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Axion radiation from strings
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This paper examines the problem of the string decay contribution to the axion cosmological energy density.
We show that this contribution is proportional to the average relative increase when axion strings decay of a
certain quantityN,, which we define. We carry out numerical simulations of the evolution and decay of
circular and non-circular string loops, of bent strings with ends held fixed, and of vortex-antivortex pairs in two
dimensions. In the case of string loops and of vortex-antivortex pejgsdecreases by approximately 20%. In
the case of bent string®\,, remains constant or increases slightly. Our results imply that the string decay
contribution to the axion energy density is of the same order of magnitude as the well-understood contribution
from vacuum realignment.
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[. INTRODUCTION strings. The strings are only present when the axion is mass-
less, but such is indeed the case in the very early universe,
The axion was proposed over two decades ago as a solwhen the temperature is much larger than 1 GeV. For the
tion to the “strongCP problem,” i.e. to explain why QCD purposes of this paper we may describe the dynamics of
conserves the discrete symmetrfeend CP in spite of the  axions and axion strings by the action density
fact that the standard model as a whole violates those sym-
metrieg. It is the quasi Nambu-Goldstone bo$bhassoci- L= Ea btond— ﬁ((ﬁ%_vg)z’ 1.2
ated with the spontaneous breakdown of 1) symmetry 2~ 4
which Peccei and Quinn postulatg?]. The properties of the . _ o _
axion depend mainly on one unknown parameter, the maghere #=¢+i¢, is a complex scalar fieldC is invariant
nitude of the vacuum expectation valwg which breaks under the Wg(1) symmetry: ¢p—e'“¢. The symmetry is
Upo(1). The mass of the axion and its couplings are in- spontaneously broken by the vacuum expectation value

vgrsely proportional t@,. The (zero-temperatujemass is b=1v,ea (1.3
given by
0i2 where a is the axion field. A static axion string stretched
m,=6 ueV Nﬂ/ (1.1) along thez axis is the field configuration:
A . .
Ua
ry .
— _ | alf

N is a strictly positive integer that describes the color ¢—vaf<5)e ' 1.4
anomaly of Wg(1). The combination of parameters$,

=v,/N is usually called the “axion decay constant.” where €,r,6) are cylindrical coordinatesi=1/\v, is the

A priori v,—and thereforen,—is a free parameter of the string core size, antl(r/ ) is a function which goes to zero
theory. However, it is severely constrained by acceleratowhenr—0, approaches 1 far>§, and solves equations of
experiments and astrophysical arguments. Combined, the agotion which follow from Eg.(1.2). The energy per unit
celerator and astrophysical constraints impiy<102eV  length of the string is
[3]. In addition, there is dower limit on the axion mass from

the req_uirement that_axions do not oyerclosg the univgrse. Tzf dx £|€¢|2+£(¢T¢—v§)2

The axion cosmological energy density receives contribu- 2 4

tions from vacuum realignmefd], from string decay5-11] 5

and from wall decay[8,12—-14. All three contributions in- _ d2XE|v§eig|2:ﬂ_U2 In E) (1.5
crease with decreasing axion mass. The contribution whose p>s 2 ) '
size has been most controversial, and which is the topic of

this paper, is that from string decay. wherelL is an infra-red cutoff. The right-hand sidRHS) of

Axion models contain strings because they have a sporkd. (1.5 neglects the contribution te from the string core.
taneously broken ) symmetry, namely bi(1). Thelatter ~ The string core contribution is of orderrv2; i.e., it is
is a global symmetry and hence axion strings glebal  smaller than the contributiofil.5 of the field outside the
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string core by the factor Ih(5). In the situations of interest axions[18]. We recently gave a detailed discussion of the
to us, In(/6)=67. Indeed, for axion strings in the early uni- wall decay contribution to the axion cosmological energy
verse, the infra-red cutoff is provided by the presence oflensity[14].

neighboring stringsL is then of order of the distance be-  In this paper, our goal is to determine the present energy
tween strings which, as we will see, is of order of the horizondensityp3'(to) in axions that were radiated by axions strings
scale. The relevant time is the start of the QCD phase trarbetween the PQ phase transition and timeln Sec. I, we

sition, and hencé ~10" 7 sec. On the other hand, '~v,  analyze the problem theoretically. We exprgs(ty) in
~10%Gev. . terms of the quantitieg, x, andr which parametrize the
Equation(1.9) is valid for many but not all axion models. main sources of uncertainty. Most of the past debate has

In general, focused o which is a functional of the energy spectrum of
(v )2 L axions emitted by strings. The remaining sections of the pa-
a
T=T In( )

K

5 (1.6 per report on our estimatestusing numerical simulations.

