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Pseudo Dirac scenario for neutrino oscillations
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We argue how the pseudo Dirac scenario for neutrinos leads to rich neutrino oscillation phenomena, includ-
ing oscillation inside each generation. The pseudo Dirac scenario is generalized by incorporating generation
mixings and formulas for the various neutrino oscillations are derived. As an application we compare the
formulas with the corresponding data. We find that the observed pattern of mixings, such as almost maximal
mixing in the atmospheric neutrino oscillation, is naturally explained in the generalized pseudo Dirac scenario
with small generation mixings. We, however, also point out that there remain some problems to be settled for
this scenario to be viable. The possible theoretical framework to realize the pseudo Dirac scenario is also
briefly commented on.
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I. INTRODUCTION

The presence of neutrino oscillations, strongly sugges
by the recent SuperKamiokande results on atmospheric
trinos @1#, is almost a unique clue to physics beyond t
well-established standard model. More precisely, recent
on neutrino oscillations seem to have put forward the follo
ing challenging theoretical problems, which may lead
physics beyond the standard model.

~a! The data from~Super-!Kamiokande on atmospheri
neutrinos necessitate a large or almost maximal mixing an
@1#. The solar neutrino deficit may also be explained by
‘‘large-angle solution’’@2#. How can such a large or max
mal mixing be naturally derived theoretically?

~b! If we further accept the Liquid Scintillation Neutrin
Detector~LSND! result @3#, in addition to the solar and at
mospheric neutrino data, the scheme with only three li
neutrino states clearly gets into trouble. What kind of the
retical framework or model is needed to accommodate al
these neutrino oscillations? It has been argued that we sh
introduce at least one ‘‘sterile state.’’

~c! There seems to be a large disparity among the ma
tudes of mixing angles implied by these experiments;
data on atmospheric neutrino and possibly that on solar n
trino indicate the necessity of large or almost maximal m
ing angles@1,2#, while the neutrino oscillation at LSND ex
periment is well described by a small mixing angle@3#. How
can such disparity be naturally explained theoretically?

One clear thing is that these problems altogether sug
that flavor mixing or mass matrices in the leptonic sector
quite different from those in the quark sector. In particu
the presence of large mixings and the necessity of exten
the scheme with only three light neutrinos are specific n
features in the leptonic sector, not shared by the quark se
and may lead to a drastic modification of the standard mo

The main purpose of the present paper is to generalize
pseudo Dirac scenario for neutrino masses, which we ar
to imply rich neutrino oscillation phenomena, by incorpor
ing generation mixings and to derive general formulas
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neutrino oscillations in the generalized pseudo Dirac s
nario. We will show that the above problems,~a!, ~b!, and
~c!, are naturally~without any fine tuning! solved simulta-
neously in the generalized scheme without enlarging
number of generations. It is worth noticing that small ge
eration mixings are shown to be exactly what we need
solve the problems. We, however, will also point out som
serious problems encountered by the atmospheric and s
neutrino oscillations into sterile states@4,2# and try to discuss
some possible ways to cure these problems. We also in
tigate briefly what kind of model or theoretical framework
possible for the pseudo Dirac scenario to be realized, for
purpose of searching for some direction to the physics
yond the standard model. The key ingredient for our scen
is the ‘‘pseudo Dirac’’ property of neutrinos, whose preci
meaning is now discussed in some detail.

It will be natural to suspect that the specific features
flavor mixing or mass matrices in the leptonic sector sta
above should be related with the peculiarity of the lepto
masses, i.e., the fact that only neutrinos may have Major
masses. Once neutrinos are allowed to have Major
masses, we may think of three typical cases for neutr
masses, which we will discuss successively below. In
base of weak eigenstates,cwL , where active states are put i
the upstairs and ‘‘sterile’’ states are put in the downstairs

cwL5S naL

n̄aL
D @a5e,m,t; n̄aL5~naR!C#, ~1!

the neutrino mass term is generally written as

Lmass5
1

2
cwL

t CMcwL , ~2!

whereC is the charge-conjugation matrix and the 636 mass
matrix M takes a form of
©2001 The American Physical Society03-1
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M5S ML MD
t

MD MR*
D , ~3!

with the 333 matricesMD , ML , and MR being those for
Dirac masses, and left- and right-handed Majorana mas
respectively. Depending on the extent of lepton number v
lation, or relative magnitudes of Majorana masses to thos
Dirac masses, we can think of three typical cases.

~1! Pure Dirac—Imposing lepton number conservation,
ignoring all Majorana masses (ML5MR50), we get pure
Dirac neutrinos. We all know that there are only three m
eigenvalues for three generations, although the mass m
M should have six eigenvalues, in general. What’s rea
happening is that there are three degenerate pairs of m
eigenstates. The situation may be easily seen for the sim
fied one generation case

M5S 0 mD

mD 0 D . ~4!

It is easy to see thatM has eigenvaluesmD ,2mD and the
angle u, in the orthogonal matrix to diagonalizeM is just
p/4. If processes we are interested in have no chirality fl
as in the case of neutrino oscillations~in the absence of mag
netic field!, the sign of mass is irrelevant and we have d
generate mass squared. It should also be noted that in
case a maximal mixing,u5p/4, between an active state an
a sterile state,nL and n̄L , has been realized. Unfortunatel
this maximal mixing does not lead to any neutrino oscil
tion, just because the mass squared are degenerated.

