
defined by the dotted line.

To simplify the numerical survey and the analysis a va
able transformation of the mixing angles is applied in ea
sector: ObviouslyPe→e

(3) as defined in Eq.~9! is not symmet-
ric under the exchange of indices 2↔3. However, sector I is
symmetric undern2↔n3, and it would be useful to have tw
quantitiesQ̃12(Q12,Q13) andQ̃13(Q12,Q13) which satisfy

Pe→e
(3) ~Dm12

2 ,Q̃12,Dm13
2 ,Q̃13!

5Pe→e
(3) ~Dm13

2 ,Q̃13,Dm12
2 ,Q̃12!.
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Defining in sector I (0<Q12,p/4, tanQ13<cosQ12) the
quantitiess̃12(5sinQ̃12) and s̃13 by

s̃125s12,

s̃135
s13

A12s12
2 c13

2
, ~13!

yields such a pair. With these quantities Eq.~9! is written as
( c̃i j

2 512 s̃i j
2 )

P~r !e→e
(3) 512S 2c̃12c̃13

12 s̃12
2 s̃13

2 D 2F s̃12
2 c̃13

2 sin2S Dm12
2 r

4E D
1 c̃12

2 s̃13
2 sin2S Dm13

2 r

4E D 1 s̃12
2 s̃13

2 sin2S Dm23
2 r

4E D G ,
which is unaltered under exchange of the indices 2↔3.

Moreover, it can be proved that the evolution matrix
neutrinos in matter is not changed when exchanging the
dices 2↔3 @9#. Hence, usings̃12 and s̃13 in sector I yields a
ne survival probability, which is constant under this transfo
mation in vacuum as well as in matter.

Similar to sector I also sector II (p/4<Q12,p/2,
tanQ13<sinQ12) can be brought into a quadratic shape
using the transformation

s̃135
s13

A12c12
2 c13

2
. ~14!

But this does not yield a survival probability invariant und
exchange of the indices 2↔3, as under this operation secto
II would be mapped onto sector III.

III. CALCULATIONS

A. Standard solar model

For the following calculations my standard solar mod
~‘‘GARSOM4’’ ! as described in@37# is used. It has been
calculated using the latest input physics, equation of s
and opacity from the OPAL group@38,39#, and nuclear re-
action rates as proposed by@40#. In addition, microscopic
diffusion of H, 3He, 4He, the CNO isotopes, and fou
heavier elements~among them Fe! is included using the dif-
fusion constants of@41#. By treating convection as a fas
diffusive process the chemical changes due to nuclear b
ing and diffusion ~mixing! are evaluated in a commo
scheme.

A peculiarity of GARSOM4 is the inclusion of realisti
2D hydrodynamical model atmospheres@42# down to an op-
tical depth of 1000. The improvement of the high-degr
p-mode frequencies due to a better reproduction of the
peradiabatic layers just below the photosphere is simila
the one obtained by using 1D-model atmospheres like in@3#.
The advantage of using the 2D- instead of the 1D-mo
atmospheres is the extension of the former to greater op
depths, where the stratification is already adiabatic and t
9-5
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TABLE I. Typical quantities of GARSOM4. HereaCM is the mixing-length parameter of the convectio
theory developed in@43#. Y andZ are helium and metal mass fractions,T andr the temperature and mas
density, respectively. The depth of the convective envelope in units of the solar radius is abbrevia
R bce. The indicesi, s, andc denote initial, surface~photospheric!, and central values, respectively.

Tc rc rbce

aCM Yi Zi Ys Zs (107 K! (g/cm3) Rbce (g/cm3)

0.975 0.275 0.020 0.245 0.018 1.57 152 0.713 0.188
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the solar model becomes nearly independent of the app
convection theory.

In Table I typical quantities of GARSOM4 using the co
vection theory developed in@43# are summarized. The pre
dicted event rates of GARSOM4 for the three presently
erating types of neutrino experiments GALLEX/GNO
SAGE, Homestake, and Super-Kamiokande are summar
in Table II together with the values obtained by@4#. Since
the input physics is very similar in both models, the p
dicted rates agree very well within the errors as quoted
@4#. In addition, the influence of the assumed8B-neutrino
spectrum on the predicted rates is shown. Using the re
OG00 spectrum yields slightly higher rates for all three e
periments than including the one of BL96, which is caus
by the somewhat larger number of high-energetic8B neutri-
nos in the former spectrum and the strongly increasing
tection probability toward higher energies.

Figure 3 shows the sound-speed profile of GARSO
compared to the seismic model inferred by@47#. The devia-
tions of GARSOM4 from the latter are of the same size
standard solar models from other groups@4,48#.

B. Neutrino-oscillation analysis

Using the neutrino flux as provided by GARSOM4 th
evolution of the initial electron neutrinos through the Su
space, and Earth is computed taking into account oscillat
between the flavors~see the Appendix!. The electron-density
profile and the radial distribution of the neutrinos are tak

TABLE II. Expected event rates and neutrino flux, respective
in the three types of experiments GALLEX/GNO/SAGE~Ga!,
Homestake~Cl!, and Super-Kamiokande as predicted by the t
solar models GARSOM4 and BP98@4#. For GARSOM4 the ex-
pected values using the OG00~first row! and the BL96~second
row! 8B-neutrino spectrum are given. The last row provides
measured values with their respective errors.

Ga @SNU# Cl @SNU# Super-K@106 cm22 s21#

GARSOM4 128.7 7.79 5.18
128.4 7.58 5.06

BP98 12926
18 7.721.0

11.2 5.1520.72
11.00

Experiment 74.264.9a 2.5660.23b 2.4060.08c

aReference@44#.
bReference@45#.
cReference@46#.
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from the solar model, too. For the electron-density profile
the Earth the spherically symmetric preliminary referen
Earth model~PREM! @50# is applied. For each set of mixing
parameters the neutrino energy spectrum observed on E
is evaluated and folded with the detector response functio
The combinations of mixing parameters which reproduce
measured data are found by applying ax2 analysis.

There are four contributions to the total value ofx2 origi-
nating from the four different available data sets: the ev
rates, the recoil-electron energy spectrum, the zenith-a
distribution, and the annual variation. The latter three
available only from the Super-Kamiokande detector, while
the first one all three types of neutrino experiments cont
ute.

For the event-rate portion the commonly used formula

xR
25(

i 51

3
~Ni

expt2Ni
th!2

s i ,expt
2 1s i ,th

2
, ~15!

where i denotes GALLEX/GNO/SAGE, Homestake o
Super-Kamiokande.sexpt

2 and s th
2 are the experimental an

theoretical 1s errors, respectively~Table II!. Since the input
physics in GARSOM4 is similar to the one used in@4#, the
theoretical errors derived therein are taken fors th

2 . Here
Ni

expt are the measured event rates, which are quoted toge
with the uncertainties in Table II. Note that the Supe
Kamiokande data are usually reported as8B-neutrino flux
relative to a standard solar-model prediction. Actually th

FIG. 3. Comparison of modern solar models with the seism
model by@47#: shown is the relative~seismic-solar model! differ-
ence of sound speed for the model of Ref.@4# ~dashed line!, Ref.
@48# ~dash-dotted line!, and GARSOM4~solid line!. The grey-
shaded area indicates a conservative error range of seismic m
according to@49#.
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THREE-FLAVOR OSCILLATION SOLUTIONS FOR THE . . . PHYSICAL REVIEW D 64 013009
number has to be understood as an event-rate ratio. The
number of measured events is divided by the theoretic
expected value~e.g., from GARSOM4!. This ratio is then
often falsely taken to be the suppression rate of thetotal
8B-neutrino flux. However, with the energy window of th
recoiled electrons being between3 5.5 and 20 MeV no state
ment about the total number of8B neutrinos below this win-
dow is possible. Moreover, neutrino oscillations may al
the energy spectrum of the8B-electron-neutrino flux, and a
the scattering cross section of the neutrinos in Sup
Kamiokande is energy dependent, the same number of e
rates can be obtained with different8B-neutrino fluxes. Thus
in the present analysis the event rate in Super-Kamioka
following Eq. ~A5! is used and not the total8B-neutrino flux.

