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Dynamical fermions with fat links
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We present and test a new method for simulating dynamical fermions with fat links. Our construction is
based on the introduction of auxiliary but dynamical gauge fields and works with any fermionic action and can
be combined with any fermionic updating. In our simulation we use an overrelaxation step which makes it
effective. For four flavors of staggered fermions the first results indicate that flavor symmetry at a lattice
spacinga'0.2 fm is restored to a few percent. With the standard action this amount of flavor symmetry
restoration is achieved ata'0.07 fm. We estimate that the overall computational cost is reduced by at least a
factor of 10.
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I. INTRODUCTION

Improved actions reduce lattice artifacts and thus all
simulations at coarser lattice spacing, larger lattice qu
masses and smaller lattice volumes. The use of impro
actions in large scale numerical simulations has been incr
ing steadily. For dynamical simulations a factor of 2 im
provement in lattice spacing can easily translate to a gai
100 in computational cost, which usually more than comp
sates for the reduction in efficiency of the algorithm. Syste
atic improvement programs remove lattice artifacts pertur
tively @1–4# or nonperturbatively@5–8# by adding irrelevant
operators to the action. The use of fat or smeared links is
of many of these improvement programs@9,10#. Smearing
the links of a lattice action does not change the long-dista
properties of the system, but by smoothing out short sc
lattice vacuum fluctuations, it reduces lattice artifacts.
link actions by themselves show improved scaling prop
ties, especially in quantities most sensitive to short dista
fluctuations.

For Wilson-type clover fermions, chiral properties sho
significant improvement in fat link quenched simulatio
@11#. Fattening removes many small dislocations and t
reduces the spread of the real eigenmodes of the Dirac
erator and the occurrence of exceptional configurations.
perturbation theory for fat-link Wilson-type fermions ha
been worked out in@12#, showing that the additive mas
renormalization is small, the renormalization factors are v
close to one and the tree-level clover coefficientcSW51.0 is
expected to be close to the nonperturbative value.

Fat links have also been successfully used in overlap
tions @13,14#. The improved chiral properties of fat link ac
tions result in significantly faster convergence in evaluat
Neuberger’s formula.

The use of fat links with staggered fermions improv
flavor symmetry. In the staggered fermion formulation t
four components of a Dirac spinor occupy different latti
sites and connect to different gauge fields, leading to fla
symmetry breaking. The flavor symmetry breaking is es
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cially evident for the pions: only one of the pseudosca
mesons is a true Goldstone particle; the others are mas
even at vanishing quark mass. Since flavor symmetry bre
ing is basically due to the fluctuations of the gauge fie
within a hypercube and is particularly sensitive to disloc
tions, local smearing of the gauge links is very effective
reducing flavor symmetry breaking. Several quenched sim
lations verified this conjecture@15–17#. Dynamical simula-
tions with one level of smearing@18,19# found similar im-
provement. Perturbative studies of flavor symmetry break
also support the use of fat links@20#.

Dynamical simulation of fermion actions with fat link
can be very complicated. Even in the simplest case where
fat link is constructed as a sum of several paths connec
the fermions, the fermionic force term will have many mo
terms than with thin link action. If the fat link is projecte
back to SU~3! and the fattening procedure is iterated~as
proved to be most effective in quenched simulations!, direct
calculation of the fermion force term becomes nearly imp
sible.

In this article we present a new method for simulating
link fermion actions with many levels of projected smearin
The basic idea is to introduce anauxiliary but dynamical
gauge field for each smearing level. These gauge fie
couple to each other by blocking kernels representing
level of smearing. The last of the auxiliary gauge fiel
couple directly to the fermions just like ordinary thin link
thus avoiding the complicated gauge force computatio
Our construction does not consider the systematic impro
ment of the action, but it can be combined with any thin li
fermionic action. Combining systematic improvements o
thin link action with fat link fermions can lead to furthe
systematic improvement.

To motivate our choice of fat link action in Sec. II w
study flavor symmetry breaking with staggered fermions
the quenched approximation. We consider valence act
with different levels of smearing and we compare the res
with the standard thin link action. The quenched simulat
suggests that with three levels of projected fat links flav
symmetry improves to a level corresponding to a factor
2.5 change in lattice spacing.