Section Il describes our simulations of the motion and decay

whereK is a model-dependent integer defined as follows. Le©f circular and non-circular string loops. Section [V does the
a be the angle conjugate to the PQ chaligés the factor by ~Same for bent strings. Section V describes our simulations of
which the period inx of the manifold of vacuum expectation the motion and annihilation of vortex-antivortex pairs in 2
values of the model is reduced by the presence of exact coSPace¢ dimensions. The behavior of the vortex-antivortex
tinuous symmetry transformations, such as gauge transfogYStém can be predicted by analytical methods in the regime
mations. In the Peccei-Quinn-Weinberg-Wilcz€RQWW) where the vortex and antivortex do not overlap. Thus the

model[2,1] K=2, whereas in the Dine-Fischler-Scednicki- vortex-antivortex pair provides an interesting case study
Zhitnitskii  (DFS2) [15] and Kim-Shifman-Vainshtein- where theory and simulation can be confronted with each

Zakharov(KSVZ) [16] modelsk =1. other. In Sec. VI we summarize our results and compare

Axion strings appear as topological defects in the earlyth®m to the previous simulations by two of [, to those of
universe when Hy(1) becomes spontaneously broken by theBattye and Shellar@9] and those of Yamaguchi, Kawasaki
vacuum expectation valugl.3), at a temperature of order and Yokoyamg11].

v,. The phase transition where this happens is called the PQ

phase transition. We assume in this paper that no inflation Il. THEORETICAL ANALYSIS

occurs after the PQ phase transition. If there is inflation after As we shall see. the axions radiated bv strinas become
the PQ transition, the axion field gets homogenized over lativisti ' ft . h y 9 ib
enormous distances and the axion strings are “blown away',non-re ativistic soon aftet;. Since each axion co_nt_rl utes_
In that case there is no string, nor wall, decay contribution tg"a tg tr:je ef?erggi, f[oday, our focus is on determining their
the axion cosmological energy density. number ensﬁyna_( ). . .

At first the strings are stuck in the plasr@, but soon _Axions are radiated by C(_)IIapsmg strllng'loops and b.y 0s-
the plasma becomes sufficiently dilute that the strings mov&'"a:'r;]g W|gglesthonhlor?g St”_rr_%s' By defm[{nonl, tl.omi. strlngsd
freely and acquire relativistic speeds. The strings are preseﬁfre ch across the horizon. 1Ne€y MOve at relaivistic Speeds
till the axion mass turns on at the QCD phase transition. Th _nd Intersect one another. V\_/hen_ strings intersect, there is a
critical time ist; defined bym,(T(t;))t;=1, wheremy(T) igh probability of reconnection, i.e. of rerouting of the to-

is the temperature-dependent axion mass. One fiids pological flux [19]. Because of such “intercommuting,”
long strings produce loops which then collapse freely. In

13 view of this efficient decay mechanism, the average density
(1.7) of long strings is expected to be of the order of the minimum
consistent with causality, namely one long string per hori-

zon. Hence the energy density in long strings,

fa
10'? GeV

t,=2x10"" sec<

The corresponding temperature is

Va

2
2 1/6 — T ~ = 1 i
T=1 Gev(—lolfGeV . (1.8 ps"(t)_gt_f_gw( K) F'”(a)’ @1

where¢ is a parameter of order 1.

All strings become the edges Nf; domain walls at,, where The equations governing the number densifjit) of

Ny is the number of degenerate vacua of the axion model

[17]. It is related toN by axions radiated by axion strings di&]
d d
N Pstr Pstr—a
No= (L9 ar Mg 3

whereK is the same factor as appears in E4.6). If Ny and

=2, the universe becomes domain wall dominated. The re- <t

sulting cosmology is inconsistent with observation.N§ dny _ dpstra
=1, the walls bounded by string are unstable and decay into dt a  w(t) dt

(2.3
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wherew(t) is defined by

1 1 dk dpgr.
_ f_ Pstr a. 2.4
o(t) dpg.a) k dtdk
dt

k is the wave vector magnitudé&lps,_.,dt(t)) is the rate at
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Combining Egs(2.6)—(2.10 yields

1 r

w Itk (213

wherer is the relative change iN,(t) during the process in
question:

which energy density gets converted from strings to axions at

time t, and dpgy_,/dt dK)(t,k) is the spectrum of the ax-
ions producedw(t) is therefore the average energy of axions
radiated in string decay processes at timeThe term
—2Hps= +Hps— 3Hpg, in Eq. (2.2) takes account of the
fact that the Hubble expansion both stretchedH(p,) and
dilutes (—3Hpg,) long strings. Integrating Eq$2.1)—(2.3),
setting H=1/2t, and neglecting terms of order 1 versus
terms of order In{s), one obtains

t
In

!

2
a

Emug (t
n3(t)= f dt

K2t3/2

5

t!3/2w(t!) !

(2.9

wheretpq is the time of the PQ transition.

The central question is, what is the average enes(ty)
of axions radiated in string decay processes at titn&xions
are radiated by wiggles on long strings and by collapsin
string loops. Consider a process which startsaand ends
at t;,, and which converts an amount of enerByfrom
string to axionst;, andty, are both of ordet. The number of
axions radiated is

v

where dE/dK)(t5,) is the energy spectrum of thg field in
the final state. The average energy of axions emitted is

dE 1
ke (tin)ye (2.6)

dk

0=y (2.7

It is useful to define the quantify3]
N —f dkdE ! 2.8
)= m(t)i- (2.9

The final value ofN,, is N. The initial value ofN,, is deter-
mined in terms ofE by the fact that the energy stored in
string has spectrumd®/dk)(t;,) ~1/k. This spectral shape
—equal energy per unit logarithmic wave vector interval—
is implied by Eq.(1.5. If I=E/7 is the length of string
converted to axions, we have