The recoil-electron energy spectrum is examined by

xe
25(

i 51

18 S Ni ,e
expt2aeNi ,e

th

s i ,e
D 2

, ~16!

where the sum extends over all 18 energy bins@Fig. 6~a!#
and s i ,e is the quadratic sum of statistical and systema
errors taken from@46#. Since the absolute value of the eve
rate in Super-Kamiokande has already been used inxR

2 the
parameterae is introduced, by which the spectrum can
normalized adequately, independent of the total rates.

The contribution of the zenith-angle dependence@six bins,
Fig. 6~b!# and seasonal-variation data@four bins, Fig. 6~c!# is
defined analogously~denoted in the followingxZ

2 and xA
2 ,

respectively!.
In Table III the differentx2 values for the no-oscillation

case are provided. Taking into account the involved num
of degrees of freedom (NDOF), thesex2 values are in agree
ment with the values quoted in@24#, where the energy spec
trum and the day-night asymmetry are treated more ela
rated. Obviously the event rate predicted for the galliu
experiments differs most from the measured one, while a
result of the large uncertainty in the theoretical so
8B-neutrino flux, the Super-Kamiokande experiment p
vides the weakest significance for nonstandard neut
properties. Nevertheless, it should be stressed that the s
gest evidence for nonstandard neutrinos is obtained by
combined analysis of all three types of experiment@8#.

3There are already data available for the energy window from
to 5.5 MeV, but the systematic errors are still to be derived.

TABLE III. The x2 values in the case of no oscillation
x2(Ga), x2(Cl), and x2(SK) are the contributions of the GNO
GALLEX/SAGE, Homestake, and Super-Kamiokande experime
to xR

2 @Eq. ~15!#; xe
2 , xZ

2 , andxA
2 are defined by Eq.~16!.

x2(Ga) x2(Cl) x2(SK) xe
2 xZ

2 xA
2 x tot

2

33.9 17.9 7.9 8.3 1.8 1.3 71.1
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IV. RESULTS

A. Two flavors

In a first step the solar neutrino problem is analyzed t
ing into account oscillations only between two flavors. F
ure 4 shows the allowed oscillation parameters using
OG00 8B-neutrino spectrum if solely the event rates of t

0

FIG. 4. Confidence regions in theDm2-sin22Q plane for two-
flavor neutrino oscillations using only the event rates. As a resul
the different mass ranges and dependences on the mixing angle
MSW solutions are shown in~a! and the pure vacuum-oscillatio
solutions in~b!. The light shaded areas reflect the 95.4% C.L., wh
the dark shaded regions show the 99.7% C.L. Also drawn in~a! are
the constraints from Homestake~solid line!, GALLEX/GNO/SAGE
~dashed line!, and Super-Kamiokande~dash-dotted line!. The best-
fit value of each solution is indicated byn ~Table IV!.

ts

TABLE IV. Best-fit values for oscillations between two neutr
nos taking into account solely the event rates of the three dete
types. In the first four rows the OG008B-neutrino spectrum is
included, while in the last rows the one of BL96 is assumed. T
total number of DOF in this analysis is 1.

Dm2 (eV2) sin22Q x tot
2

SMA 5.731026 5.931023 0.16
LMA 7.131025 0.79 0.79
LOW 2.531028 1.00 5.00
VO 1.0310210 0.95 0.16

SMA 5.431026 6.131023 0.21
LMA 7.331025 0.78 0.81
LOW 5.031028 1.00 3.70
VO 8.1310211 0.73 0.61
9-7
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H. SCHLATTL PHYSICAL REVIEW D 64 013009
three experiments are fitted. Clearly the four commo
known solution islands~see, e.g.,@12,13#! can be identified,
the small-mixing angle~SMA! and large-mixing angle
~LMA !, the low mass-squared difference~LOW!, and the
vacuum-oscillation~VO! solutions. Thex2 values for the
best-fit parameters in these solutions are quoted in Table
Apart from LOW all solutions have a ratio ofx2 to NDOF
which is less than 1 and therefore these solutions are acc
able candidates as a correct solution for the solar neut
puzzle.

In the last four columns in Table IV the best-fit valu
using the BL96 8B-neutrino spectrum are provided. Th
somewhat lower expected event rates~Table II! result in
slightly different mixing parameters compared to the ca
using the recent OG00 spectrum~first four rows!. While the
x2 values for the SMA, LMA, and VO solutions are margi
ally worse with the BL96 spectrum, the LOW solution giv
a slightly better fit to the experiments. However, the chan
are in all cases relatively small.

Considering the event rates alone favors the SMA so
tion and, if the BL968B-neutrino spectrum is applied, th
VO solution. However, the inclusion of the recoil-electro
energy spectrum, the zenith-angle, and annual variations
corded by Super-Kamiokande into the analysis yields
LMA solution as the best fit~Table V!. This behavior could
also be found with the previous 825-day Super-Kamioka
data~e.g., in@51#!. But in contrast to earlier analyses, whe
no parameter set could be deduced which would have re
duced all data sets at the same time@9#, with the 1117-day
data such simultaneous fits can be performed. In Table V
best-fit values of these solutions, the respectivex2 contribu-
tions, and the ratio ofx tot

2 to the available DOF are provided
The 1s, 2s, and 3s regions~63.7%, 95.4%, and 99.7%

C.L.! including all available data~Fig. 5! are much bigger
than in the case of taking solely the event rates~Fig. 4!. The

TABLE V. Best-fit values for two-flavor neutrino oscillation
and the respectivex2 values taking into account all available da
sets~event rates of GALLEX/GNO/SAGE, Homestake, and Sup
Kamiokande and zenith-angle dependence, annual variation,
recoil-electron energy spectrum data of the latter!. In the first four
rows the recent OG008B-neutrino spectrum is utilized, while in th
latter rows the BL96 spectrum is assumed.xR

2 , xe
2 , xZ

2 , andxA
2 are

the individual contributions tox tot
2 as defined by Eqs.~15! and~16!.

The last row specifies the contribution of eachx2 portion toNDOF in
this analysis is 26.

Dm2 (eV2) sin22Q xR
2 xe

2 xZ
2 xA

2 x tot
2 /NDOF

SMA 5.031026 3.731023 6.1 16.2 1.8 1.1 0.97
LMA 5.331025 0.79 0.9 8.6 2.0 1.2 0.48
LOW 1.131027 0.89 6.0 8.6 2.9 0.1 0.68
VO 6.9310210 0.95 6.8 8.0 1.9 1.4 0.70

SMA 5.431026 4.231023 3.3 13.5 2.1 2.0 0.79
LMA 5.031025 0.88 2.0 10.9 1.8 1.7 0.63
LOW 1.031027 1.00 5.9 10.1 2.7 0.7 0.75
VO 8.6310210 0.99 6.4 7.9 2.1 1.5 0.68

DOF 3 17 5 3
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extension of the confidence regions of the SMA solution in
the nonadiabatic regime atDm2,1026 eV2 demands a more
detailed explanation: WithNDOF in the analysis being 26, the
1s confidence region is defined byx tot

2 2xmin
2 &29. As the

minimal x2 value is about 12 (50.48326,
Table V!, every set of parameters withx tot

2 '41 lies within
the 1s region. In the nonadiabatic regime of the SMA sol
tion, the pep,7Be, 8B, and CNO neutrinos are hardly influ
enced by MSW transitions. Thus, the predicted rates
Homestake and Super-Kamiokande are the no-oscilla
ones, and the energy, zenith-angle, and annual spectra o
latter are expected to be constant. Since a cons
8B-neutrino flux in Super-Kamiokande is in good agreem
with the measurements~cf. Table III and Fig. 6! and the rates
for the Ga detectors are excellently fitted within this regi
~see the dashed line in Fig. 4!, the value forx tot

2 is about 37
which is certainly within the 1s range.