~2! ‘‘Pseudo Dirac’’—What happens if we allow sma
lepton number violation, i.e., if we switch on very sma
Majorana masses,ML ,MR!MD ~with the magnitudes of
matrices being compared by taking typical orders of mag
tudes of the matrix elements!. Neutrinos are still almos
Dirac particles and are called ‘‘pseudo Dirac’’ neutrinos@5#.
The small Majorana masses, however, slightly lift the deg
eracy of mass eigenvalues, and we get almost degen
pairs of eigenstates with tiny mass differences. As far as
Majorana masses are small, the mixing angles should rem
almost maximal,u.p/4. To understand the situation, w
consider the one generation case again. The mass matrix
reads as

M5S mL mD

mD mR
D , ~5!

with mL ,mR!mD . We now get utan 2uu
5u2mD /(mR2mL)u@1, leading to almost maximal mix
ing u.p/4. We have two mass eigenstates, which
almost symmetric and antisymmetric combinations
active and sterile states, i.e.,nS5sinunL1cosun̄L.(1/
A2)(nL1 n̄L), and nA5(2 i )(cosunL2sinun̄L).(1/
A2i )(nL2 n̄L). Their masses are almost degenerate but
slightly different; mS;mA;mD , Dm[mS2mA;mL1mR
!mD . Now the tiny mass difference and the almost ma
mal mixing will lead to a neutrino oscillation between a
active state and a sterile state, even if we have only
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generation! Actually even for the one generation case
kinds of neutrino oscillations, without and with chirality flip
are possible~though the latter oscillation necessitates t
presence of magnetic field and we ignore the magnetic fi
unless otherwise stated in this paper!, i.e.,~i! nL→ n̄L and~ii !
nL→nR @6#. If matter effects are included, the oscillations
~i! and ~ii ! become resonant oscillations, which are qu
similar to those in Mikheyev-Smirnov-Wolfenstein~MSW!
@7# and resonant spin flavor precession~RSFP! @8# scenarios.
For instance, the Hamiltonian in the base of (nL ,n̄L) for the
former resonant oscillation, is given by@6#

H5S a
Dm2

4E
sin 2u

Dm2

4E
sin 2u

Dm2

2E
cos 2u

D , ~6!

where the matter effecta is given for, e.g.,ne as ae

5(GF /A2)(2Ne2Nn), with Ne and Nn denoting the num-
ber densities of electron and neutron, respectively. As
matter of fact, in the limit of maximal mixing (u5p/4), the
matter effect in the sun may be regarded as irrelevant, w
the matter effect in the Earth results in a significant day-ni
effect.

~3! See-saw—The last possibility is famous see-saw s
nario @9# in which SU(2) invariant Majorana masses,MR ,
are supposed to be much larger than the Dirac masses:MR

@MD ,ML.0. The sterile statesn̄L approximately become
mass eigenstates and are decoupled from low-energy
cesses such as neutrino oscillation. Thus only lighter th
mass eigenstates (.naL) participate in neutrino oscillation
phenomena. In the see-saw scenario, therefore, the mix
relevant for the neutrino oscillations are generation mixin
and there seems to be no immediate reason to expect
mixing angles. It is also worth noting that as far as chiral
preserving oscillations are concerned, there is no observ
distinction between the cases of~1! and ~3!; in both cases
only three light neutrino states participate in the oscillatio

From the above discussion we learn that only in t
pseudo Dirac scenario six neutrino states fully participate
low-energy processes, and rich neutrino oscillation pheno
ena, both intergenerational and active↔sterile, are expected
In fact, a trial to explain existing data on neutrino oscillatio
based on the pseudo Dirac scenario was made some time
@6,10#. ~For the recent revived interest in this scenario, re
to Refs.@11,12#. See also Ref.@13# for the recent discussion
in the framework of four neutrinos with only one steri
state.! In our previous attempt@6# generation mixings were
switched off, for brevity, and three generations shared th
roles to account for neutrino oscillations; solar neutrino
cillation was mainly due toneL→ n̄eL in the first generation
~in Ref. @6# the effect of magnetic field was also taken in
account!. The atmospheric neutrino oscillation could b
naturally explained bynmL→ n̄mL with almost maximal mix-
ing angle. At that time there was a datum to suggest
existence of a 17 keV neutrino@14#, which enforced us to
rely on the pseudo Dirac scenario, as otherwise a three
3-2
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PSEUDO DIRAC SCENARIO FOR NEUTRINO OSCILLATIONS PHYSICAL REVIEW D64 013003
eration scheme could not explain all of these data simu
neously. The 17 keV neutrino has been ruled out, and ins
there has appeared the LSND data@3#, which again necessi
tates three independent mass differences and modifying
ordinary three generation scheme with either see-saw or
Dirac neutrinos.

In the present paper we generalize our previous argum
@6# including generation mixings. We will find that sma
generation mixings, just as in the Cabibbo-Kobayas
Maskawa~CKM! matrix in the quark sector, is exactly wha
we need; the nice features of pseudo Dirac scenario, suc
maximal mixings in atmospheric and solar neutrino osci
tions, are known to remain basically intact, while LSND da
is naturally explained by the small generation mixings.
such a sense, we may say that‘‘The recent data on neutrino
oscillations may be natural consequences of the prop
that lepton number is only slightly violated and generati
mixings are small.’’

