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Small, dense quark stars from perturbative QCD
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As a model for nonideal behavior in the equation of state of QCD at high density, we consider cold quark
matter in perturbation theory. To second order in the strong coupling constantas , the results depend sensi-
tively on the choice of the renormalization mass scale. Certain choices of this scale correspond to a strongly
first order chiral transition, and generate quark stars with maximum masses and radii approximately half that of
ordinary neutron stars. At the center of these stars, quarks are essentially massless.
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Strongly interacting matter under extreme conditions c
reveal new phenomena in quantum chromodynamics~QCD!.
Compact stars serve as an excellent observatory to p
QCD at large density, as their interior might be dense eno
to allow for the presence of chirally symmetric quark matt
i.e., quark stars@1–13#.

The usual model used for quark stars is a bag model, w
at most a correction;as from perturbative QCD@6#. In the
massless case, the first order correction cancels out in
equation of state, so that one ends up finally with a free
of quarks modified only by a bag constant. If the bag co
stant is fit from hadronic phenomenology, then the gross
tures of quark stars are very similar to those expected
neutron stars: the maximum mass is'2.M ( , with a radius
'10 km.

In this Rapid Communication we consider quark sta
using the equation of state for cold, dense QCD in pertur
tion theory to;as

2 @2,3#. These results are well known, an
our only contribution is to use modern determinations of
running of the QCD coupling constant@14#. At the outset, we
stress that we donot suggest that the perturbative equation
state is a good approximation for the densities of interes
quark stars. Rather, we use it merely as a model for
equation of state of QCD.

To ;as
2 , there is significant sensitivity to the choice

the renormalization mass scale. Under our assumptions
find that this choice is tightly constrained by the physics. W
consider two illustrative values of this parameter. One cho
corresponds to a weakly first order chiral transition~or no
true phase transition!, and gives maximum masses and ra
very similar to that of neutron stars. The second choice c
responds to a strongly first order chiral transition@15#, and
generates two types of stars. One type has densities a
times that of nuclear matter, and looks like the stars o
weakly first order chiral transition. In addition, howeve
there is a new class of star@7,12#, with densities much highe
than that of nuclear matter. For this new class, the maxim
mass is'1.M ( , with a radius'5 km. Other models with
nonideal behavior also generate small, dense quark s
@8–11#.

Assume that the chiral phase transition occurs at a che
cal potentialmx @16#. Our perturbative equation of state
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applicable only in the chirally symmetric phase, when t
quark chemical potentialm.mx . In this phase, the effects o
a strange quark mass,ms'100 MeV @18#, are small relative
to the quark chemical potentials,m.300 MeV. Thus we
take three flavors of massless quarks with equal chem
potentials@1,19#.

The thermodynamic potential of a plasma of massl
quarks and gluons was calculated perturbatively to;as

2 by
Freedman and McLerran@2# and by Baluni@3#, using the
momentum-space subtraction~MOM! scheme. The MOM
coupling is related to that in the modified mimimal substra
tion scheme (MS) as@3,20–22#

as
MOM

p
5

as
MS

p
F11A

as
MS

p
G ; ~1!

as5g2/(4p), with g the QCD coupling constant, andA
5151/482(5/18)Nf , with Nf the number of massless fla
vors. ~While we takeNf53, we give formulas for arbitary
Nf .) In the MS scheme, to;as

2 the thermodynamic poten
tial is then

V~m!52
Nfm

4

4p2 H 122S as

p D
2FG1Nf ln

as

p
1S 112

2

3
Nf D ln

L̄

m
G S as

p D 2J , ~2!

where G5G020.536Nf1Nf lnNf , G0510.3746.13 @23#,
and L̄ is the renormalization subtraction point. InMS
scheme, the thermodynamic potential is manifestly gauge
variant. We take the scale dependence of the strong coup
constant,as[as(L̄) as @14,24#

as~L̄ !5
4p

b0u F12
2b1

b0
2

ln~u!

u
1

4b1
2

b0
4u2

XS ln~u!2
1

2D 2

1
b2b0

8b1
2

2
5

4
CG ; ~3!
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u5 ln(L̄2/LMS
2 ), b051122Nf /3, b1551219Nf /3, and b2

5285725033Nf /91325Nf
2/27. The scaleLMS is fixed by

requiring thatas50.3089 atL̄52 GeV @14#; for Nf53,
Eq. ~3! givesLMS5365 MeV.

All thermodynamic quantities follow consistently from
V(m). The pressure is given byp(m)52V(m), the quark
number density byn(m)5(]p/]m), and the energy densit
by e52p1mn. Given our stated assumptions, the on
freedom we have in the model is the choice of the ratioL̄/m.
To illustrate this, we take the valuesL̄/m51,2,3.