In order to show that the most probable solution regio
have indeed not changed drastically compared with the p
rate analysis, the 10% C.L. areas are plotted in Fig. 5,
The same region would result as the 1s area if the minimum
x tot

2 value would be zero instead of 12. Note that in som
publications such as, e.g.,@24#, indeed not the ‘‘true’’ 1s,
2s, or 3s ranges are provided, but instead, smallerx2 val-
ues have been chosen to yield the usual picture of th

FIG. 5. Confidence regions in theDm2-sin22Q plane for two-
flavor neutrino oscillations using all data. The different shaded
eas reflect from light to dark, 10%, 63.7%, 95.4%, and 99.7% C
Also drawn in~a! are the constraints from the recoil-electron ener
spectrum~dashed line!, zenith angle~dash-dotted line! and annual
variation ~solid line! of the Super-Kamiokande data. The best-
value of this analysis is indicated byL ~Table V!; then show the
best-fit values of the analysis taking only the event-rate data~Table
IV !.

-
nd
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THREE-FLAVOR OSCILLATION SOLUTIONS FOR THE . . . PHYSICAL REVIEW D 64 013009
MSW solution islands like in the pure-rate analysis.
Probably neglected correlations between the different d

have caused the growth of the confidence regions. For
stance, including the correlations between the rates of
three experiments can strongly change the values ofxR

2 , as
has been shown, e.g., in@52#. Hence, for a more accurat
analysis of the solar neutrino problem, all kinds of corre
tions should be included. For this purpose, more deta
data for the different spectra recorded by the Sup
Kamiokande group are desirable. In addition, theoretical c
relations between, e.g., the annual and zenith-angle
should be taken into consideration, too.

Independent of whether the BL96 or OG008B-neutrino
spectrum is used, the LMA solution can reproduce e

FIG. 6. Recoil-electron energy spectrum~a!, zenith-angle (z)
variation ~b!, and seasonal dependence of the best-fit LMA~solid
line!, SMA ~dashed line!, LOW ~dash-dotted line!, and VO~dash-
dot-dot-dotted line! solutions in the two-flavor oscillation case in
cluding all available solar neutrino data~Table V, upper part! com-
pared with the measurements of Super-Kamiokande~1117-day data
@46#! using the OG00~solid line! and BL96 8B-neutrino spectrum
~dotted bins!, respectively. All bins are equally spaced in the r
spective data area apart from the last bin in the energy spectrum
range of which extends from 14 to 20 MeV. The flux variation d
to the eccentric orbit of the Earth has been subtracted in~c!.
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single kind of data, the event rates, the recoil-electron ene
spectrum, the zenith angle, and the seasonal variation ac
ably. Althoughx tot

2 /NDOF of the LOW and VO solutions are
less than 1, these solutions do not lead to an acceptable
the event-rate data. Whether the SMA solution can alre
be ruled out by the new Super-Kamiokande data depend
the 8B-neutrino spectrum included in the analysis. Wh
with the BL96 spectrum the event rates can just be rep
duced (xR

2/NDOF'1), including the one of OG00 hardly
yields a reasonable fit.

By assuming that the chlorine rate is due to unkno
systematic errors 30% higher than quoted and by reduc
the reaction rate for the7Be-proton capture by about 15
20 %, a VO solution could be obtained which would be ab
to reproduce the event ratesand the energy spectrum o
Super-Kamiokande fairly well@53#. However, presently
there is no evidence for any hidden systematic uncertain
in Homestake, which would increase the event rate to
3.5s level.

The parameters of the best-fit LMA and SMA solutio
are weakly modified when including all the data in the ana
sis ~Tables IV and V!. The recoil-electron energy spectru
mainly influences the SMA solution, while the zenith-ang
data cause a slight shift of the best-fit values of the LM
solution ~Fig. 5!.

For Dm2'1027–1025 eV2 the seasonal variations ar
caused by the zenith-angle variation~on the northern hemi-
sphere more night data are recorded during winter than
ing summer!, and thus no additional constraints can be o
tained from the former data set in this parameter space.
smallerDm2 the eccentricity of the Earth’s orbit leads to
‘‘real’’ annual dependent signal, which can be used to co
strain the mixing parameters. Note that in contrast to
Dm2*1027 region the seasonal dependence inDm2&1027

is now producing tiny day-night variations.
Anyway, for Dm2&1029 eV2 deviations of less than 2%

from an annually constant neutrino flux are predicted for
Super-Kamiokande data,4 which is consistent within the er
rors with the recorded value. Thus, for the VO solutions o
very weak constraints can be obtained from the present
sonal variation data, while for the region of the LOW sol
tion these data provide important information. In fact, t
position of the best-fit value of the LOW solution has be
changed by including the annual-variation data in the ana
sis ~Fig. 5!.

In the regime of the VO solution, the recoil-electron e
ergy spectrum provides very stringent constraints on the
lowed mixing parameters, excluding a great part of the
gion favored by the rates. Hence, no good solution in the
region could be found which reproduces the recoil-elect
energy spectrum as well as the rates recorded in GALLE
SAGE/GNO, Homestake, and Super-Kamiokande.

Therefore, the LMA solution is presently the favored s
lution to the solar neutrino problem, whereas the earlier

4In the analysis of the seasonal data the neutrino signal has
corrected for the 1/r 2 dependence of the flux.

the
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H. SCHLATTL PHYSICAL REVIEW D 64 013009
vored SMA solution seems almost to be ruled out. But s
improved statistics in the recoil-electron data of Sup
Kamiokande are required to identify more reliably the c
rect solution to the neutrino problem.

B. Three flavors

In spite of the fact that the two-flavor LMA solution i
able to reproduce the recoil-electron energy spectrum,
zenith-angle and seasonal variations, and the event rate
ceptably, the analysis is extended to all three families
deduce whether a better fit to the data can be achieved.
sides, this is the physically correct treatment, which conta
the two-flavor case as a limiting one.

The electron-neutrino survival probability for three-flav
neutrino oscillations is determined by four quantitiesDm12

2 ,
sin22Q12, Dm13

2 , and sin22Q13, where the appropriate pair
describe each the mixing of two flavors. Hence a fo
dimensional parameter space has to be examined to de
all possible solutions. In the Appendix the numerical reali
tion is described with which the four-dimensional parame
survey can be performed efficiently. As worked out in S
II C, all possible solutions for MSW solutions are obtain
by considering sectors I and II~Fig. 2! with Dm12

2 , Dm13
2

.0. Using in sector I the quantity sin22Q̃13 as defined in Eq.
~13! instead of sin22Q13 allows one to describe the pure two
neutrino n1-n3 oscillations equivalently to then1-n2 case,
which has been investigated thoroughly in various publi
tions @12,13#. In addition, with the survival probability
P(r )e→e

(3) (Dm12
2 , sin22Q12,Dm13

2 , sin22Q̃13) being symmetric
in the exchange of the indices 2 and 3 unnecessary com
tations can be avoided. Nevertheless, the computations
very extensive due to the four-dimensional parameter sp
Therefore, the grid in the three-flavor oscillation survey h
to be chosen as less dense than in the two-flavor case, w
only a two-dimensional grid had to be overviewed. Howev
the grid must still be fine enough that those solutions are
missed which might be confined to small regions in the
rameter space. To balance the increased computationa
quirements the number of neutrino paths from the Sun to
detector to cover the whole year of data recording was
duced compared to the pure two-flavor neutrino oscillatio
This leads to slightly differentx2 values for effectively pure
two-flavor solutions, which are also found in the full anal
sis.

Subspaces of the entire possible parameter space
been investigated, e.g., in@21# or @54#. In both publications
an analytical expression for the survival probabilityPe→e

(3)

derived in@26# has been used, which is valid for large ma
separations and small mixing angles, respectively. In
descriptionPe→e

(3) is determined by 2 two-flavor probabilitie
Pe→e

(2) for each mass splittingDm12
2 andDm13

2 . By approxi-
mating the electron-density profile in the solar interior w
an exponential function,Pe→e

(2) can also be evaluated analyt
cally @26#.

The results obtained in@21# or @54# could always have
been reproduced in the present work for the respective m
ranges. However, in those investigations of the three-fla
01300
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scenario, only the event-rate data were available. Using
new type of data~recoil-electron energy spectrum, zeni
angle, and seasonal variations! almost all solutions found in
@21,54# are disfavored. Furthermore, new solutions are id
tified since the respective parts of the parameter space w
not covered in the analyses therein.