II. MASS EIGENSTATES AND MIXINGS

In the present paper we allow arbitrary generation m
ings or arbitrary off-diagonal mass matrices, except for
assumption of pseudo Dirac propertyML ,MR!MD . Thus
we may naively expect that the diagonalization of the 636
mass matrix is quite complicated and various formulas
the probabilities of neutrino oscillations are expressed by
of 6 mass eigenvalues and 15 mixing angles~together with
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possible multipleCP violating phases!. It, however, turns
out that under the assumption of pseudo Dirac, all probab
ties of neutrino oscillations are describable in terms o
mass eigenvalues and just one 333 unitary matrix U,
‘‘Maki-Nakagawa-Sakata~MNS! matrix’’ @15#, which has
three mixing angles and oneCP violating phase and jus
corresponds to the CKM matrix in the quark sector.

To see this let us now discuss the diagonalization of
mass matrixM. Ignoring magnetic field, only chirality pre
serving transitions are important. So what we should dia
nalize isM†M , rather thanM itself. Keeping terms up to the
first order in Majorana masses, which may be justified in
pseudo Dirac hypothesis,M†M reads as

M†M.S MD
† MD ML* MD

t 1MD
† MR*

MD* ML1MRMD MD* MD
t D . ~7!

Because of the pseudo Dirac property, the dominant ma
is MD . Thus we first diagonalize it by biunitary transform
tion;

UR
†MDUL5diag~m1 ,m2 ,m3![M̂ ,

naL5~UL!a in iL , n̄aL5~UR* !a i n̄ iL . ~8!

Accordingly,M†M is cast into the following form by a uni-
tary transformation due to a 636 unitary matrixV
V†~M†M !V5S M̂2 UL
†ML

†UL* M̂1M̂UR
†MR* UR*

M̂UL
t MLUL1UR

t MRURM̂ M̂2 D ,

V5S U 0

0 UR*
D , U[UL , ~9!
ss
whereUL has been rewritten simply asU, as it is the only
matrix that appears in the formulas of neutrino oscillatio

M̂2 is a diagonal matrix, while the matrices in the of

diagonal position, e.g.,M̂UL
t MLUL1UR

t MRURM̂ , have not
been diagonalized yet. Such off-diagonal matrices, howe
are much smaller thanM̂2 due to the pseudo Dirac proper
and seem to be negligible, anyway. It is not quite right, sin
once we ignore these off-diagonal matrices there appear
generate pairs in the eigenvalues ofM†M , i.e., each ofmi

2

( i 51,2,3) appear twice. It is a general wisdom in perturb
tion theory that when there is a degeneracy in eigenval
eigenvalues and eigenstates can be fixed only after we
clude first-order perturbation, that connects the member
the pair, while other perturbations connecting different pa
may be safely ignored. This means thatV†(M†M )V can be
effectively decomposed into three independent blo
diagonal matrices. Each block-diagonal matrix takes a fo
of
.

r,

e
e-

-
s,

in-
of
s

-

S mi
2 mie i*

mie i mi
2 D ~ i 51,2,3!, ~10!

wheree i[(UL
t MLUL1UR

t MRUR) i i , and ue i u!mi , because
of the pseudo Dirac property.

It is now easy to see that we obtain, in total, six ma
eigenstates

n iS[
1

A2
~n iL1eif i n̄ iL !, n iA[

1

A2i
~n iL2eif i n̄ iL !,

~ i 51,2,3!, ~11!

whereeif i5e i /ue i u. Their mass eigenvalues are given as

miS
2 5mi

21mi ue i u, miA
2 5mi

22mi ue i u, ~ i 51,2,3!.
~12!
3-3
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To summarize,cwL is related to mass eigenstates as

cwL5S naL

n̄aL
D 5V̂S n iS

n iA
D , ~13!

where

V̂[S U 0

0 UR
D •
¨

1

A2
0 0

i

A2
0 0

0
1

A2
0 0

i

A2
0

0 0
1

A2
0 0

i

A2

1

A2
e2 if1 0 0 2

i

A2
e2 if1 0 0

0
1

A2
e2 if2 0 0 2

i

A2
e2 if2 0

0 0
1

A2
e2 if3 0 0 2

i

A2
e2 if3

©
, ~14!
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and correspondingly the mass-squared matrix is diagonal
as

V̂†~M†M !V̂5Mdiag
2 ,

Mdiag5diag~m1S ,m2S ,m3S ,m1A ,m2A ,m3A!. ~15!

Now the neutrinos emitted by weak interactions~weak
eigenstates! are expressed in terms of mass eigensta
n jS ,n jA ( j 5123) and a unitary matrixU, as follows:

naL5Ua j

n jS1 in jA

A2
. ~16!

The fact that there appears only single 333 unitary matrix
U, even though we started from an arbitrary 636 mass ma-
trix M, is one of our main results based on the pseudo D
property.

III. FORMULAS FOR NEUTRINO OSCILLATIONS

We will now derive the formulas for neutrino oscillation
in terms of the differences of six mass-squared and sin
unitary matrix U. Though there is no reason to expecta
priori , some specific pattern of neutrino masses, we can
get some useful information on the pattern from the repor
data on neutrino oscillations@1–3#. Namely, once we regard
the mixing angles inU as small, as suggested by the CK
matrix in the quark sector, the mass-squared difference
sponsible for each observed neutrino oscillation, is given
01300
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solar neutrino: m1ue1u;102521024 ~eV2!,

atmospheric neutrino: m2ue2u;102321022 ~eV2!,

LSND: Dm12
2 ;102121 ~eV2!. ~17!