In Sec. III we present our general construction of a
link fermion action. We suggest combining different upda
©2001 The American Physical Society02-1
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FIG. 1. The massmp of the
lightest non-Goldstone pion as th
function of the massmg of the
Goldstone pion in the quenche
approximation.~a! shows results
for b55.7 using both a thin link
and different fat link valence ac
tions.~b! results obtained with our
best fat link action onb55.7
background are compared wit
thin link action results onb
55.7, b56.0, andb56.2 back-
ground configurations. The lattice
spacing changes by a factor of 2.
betweenb55.7 andb56.2.
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ing methods in the numerical simulation. The simplest is
update the original and all but the last auxiliary gauge fie
using Metropolis updating. The last level auxiliary gau
field couples to the fermions. Any fermionic updating can
used; we consider molecular dynamics updating here.

Unfortunately this coupled system is very rigid an
evolves extremely slowly under local updating. In Sec.
we discuss a global overrelaxation step that improves
situation considerably. Overrelaxation updating based on
gauge action is usually not very effective for fermions@21#.
The situation here is quite different. Since the fermio
couple to a several times smeared smooth gauge field
find that one can update up to~0.3 fm!4 part of the lattice
and still have a large enough acceptance rate to make
algorithm efficient.

In Sec. IV we specify the action for four flavors of sta
gered fermions and discuss the overrelaxation update in
tail. One iteration of our algorithm is composed of 100 ov
relaxation, one Metropolis and one molecular dynam
steps. This combined updating is about 15–20 times slo
than a molecular dynamics thin link updating and has ab
the same autocorrelation times. Considering that we g
well over a factor of 100 from the improved scaling prope
ties, this cost is acceptable. Our first results with this al
rithm confirm the quenched results for flavor symme
breaking. We find that flavor symmetry violations are r
duced to a few percent at a lattice spacinga'0.20 fm.

In Sec. V we summarize our results and discuss the fu
directions.

II. FAT LINK ACTIONS AND QUENCHED
SPECTROSCOPY

In this section we investigate the spectrum of fat li
staggered actions in the quenched approximation. Prev
extensive studies@17# have demonstrated the improvement
the restoration of flavor symmetry due to the smearing of
gauge links. Our goal here is to motivate the parameter
our dynamical fat link action.

We fatten the gauge links using APE smearing@22#: the
smeared or fat linkQ is constructed from the thin linkU as

Qi ,m5~12a!Ui ,m1
a

6
S i ,m~U !, ~1!
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whereS i ,m(U) is the sum over the six staples around the li
Ui ,m . We use the indexi to label the lattice sites and th
indexm to label the four space-time directions. The smear
procedure, Eq.~1!, can be iterated if the fat linkQ is pro-
jected onto SU~3!:

Wi ,m5ProjSU~3!$Qi ,m%. ~2!

The nth level fat link is given by

Qi ,m
~n!5~12a!Wi ,m

~n21!1
a

6
S i ,m~W~n21!!, ~3!

whereS i ,m(W(n21)) is the sum of staples aroundWi ,m
(n21) ,

the (n21)th level fat link projected onto SU~3! (W(0)

[U). In the following we label byN the number of smear
ing iterations or levels. Perturbative arguments@12# show
that for values of the smearing parameter 0<a<0.75 the
smearing orders the gauge configuration suppressing s
scale fluctuations. Ifa.0.75, the smearing eventually diso
ders. In the following we choose, somewhat arbitrarily,a
50.70.

We consider two different SU~3! projections: adetermin-
istic projectionWmax,i,m defined by

Re Tr~Wmax,i ,mQi ,m
† !5 max

WPSU~3!

Re Tr~WQi ,m
† ! ~4!

and aprobabilistic projectionWi ,m
l , whereWi ,m

l is chosen
according to the probability distribution

P~W!}expFl3 Re Tr~WQi ,m
† !G ~5!

with projection parameterl. For l5`, Eq. ~5! is equivalent
to Eq. ~4!.