2| 1

k

for Kmin<k<Kmax Wherek, is of order 27/ and Kk, of
order 27/t. Heret plays the role oL in Eq. (1.5. Hence

dE
ﬂ(

Ua

K (2.9

tin) = 77(

1
K2 IN(t/8) Ky

a

va\% (ot
?) Ijkmmdk (2.10

Nax(tin) = 77(

_ Nax(tsin)
" Nadtn)

Kmin IS Of order 2r/L wherelL is the loop size in the case of
collapsing loops and the wiggle wavelength in the case of
bent stringsL is at most of ordet but may be substantially
smaller than that if the string network has a lot of small scale
structure. To parametrize our ignorance in this matter, we
definey such that the suitably averagkgl,= y2=/t. Com-
bining Egs.(2.5 and(2.11) we find

(2.12

-2
r o
Strigy g @

n

(2.13

wherer is the weighted average ofover the various pro-
cesses that convert string to axions.
Let us show that the set of all axions that were radiated

goet\Neenth andt has the spectrurdn,/dk~1/k? for 1/t

=k=1/\ttpq irrespective of the shape @pg_,/dtdk
Indeed scaling implies

dpstr—a
dt

dpsia

dt dk

(t,k)= (t)f(tk)t, (2.19

where the unknown functiof(u) is normalized such that

fwf(u)du=1. (2.19
0

We will only assume that(u) has appreciable support near
u=1. Equationg2.1), (2.2) imply

dpstr%a 1
where “=" indicates, as before, that terms of order 1 are

neglected versus terms of ordertldf. Since axions free-
stream after they are emitted aRd-\/t at the relevant ep-
och, we have

dpsi—a

t
a3t dk

PQ

dn, 3 L 1(t’>
W(t’k)_ﬁ (k',t )P T (2.17

with k" =k(t/t")*/2. The factort’/t accounts for the redshift
and the volume expansion betweéh andt. Using Egs.
(2.14), (2.16 and(2.1), one obtains

dn,
dk

u

Em(valK)? [kt
K’ts

(===

duf(u)ln
kyttpq

(2.18
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For 1t<k=1/\ttpo the integral in Eq.(2.18 is only a £. In previous work 8,10], we seté=1 on the argument
slowly varying function ofk compared to the factor k.  that the number density of long strings should be close to the
That is the promised result. minimum consistent with causality, i.e. of order 1 long string

Since their momenta are of ordta[r1 at timet,, the ax-  per horizon. Battye and Shellafd] seté=13 because this
ions become non-relativistic soon after they acquire massiescribes the density of strings in simulationdaufal string
Therefore, the string decay contribution to the axion energyetworks in an expanding universe. However, axion strings

density today is areglobal strings. Unlike global strings, local strings have all
their energy located in the string core. Also, they cannot
“r < R;\3 T vg R;\3 dissipate their energy by emitting Nambu-Goldstone radia-
Pa (to) =mang (t1) Ro :ma'f)_( K%, | Ry tion as global strings do. For these reasons, it is not obvious

(2.19 that global strings are as dense in the early universe as local
strings would be. In fact, Yamaguchi, Kawasaki and
where R, /R, is the ratio of scale factors betwe¢p and  Yokoyama[1l] have done simulations of global string net-
today. For comparison, the contribution from vacuum re-works in an expanding universe and figie-1.

alignment is[4] X- x and ¢ are related since the average interstring dis-
tance controls both. On dimensional groungs; V. So the

f2(R;\3 effect of small scale structure in the axion string network
P!ac(to)zmaH(R—o) (220 partially cancels out on the RHS of E(.19. In previous

work [8,10], we have assumeg=1 but this could be off by

In terms of the critical energy densit«yc=3H(2)/87rG, the @ fictor_z _or SO. _
vacuum rea"gnment contribution is r. This is the unknown on which most of the paSt debate

has focused. Two basic scenarios have been put forth, which
716 2 we call A and B. The question is, what is the spectrum of
(—) . (2.2) axions radiated by strings? The main source is closed loops
h of size L~t. Scenario A postulates that a bent string or
. closed loop oscillates many times, with period of order
As usual, h parametrizes the present Hubble ralg=h  pefore it has released its excess energy and that the spectrum
X100 km/(secMpc). The contribution from wall decay is of radiated axions is concentrated neat/R. In that case

[14] one hasr_~ln(t1/é):67. Scenario B postulates that the bent

vac_
0=

P;ac(to) _ 1( fa
Pc 31102 Gev

6 f2/R.\3 string or closed loop releases its excess energy very quickly
p3W(tg)=m,— = _1> (2.22  and that the spectrum of radiated axionsl ' dk~1/k with
¥ 11\ Ro a high frequency cutoff of order/ § and a low frequency

_ ) ~cutoff of order 27/L. In scenario B, the initial and final
wherey is the average Lorentz faCtO_f of axions pro_duced MspectradE/dk of the energy stored in the axion field are
Egﬁn?jecf% igr\":jalllsmbiusng(fdbgtytﬁg{”%hé?ezgn;:lztg)%':cs)’)'dyvequglitatively the sa_me_and her_w:el. In scenario A, the

Y a’a ' Y . : string decay contribution dominates over the vacuum re-
mately linearly with Ing,/m,). Extrapolation of this behavior alignment contribution by the factor ka(3), whereas, in

to the parameter range of lnterest,vIgV(rna)_ZG_O, yleIdSy .scenario B, the contributions from string decay and vacuum
~60. It suggests that the wall decay contribution is subdomi-

. . o realignment have the same order of magnitude.
nant relative to the vacuum realignment contribution. c imulati f d estimaté
The ratio of the string decay and vacuum realignment omputer simulations offer a way to try and estimat
contributions is should be kept in mind however that present day technology

limits lattice sizes to approximately 2%56n 3 dimensions
Sty §r_N2 (3D) and 4096 in 2D. Hence the ratio of loop/core size that
a0l d (2.23  can be investigated is limited to In{¢)=3.5 in 3D and 5 in
pai(to) X 2D, whereas Iri(/5)=67 in the situations of physical interest.