This knowledge suggests~with a little prejudice! a hierarchi-
cal structure of mass differences

m1ue1u!m2ue2u!m3ue3u!Dm12
2 !Dm13

2 , ~18!

whereDmi j
2 [mj

22mi
2 . The hierarchical structure makes th

formulas for neutrino oscillations simple and easy to be co
pared with the data. The 6 mass-eigenstates and 3 mass

FIG. 1. The mass differences relevant for each neutr
oscillation.
3-4
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ferences, relevant for each neutrino oscillation, are show
Fig. 1.

A. A general formula for vacuum oscillation

We first note that except for the case of solar neutr
oscillation, both atmospheric neutrino oscillation and the
to

er
r

gh
or

ds

, i
ed
a

n
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cillation in the LSND experiment are well described b
vacuum oscillations. This is definitely true for the LSN
case, but may need some care in the case of atmosp
neutrino, as will be commented on below.

In general, the probability of finding a state, born as
active statenaL at time 0, in an active statenbL (a and b
may be the same! at time t, is given by
P~na→nb!5US V̂ expH i
Mdiag

2

2E
tJ V̂†D

ba
U2

5
1

4U(j 51

3

Ub j H expS i
mjS

2

2E
t D 1expS i

mjA
2

2E
t D J Ua j* U2

. ~19!
as

to
f

ob-

tter
B. Formulas for atmospheric neutrino oscillation

As the oscillation of atmospheric neutrino is sensitive
the mass differencem2ue2u;1023 (eV2) @1#, under the
mass hierarchy Eq.~18!, m1ue1u may be ignored andn1 can
be regarded as pure Dirac particle, i.e.,n151/A2$(n1S
1c.c.)1 i (n1A1c.c.)% with a unique massm1S5m1A5m1.
The oscillation of atmospheric neutrino is due to the int
ference betweenn2S andn2A , and the matter waves of othe
states,n1 , n3S , andn3A , do not interfere withn2S ,n2A or
with each other, when time average is taken for the hi
frequency modes in the oscillation probability. Thus the f
mula for the probability of atmosphericnm to survive till
time t, relevant for the zenith angle distribution, simply rea
as

P~nmL→nmL!atm5uUm1u41uUm2u4

3cos2S m2ue2u
2E

t D1
1

2
uUm3u4. ~20!

Let us note that there are constant termsuUm1u4,uUm3u4 com-
ing from the time average of the high-frequency modes
sharp contrast to the conventional formula in a simplifi
two states system. The following formulas are also relev
for the analysis of atmospheric neutrino oscillation:

P~neL→neL!atm5uUe1u41uUe2u4

3cos2S m2ue2u
2E

t D1
1

2
uUe3u4, ~21!

P~nmL→neL!atm5uUm1u2uUe1u2

1uUm2u2uUe2u2 cos2S m2ue2u
2E

t D
1

1

2
uUm3u2uUe3u2. ~22!

C. Formula for the liquid scintillation neutrino detector
neutrino oscillation

As the neutrino oscillation observed by the LSND is se
sitive to the mass differenceDm12

2 ;102121 (eV2) @3#, un-
-

-
-

n

nt

-

der the hierarchy~18! all neutrino states can be regarded
pure Dirac particles, i.e.,mi ue i u50 and miS

2 5miA
2 5mi

2 ( i
51,2,3). The LSND neutrino oscillation is, therefore, due
the interference betweenn1 andn2, and the matter waves o
another staten3, does not interfere withn1 ,n2, when time
average is taken. Thus the formula for the transition pr
ability of the LSND neutrino simply reads as

P~nmL→neL!LSND 5uUm1u2uUe1u21uUm2u2uUe2u2

1uUm3u2uUe3u2

12 Re~Um1Ue1* Um2* Ue2!cosS Dm21
2

2E
t D

22 Im~Um1Ue1* Um2* Ue2!sinS Dm21
2

2E
t D

54$uUm2Ue2u2

1Re~Um2* Ue2Um3Ue3* !%sin2S Dm21
2

4E
t D

12 Im~Um2* Ue2Um3Ue3* !sinS Dm21
2

2E
t D

12uUm3Ue3u2. ~23!

D. The matter oscillation of solar neutrino

The time evolution of the system in the presence of ma
effects are governed by

i
d

dt S naL

n̄aL
D 5HS naL

n̄aL
D , ~24!

where

H5
1

2E
~V̂Mdiag

2 V̂†!1A,

5V̂H 1

2E
Mdiag

2 1V̂†AV̂J V̂†,

A[diag~ae ,am ,at ,0,0,0!, ~25!
3-5
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MAKOTO KOBAYASHI AND C. S. LIM PHYSICAL REVIEW D 64 013003
and the elements of the matrixA denoting the matter effect
of ne , nm , and nt are given as ae5(GF /A2)(2Ne

2Nn), am5at5(GF /A2)(2Nn). It is easy to see that fo
the energy range of solar neutrinos and the mass hierarch
Eq. ~18!, the matter effects inside the sun satisfy

Eaa;m1ue1u!m2ue2u!•••!Dm13
2 ~a5e,m,t!.

~26!