To illustrate the effect of fat links on flavor symmetr
restoration we calculated the pion spectrum on a set of 8324,
b55.7 (a50.17 fm) quenched lattices. In Fig. 1~a! we plot
the masses of the~would-be! Goldstone pionpg and the
lightest non-Goldstone pion,p i5 , corresponding to the rep
resentationg5^ g ig5 . We label the representation of th
states following@23,24# by GS^ GF , where GS labels the
2-2
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DYNAMICAL FERMIONS WITH FAT LINKS PHYSICAL REVIEW D 63 114502
spin andGF labels the SU~4! flavor. The pion masses ar
expressed in units of the Sommer scaler 0 ~r 052.87a at b
55.7! @25#. In addition to the thin link we consider three fa
link valence actions:N51 andN53 levels of smearing with
projection parameterl5500 andN53 levels of smearing
with projection parameterl5100, all with a50.7. We ob-
serve considerable improvement fromN51 to N53. Also,
l5100 for the projection parameter is clearly not as eff
tive asl5500. Increasing the number of blocking levels,N,
or the projection parameterl further does not improve the
situation substantially but increases the computational ef
considerably. In the rest of this paper we will consider the
link action corresponding toN53 levels of blocking with
projection parameterl5500 and APE parametera50.7.
While these parameters are not unique, they seem to be c
to optimal.

To get a feel for the amount of improvement one c
achieve with this fat link action, in Fig. 1~b! we compare the
N53, l5500 action with thin link data atb55.7, 6.0, and
6.2. The data for the last twob values are from Ref.@24# and
correspond to lattice spacingsa50.095 fm and 0.069 fm and
Sommer parametersr 055.26a and 7.25a, respectively@26#.
The N53, l5500 smearing reduces flavor symmetry vio
tions on theb55.7 configurations to the level obtained
b56.2 with thin link action, a factor of 2.5 improvement i
lattice spacing. The computational cost of full QCD grows
least as 1/a6 @3# and for certain quantities even as 1/a10 @27#.
A factor of 2.5 in the lattice spacing means a factor
200– 104 in computational cost.

Finally, in Fig. 2 we plot the square of the Goldstone-pi
mass as a function of the bare quark mass. All measurem
are on theb55.7 gauge configurations using thin link an
different fat link actions. In addition to the actions consi
ered in Fig. 1, we show the results forN51 level of non-
projected APE smearing. Fat link perturbation theory p
dicts that the mass renormalization constant beco
perturbative asN increases. We see that the mass renorm

FIG. 2. The mass renormalization in the quenched approxi
tion atb55.7 for the thin link and different fat link valence action
In addition to the actions used in Fig. 1, we show the results
N51 level of nonprojected~np.! APE smearing.
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ization after one level of nonprojected smearing is almost
same as without smearing. Increasing the smearing level
the value ofl indeed reduces the multiplicative mass ren
malization factor.

III. DYNAMICAL FERMIONS WITH FAT LINKS

The quenched results show that smearing the gauge l
considerably improves the flavor symmetry of staggered
mions. There is evidence that these results carry over to
namical simulations@18# where one level of smearing i
implemented. Because of the gauge force computation
the molecular dynamics equations of motion, it is very co
plicated to simulate fermions with many levels of smearin
even impossible if projection of the gauge links into SU~3! is
made after each smearing step.

Our method to overcome this difficulty is to introduce
set ofauxiliary but dynamical gauge fieldswhich couple to
each other in the action by blocking kernels representing
level of smearing. The last level auxiliary gauge fie
couples directly to the fermions in the same way the us
thin links do. The problem of the computations of the gau
force is transferred to the gauge sector where it can
solved. This construction can be used for any fermion act
which can be simulated with thin links.

Let us start considering fermions coupled to fat links co
structed with one level of smearing from the thin linksUi ,m .
We introduce a dynamical auxiliary gauge fieldV and we
define the action

S52
b

3 (
p

Re Tr~Up!2
l

3 (
i ,m

Re Tr@Vi ,mWmax,i ,m
† ~U !#

2tr ln@M†~V!M ~V!#. ~6!

Here p labels the plaquettesUp ,Wmax(U) is the SU~3! pro-
jection, Eq.~4!, of the fat link given in Eq.~1! andM (V) is
the fermion matrix. The blocking parameterl constrains the
auxiliary gauge linksVi ,m to be close to the projected fa
links Wmax,i,m(U). Fluctuations of the fieldV are proportional
to 1/l. This is a dynamical realization of the projection E
~5!. In Eq. ~6!, Tr means the trace over SU~3! color whereas
tr means the overall trace over space-time indicesi, direc-
tions m, spin and color.