For reasons which will become clear later, we find t
choiceL̄52m especially interesting. Start with a very larg
chemical potential, such asm5100 GeV, for which as
;.095 ~for the purposes of discussion, assumeNf53 at this
scale!. The first order term decreases the ideal gas pres
by ;6%; the sum of the first and second order terms
creases the pressure by;7% of the ideal gas value. Becaus
the strong coupling constant runs relatively slowly withm at
largem, even atm51 GeV, whereas;.31, the first order
term decreases the ideal gas pressure only by;20%; the
first and second order terms, by;30%.

As can be seen from Eq.~2!, the perturbative expansion o
the thermodynamic potential is an expansion in a power
ries not just inas , but in aslog(as). The logarithm ofas
arises from the plasmon effect, where the Debye m
squaredmD

2 ;asm
2. Because gluons atT50 have four-

dimensional phase space in loop integrals, however, the p
mon effect is relatively innocuous, and only produces lo
rithms, log(mD /m);log(as).

This is in stark contrast to the perturbative expansion
the free energy at nonzero temperature,TÞ0. While there is
again a plasmon effect,mD

2 ;asT
2, because in loop integral

static gluons atTÞ0 have a three dimensional phase spa
the perturbative expansion is not inas , but in Aas. The
series inAas is much worse behaved than that atmÞ0, T
50, and does not converge until very high temperatu
@25#. The convergence appears to improve after resumma
@26,21,22#, or by using Pade´ methods@27#.

Consequently, the perturbative series for the thermo
namic potential may be much better behaved atmÞ0 ~and
T50) than atTÞ0 @28#. This does not imply that a given
value of as , which is adequate to compute the thermod
namic potential, works equally well for all other quantitie
In particular, the gaps for color superconductivity are no
perturbative,f;exp(21/Aas) @29,17#, and much smaller
values ofas appear to be required to reliably compute the
@30#. In QCD, effective models find that even whenm
;400 MeV, these gaps are at most;100 MeV @17#. As
the relative change in the thermodynamic potential is o
;(f/m)2, then, for the equation of state in QCD, color s
perconductivity is never a large effect.

To truly know how well perturbation theory converges
mÞ0, it is imperative to compute the thermodynamic pote
tial to ;as

3 . Unlike the case ofTÞ0, which is sensitive to
nonperturbative effects from static magnetic gluons fr
;as

3 on, atmÞ0 ~andT50), the entire power series inas is
well defined@29#.
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We now use the perturbative calculation of the thermo
namic potential form,1 GeV. Since both terms;as and
;as

2 have negative coefficients, asas(m) increases with de-
creasingm, eventually the pressure vanishes. While it
clearly invalid using perturbation theory whenp50, it at
least provides a well defined model of dense QCD. In Fig
we show the pressure forL̄52m; it vanishes at mc
5425 MeV, whereas;.65. This corresponds to a quar
density ;4.35r0, where r0 is the density of quarks in
nuclear matter,;33.16/fm3.

A weakness in our model is how to match the equation
state for massless quarks, Eq.~2!, onto that for massive
quarks and hadrons. The quark chemical potential mus
larger than one third of the nucleon rest mass, minus
third the binding energy of nuclear matter,m.mmin'313
25 MeV. While the pressure vanishes atmmin , hadronic~or
quark! matter certainly exists, with nonzero pressure, for
m.mmin . Thus we imagine that a very ‘‘soft’’ equation o
state for massive quarks~and hadrons! matches onto the
equation of state in Eq.~2! at somem.mc ~see also below!.
Consequently,mc cannot be much higher thanmmin .

It is this which limits the choice ofL̄/m in our model. For
L̄5m, mc5767 MeV. It is absurd to think that the pressu
of massive quarks could be small to densities;33r0. Thus
we do not consider this case further.

For L̄53m, mc5300 MeV when as;.6. By the
Hugenholtz–van Hove theorem, when the pressure vanis
the ratio of the total energy to the baryon number isE/A
53mc . For iron, E/A5930 MeV. Thus forL̄53m, E/A
53mc5900 MeV, and, as suggested by Bodmer and Wit
@4,5#, strange quark matter is absolutely stable relative
hadronic matter.

While possible, we prefer an alternate view. Our pert
bative equation of state is valid only in the chirally symme
ric phase, form.mx . Perhaps whenm,mx , the true equa-
tion of state is close to our perturbative model, but vanis
smoothly asm→mmin . As discussed later, this is a model fo
a weakly first order~or no! chiral phase transition.