Under the hierarchical structure of mass differences and
matter effects, in the Hamiltonian in the base of the m
eigenstates, (1/2E)Mdiag

2 1V̂†AV̂, all the off-diagonal matrix
elements due to the matter effects can be safely ignored
cept the ones in 232 subsystem ofn1S and n1A . Thus the
heavier states,n iS ,n iA ( i 52,3) are decoupled from the tw
states subsystem of (n1S ,n1A), and the time evolution of the
subsystem is governed by a 232 Hamiltonian

1

2E S m1S
2 0

0 m1A
2 D 1

1

2 S (
a5e

t

uUa1u2aaD S 1 1

1 1D . ~27!

This Hamiltonian can be rewritten in the base of (n1L ,n̄1L)
~ignoring a piece proportional to a unit matrix! as

S (
a5e

t

uUa1u2aa

Dm2

4E
sin 2u

Dm2

4E
sin 2u

Dm2

2E
cos 2u

D , ~28!

with Dm252m1ue1u andu5p/4. This Hamiltonian just cor-
responds to the one in the MSW mechanism@7#, though in
our case the mixing angle is maximal and the matter ef
has been modified into(a5e

t uUa1u2aa .
Now the survival probability of solar neutrino~time aver-

aged! can be written in a simple form

P̄~neL→neL!solar5uUe1u4P̄~n1L→n1L!eff

1
1

2
uUe2u41

1

2
uUe3u4, ~29!

where the survival probabilityP̄(n1L→n1L) in the effective
two states system of (n1L ,n̄1L) is calculable by use of the
Hamiltonian ~28!. A similar reduction formula based on
hierarchical mass structure was obtained in Ref.@16# in order
to reduce solar neutrino oscillation in a three generat
model into that of an effective two generation mod
Though the above formula itself can be applicable for ar
trary u, in the limit of maximal mixing (u5p/4) of our
present interest, the matter effect in the sun may be rega
as irrelevant~both vacuum and matter oscillations give su
vival probabilities of the solar neutrino of.1/2), while the
matter effect in the Earth is known to result in a significa
day-night effect.
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IV. PSEUDO DIRAC SCENARIO CONFRONTED BY THE
DATA ON NEUTRINO OSCILLATIONS

A. Comparing the formulas with the data

As the application of the formulas we have derived for t
neutrino oscillations, we are now going to compare th
with the corresponding experimental data. As we have
ready advertised, we will see that small generation mix
angles in the unitary matrixU is just what we need to explain
the pattern of mixing angles observed in neutrino oscillatio
of our interest.

Thus we first consider the case where generation mixi
are small, though the formulas we have derived above
applicable for arbitrary generation mixings. Retaining on
the leading contributions for small generation mixing ang
~sayu1 ,u2 ,u3 just as the angles in CKM matrix!, we get the
following formulas, relevant for each neutrino oscillation:

solar neutrino: P̄~neL→neL!solar. P̄~n1L→n1L!eff ,
~30!

atmospheric neutrino:

12P~nmL→nmL!atm.sin2S m2ue2u
2E

t D ,

P~neL→neL!atm.1,

P~nmL→neL!atm.0, ~31!

LSND: P~nmL→neL!LSND .4uUe2u2 sin2S Dm21
2

4E
t D .

~32!

In the formula for LSNDuUe3Um3u has been neglected com
pared with uUe2Um2u, as is suggested by the hierarchic
mixing angles,u1@u2@u3, in the quark sector. In the cas
of solar neutrino oscillation,P̄(n1L→n1L)eff is obtainable
from the time evolution governed by the effective Ham
tonian Eq.~28!, which is very similar to that in the MSW
mechanism with maximal mixing anglep/4. To be precise,
in the Hamiltonian~28! the matter effect is notA2GFNe as
in the case of the MSW mechanism. The difference, ho
ever, is not large, as long as the generation mixings are s
and also because the contribution of neutral current, the t
proportional toNn , is relatively suppressed compared wi
that of charged current by a factor of;1/12. On the other
hand, very recently we have heard of the news@2# that the
data of SuperKamiokande on solar neutrinos favors
MSW-type solution with large mixing angle. Thus our sc
nario of pseudo Dirac provides a natural framework to der
the large-angle solution suggested by the data. In the cas
atmospheric neutrino oscillation, the factor in front
sin2@(m2ue2u/2E)t# is 15sin2(23p/4), which just corre-
sponds to a vacuum oscillation with maximal mixin
strongly suggested by the data on atmospheric neutrinos@1#.

On the contrary, in the case of the LSND, our formu
gives that of an ordinary 2 generation scheme with sm
generation mixing, if we identify 4uUe2u2 with sin2 2u1. This
3-6
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is just consistent with the experimental data@3#, which says
sin22u1<0.04, when combined with the data from th
BUGEY experiment. Another meaningful constraint on t
generation mixing may come from the data of the CHOO
experiment@17#. As the mass-squared difference, which
sensitive to the CHOOZ experiment, is comparable to tha
atmospheric neutrino oscillation, we may write down a sim
lar formula to Eq.~20! for the disappearance ofn̄e ,

12P~neL→neL!CHOOZ512uUe1u42uUe2u4 cos2S m2ue2u
2E

t D
2

1

2
uUe3u4

.2uUe2u2, ~33!

where the unitarity of theU matrix was used and an approx
mation ofuUe3u!uUe2u was useful to simplify the result. Th
upper bound on the probability of disappearance fr
CHOOZ puts a bound

uUe2u2;sin2u1<0.05, ~34!