For many levels of smearing, we introduce a set of d
namical auxiliary gauge fieldsW(1),W(2),...,W(N)[V, one
for each level of smearing. The action, Eq.~6!, is generalized
to

S52
b

3 (
p

Re Tr~Up!2
l

3 (
i ,m

Re Tr@Wi ,m
~1!Wmax,i ,m

† ~U !#

2
l

3 (
i ,m

Re Tr@Wi ,m
~2!Wmax,i ,m

† ~W~1!!#¯

2
l

3 (
i ,m

Re Tr@Vi ,mWmax,i ,m
† ~W~N21!!#

2tr ln@M†~V!M ~V!#. ~7!

a-

r
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FRANCESCO KNECHTLI AND ANNA HASENFRATZ PHYSICAL REVIEW D63 114502
This action is in the same universality class as the orig
thin link action. If the blocking parameter isl5`, the aux-
iliary gauge fields can be integrated out and the resul
action is a plaquette gauge action while the fermions cou
to deterministically projected fat links. IflÞ`, the integra-
tion of the auxiliary gauge fields will introduce addition
gauge terms. These new terms depend on the think link v
ables in a complicated way, but they are all local terms c
taining only a finite number of link variables. Thus, the
terms do not change the universality class of the action.

The updating of this system can, in principle, be done
a sequence of Metropolis updatings for the fie
U,W(1),...,W(N21) and by the standard updating for the fe
mion matrix M, with the only difference that now the las
auxiliary gauge fieldV enters the fermion matrix.

The problem of this basic algorithm is that the syste
with largel is very rigid and evolves very slowly. To cur
this problem, we use a hybrid overrelaxation algorithm@28–
37# with ~i! Metropolis updating for the gauge field
U,W(1),...,W(N21), ~ii ! standard algorithm for the fermio
matrix M (V) and~iii ! global overrelaxationfor all the gauge
fields U,W(1),...,V.

In the next section we discuss how an overrelaxation
be implemented. It plays a key role in reducing the autoc
relation times of the Metropolis update. Note that the ov
relaxation update is effective only because the fermi
couple to the smooth fat links.

IV. OVERRELAXATION WITH FAT LINKS

Our overrelaxation update is based on the usual ove
laxation reflection step used in pure gauge systems
leaves the gauge action invariant@32,33#. We reflect the thin
links just like in the standard overrelaxation algorithm
sweeping in a given order through some part~or all! of the
lattice:

U→U8. ~8!

These changes are followed by a transformation of the
links:

W~1!85W~1!Wmax
† ~U !Wmax~U8!, ~9!

W~2!85W~2!Wmax
† ~W~1!!Wmax~W~1!8!, ~10!

¯

V85VWmax
† ~W~N21!!Wmax~W~N21!8!. ~11!

All links for a given level are reflected and then the ne
level gauge field is changed. The reflections must be p
formed in the order given by Eqs.~8!–~11!. This transforma-
tion leaves the gauge part of the action invariant, but
fermionic part will change and a Metropolis accept-reje
step must be performed. In order for this updating to sat
detailed balance, the probabilityP for changing the gauge
field configuration$U,W(1),...,V% to $U8,W(1)8,...,V8% has
to be equal to the probability for the reversed change:
11450
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P~$U,W~1!,...,V%→$U8,W~1!8,...,V8%!

5P~$U8,W~1!8,...,V8%→$U,W~1!,...,V%!. ~12!

This can be achieved by choosing with probability 1/2 eith
a given sequence of the thin link reflections, Eq.~8!, or with
equal probability the reversed sequence@21#. The sequence
has to be reversed with respect to the direction and loca
of the thin links and with respect to the index of the SU~2!
subgroup. The thin link reflections are then followed by t
local reflections, Eqs.~9!–~11!, for the auxiliary gauge links.
For a given level of auxiliary gauge field the reflections a
independent of the order with which we sweep through
lattice and they are symmetric under exchange of primed
unprimed quantities. If we start from a gauge field config
ration$U,W(1),...,V% and apply Eqs.~8!–~11! twice with the
sequence of thin link reflections reversed, we come bac
the original configuration. This overrelaxation algorithm s
isfies detailed balance and is a legal update of the system
achieve ergodicity though, one must still perform some u
datings with the basic algorithm.