In thex2 analysis, applied to constrain the mixing param
eters, always the whole available experimental data set
used for the present study. Furthermore, solely the OG
8B-neutrino spectrum has been included. TheDm12

2 -Dm13
2

plane is divided according to the two-flavor case in thr
subregions where the two oscillation branchesn1↔n2 and
n1↔n3 are either both of matter type or both of vacuu
type, or one of matter and the second of vacuum nature

1. Oscillations in the MSW mass regime

First sector I is investigated, wheren1↔n2 and n1↔n3
both may undergo a resonant MSW transition, i.e., 1029

<Dm12
2 ,Dm13

2 <1023 eV2. In Fig. 7 the projection of the
region with x2<26.5 on the three-dimensional subspa
sin22Q12-Dm13

2 -sin22Q̃13 is shown. The allowed paramete
are located within the gray-shaded surroundings.

The pure two-flavorn1↔n3 oscillations which are inde-
pendent of the mixing inton2 recover in the vertical struc
tures. For instance, the LMA and LOW solutions are rep
sented by the half-pillars at sin22Q̃1351 and Dm13

2 '5
31025 and 1027 eV2. The horizontal planes provide th
solutions independent ofn3, and thus are two-flavor oscilla
tions in the 1↔2 system, where the influence fromDm12

2 is
not visible. However, the symmetry of sector I in the e
change of indices 2 and 3 implies that they must be equ

FIG. 7. Shaded volume representing the projection of the reg
with x2<26.5 into the three-dimensional subspace

sin22Q12-Dm13
2 -sin22Q̃13 for MSW transitions in then1↔n2 and

n1↔n3 system~sector I!. The allowed values are located within th
light shaded surroundings. The position of the classical two-fla
solutions are also shown, which may be in the 1↔2 as well as in
the 1↔3 system.
9-10
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THREE-FLAVOR OSCILLATION SOLUTIONS FOR THE . . . PHYSICAL REVIEW D 64 013009
lent to solutions independent ofn2. Therefore, the plane
around sin22Q12'1 is equivalent to the pillarlike structure
at sin22Q̃1351 and can thus be identified as an overlap
mainly LMA and LOW solutions. Similarly the plane a
sin22Q12'331023 represents the SMA solution. The thre
flavor solutions with the smallestx2 values are sited near th
intersection regions of the horizontal planes and vertical
jects, which means that they are at least slightly more pr
able than the pure two-flavor solutions and involve indeed
three flavors.

In Fig. 8 the regions withx2<15.4 of the present surve
are shown. As a result of the symmetry inn2↔n3 and the
overlap of solution islands, in this projection the six ba
regions in this figure belong only to four distinct solution
Two of them can be identified as ‘‘double’’ SMA and LMA
solutions, respectively, i.e., the same kind of solution
n1↔n2 and n1↔n3 ~DSMA and DLMA, respectively!. In
addition, two solutions are combinations of a SMA soluti
in n1↔n2 (sin22Q12&1023) and a LMA and LOW solution,
respectively, inn1↔n3 (sin22Q̃13*1021 and Dm13

2 '1024

and 1027 eV2, respectively!, therefore denoted SLMA and
SLOW. The extension of the SLOW solution in th
sin22Q12-Dm13

2 plane at sin22Q̃13'1 is very small and thus
its position is marked by a small circle. The assignment
n1↔n2 to SMA and n1↔n3 to LMA and LOW, respec-
tively, is ambiguous and could also be chosen vice ve
This is reflected by the second appearance of the SLOW
SLMA solutions in Fig. 8 at sin22Q12*1021 and sin22Q̃13
&1023. The respective solution islands merge in this proj
tion.

In Fig. 9 the projection of the DSMA, DLMA, SLMA,
and SLOW solutions into the typical two-flavor planes a
shown. One of the areas labeled, for instance, SLMA ha
be identified with oscillations inn1↔n2 and the other with

FIG. 8. Zoom into the shaded volume of Fig. 7 showing t
position of the SLMA, DSMA, DLMA, and SLOW solutions. Th
shaded bodies enclose the regions withx2<15.4. The circle in the

sin22Q12-Dm13
2 plane at sin22Q̃1351 shows the position of the tiny

solution area of SLOW.
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n1-n3 mixing. The oscillation parameters are provided
Table VI together with thex2 values. Since two more pa
rameters are adjusted in the three-neutrino as compare
the two-neutrino case,NDOF reduces from 26 to 24.

The mixing angle of the second small mixing-ang
branch in the DSMA solution at sin22Q̃13 is about two orders
of magnitude smaller than the usual two-flavor SMA so
tion ~compare Figs. 9 and 4!. This second SMA branch
causes an additional resonance atE'10 MeV ~see Fig. 10!,
which enables a better fit to the recoil-electron energy sp
trum and the event rates~compare Tables V and VI!. Thus a
solution almost as good as the LMA solution could be o
tained (x tot

2 /NDOF50.5).
The DLMA and SLMA solutions have almost the sam

values forxR
2 , xe

2 , xZ
2 , and xA

2 as the LMA solution~cf.
Tables V and VI!. Since no improvement in explaining th
solar neutrino measurements could thus be achieved by c
bining the LMA solution with an additional oscillation in th
n1↔n3 system, the two-flavor LMA solution itself is a fa
vored solution in the three-flavor analysis, too

In the SLOW solution the advantages of the two-flav
SMA and LOW solutions are united. While with the SM
solution the rates can be reproduced very well~see Table
IV !, the LOW solution provides good fits to the energy spe
trum, the annual, and the zenith-angle variations~Table V!.

The best-fit value of the SLOW solution for sin22Q̃13 is
equal to 1 and, thus, at the border of sector I to sector
Exchanging the assignment of indices 2 and 3 transfers
SLOW solution to the border between sectors I and II. In
latter sector, where p/4<sinQ12<p/2 and tanQ13
<sinQ12, an additional survey has been performed, to

FIG. 9. Projection of the DSMA, DLMA, SLMA, and SLOW

solutions onto theDm12
2 -sin22Q12 or theDm13

2 -sin22Q̃13 plane. The
dark and bright shaded areas show the regions ofx2<15.6 and
13.9. Following the assignment of Table VI, thex2<13.9 regions
of the DSMA, SLMA, and SLOW solutions merge in the projectio
onto the Dm12

2 -sin22Q12 plane, but are well separated in th

Dm13
2 -sin22Q̃13 plane ~see also Fig. 8!. The region with sin22Q̃13

,1024 has been scanned separately only near the DSMA solu
(1026,Dm12

2 ,1024 eV2 and 1024,sin22Q12,1022).
9-11
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TABLE VI. The most favored solutions within the three-flavor oscillation scenario and the respectix2

values. The second column indicates the sector in the flavor space, where the solution has been fo~see

also Fig. 2!. Dmi j
2 is in units of eV2 andsi j

2 abbreviates here sin22Qij . In sector I sin22Q̃13 is defined by Eq.
~13!, analogously in sector II by Eq.~14!. xR

2 , xe
2 , xZ

2 and xA
2 are the individual contributions tox tot

2 as
defined by Eqs.~15! and ~16!. The number of DOF (NDOF) is 24.