which is a little weaker than the upper bound stated abo

B. Problems to be settled

We have seen that the pseudo Dirac scenario just prov
the favored solutions to the solar and the atmospheric n
trino problems with~almost! maximal mixings, suggested b
the recent data, invoking the oscillations mainly into ster
states, while LSND data is naturally explained by ordina
generation mixing between active states with a small mixi
We naively expect that neutrino oscillations of solar or
mospheric neutrino into an active state and a sterile s
cannot be clearly discriminated, since basically these exp
ments are disappearance experiments. Roughly speaking
expectation is certainly true, but the data from SuperKam
kande experiment have reached the precision, which
enough to distinguish these two cases. The most recent
seem to regard the maximal mixing solutions of neutr
oscillations into sterile states with disfavor@2,4#. We would
like to discuss some possible ways to avoid the difficulty
each case.

1. Atmospheric neutrino

Though we have neglected the matter effect in the atm
spheric neutrino oscillation, the matter effect of the Ea
becomes non-negligible for higher neutrino energies. It
been pointed out thatnm oscillations intont and a sterile
state have different zenith-angle dependence, as only in
case of the oscillation into the sterile state does the ma
effect affect the time evolution of the neutrino states. Co
pared with the data, combining the analysis of neutral curr
enriched events, the SuperKamiokande collaboration cla
that the oscillation into the sterile state with maximal mixi
is regarded with disfavor@4#. Possible ways to evade th
problem, that we can think of, are the following.
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~a! When the oscillation to the sterile state is analyze
simplified two states system of (nm ,nS) (nS denoting a ster-
ile state! is assumed. In the scenario of the pseudo Dir
however, we have 6 neutrino states to participate in the
cillation, and the formula for the oscillation, as seen in E
~20!, is different from that in the simple 2 states syste
typically having additional constant terms~for nonvanishing
generation mixings!. Including the matter effect of the Earth
our formula is modified into

P̄~nmL→nmL!atm5uUm2u4P̄~n2L→n2L!eff

1uUm1u41
1

2
uUm3u4, ~35!

where the survival probabilityP̄(n2L→n2L)eff in the effec-
tive 2 states system (n2L ,n̄2L) is that for the mass-square
difference 2m2e2 and the matter effect(a5e

t uUa2u2aa . Thus
both the depletion rate of atmosphericnm and the zenith
angle dependence should be reanalyzed by use of this
mula before some definite conclusion is derived.

~b! We just would like to point out that there is a claim
that nm→nS oscillation with almost maximal mixing may
not be ruled out, even in the simple 2 states system
(nm ,nS). It has been pointed out that ax2 analysis of the
recent data does not exclude the maximalnm→nS oscillation
solution with any significant confidence level, once vario
theoretical uncertainties and experimental systematic er
are included@18#.

2. Solar neutrino

The SuperKamiokande Collaboration claims that the so
neutrino oscillation into the sterile state with maximal mi
ing is not favored@2#. The point is thatne→nm ,nt and ne
→nS oscillations give slightly different contributions in th
SuperKamiokande detector, as the final active states con
ute to the event rate, while the sterile state does not. Acc
ingly, the survival probability of solar neutrino should b
relatively higher in the case of oscillation into the ster
state. Thus the ‘‘Be neutrino problem’’ in the chlorine e
periment becomes more severe in the sterile case. The
sible ways out of this problem, we can think of, are t
following.

~a! Again the claim that the solar neutrino oscillation
the sterile state is not favored is based on the analysis as
ing a simplified two states system of (ne ,nS). In the scenario
of pseudo Dirac, however, we have 6 neutrino states to
ticipate in the oscillation, and the formula Eq.~29! should be
utilized to see whether the oscillation into the sterile st
can accommodate all data of solar neutrino experiment
not.

~b! In the case of solar neutrino oscillation, the presen
of solar magnetic field is potentially important, though w
have ignored it in the above discussions. It has been poin
out that in the presence of the magnetic field, MSW ty
oscillationneL→ n̄eL may be followed by a RSFP type osci
lation n̄eL→ n̄eR, ignoring generation mixing@6#. The final
state, now being an active state, contributes to the event
3-7
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and may remedy the ‘‘Be neutrino problem.’’
~c! In the above argument, Majorana masses have b

treated as small perturbation, but it may not be unnatura
expect that in the first generation the Dirac mass is so sm
that the effect of Majorana masses is relatively enhanc
leading to a relatively small mixing between the active a
sterile states.

3. Cosmological issues

There is another type of problem, i.e., cosmological pr
lem. The well-known limit of number of effective neutrin
species during nucleosynthesis puts a stringent bound on
mass-squared differences and mixings of neutrino osc
tions into sterile states@19#. It, however, has been pointe
out that once relatively large relic neutrino asymmetryLn ,
sayLn>1024, is realized, such a problem can be evaded.
the details of the argument refer to Ref.@20#.

Another issue of interest concerns dark matter in the u
verse. The mass hierarchy shown in Eqs.~17! and ~18! sug-
gests that there are pairs of Majorana neutrinos with alm
degenerate masses,m2 andm3 @0.1 (eV)<m2!m3#, which
may significantly contribute to the hot dark matter. The fra
tion of these neutrinos’ contribution to the energy density
the universe is given byVn52(m21m3)/45 eV @taking
H0570(km s21 Mpc21)] @21#. Thus too ‘‘heavy’’ n3
with m3@10 eV will be excluded, as long as it remains as
stable particle.