It is therefore important to investigate the dependence, if
where we used Eq1.9). Each of the factors on the RHS any, of the results of computer simulations onLii&) over
deserves discussion. the small range that can be investigated. The following three

Ng4. Almost surely one needs =1 to avoid the cosmo- sections report on our simulations of circular and non-
logical disaster of an axion domain wall dominated universecircular string loops, bent strings, and vortex-antivortex
It may be worth pointing out, however, that the domain wall pairs.
problem can be avoided, M;>1 models, by introducing an
interaction which slightly lowers one of thdy vacua with IIl. STRING LOOP SIMULATIONS
respect to the othergl7]. The lowest vacuum takes over
after some time and the walls disappear before they dominate We simulated the motion and decay of circular loops ini-
the energy density. There is little room in parameter spacgially at rest and of non-circular loops with angular momen-
for this to happen, but it is logically possible. It is discussedtum. The initial configurations are set up on large 10’
in detail in Ref.[14]. pointg Cartesian grids and time-evolved using the finite-
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FIG. 1. Radius versus time of a collapsing circular loop, Xor
=0.001(dotted ling and\ =0.004 (solid line).
difference equations derived from E{L.2). Fast Fourier

transform(FFT) spectrum analysis of the kinetic and gradi-
ent energies during the collapse yieNg(t) and, hencer.

A. Circular loops

PHYSICAL REVIEW D63 125018

In most cases, the loops collapse without rebound. How-
ever, for the range of parameters8R,/6=<190, a bounce
occurs. It is shown in Fig. Isolid line) for the caseR,
=2400 ands= 15.8. Figures @&)—2(I) show snapshots of the
axion field configuration during the bounce. Note that the
orientation of the string switches during the bounce; i.e., a
left-oriented loop bounces into a right-oriented one or vice
versa.

A spectrum analysis of the fields was performed by ex-
panding the gradient plus kinetic energy,

L, Ly 1'T' 1. b e
Ekin+grad:f L dzfo 2mpdp §¢ ¢+§V¢ Vo,
~Lz
(3.3

using

(.Z): % ammlo(Kmp)CcogK,(z+L,)]

vz¢=% bmmdo(Kmp)SiMkn(z+L,)]

Because of azimuthal symmetry, circular loops can be

studied inp-z space. The axis is perpendicular to the plane

of the loop. By mirror symmetry, the problem can be further

V,,¢=§ CnnJo(Kmp)cog kn(z+L,)] (3.4

reduced to a one-quarter plane. The static axion field outside

the string core i$8]
Va
a(p,2)= 39(/3,2) 3.9

in the infinite volume limit, where) is the solid angle sub-

where thek,, and k,, satisfy Jo(kyL,)=0 and sin(k,L,)
=0 respectively. The wave vector magnitude of moaten()
is kmnz\/k2m+ kzn. Figure 3 shows the power spectrumtat
=0 and, after the collapse, &t 3000. At both times, it ex-
hibits an almost flat plateau, consistent wit/dko 1/k.

tended by the loop. We use as initial configuration the out-' "€ Nigh frequency cutoff of the spectrum is increased how-

come of a relaxation routine starting with E@®.1) outside
the core and

¢(r)=tan|‘( 0.58%) el? (3.2

within the core. Herer is the distance to the string center,

ever at the later time, as might be expected since the core
gets Lorentz contracted during the collapse. The evolution of

Emn
kmn

Nay= E

mn

was studied for various values B,/ 5. As shown in Fig. 4,

and 6 is the polar angle about the string. The configurationwe observe a marked decreaseNgf during the collapse, of
inside the core is held fixed during the relaxation. The relaxorder 20%, independent d%,/4 in the investigated range
ation and subsequent dynamical evolution are done with re3.6<In(Ry/6)=<5.0. In the previous circular loop simulations

flective Neumann-type boundary conditions. A step slte

by two of us[8], in which In(R,/5) ranges from 2.5 to 3.4, it

=0.2 was used for the time evolution. The total energy wagvas also found that=0.8.

conserved to better than 1%.
We callR, the initial loop radius. Figure 1 shovig(t) for

collapsing loops. While they collapse, the loops reach speeds

close to the speed of light. Figurega-2(e) show succes-

sive snapshots of the string core as it speeds toward the o
gin. It is increasingly Lorentz contracted. A lattice effect is

observed when the Lorentz contracted core size becom

B. Non-circular loops

Circular loops are a special case and their behavior may

rl?-e untypical of loops in general. To address this concern, we

performed simulations of non-circular loops as well. The ini-

égl condition of the loop is given by its initial position

comparable to the lattice spacing. This effect consists of &(S.to) and velocityv(s,to), wheres parametrizes the dis-