Dm12
2 s12

2 Dm13
2

s̃13
2 xR

2 xe
2 xZ

2 xA
2 x tot

2 /NDOF

DSMA I 6.131026 4.231023 1.631025 7.531025 0.6 8.2 1.9 1.2 0.50
DLMA I 5.631025 0.67 5.631025 0.38 0.9 8.5 2.0 1.3 0.53
SLMA I 7.931026 2.531023 2.531024 0.40 0.6 8.5 1.8 1.1 0.50
SLOW I 1.431025 1.231023 6.931028 1.00 1.8 8.7 2.1 2.1 0.61
DVO I 5.5310211 0.64 2.9310210 0.60 3.5 5.7 1.9 1.5 0.53
DVO8 II 1.2310210 0.58 7.3310211 0.79 2.3 6.8 1.9 1.5 0.52
SVO I 2.7310210 0.51 1.031025 2.531023 1.6 5.9 1.8 0.9 0.43
LVO I 4.1310211 0.70 1.731024 0.40 1.4 8.1 2.0 2.0 0.56

DOF 3 17 5 3
he
n

e
as

the

lar
-

o

e

VO

sis

FIG. 10. The annually averaged survival probability of8B elec-

tron neutrinos detected on Earth for the deduced three-flavor s
tions.
01300
However, no new solutions could be identified; solely, t
‘‘foothills’’ of the SLOW solution into this sector have bee
found. Hence, in the mass regime with 1029<Dm12

2 , Dm13
2

<1023 eV2 the region withp/4<sinQ12<p/2 does not pro-
vide new solutions, which is similar to the findings in th
two-flavor case, where neither any additional solution h
been detected in this parameter range.

2. Three-flavor vacuum oscillations

In the case when both mass-squared differences are in
vacuum-oscillation regime (Dm12

2 , Dm13
2 <1029 eV2) two

minima could be found, denoted DVO and DVO8. While
DVO is located in sector I~Fig. 11!, i.e., 0<Q12<p/4,
DVO8 has been found in sector II~Fig. 12!, where p/4
,Q12<p/2. Thus, although they seem to have very simi
mixing parameters~Table VI!, there are really distinct solu
tions with different properties~see Fig. 10!. Note that while

lu-

FIG. 11. Projection of the DVO solution onto th

Dm12
2 -sin22Q12 andDm13

2 -sin22Q̃13 plane, respectively. Thex2 lev-
els of the regions agree with those of Fig. 9 and the ‘‘1 ’’ symbols
denote the best-fit values. The best-fit value of the two-flavor
solution reproducing solely the event rates is marked byn, while
the position of the two-flavor VO solution in the complete analy
is shown byL.
9-12
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THREE-FLAVOR OSCILLATION SOLUTIONS FOR THE . . . PHYSICAL REVIEW D 64 013009
in sector I the assignment of the indices can be exchan
this is not possible in sector II. If an exchange ofn2 andn3
in DVO8 is desired, the mixing angles have to be tran
formed appropriately to lie finally in sector III.

With the DVO and DVO8 solutions a slightly better fit to
the recoil-electron energy spectrum can be achieved c
pared to the DSMA, DLMA, and SLMA solutions~Table VI
and Fig. 13!. However, because of the event rates being
produced worse, thex tot

2 values of DVO and DVO8 are al-
most equal to the values of DSMA, DLMA, and SLMA.

Compared to the two-flavor VO solution an improved
to the event rates has been obtained with the three-fla
vacuum-oscillation solutions, but still the event rates are
ted barely acceptably. The DVO and DVO8 solutions show a
compromise between the VO solution (n in Fig. 11! ob-
tained by fitting solely the event-rate data and the VO so
tion of the complete analysis (L in the same figure!. The
mixing angles for the three-flavor vacuum solution are o
about one-half of the usual two-flavor VO solution, asne is
now oscillating nearly equally strong intotwo other flavors.

3. Mixed vacuum and MSW oscillations

The combination of oscillation between two neutrino fl
vors in the MSW mass regime and an additional vacu
oscillation into the third flavor is investigated, completin
the mass ranges which have not been covered in the prev
sections. This case has been examined in@54# for 1027

<Dm13
2 <1024 eV2 and 10212<Dm12

2 <1029 eV2. How-
ever, in that analysis only the event rates have been inclu
but not the recoil-electron energy spectrum, the zenith-an
dependence, or the annual variation data recorded by Su
Kamiokande. Furthermore, the Earth-regeneration effect

FIG. 12. Projection of the DVO8 solution onto theDm12
2 -

sin22Q12 and Dm13
2 -sin22Q̃13 plane. Thex2 levels of the regions

agree with those of Fig. 11.
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been neglected. Therefore, this case is reinvestigated inc
ing all the available data and calculating the electro
neutrino survival probabilities fully consistently includin
the Earth effect like in the previous sections.

In this surveyDm13
2 is taken to be in the mass range of th

MSW solutions (1029<Dm13
2 <1023 eV2) andDm12

2 in the
vacuum-oscillation area (10212<Dm12

2 <1029 eV2). With
these conventions aboutDm13

2 , two possibilities are conceiv
able for then1↔n3 system, a resonant and a nonreson
oscillation. Since the masses are well separated, the co
tion for a resonance obtained in the two-flavor case can
applied@Eq. ~11!#:

Nres5
Dm13

2 /2E

A2GF

cos 2Q13.0.

Thus, an MSW flavor transition is only possible if the mixin
angleQ13 is less thanp/4. In then1↔n2 system only pure

FIG. 13. Recoil-electron energy spectrum~a!, zenith-angle (z)
variation ~b!, and seasonal dependence~c! of the best-fit three-
flavor solutions including all available solar neutrino data compa
with the measurements of Super-Kamiokande. The experime
data agree with Fig. 6 using the OG008B-neutrino spectrum.
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H. SCHLATTL PHYSICAL REVIEW D 64 013009
vacuum oscillations occur, and thusQ12<p/4. Since the so-
lution may be a combination of a vacuum oscillation in t
1↔2 and a resonant and nonresonant oscillation, res
tively, in the 1↔3 branch, the complete essential parame
space for 1029<Dm13

2 <1023 eV2 and 10212<Dm12
2

<1029 eV2 is therefore covered byQ12<p/4 and Q13
<p/2.

Basically two minima could be found in the parame
space of this subsurvey, which are combinations of a S
and a LMA solution, respectively, inn1↔n3 (Q13<p/4)
and an additional VO mixing inn1↔n2, therefore denoted
SVO and LVO ~Fig. 14!. The SVO solution is similar to
solution ‘‘B’’ found in @54#. Interestingly, the vicinity of the
SVO solution has been explored intensively in@55#, whereas
the motivation was different: The mixing parameters of t
solution agree with the neutrino properties predicted b
grand unification~GU! theory, where the neutrino masses a
caused by the seesaw mechanism with the mass of the h
est right-handed neutrino being of the order of the GU sc

The fit of the LVO solution to the data is worse than t
pure two-flavor LMA solution supporting the result of part
of this section: that the LMA solution cannot be improved
by including a third oscillation. However, the mass-squa
difference of the LMA branch in the LVO as well as SLM
solution (Dm13

2 '231024 eV2) is almost one order of mag
nitude higher than that of the LMA solution itself. The im
plication of this fact for the combined analysis of the so
and atmospheric neutrino problem will be discussed furt
in the final section.

The SVO solution is presently the favored solution to t

FIG. 14. Projections of the SVO and LVO solutions onto t
Dm12

2 -sin22Q12 andDm13
2 -sin22Q13 plane. Thex2 levels are chosen

to be 13.9~bright! and 15.6~dark shaded! like in the previous
figures. The circles mark the best-fit values of the SVO solution,
triangles the one of the LVO solution (Q12,Q13<p/4).
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solar neutrino problem, in contrast to all other three-flav
solutions even better than the two-flavor LMA solution. SV
combines the merit of the VO solution to explain the ener
spectrum and the property of the SMA solution to reprodu
the event rates~Table IV!. Interestingly, this solution has
also been found to be the best explanation of the solar n
trino problem, using the older 504- or 708-day data sets
Super-Kamiokande.

V. PROSPECTS FOR FUTURE EXPERIMENTS

Future neutrino experiments like SNO or Borexino w
provide further information to determine the correct soluti
to the solar neutrino problem. In the following the abilities
these detectors to discriminate the various two- and th
flavor solutions will be discussed.

A. Borexino

In Fig. 15 the expected recoil-electron energy spectrum
Borexino of the two- and three-flavor solutions is show
The shades and hatched areas indicate the uncertainties
mixing parameters of the 4 two-flavor solutions. These ar
were obtained by allowing the mixing parameters to va
within the 10% confidence region of theDm2-sin22Q plane
~see Fig. 5!.