We finally briefly comment on the related issue, i.e., ne
trinoless doubleb decay. In our pseudo Dirac scenario, t
relevant lepton number violating Majorana mass is given

1

2 (
i

~Uei!
2~miS2miA!.

1

2 (
i

~Uei!
2ue i u, ~36!

which is well below the experimental upper bound under
mass hierarchy~17! and~18! with e i!mi and for small gen-
eration mixings. This is basically because the pseudo D
neutrinos are almost Dirac particles and the lepton numbe
only slightly violated by their masses.

C. Predicted neutrino oscillations

Pseudo Dirac neutrinos have a rich phenomena of n
trino oscillation. As is seen in Fig. 1, in addition to the ma
differences, relevant for solar, atmospheric, and LSND n
trino oscillations, there are two independent mass diff
ences, i.e., the pseudo Dirac type mass splittingm3ue3u and a
mass difference between third and first or second genera
Dm13

2 . These mass differences should predict neutrino os
lations that are characteristic to the pseudo Dirac scenar

The characteristic prediction of the pseudo Dirac scen
should be ntL→ n̄tL due to the mass-squared differen
m3ue3u, i.e., the pseudo Dirac property of the third generat
neutrino. Keeping only the leading term for small generat
mixing angles, we get the probabilities

12P~ntL→ntL!.P~ntL→ n̄tL!.sin2S m3ue3u
2E

t D .

~37!
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If we take a reference valuem3ue3u;1022 (eV2), suggested
by the hierarchy~17! and ~18!, (L/km)/(E/GeV)>40 (L is
the length from the beam to the detector! will be needed,
however, for the oscillation to be visible.

The presence of the largest mass-squared differenceDm13
2

predicts oscillationsntL↔nmL or ntL↔neL . In contrast to
the case of an ordinary scenario with three light neutr
states, wherenmL→ntL with maximal mixing should be re-
sponsible for the atmospheric neutrino oscillation, the pr
abilities of these oscillations betweenntL and active states
neL ,nmL are suppressed by small generation mixing angle
our scenario. Neglecting smaller mass-squared differen
the probabilities for these oscillations read as

P~ntL↔nmL!.4uUm3u2uUt3u2 sin2S Dm13
2

4E
t D , ~38!

P~ntL↔neL!.4uUe3u2uUt3u2 sin2S Dm13
2

4E
t D ,

~39!

which will be suppressed byuUm3u2 or uUe3u2, i.e., by small
mixing angles between third and first or second generatio

V. THEORETICAL FRAMEWORK FOR THE PSEUDO
DIRAC NEUTRINOS

Though there have already appeared a few attempt
construct models for the pseudo Dirac neutrinos@12#, in this
paper we instead list the problems to be resolved befor
realistic model is constructed, and argue about a poss
theoretical framework to provide natural mechanisms
solve the problems.

First of all it is worth noticing that the smallness of Ma
jorana masses, needed to realize the pseudo Dirac neutr
satisfies the naturalness condition of ’t Hooft@22#, since if
Majorana masses are absent,ML5MR50, the symmetry of
the theory, i.e., the lepton number symmetry is enhanced
the smallness will be stable under the radiative correctio

We, however, still have the following problems to b
settled at the classical level:~1! How to explain the relation
MR!MD? ~2! How to explain the relationML!MD? and~3!
How to explain the smallness ofMD itself? We will discuss
the possible theoretical frameworks to resolve these pr
lems successively below.

A. Problem 1

1. Four-dimensional framework

In considering the possible theoretical framework to
solve this problem, it may be helpful to reconsider the co
ventional see-saw mechanism in the language of gau
invariant operators. Suppose that the gauge symmetry of
world is U(1)em ~QED!, then the Majorana mass termmLnL

2

is gauge invariant. Therefore, there is no reason to exp
thatmL should be small. As a matter of fact, the gauge sy
metry of the standard model does not allow the mass op
tor, as it is gauge variant. Thus the Majorana mass is p
vided by an irrelevant operator (1/M )LL

2H2, where H
3-8
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denotes the Higgs doublet andLL5(nL ,l L) t is a lepton dou-
blet. As M is a gauge-invariant mass, it can be arbitrar
large. Thus the essence of the see-saw mechanism ma
understood as the decoupling of some gauge singlet he
particle with massM ~which need not to benR). It, therefore,
will be not unnatural to expect that a similar thing happe
for the right-handed Majorana masses, as well. The Major
mass termmRnR

2 is gauge invariant in the standard mod
andmR is regarded to be quite large. This may not be true
some physics beyond the standard model. For instance in
left-right symmetric modelSU(2)L3SU(2)R3U(1) @23#
with a SU(2)R doublet Higgs fieldHR @in addition to the
ordinarySU(2)L doublet Higgs field#, themRnR

2 operator is
no longer gauge invariant, and will be replaced by an irr
evant operator (1/M 8)LR

2HR
2 , with LR5(nR ,l R) t. Thus the

decoupling of a gauge singlet heavy particle whose massM 8
is much larger than the scale ofSU(2)R breaking, M 8
@^HR&, may imply the smallness ofmR . The heavy particle
can be identified with a gauge singlet fermionS, having a
Yukawa couplingLRSHR and a large Majorana massM 8. A
diagram with the exchange ofSyields the irrelevant operato
LR

2HR
2 .