The structure of a quark star is determined by the solut
to the Tolman-Oppenheimer-Volkov~TOV! equations@1#.
For the TOV equations, all that matters is the relations

FIG. 1. The total pressure, relative to the pressure of an id
gas, p0; including terms to order;as and to order;as

2 , as a

function of m; L̄52m.
2-2
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between pressure and energy density. This is shown in F
for L̄/m52,3. The numerical solution of the TOV equatio
gives the mass radius relationships of Fig. 3. For any s
tion to the TOV equation, the chemical potential reaches
maximum value at the center of the star; as one goes ou
radius, the chemical potential decreases, and equalsmc

~where the pressure vanishes! at the edge of the star. ForL̄
53m, the maximum mass isMmax'2.14M ( . At this mass,
the radius isRmax'12 km; the chemical potential at the ce
ter of the star ism'456 MeV, which corresponds to a qua
density ofrmax'5.1r0. WhenL̄52m, Mmax'1.05M ( . At
this mass, the radius isRmax'5.81 km; the chemical poten
tial at the center ism'649 MeV, corresponding to a quar
density ofrmax'15r0.

To help understand these results, it is useful to compar
the equation of state of a nonideal bag model:

V~m!52
Nf

4p2
aeffm

41Beff ; ~4!

Beff is an effective bag constant, and the parameteraeff mea-
sures deviations from ideality. A common choice is to ta
aeff from the thermodynamic potential to one loop ord
with a fixed value of the coupling constant:aeff51
22as /p @6#. In a bag model, the relationship between pr
sure and energy density is linear,p5(e24B)/3, irrespective
of the value ofaeff . Thus we can uniformly scalep, e, andB

FIG. 2. Equation of state for cold quark matter, forL̄/m52,3.

FIG. 3. Mass-radius relation of the quark star forL̄/m52,3.
12170
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together, so the maximum mass and radius satisfy a sim
scaling relation,Mmax;Rmax;1/B1/2 @5#.

For the chemical potentials of relevance to a quark s
somewhat surprisingly we find numerically that the press
in Eq. ~2! can be well approximated by the effective ba
model, Eq.~4!. This can be seen from Fig. 2, where th
relationship between pressure and energy is very nearly

ear. WhenL̄53m, the pressure agrees with a bag mod
with Beff

1/45140 MeV and aeff5.626 to within 2% for
m:300→470 MeV. This is close to the usual value in th

MIT bag model,B1/45145 MeV @31#. When L̄52m, the
pressure agrees with a bag model withBeff

1/45199 MeV and
aeff5.628 to within 4% form:425→650 MeV.

Consequently, the mass radius relationships for our qu
stars agree well with a bag equation of state. To;5%, the
maximum masses and radii scale according to;1/Beff

1/2. The
shape of the mass radius curve is also the same as for a
model. Notably, light quark stars have small radii. This
because for light stars,M!M ( , the chemical potential a
the center of the star is nearmc , and the equation of state i
controlled by that of massless fields, minus a bag consta

Our results forL̄52m can be compared to other equ
tions of state for dense QCD@8–12#. All of these can be
viewed as models in which there is nonideality at a sc
significantly higher than nuclear matter densities. Refere
@8# uses the results of Ref.@2#, but finds standard results
Mmax'2.0M ( . Reference@9# finds dense stars, withMmax
'1.4M ( andRmax'7.0 km; however, they do not sugge
that there could be two types of compact, hadronic stars
we find for L̄52m. Reference@10# uses a Schwinger-Dyso
model, and findsMmax'0.7M ( and Rmax'9.0 km. Refer-
ences@11# and @12# use models with massive quasiparticle
so that the masses act as a type of nonideality. Refere
@11# finds Mmax'0.8M ( andRmax'4.0 km; Ref.@12# finds
Mmax'1.35M ( and Rmax'10.0 km. We note that in
Nambu–Jona-Lasino models, stars with a quark core do
arise, even at the maximum mass@13#.

What about the manifestly nonperturbative phase
which chiral symmetry is spontaneously broken,m,mx? To
understand this, consider an expansion in a large numbe
colors@32#. The usual largeNc limit is to let Nc→` at fixed
Nf . Since quark loops are suppressed in this limit, howev
gluons are only affected by quarks whenm;Nc

1/4 or larger.
This is in contrast with the transition at a nonzero tempe
ture, which occurs at a temperature;Nc

0 @33#. We then con-
sider a generalized largeNc limit, in which Nf→` at fixed
Nf /Nc @34–36#. The quark thermodynamic potential isV
;2NfNcm

4, and the quark number densityn;NfNcm
3. In

this limit, mx;Nc
0 , as at nonzero temperature.