While in the presently operating detectors the7Be neutri-
nos contribute, if at all, only a small portion to the total eve
rate, Borexino is going to measure basically these neutri
~Fig. 16!. In addition, the highest-energy bin of the reco
electron spectrum (Te>0.75 MeV) is sensitive to the neutri
nos of the CNO cycle and of the pep reaction. Borexino m
also measure the high-energy part of thepp-neutrino spec-

e

FIG. 15. Expected recoil-electron energy spectrum in Borex
for the best-fit two- and three-flavor solutions. The shaded
hatched areas have been obtained by allowing the mixing par
eters to vary within the 10% region of the two-flavor LMA an
SMA solutions, respectively, shown in Fig. 5. The thin lines rep
sent the best-fit two-flavor solutions in the respective area~solid
line, SMA and LMA, respectively, dash-dotted line, LOW; dash
line, VO!.
9-14
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THREE-FLAVOR OSCILLATION SOLUTIONS FOR THE . . . PHYSICAL REVIEW D 64 013009
trum, as these may contribute about 9% to the total rate
the lowest-energy bin (Te<0.3 MeV).

In the case of the SMA solution Borexino should dete
only about 25% of the event rate as predicted
GARSOM4, while in the LMA case about 65% are expect
~Fig. 15!. Actually, for the SMA solution the rate is basical
due to the interaction of thenm ~or nt) with the detector, as
in this solution the7Be neutrinos almost totally consist ofnm
flavor. This leads to an unmistakable signal of the SM
compared to the LMA solution: an excess in the lowe
energy bin of about 30% compared to the other bins cau
by thepp neutrinos. With the resonance in the SMA soluti
being at about 0.3 MeV,pp neutrinos do — unlike7Be or
CNO neutrinos — not undergo an MSW transition. Thu
with good statistics in the low-energy bins SMA could
clearly distinguished from LMA.

One of the main advantages of this detector is the ab
to monitor seasonal variations in the neutrino signal —
vacuum survival probability is modified by the eccentric o
bit of the Earth@Eq. ~10!#. Since the7Be neutrinos are in
contrast to8B neutrinos emitted to 90% in a monoenerge
line at 0.862 MeV, the signal in the detector is not smea
out like in Super-Kamiokande. A detailed analysis about
sensitivity of Borexino to detect vacuum oscillations is giv
in @56#.

The sensitivity of the7Be-neutrino flux in the VO regime
is also visible in the zenith-angle dependence of the ev
rate in Borexino@thin solid line in Fig. 17~b!#. In particular,
the rates of those zenith angles, under which the Sun app
only around the winter or summer solstice (ucoszu*0.6), are
influenced by the modulation of the7Be-neutrino signal with
the Sun-Earth distance. Note that unlike the Ear
regeneration effect, which in the MSW mass range can l
to a variation of the event rate with the zenith angle o
during the night@see thin dashed line in Fig. 17~b! represent-
ing the LOW solution#, for VO solutions a variation in the
signal over the whole day is apparent. The magnitude of
zenith-angle variation, however, is smaller, as each zen
angle bin is an average over many positions of the Eart
its solar orbit. Therefore, the seasonal variation of the ev
rates is more sensitive to detect VO solutions as the zen
angle dependence. For the best-fit mixing parameters of

FIG. 16. The contribution of different neutrino types to the to
event rate in Borexino in the case of no oscillations. The neutr
flux was derived from GARSOM4. The line styles correspond topp
~solid line!, pep ~dotted line!, 7Be ~dashed line!, CNO ~dash-dot-
dot-dotted line!, and 8B neutrinos~dash-dotted line!.
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MSW solutions SMA and LMA no Earth regeneration tak
place for the energy of the7Be neutrinos, and thus no zenith
angle variation of the event rates in Borexino is expected
these cases. In case of the LOW solution, however, day-n
variations should be measured@thin dash line in Fig. 17~b!#.

In summary for the two-flavor case, a total rate of abo
3065 % compared to GARSOM4 is predicted for the SM
solution and about 65615 % for the LMA, LOW, and VO
solutions. The latter three can be disentangled by using
zenith-angle and seasonal data. Great seasonal variation
expected for the VO solution, strong zenith-angle dep
dence during the night for LOW, and a constant neutrino fl
during the whole year for the LMA solution, provided th
the influence of the eccentric Earth orbit has been remov
Note that also for the SMA solution neither zenith-angle n
seasonal variations are expected.

The expected energy, zenith-angle, and seasonal de
dences of the recoil electrons in Borexino for the best
values of the 8 three-flavor solutions are shown in Figs.
and 17, too. DSMA and DLMA cause signals very similar
their two-flavor counterparts SMA and LMA, respectivel
and are therefore difficult to disentangle from the latter
any kind of the Borexino data.

But the SLOW solution leads to a clear signature in B
exino compared to the two-flavor solutions. It has a stron
reduced event rate of almost 50% in the high-energy bins

l
o

FIG. 17. Annual and zenith-angle variations of the recoil ele
trons in Borexino expected for the best-fit three-flavor solutio
The thick lines correspond to same solutions as in Fig. 15. In
seasonal variation~b! the flux changes due to the eccentricity of th
Earth’s orbit have been subtracted.
9-15
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H. SCHLATTL PHYSICAL REVIEW D 64 013009
Borexino, which are not observed in any other solution. T
reason for this is the relatively high resonance energy
about 1 MeV~cf. Fig. 10!, which causes a strong suppressi
of electron-type CNO and pep neutrinos, but a weaker red
tion of 7Be electron neutrinos. By way of contrast, the res
nances of the SLMA and SVO solutions are about 0.8 M
~Fig. 10!, and thus, the7Be electron neutrinos are diminishe
more strongly than in the SLOW solution, which accordi
to Fig. 16 yields smaller rates below 0.7 MeV.

In addition, the SLOW solution leads to a zenith-ang
dependent signal during the night due to the Ear
regeneration effect@Fig. 17~b!# caused by the LOW branc
of this solution. Thus, a large day-night variation measu
by Borexino would strongly favor LOW or SLOW. By ad
ditional data from the energy spectrum these soluti
should then be distinguishable from each other.

The mean event rates expected for the SLMA and S
solutions are within a region, where all other solutions
disfavored. Since for the SVO solution also annual variatio
are expected from its VO branch@see Fig. 17~a!#, both solu-
tions may be disentangled from each other and from all o
solutions.

The properties of the pure three-flavor vacuum-oscillat
solutions DVO and DVO8 are very sensitive to the exac
mixing parameters. Even a very small variation in the mixi
parameters of these solutions may produce a recoil-elec
energy spectrum or seasonal changes which resembles th
the other or the LVO solution. Hence a discrimination b
tween DVO, DVO8, and LVO will almost be impossible
with Borexino.

These solutions are also difficult to distinguish from t
two-flavor VO solution. However, the most probable val
for Dm2 of the VO solution is almost one order of magnitu
larger than the VO branch~es! of DVO, DVO8, or LVO
~compare Tables V and VI!, yielding a more frequently vary
ing annual signal for the VO solution. Hence, measurin
weak annually varying signal with only one maximum p
half a year would at least provide a strong hint that the
lution to the solar neutrino problem is rather a three-fla
DVO, DVO8, or LVO solution than a pure two-flavor VO
solution.

B. SNO

Recently, SNO has started to measure solar neutrino
the same energy window as Super-Kamiokande, howe
with a better energy resolution and the ability to discrimin
the charged current~CC! and NC events. Since the tota
number of neutrinos does not change by neutrino oscillati
~only their flavor!, the number of NC events has to agr
with the no-oscillation scenario; i.e., the total number of s
lar neutrinos independent of their flavor can be determi
by this quantity.5 Therefore, no departures in the reco
electron energy spectrum, zenith angle, or seasonal de
dence from the standard~no-oscillation! values are expecte
for NC events. The merit of SNO is the measurement of

5Provided no mixing with sterile neutrinos occurs.
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ratio of CC to NC events, as with this quantity thene con-
tribution to the total solar neutrino flux is connected. A me
sured CC/NC ratio smaller than the standard one unamb
ously proves that the solar neutrinos, initiallyne’s, are
oscillating into another flavor during their flight from th
solar interior to the Earth.