“scraping” of the string core on the underlying grid, with

dissipation of the kinetic energy of the string into high fre-

guency axion radiation. We chosesmall enough to avoid
this phenomenon. For the largR{=2400) 2D circular loop
simulations A <0.01 is required.

tance along the loop. Only the transverse part @ t,) has
physical meaning. We determine the initial axion field using

a(Xt0)= 5 AN (sto)} @9
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FIG. 2. Snapshots of a collapsing circular loop. The arrows give the directioshQf#(,) in internal space. The grey scale shows the
magnitude ofl |, white for || =1 and black fof ¢|=0.

where Q(x){r(s,ty)} is the solid angle subtended by the Nambu-Goto(NG) string to lowest order in a perturbative
loop as seen from. The axion fiel(h(i,t0+dt) ashorttime €XPansion in powers of 1/Ih(é) wherelL is the string size.

dt later is similarly determined by calculating the solid angIeE_zhO? most general solution ta the NG equations of motion is
subtended by the loop located s, to) +dtv(s,ty). This

yields the initial time derivative of the axion fiela{(x,t,).

- Ry - -
Scenario A postulates that an axion string behaves like a r(st)= 7[a(0*)+b(a+)]

(3.6
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FIG. 3. Spectrum of decaying circular loop f&=2400, A ] 7
=0.004, at times=0 (open boxesandt=5000(solid boxe$.
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whereo.=(s*t)/R,, sis proportional to the energy in the
string between the points labelscands=0, andé(o) and
6(0’) are arbitrary functions of period 72, which satisfy
a'(0)?=b'(0)?=1. Here L=27R, is the total proper
length of the string loop, i.ef(s+ L,t)=F(s,t). It can be

FIG. 5. Snapshots of a collapsing non-circular loop. The simu-
lation is carried out on a 236lattice with A=0.05. The initial
conditions are given by Eq3.7) with a=0.7 = w/2,R,=72. The
position of the string core is projected onto theplane.

. ! question whether scenario A or B is more likely to be cor-
shown[21] that a NG string loop of length has a motion  ect  |ntercommuting(self-intersection with reconnection
which is periodic in time with period/2 and that an initially  t4yors scenario B because it causes loop sizes to shrink, and
static NG string loop collapses to a doubled-up line after halience the average energy of radiated axions to increase. As

a period. _ _ discussed in Ref8], if the probabilityp of intercommuting
A considerable literaturf21-24 is devoted to the prob- her oscillation is larger than of order 1/LHg)=1.4%, the

lem of finding non-intersecting NG loop solutions. The au-spectrum of axions radiated by the original loop, its two
thqrs are ma_mly motivated by issues related to the cosSMigaghters, four grand-daughters, and so on, will be qualita-
string scenario of large scale structure formation. Howeverﬁve|y the same as in scenario B, independently of assump-
the self-intersection of string loops is also relevant to th&jons on the spectrum of radiation from any single loop.

A particular two-parameter set of solutiof&l,22 is

14x10” L B R A given by
~Ro : 1 .
1x107 X(s,t)= > (1-a)sino_+ §asm 3o_+sino,
i Ro 1
ox10° | y(s,t)=? —(1—a)cos<r,—§ozcos::’rr,—COSz,IJCOSU+

z(s,t)= %[—2\/a(1—a)COSU_—sinwc050+] (3.7

8x10° -

with a € (0,1) and¢e (—, 7). In a large region of ¢, )

7x10° | Q parameter space, the loop does not self-interfsit
I ] We performed 21 simulations of non-circular loops using
Egs.(3.7) as initial conditions, on a 256attice with periodic
6x10° Lo boundary conditions. Each simulation took approximately 1

0 1000 2000 3000 4000 5000 6000 7000 week to run. A variety of &,+) and\ values were chosen.
Figure 5 shows the collapse of a non-circular loop projected
onto thexz plane. Here and in all cases tried, the loop size
shrinks to zero in one go, without oscillation or rebound.
Standard Fourier techniques were used for the spectrum

analysis, andN,, was computed as a function of time. In all

t

FIG. 4. N, versus time of a circular loop foR,=2400, L,
=4000,L,=4096 and\ =0.004 (solid line), 0.001 (dashed ling
and 0.00025dotted ling.
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14x10° ——m——————————

1x10° |y ]

T
L
1

9x10* |

=¥ 8x10° |

Amplitude

7x10* |

6 x10° |

a [ T L ]
5x10 o0 Lot
0 50 100 150 200 0 50 100 150 200 250 300 350 400

t

FIG. 6. Ny, versus time for four non-circular loop simulations  pig_ 7. string core position of oscillating bent strings versus
on a 258 lattice. The initial conditions are given by E@®.7) With  time The simulation is carried out onlgL,L,=256"x 64 lattice
Ro=72,24=0.3y=m/2, and\=0.1 (dotted ling, 0.05(dot-dashed \yith A =64, A=0.2, andA,=20 and 10.
line), 0.025(dashed lingand 0.0125solid line).