For the purposes of our discussion, all that matters is
baryon massesmB;Nc . The baryon chemical potential i
related to the quark chemical potential asmB5Ncm;Nc .
When the baryons are nonrelativistic, so their Fermi m
mentakf;1, the baryon number density isnB;dBkf

3 . The
degeneracy of baryons is at least;Nf , and could easily be
larger, ;Nf

2 . The baryon thermodynamic potential is~na-
ively! VB;2dBkf

5/mB . For kf;1, however, everything is
2-3
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fine: the baryon density is;Nc that of quarks, andVB
<(1/Nc)V. In terms of the quark chemical potential, how
ever,m5mB /Nc ; with mq5mB /Nc , m'mq1kf

2/(2mBNc)
1 . . . . That is, forkf;1, the region inm over which had-
rons are a reasonable description issmall, ;1/Nc

2 . Also, the
binding energy of nuclear matter is automatically;1/Nc

2 .
From this largeNc argument, we conclude that a hadron

description is applicableonly in a very narrow region ofm;
for largerm, still of order one, a quark description is appr
priate. This need not be a true phase transition; rather, sim
that the thermodynamic potential may be very difficult
compute in terms of hadrons, but relatively simple in ter
of quarks. For example, whenkf;Nc

1/2, so m2mq;1/Nc ,
naively VB;2dBNc

3/2;Nc
1/2V. This cannot be right — the

thermodynamic potential of baryons cannot dominate tha
quarks. The only resolution is that there are cancellations
analogous to those which occur for baryon-meson coupli
@37# — which greatly reduce the baryon thermodynamic p
tential, so that it is comparable to that of quarks. In oth
words, the hadronic thermodynamic potentialmust‘‘soften’’
wheneverm2mq.1/Nc

2 .
Once one is away from this~narrow! hadronic window in

m, the appropriate equation of state form,mx is that for
massive quarks. There are then two possibilities.

The first is that the thermodynamic potential for massl
quarks matches, more or less smoothly, onto that of mas
quarks. This requires either a weakly first order chiral tra
sition, or perhaps just crossover. Belowmx , asm→mmin the
quark thermodynamic potential vanishes in a fashion typ
of massive particles; within;1/Nc

2 of mmin , a hadronic de-
scription is applicable.

This is illustrated by the choiceL̄53m. For a star at its
maximum mass, at the centerm'456 MeV; as the radius
increases,m decreases, untilm5mmin at the surface. Thus, i
mx,456 MeV, there is chirally symmetric quark matter
the center of the star, but for larger radii, one enters firs
phase with massive quarks, and finally, a hadronic shell.

Consequently, for both the choicesL̄53m and 2m, all of
our quark stars are, properly speaking, hybrid stars, w
shells of massive quarks, and then hadrons. For stars nea
maximum mass, we assume this mantle is thin, and does
greatly alter its properties. As the mass of the star decrea
however, so does the central density; eventually, the en
star is composed entirely of massive quarks and hadrons
this point, the relationship between the star’s mass and ra
is no longer like that of Fig. 3. Instead, it looks like that
nonrelativistic matter, for which the radius increases as
r-
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mass decreases. It is necessary for the chiral transition t
weakly first order, or a smooth crossover, for the mass-rad
curve to be continuous.

The second possibility is that the equation of state
massless quarks does not match smoothly onto that for m
sive quarks, with a strongly first order chiral transition@15#.
As the thermodynamic potential approaches the ideal
limit at largem, and vanishes atmmin , this requires that the
pressure is small at a value ofmx@mmin . Below mx , by
construction the pressure of massive quarks is small, wi
‘‘soft’’ equation of state@38#.

This occurs if L̄52m. At the maximum mass,m
;649 MeV at the center; ifmx!649 MeV, most of the star
is composed of massless quarks. As the mass of the
decreases, so does the amount in the chirally symme
phase. If the chiral phase transition is strongly first ord
eventually one jumps to a second branch, in which
chemical potentials are always,mx throughout the star.
Stars on this second branch are composed only of mas
quarks and hadrons, with a maximum mass and radius
that of ‘‘ordinary’’ neutron stars. A strong first order chira
transition is necessary to ensure that there are two, dis
branches. Using toy models for the thermodynamic poten
numerically we obtained solutions to the TOV equatio
which display two branches: we patched a thermodyna
potential for massive quarks, form,mc'mx , onto that for
massless quarks, form.mc . In this case, our stars of mas
less quarks constitute a third class of compact stars, a
white dwarfs and ‘‘ordinary’’ neutron stars@7,12#.

Most pulsars have masses;1.5M ( @1#; experiments will
soon provide an estimate of the radii@40#.The massive com-
pact halo object~MACHO! project has also reported micro
lensing events for the Large Magellanic Cloud with mas
M50.15–0.9M ( @39#. For a weakly first order chiral phas
transition, if MACHO events are hadronic stars, they m
have large radii. For a strongly first order chiral phase tr
sition @15#, MACHO events could be quark stars, with sma
radii, and pulsars might represent the second branch.
stress that our numbers for the maximum mass and radius
meant only to be suggestive. Even so, we believe that
conclusions are qualitatively correct; a weak~or no! chiral
phase transition leads to one type of compact objects
strongly first order chiral transition, to two.
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