2. Framework with extra dimensions

Recently there has appeared revived interest in hig
dimensional theories with extra dimensions as a possible
lution to hierarchy problem@24–26#. In the scenario of large
extra dimension@24#, the higher-dimensional Planck scale
regarded as comparable to the weak scale, while in the
nario of small extra dimension@26# all masses in the visible
brane are claimed to be strongly suppressed by the ‘‘w
factor.’’ Therefore the conventional see-saw mechanism@9#,
which needs large right-handed Majorana massesmR
@MW), may not work. In the case of the pseudo Dirac s
nario, on the contrary, what we need is very small or ev
vanishingmR . It is interesting to note that the presence
extra dimensions may provide a natural mechanism to rea
this. For instance, let us consider a theory in fiv
dimensional space time, where the particles of the stand
model, includingnL , are assumed to reside on a three bra
while gauge singlet fields, such asnR , may reside in the bulk
@27,28#. We note that in five-dimensional space-time, a M
jorana spinor is known not to exist.@Majorana spinors exis
only in the space time ofD52,3,4 (mod 8).# Thus the mass
term mRnR

21H.c. is not Lorentz invariant in this space tim
and we have vanishingmR . Actually in such odd dimen-
sional space-time chiral fermions do not exist, andnR should
be accompanied by a gauge singletñL to form a full spinor
c5(nR ,ñL) t. The full spinor may have a large Dirac ma
andnR may be decoupled from low-energy phenomena. T
difficulty may be evaded when the extra space is an orbif
S1/Z2, the extra space suggested by the recent wo
@24,26,29#. This is because the discrete symmetryZ2 just
corresponds to a symmetry under the transformationc
→g5c, which in turn behaves as a chiral transformation
the four-dimensional sense, thus making the Dirac mass t
prohibited. Strictly speaking,c may also have masses due
nonzeroK-K modes. For relatively small sizes of the ext
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space, such nonzero modes tend to be decoupled from
system and do not significantly affect the above argumen

B. Problem 2

In some sense, this problem may not be a real challen
in any viable model the relationML!MD must be automati-
cally built in, since otherwise custodial symmetry is signi
cantly violated by the vacuum expectation value~VEV! of a
SU(2) triplet representation andDr5r21 gets sizable con-
tribution, in contradiction with the data. Furthermore, if w
have already got some mechanism to realize small but n
vanishingmR in the mechanism discussed above, we are
isfied with vanishingmL just as in the standard model. In
model with vanishingmR , however, it becomes crucial fo
the pseudo Dirac scenario to slightly violate the lepton nu
ber by small but nonvanishingmL . It is worth noticing that
even in a higher-dimensional model with brane picture
nL is allowed to live only on the brane, and the issue co
cerningmL is essentially four-dimensional.

If we wish to get the smallmL at the classical level as th
form of a renormalizable operator we should introduce
SU(2)L triplet Higgs fieldHT , whose VEV should be smal
so it does not contradict with the custodial symmetry. The
marginal operatorLL

2HT gives smallmL . Or we may invoke
an irrelevant operator (1/M )LL

2H2, as we discussed above
with a large mass scaleM@^H&. The operator may be the
result of the exchange of a hypothetical gauge singletS8,
which has a Yukawa couplingLLS8H and a large Majorana
massM. TheS8 should not be identified withnR . If we work
in the framework of extra dimension with a brane, howev
there may not be a good reason to assume that the g
singletS8 resides only on the brane. Even ifmL is forbidden
at the classical level, the smallmL may still be produced a
the loop level, as long as there is some seed to violate
lepton number. The prototype model of this kind may be
model where the presence of a chargedSU(2) singlet scalar
violates the lepton number explicitly@30#.

C. Problem 3

In pseudo Dirac scenario, Dirac masses provide m
masses of neutrinos. Thus the crucial problem is how to
plain the smallness of the neutrino Dirac masses compa
with those of charged leptons or quarks.

1. Four-dimensional framework

In the four-dimensional framework the ‘‘Dirac see-saw
mechanism has been put forward@12#, in which the marginal
operator to give Dirac mass termH n̄LnR is forbidden, by a
discrete symmetry, and the Dirac masses are provided b
irrelevant operator withd.4, just as happens in the conve
tional see-saw mechanism. Thus if the coefficient is su
ciently suppressed by the inverse of some large mass s
we get small Dirac masses.

2. Framework with extra dimensions

Another intriguing possibility to realize the small neutrin
Dirac masses is to invoke the presence of extra sp
@27,28#. For instance in the~41n!-dimensional theory with a
3-9
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3 brane, the original higher-dimensional Yukawa coupli
f 0H n̄LnR has a Yukawa coupling constantf 0, which behaves
as 1/AM f

n, with M f being the fundamental mass scale of t
theory. The four-dimensional Yukawa couplingf 4 is thus
given by f 4;1/AM f

nV (V is the volume of the extra dimen
sion!. The factor 1/AV comes from the overlap of the thre
fields on the brane, andf 4 may be suppressed by the larg
ness of the extra dimension. In fact in the Arkani-Hame
Dimopoulos–Dvali model@24#, by use of the relationM pl

2

5M f
21nV, we get ann-independent result

f 4;
M f

M pl
, ~40!
r-
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r-

r-
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ry
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ut
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which is ;10216 for, e.g.,M f;1 TeV. In this way, a small
Dirac mass,; f 4MW; f 4M f , is achievable.
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