wherer = \[x—Xo— Ag Sin(2rZ/A) [+ (y—Yo)?, Ao is the ini-
but two of the cases tried\,, decreases while the loop col- tial amplitude, &,yo) =(L«/2,L,/2) is the equilibrium po-
lapses. The values depend upoda, ¢ and\, and cover the sition of the string and\ =L, is the string wavelength. We
range 0.6-1.07. Figure 6 showN,(t) for Ry=72,«  used square boxes {=L,) in all cases.
=0.7,¢=m/2 and\ = 0.0125, 0.025, 0.05 and 0.1. Some of  The field outside the core was thoroughly relaxed before
the largestr values(1.06, 0.94, 0.90 and 0.89 respectiyely dynamical time evolution was begun. Neumann boundary
were obtained in these simulations. In them and in all casesonditions were imposed on the four side faces 0L, and
where the InR,/8) dependence was testeddecreases with y=0,Ly) and periodic boundary conditions on the end faces
increasing InR,/4). It appears however that the second de-(z=0.L,). The kinetic+ gradient energy in the field was
rivative is decreasing and thatreaches an asymptotic value spectrum analyzed at regular time intervals during the dy-
for In(Ry/8)~3. For a=0.7, y= /2, the asymptotic value namical evolution. We took care to avoid finite volume and
would be of order 0.9. discrete space-time effects. To minimize finite volute.
Nine simulations were done fox=0.05 andR,=72  boundary effects,L,,L,=4L, is needed. To avoid discreti-
[hence InR,/8) = 2.78 and a variety of a, ) values. The zation effects,\<0.4 and time stemt<0.2 are needed.
average of over this set is 0.77. When the latter conditions are satisfied, no scraping of the
string on the underlying lattice is observed and total energy
is conserved to better than 1 part in10
IV. BENT STRING SIMULATIONS We performed runs for a variety of box sizes, initial am-
plitudes Ay and core sizes=1/\/\. Figure 7 shows the

We have also carried out simulations of oscillating be”tamplitudeA(t) as a function of time for initial amplitudes

strings with the ends held fixed. The oscillation amplitude A,=20 and 10, on a 256256x 64 lattice and\ =0.2. For
decreases as the string loses energy to axion radiation. V\{e<250 the damped oscillator behavior @f(t) is very

choose the axis parallel to the direction of the string when smooth and regular. Fae 250, A(t) is less regular because
straight.L,L L, is the size of the box. Initial configurations the string is being driven by radiation which was emitted in
descnbmg stat|c sinusoidally shaped strings were prepareﬁj]e first couple of oscillations and which returned to the
using the ansatz string’s location after reflection by the sidewalls.
Figure 7 shows that, in generdl(t) is not proportional to
58r Ay. After two oscillations the amplitudes are of the same
¢(x,y,z):tan)‘(7) order,A(t=140)=6, even though the initial amplitudes dif-
fer by a factor of 2. We confirm the following rule, already
;{ Y—Yo stated in Ref[8]: oscillations of initial amplitudeA, much
Xexq i arctar6 . ” larger thanA/10 decay rapidly, in one or two oscillations,
X=Xo=AoSiN2mz/A) until A(t)<A/10. After that the string is more weakly
(4.2 damped.
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3.4x10° ———— 1 TABLE I. r values for bent string simulations on a 26856
I X 64 lattice. We used. =64 for estimating In(/5).
335x10° | & _ o s Y In(L/&) Ao r
i 0.05 2.7 30 1.07
3.3x10 0.05 2.7 20 1.08
I 0.05 2.7 10 1.12
. f 0.1 3.0 30 1.04
z"3.25x10° - 0.1 3.0 20 1.06
0.1 3.0 10 1.12
[ 0.2 3.4 20 1.05
[ 0.2 3.4 10 1.12
3.15x10*
3.1x10* :m-"-‘-‘-‘--'----'--‘-‘-‘-"-m"---: Nx(t.)_lfﬂN (tin)
0 50 100 150 200 250 300 350 400 N2, (thn) aHink -, e n
r= Nt )= P . (4.5
' =l (1— l—'“) Nati)
in

FIG. 8. N, for an oscillating bent string versus time. Here

L,LyL,=256°x64, A=64, \=0.2 andA,=30 (dotted ing, 20 Tape | shows the values forA,=30, 20, 10 and\=0.05,
(dashed ling 10 (solid line). 0.1, 0.2 on a 258 256X 64 lattice.r increases with decreas-
ing A, reaching values of order 1.12 fé,=10. However,
Figure 8 showsNg(t) for Ag=30, 20, 10 on a 256 for such small initial amplitudes, only a very small part of
X 256X 64 lattice anch = 0.2. HereN, increases slightly, of  the energy stored in the string gets released. The larger am-
order 1%, and then oscillates about an average value. ltis n@‘itude (AONOSA) simulations are more relevant because
clear to us whether this slight increasely; is a real effect  they are typical of the cosmological setting and because pro-
because we were unable to satisfy ourselves that it happepgrtionately more energy gets released in them. For large
in the infinite volume limit. However, let us analyze it as a jnitial amplitude,r is close to 1 and has a tendency to de-
real effect. To this end, we need a formula fon the case of  crease with increasing In{5). In contrast, scenario A pre-
bent strings, when only part of the string decays into axionsgicts thatr is of order In(.9).
The fraction of string that has decayed between the initial
time t;, and the final timetg, is given by the fractional
change -1l4,/1;, in the lengthl of the string between those
times. For a sinusoidally shaped string the length is deter- e also studied the annihilation of vortex-antivortex pairs

V. VORTEX-ANTIVORTEX ANNIHILATION

mined in terms of the amplituda by in 2D. The Lagrangian is the same as before, Bd®). Note
however that in 2D the fielgp and its expectation value,
» P p— have dimension oflength “*2, and A has dimension of