If the excess in the high-energy bins of Supe
Kamiokande, which was apparent in the data published p
viously @14#, reappears in the continuing measurements,
CC/NC ratio in SNO will enable one to discriminate betwe
an explanation by neutrino oscillations and by an enhan
hep neutrino flux, which also was under discussion@51#.
While for the latter solution thehep-neutrinos would con-
tribute equally to the CC and NC events leading to a cons
CC/NC ratio, for the oscillation scenario a similar excess l
in Super-Kamiokande would be also apparent in the CC/
ratio of SNO.

To illustrate the expectations for the recoil-electron e
ergy spectrum and zenith-angle dependence of the CC ev
in SNO, the first and second moments of these distributi
are calculated~for definition see@13#!. The first moment pro-
vides the mean value and the second a measure of the w
of the distribution.

With very small annual or daily changes in the Sup
Kamiokande detector, such variations are neither expe
for CC events (e-ne scattering! in SNO. Thus, for the zenith-
angle moments in SNO only small deviations from the st
dard value are predicted for the two-flavor SMA, LMA
LOW, and VO solutions@Fig. 18~b!#. The largest deviations
of about 4% may be measured in case of the LMA solut
being correct.

The error bars for these solutions in Fig. 18 were obtain
in the same manner as for the recoil-electron energy sp
trum in Borexino. Since the best-fit values are not very w
separated and also the error bars strongly overlap in the p
of the first two zenith-angle moments, it seems to be v
difficult to disentangle the two-flavor solution by forthcom
ing zenith-angle data of SNO. A similar behavior is expec
for the moments of the recoil-electron energy spectrum@57#
shown in Fig. 18~a!. However, since the energy resolution
SNO is better than in Super-Kamiokande~Table VII!, more
significant data can be expected to disentangle the true s
tion to the solar neutrino problem. A more detailed discu
sion about the properties of SNO to discriminate the tw
flavor solutions can be found in@58#.

In the energy moments a large area is still allowed for
VO solution. In case Borexino does not record any seaso
variations all solutions containing a VO branch~e.g., LVO!
and, in particular, the two-flavor VO solution would hard
be correct. Deviation of,25% in the second energy mo
ment would then favor the DSMA solution.

Nevertheless, from Fig. 18 it becomes obvious that, o
if SNO is measuring a big deviation of the energy or zeni
angle moment from the standard~no-oscillation! value, one
of these solution can be favored, as, e.g.,*3% in the first
zenith angle further supports LMA as correct solution to t
solar neutrino problem. But since SNO may well detect
such deviations, we need additional results from Borexino
exclude some of the presently possible solutions.
9-16
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VI. DISCUSSION

The most favored solutions to the solar neutrino probl
in the scope of two- and three-flavor neutrino oscillatio
have been investigated in this work. For this purpose
evolution of the neutrino state was followed numerica
from the solar interior, where the neutrinos are produced
the fusion reactions, through the Sun, space, and Earth to
neutrino detectors without falling back to analytical appro
mations~cf. the Appendix!.

Eight solutions in the three-flavor case could be fou
where the SVO solution has already been detected pr
ously, e.g., by @54# and @55# neglecting the Earth-
regeneration effect. The SVO, SLMA, and DSMA are
least as probable as the presently favored two-flavor LM
solution. The DVO, DVO8, LVO, DLMA, and SLOW solu-

FIG. 18. Predicted values for the moments of the recoil-elect
energy~upper panel! and zenith-angle spectrum~lower panel! for
CC events in SNO in case of the three-flavor solutions. The s
symbols represent the two-flavor solutions LMA (m), SMA (d),
LOW (j), and VO (l) of Fig. 4. The error bars were obtained
the same manner as the hatched and shaded areas, respectiv
Fig. 15.

TABLE VII. Energy resolution parameters used in the pres
work. The values for Super-Kamiokande and SNO are taken f
@57#. For BorexinoD1 the energy resolution width at 1 MeV pro
vided by L. Oberauer~private communication! is quoted.

Super-K SNO Borexino

D10 1.6 MeV 1.1 MeV 47 keV
d 10 keV 100 keV —
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tions, with which the measured event rates, recoil-elect
energy spectrum, zenith-angle dependence, and annual v
tion are reproduced slightly worse than with the other
three-flavor solutions, are nevertheless still good candid
as solutions to the solar neutrino problem. The new exp
ments Borexino, which will soon start to operate, and SN
which is already taking data, and improved statistics
Super-Kamiokande possibly will enable one to discrimin
the various two- and three-flavor solutions. Basically, w
Borexino the vacuum-oscillation solutions will leave a cle
footprint in the annual variation of the event rates, w
which they can be distinguished from MSW solutions. A
ditionally, in the case of the SLOW solutions the hig
energy bins of the recoil-electron energy spectrum will
significantly depleted compared to the other energy bins
a day-night asymmetry of about 10% is expected, which o
can be reproduced by the two-flavor LOW solution.

In this work it was investigated whether the two-flav
solutions of the solar neutrino problem can be improved
including all three flavors. But the three-flavor case can
be examined totally independent of the results obtained
the atmospheric neutrinos. The most promising solution
the atmospheric neutrino problem is presently the oscillat
betweennm and nt with the mass-squared differenceDm23

2

being approximately 1023 eV2 @59,24#. This demands tha
the sum or difference ofDm12

2 andDm13
2 of the three-flavor

solutions for the solar neutrino problem be about 1023 eV2.
However, none of the presented three-flavor solutions sa
fies this condition, which implies that either three-flavor s
lutions are excluded favoring the two-flavor LMA solutio
(Q1350) or that the origin of the atmospheric neutrino pro
lem is notnm-nt oscillations.

Analyzing the atmospheric neutrino deficit using thre
flavor neutrino oscillations it has been found in@60# that with
Dm23

2 '1024 eV2 solutions exist ifDm12
2 and sin22Q12 are in

the vicinity of the SMA solution and 4°&Q13&22° @Fig.
2~d! in @60##. Indeed, the SLMA solution satisfies this co
dition as its SMA branch (n1↔n2) is close to the two-flavor
SMA solution and the best-fit parameters of the LMA bran
are Dm13

2 52.531024 and Q13519° ~cf. Table VI!. How-
ever, with the improved atmospheric neutrino data of Sup
Kamiokande, the solutions withDm23

2 &1023 eV2 are almost
ruled out ~see, e.g.,@24#!, strongly disfavoring the SLMA
solution. Analogously the LVO solution, the LMA branch o
which (n1↔n3) has similar parameters as the SLMA sol
tion ~Table VI!, is inconsistent with the atmospheric neutrin
data.

A further possible solution to the atmospheric neutri
problem may be the oscillation into a sterile neutrino, whi
is neglected in this work. So it cannot be excluded that thr
flavor oscillation solutions with a sterile and an active ne
trino branch exist, which solve both the solar and atm
spheric neutrino problems.

In the two-flavor solutions LMA, SMA, LOW, and VO it
is implicitly assumed that mixing into the third flavor is ne
ligible. Thus, these solutions are not coupled to the atm
spheric neutrino problem, as they can easily be taken
ne-nm oscillations, where no mixing betweenne andnt ap-
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pears. If, however, the results of the LSND Collaborati
@61#, which claimed to have detectedne-nm oscillations with
Dm12

2 *1022 eV2, are confirmed by the MiniBooNE exper
ment @62#, it will be difficult to solve the solar and atmo
spheric neutrino anomaly simultaneously by the oscillat
of three neutrino flavors. A four-neutrino scheme has b
proposed~one sterile and three active neutrinos! to cover the
three different mass scales involved by the LSND res
atmospheric and solar neutrino problems~see, e.g.,@63#!. In
any case, identifying the solution to the solar neutrino puz
by the future data of forthcoming and presently operat
solar neutrino detectors may also constrain solutions for
atmospheric neutrino problem or vice versa.