I=f0 dZ\/1+ TCOST) (4.2 (length ~1. The energy stored in a vortex at rest s

= 7v2In(L/8), which is analogous to Eq1.5). The core size
is 6=1/\\v, as before. For a vortex-antivortex pair, the
Let us callN/, the value ofN restricted to that fraction of distanceR between them is the infra-red cutdff The total
string which decays into axions between timgsand t¢, . energy in the pair is therefore

We have

E(R)=2mv2In

5 (5.9

| &
NG tin) = ( 1- lf—) Nadtin) 4.3
" when the vortex and antivortex are at rest.
A vortex-antivortex pair has zero topological charge. It
and annihilates by emitting Nambu-Goldstone radiation. We may
think of this process in 3D as the annihilation of an infinitely
i long straight string with an infinitely long parallel antistring.
N;X(tﬁn)zNw(tﬁn)—rNag(tm). (4.9 This is not directly relevant to the problem considered here
in since long parallel axion strings are unlikely in the early
universe. However, because it is 2D, the process can be ac-
Hence, we estimate for bent string simulations using the curately simulated. Moreover, the behavior of this relatively
formula simple system can be predicted on theoretical grounds. We
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will argue below that the energy spectrum of NG radiation

t=400

PHYSICAL REVIEW D63 125018

t=800

emitted by a spinning vortex anti-vortex pair has the quali-
tative shapelE/dk~ 1/k.
Simulations of vortex-antivortex annihilation were carried

\ . NXRNR A A4 ARy IR X N ki

out previously in Refd.19,25. However, as far as we know, \ix X ; 1 /;/ fnuu\ *:::;\} ;;% 75:««
the present work is the first to spectrum analyze the NGewwn & v s ras ey sas] S i
L . . I PR T S S e ) Ly N e
radiation emitted in the decay. Refereri26] presents simu- 2728 F & e o & i 4o g ety Sk B4 Aiinl
lations of the formation and evolution of vortices in an ex- wa» ¥ ¥ ¥y Y Yy v v ¥ ¥ ¥ ¥ R g

panding(2+1)-dimensional universe.
What should one expect the radiation spectrum to be? It ig

[
[ |
WS ELE L LS E LR LN
\\\\RR;R\\\\\\\

PR P Y YYY Yy
[l

|

known that, in 2-1 dimensions, the axion field is dual to a
gauge field which couples to the vortex as if it were a particle
with electric chargee=\2mv,. This is the restriction to
2+1 dimensions of the well-known dualif27,28,29 relat-

ing the axion field in 3-1 dimensions to an anti-symmetric
two-index gauge fieldA ,,(x) which couples to the world
sheet of the axion string. Hence, as long as the vortex an
anti-vortex are at greater distance from one another than th
sum of their core sizesR>>26), they behave like a pair of
oppositely charged particles. When the cores of the vorte
and anti-vortex start to overlap, this description is no longer
valid. However, in the generic situation where the pair has
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angular momentum, most of the energy has already bee

The

dissipated into radiation by then. . _ _ FIG. 9. Snapshots of collapsing vortex-antivortex pairs.
The force between the vortex and anti-vortex is attractivesjmulation is carried out on a 204gattice with A =0.005 andv,,
and has magnitude =0.5. The initial separation between the vortex and anti-vortex is

22 1000 lattice units.
U
= 2. (5.2

F(R) =
(R) of sight. The range of parameters simulated wasv@

< 0.6 for the initial velocity and 5 §<<30 for the core size.

It is a manifestation of the aforementioned duality that thiSFigure 9 shows snapshots of a decaying vortex-antivortex
force can be thought of either as the gradient of the potentiagystem for \=0.005 andv,=0.5. The initial and final

energy(s.1) oras the Coulomb force between two op_positelyd E/dInk energy spectra are shown in Fig. 10. The initial

charged particles, of chargesy2mv,. The acceleration of = ghactrym—that of the initial vortex-antivortex pair—is flat

both vortex and antivortex is therefore like that of an axion string. The final spectrum is that of NG
2 radiation after the vortex and antivortex annihilated. It is also

P P — (5.3 flat qualitatively, in agreement with the theoretical argument
RIn(R/5) given above. In all cases, the final spectrum is found to be
in the not highly relativistic regime and neglecting the radia- 1
tion reaction due to the emission of NG patrticles. The typical [T T T
angular frequency of the radiation is~a~1/R. Hence its 12 I ]
spectrum has the generic form ]
dE_dEdR 11 1, 10| ]
do dRdw ZTeRGZ 2T, G4 '
x 8 i i
i.e., it is flat on a logarithmic scale. The low frequency ra- E I
diation is emitted first and the high frequency last. s I
A 2048 lattice was initialized with the ansatz 4 I
B(X,Y)= bo(X=X1,Y=Y1) 5 (X=X2,y=Y2) (5.9 ol
where &4,y1) and (,,y,) are the locations of the vortex
and antivortex respectively, angy(X,y) is the field of a o

single vortex at rest. A relaxation routine was applied to this
configuration with the cores held fixed. Periodic boundary
conditions were used during the relaxation and the subse- F|G. 10. Spectra of a vortex-antivortex pair at time tintesd
quent dynamical evolution. The vortex and antivortex wereopen boxesandt= 2000 (solid boxe$. The parameter values are
given an initial relative velocity ; perpendicular to their line the same as in Fig. 9.

2Ink
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somewhat harder than the initial spectrum. Thig, de-  not proportional to the initial amplituda,.
creases(<1) for all parameters investigated. Battye and Shellarfd] have carried out bent string simu-
lations. Their string configuration is similar to ours. They
conclude that the string emits radiation mainly at twice the
VI. CONCLUSIONS oscillation frequency of the string and that the spectrum falls
We carried out numerical simulations of the decay of ax—Off expo_nentially for largdk. We _do not find evidence of this.
ion string into axions, for a variety of initial configurations To obtain the §pectrqm of ra}d|ated axions the_y sulbtracF the
) ) " - _ " field of a static straight string when the string is going
Our main goal is to estimate the factowhich appears in the  through the equilibrium position. The subtracted field is as-
expression for the axion cosmological energy density, Edsymed to be that of the radiated axions and is spectrum ana-
(2.13. Herer is the relative increase @, during a decay |yzed. It is unclear to us that this subtraction procedure is
processr is the average of over the various processes that valid because it neglects retardation and Lorentz contraction
contribute. We simulated circular loops, non-circular loopseffects associated with the fact that the string is moving
and bent strings. We took care that the simulations are wellvhen it is going through its equilibrium position.
within the continuum space-time and large volume limits. Yamaguchi, Kawasaki and Yokoyanjd1] carried out
The range of In(/8) that can be investigated, from 2.5 to 5, simulations of a network of global strings in an expanding
is unfortunately small compared to the valuelli=67 of  universe. They found=1 for the parameter which describes
physical interest. To try and address the question of whethahe average density of stringq. (2.1)]. We use their result
In(L/6)~5 is large enough to draw conclusions from for below. They find that the spectrum of radiated axions is
In(L/6)=67, we investigated the dependence of our results osofter than thelE/dk~ 1/k spectrum of the energy stored in
In(L/5). strings, whereas we find in most cases that it is somewhat
The circular loop simulations were done in 2D, exploiting harder. It must be kept in mind however that, because the
the axial symmetry. This allowed us to reachRg(6)=5.  simulations of Yamaguchet al. describe a network of many
We found that circular loops collapse in one go, except in thestrings, their effective value of 1h(8) is small compared to
range 86<R,/5<190 where they bounce once. As far as wethe range of In(/5) values explored by the simulations de-
know, the bounce phenomenon was not observed in previouscribed here.
simulations nor was it anticipated in theoretical investiga- To estimate the axion cosmological energy density, we

tions. We foundr=0.8 for circular loops, whether or not yser=0.8 as implied by our circular and non-circular loop
they bounce. We did not find any dependencerobn  simulations. The contribution of bent long strings is expected
In(Ry/3) over the range, 36In(Ry/8)<5.0, of the simula-  to be much less important than that from closed loops. We
tions. Our results are consistent with the previous simulayse¢=1 based on the simulations of global string networks
tions of circular loops in 3D by two of us], which showed in an expanding universe by Yamaguetial.[11], and set

r=0.8 over the range 2:6In(Ry/§)<3.2. - Ng=1 andy=2"! as discussed in the Introduction. Hence
Twenty-one non-circular |00p simulations were Carrledour estimate for the string decay contribution:

out using as initial conditions a family of Kibble-Turok con-
figurations parametrized hy and . In the case of Nambu-

Goto strings, such initial conditions yield periodic non-self- er 781072
intersecting motion for most of the parameter space. In the ~ Q3'==—("=0.27x 211<2—a (—) .
simulations, the loops collapse in one go, without oscillation X 10 GeV h

or bounceN,, decreases in almost all caseslepends o, (6.1

¢ and InR,/6), and ranged from 0.60 to 1.07. Herede-

creases with increasing R{/5) but appears to be reaching a _ . .
limiting value for InRy/8)~3. Nine simulations were done For the reasons mentioned in the Introduction, the wall decay

for In(Ry/5)=2.78. The average af over this set is 0.77 contribution is probably subdominant compared to the

The bent string simulations were done on lattices of siz/acuum realignement and string decay contributions. Hence

256x 256 64 and 256 256x 128 with the string in the di- our estimate for the total density in cold axions today:

rection of the shortest dimension. We found that oscillations

of initial amplitude A, much larger tham\/10, whereA is

the wavelength of the wiggle, decay rapidly, in one or two —OoVvac, ostr_ _ a

oscillations, till A(t)<A/10. After that, the string is more D=0+ 07=(04 0'9)<1012 GeV

weakly damped. This is consistent with what was found in (6.2

Ref.[8]. We find thatN,, increases slightly, by an amount of

order 1%. Ther values are listed in Table | for a represen-

tative set of parameter values. This is relevant to the dark matter searches presently in
Our simulations are inconsistent with scenario A whichprogresq29-3]] insofar that it suggests the range of axion

predicts that is of order In{/6). We find thatr is of order 1  masses for which axions are the dark matter of the universe.

and also that does not increase with increasinglhf) over  Let us remind the reader that the above estimate is for the

the range investigated,<3In(L/8§)<5. Our bent string simu- case where there is no inflation after the PQ phase transition.

lations are also inconsistent with scenario A in tAdt) is It also assumes that the axion to entropy ratio is constant
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from time t; until the present. Various ways in which this

PHYSICAL REVIEW D63 125018
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