The possibility that two-flavor neutrino oscillations a
responsible for the solar neutrino puzzle appears to be
ported by the relatively weak improvement of the fit by i
creasing the parameter space from two~two flavors! to four
dimensions~three flavors!. Indeed, only with the SVO solu
tion a somewhat better fit to the data could be achieved c
pared to the LMA solution. This can be taken as a hint t
the errors in the data of Super-Kamiokande are greater
assumed, perhaps still unknown systematic errors exis
that the statistics is still insufficient. Moreover, correlatio
between the different data sets of Super-Kamiokande p
ably are important for a more accurate and reliable anal
of the solar neutrino data.

Anyway, if the explanation of the atmospheric neutri
deficit is, despite the presently strong evidence, found no
be neutrino oscillations, three-flavor oscillations are allow
in any mass range, implying that the SVO solution leads
the best fit to the data. Remarkably, SVO has been foun
be the favored solution also when taking the previous 504
708-day data sets of Super-Kamiokande@9#. Hence, SVO is
together with the two-flavor LMA solution one of the st
blest explanations for the solar neutrino problem.
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APPENDIX: FROM THE INITIAL NEUTRINO STATE
TO THE EVENT RATES

To obtain event rates for the various detectors a variet
averages and integrals have to be evaluated. In this se
briefly a numerical scheme is described as to how accu
predictions for the event rates can be calculated numeric
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For a certain set of parametersDm12
2 , Dm13

2 , sin22Q12,
and sin22Q13 the evolution of an initially pure electron neu
trino from the solar interior to the terrestrial detectors has
be evaluated. Therefore,

un i~r !&5e2 iH̃ r un i
e& ~A1!

must be integrated@cf. Eq. ~5!#. Hereun i
e& denotes the initial

electron-neutrino state given by Eq.~8!. The evolution starts
at a point inside the Sun given byr 0 and q0 ~see Fig. 19!.
The neutrino path has then to be followed through the S
space, and, if necessary, Earth arriving at the detector at
D under zenith anglez. From the final stateun i

f& the electron-
neutrino survival probability Pe→e(Dm12

2 /E,Dm13
2 /E,

sin22Q12, sin22Q13,r 0 ,q0 ,D,z) is derived using the relation

Pe→e5u^n i
fun i

e&u2. ~A2!

Since none of the detectors are able to discriminate betw
nm and nt , the contribution of these neutrino families
simply given by 12Pe→e .

First, the neutrino paths through the Sun are conside
SinceNe—and thus also the HamiltonianH̃—is a function
of r, the integration of Eq.~A1! is performed piecewise. Fo
this purpose, the interior of a solar model is subdivided in
a grid equally spaced in electron density~about 500 grid
points!. By approximating the electron density between tw
neighboring grid points linearly, Eq.~A1! can be solved ana
lytically. Thereby the neutrino state can be followed throu
the whole solar interior. Furthermore, the accuracy is i
proved by increasing the grid density near the resonance@Eq.
~11!#.

Most of the neutrinos emerge between 0,r 0&0.4R( and
0<q0<p. If the MSW resonance lies within this region,
is crucial to carefully calculate the paths for neutrinos w
different r 0, as the more centrally produced neutrinos m
undergo a MSW conversion, while the outermost are har
influenced by the matter. Paths withq0.p/2 may cross the
MSW-resonance region even twice. The contribution o
neutrino emerging at an angleq0 and radiusr 0 to the total
flux originating in this shell is given by

V~q0!50.5 sin~2q0!dq0

FIG. 19. Illustrating the definition ofr 0 and q0. The light
shaded region reflects the region of neutrino production; the d
shaded is covered by about 50 different ray paths~see text! with
direction to the Earth~arrow labeledn).
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for 0<q0<p/2. From the symmetry around the planeq0
5p/2 it follows thatV(q0)5V(p2q0).

Since all neutrinos cross the shell 0.4R(&r 0<R( , a set
of paths through this area is established~generally about 50,
equally spaced in sinq0) on which exp(2iH̃r ) is calculated
numerically by adding up the solutions in each region line
ized in Ne. Thus, a set of matrices is obtained,S((sinq0),
which describes the evolution fromr'0.4R( to the solar
surface. By this means the neutrino stateun i

((r 0 ,q0)& is
evaluated by first integrating Eq.~A1! until r'0.4R( and
then using that matrixS((sinq0), which was calculated for a
path closest to the actual path ofun i(r 0 ,q0)&. It turns out
that calculating solely two paths (q050 and p) yields in
most cases already acceptable results. Then, of course,
one matrixS((0) is needed.

Now, the stateun i
((r 0 ,q0)& is followed until the surface

of the Earth using the equation for the vacuum oscillatio
@Eq. ~6!#. Since the Earth orbit is eccentric, different daysD
during a year are discriminated~about 20 from perihelion to
aphelion!. In a final step the rotation of the Earth and thus t
different paths of a neutrino through the Earth’s interior d
ing 1 day are considered. Here a procedure similar to
shell outside the fusion region of the Sun is applied: A se
about 30 matricesSE(sinz) is calculated integrating
exp(2iH̃r ) through the Earth.

By applying finally Eq. ~A2! the survival probability
Pe→e(r 0 ,q0 ,D,z) for a certain set of parametersDm12

2 /E,
Dm13

2 /E, sin22Q12, sin22Q13 is obtained. This is the basi
quantity from which the final event rates are calculated.

Since the experiments provide data binned in certain
riods ~e.g., day, night, annual seasons, or a whole year! and
in certain ranges of the zenith angle, respective
Pe→e(r 0 ,q0 ,D,h) first has to be integrated using the zenit
angle weightsWl(z,D) ~see, e.g.,@13#! for each periodD at
the detector latitudel.

After that, Pl
k(r 0 ,q0) is folded with the radial distribu-

tion F r(r 0) of the neutrino sources inside the Sun and
angle weightsV discriminating the different neutrino type
(pp, 7Be, 8B, etc., denoted by the superscriptf ). The event
rates in the detectors are obtained by finally foldingPl

f with
the energy spectrum of each neutrino typeFE

f and the detec-
tor response functionJ i(E), and summing up the contribu
tion of all neutrino types. This yields

Ni5(
f
E Pl

f J i~E8!FE
f ~E8!dE8, ~A3!
ev

R

ll

s.
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wherei is either Ga or Cl. The detector response function
the Homestake detector can be found, e.g., in@18# and for the
Ga detectors in@64#.

In Super-Kamiokande, Borexino, and SNO the ene
spectrum of the recoil electrons can be measured at l
within certain energy bins. Furthermore, SNO is able to d
criminate CC and NC events, while Super-Kamiokande a
Borexino measure the total number of events arisen by
neutrino flavor. According to@57# the response function fo
these type of experiments with recoil-electron energy
tweenT0 andT1 can be described by

JY~E,T0 ,T1!5E
T0

T1
dTE dT8R~T,T8!

dsY~E,T8!

dT8
, ~A4!

where with

R~T,T8!5
1

A2pDT8

expS 2
~T82T1d!2

2DT8
2 D

the energy resolution of the detector is included. Thereind
accounts for a possible uncertainty in the absolute ene
calibration andDT is the energy resolution width following
the photon statistics which yields

DT5D10A T

10 MeV
,

with D10 being the energy resolution at 10 MeV. The para
etersD10 andd for Super-Kamiokande, SNO, and Borexin
are summarized in Table VII.

The cross sections dsY(E,T)/dT for Super-Kamiokande
and Borexino were calculated following the description
@65#. Y denotes eitherne andnm ~or equivalentlynt) for the
interaction of these neutrino flavors with Super-Kamiokan
and Borexino or CC and NC, respectively, for the react
type in the SNO detector. WithJY(E,T0 ,T1) given by Eq.
~A4! the event rates in Borexino and Super-Kamiokan
respectively, are obtained from

Ni
k~T0 ,T1!5(

f
E @~12Pl

k, f !Jnm
~E8,T0 ,T1!

1Pl
k, fJne

~E8,T0 ,T1!#FE
f ~E8!dE8, ~A5!

while the number of CC and NC events in SNO is defin
analogously to the gallium and chlorine detector@Eq. ~A3!#.
With the threshold energy being greater than 5 MeV only
sum over 8B and hep neutrinos has to be performed i
Super-Kamiokande and SNO.
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