For the Metropolis accept-reject step following th
changes, Eqs.~8!–~11!, we have to calculate the action; i.e
we need an explicit form of the determinant to evaluate. F
four flavors of staggered and two flavors of Wilson fermio
this is trivially realized. In terms of pseudofermion fieldsF
the action, Eq.~7!, is

S5Sg~U,W~1!,...,V!1F†@M†~V!M ~V!#21F, ~13!

whereM (V) represents the fermion matrix. The equilibriu
probability distribution of the gauge fieldsU,W(1),...,V is
given by

Peq~U,W~1!,...,V!}e2Sg~U,W~1!,...,V!det@M†~V!M ~V!#.
~14!

Since the pure gauge part of the action is invariant under
overrelaxation move of the system, the acceptance proba
ity is

Pacc~V8,V!5minH 1,
det@M†~V8!M ~V8!#

det@M†~V!M ~V!# J . ~15!

Paccdepends only on the last level auxiliary gauge links. T
goal is to efficiently compute the acceptance probability.

Instead of calculating the determinant in Eq.~14! we use
a stochastic estimator to approximatePacc @38,39#:

Pacc8 ~V8,V!5min$1,ej†@M†~V8!M ~V8!2M†~V!M ~V!#j%, ~16!

where the vectorj is generated according to the distributio

P~j!}e2j†M†~V8!M ~V8!j. ~17!
2-4
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DYNAMICAL FERMIONS WITH FAT LINKS PHYSICAL REVIEW D 63 114502
After configuration averaging, this procedure satisfies the
tailed balance condition@39#.

If the gauge fieldsV andV8 are very different, the accep
tance rate from Eq.~16! will be small even when the fermi
onic determinants are actually very close. This is becaus
the large fluctuations of the stochastic estimator. To impr
the acceptance rate, we attempt to remove the most ultra
let part of the fermionic matrix and include it explicitly as a
effective gauge action. The resulting reduced matrix give
much higher acceptance in Eq.~16!.

For heavy fermions the fermion determinant gives rise
an effective plaquette term for the gauge field@40#. Even for
small quark masses the ultraviolet part of the fermion de
minant can be well approximated by an effective loop act
involving only small Wilson loops@41–43#. These observa
tions suggest to remove the plaquette term from the ferm
matrix by introducing a reduced matrixMr as

M ~V!5Mr~V!A~V! with ~18!

A~V!5ea4D4~V!1a2D2~V!, ~19!

whereD is the kinetic part of the fermion matrix. In terms o
Mr the fermion determinant becomes

det@M†~V!M ~V!#5det@Mr
†~V!Mr~V!#e2Seff~V!, ~20!
ur

a
i-

e-
s

11450
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Seff~V!522a4 Re tr@D4~V!#

22a2 Re tr@D2~V!#. ~21!

The effective actionSeff(V) can be evaluated explicitly. In
general it is the sum of a plaquette term coming fro
tr@D4(V)# and a constant from tr@D2(V)#. The real param-
etersa2 anda4 are free and can be optimized. In a differe
context, a decomposition of the fermion matrix like Eq.~18!
has been proposed in@21# motivated by the hopping param
eter expansion.

In terms ofSeff(V) andMr(V) the acceptance probabilit
is

Pacc~V8,V!5minH 1,
e2Seff~V8! det@Mr

†~V8!Mr~V8!#

e2Seff~V! det@Mr
†~V!Mr~V!#

J .

~22!

It can be approximated by generating a vectorj according to
the distribution

P~j!}e2j†Mr
†
~V8!Mr ~V8!j ~23!

and Eq.~22! becomes
Pacc9 ~V8,V!5min$1,eSeff~V!2Seff~V8!1j†@Mr
†
~V8!Mr ~V8!2Mr

†
~V!Mr ~V!#j%. ~24!
ed,
ture

is

dic
er-
In practice, we start by generating a random Gaussian so
R according to the probability distribution

P~R!}e2R†R ~25!

from which we form the vectors

F85M†~V8!R, ~26!

X85@M†~V8!M ~V8!#21F8.
~27!

The vectorj in Eq. ~23! is then given byj5A(V8)X8 and
we can write the fermionic terms in Eq.~24! as

j†Mr
†~V8!Mr~V8!j5F8†X8, ~28!

j†Mr
†~V!Mr~V!j5X8†A†~V8!A†~V!21M†~V!M ~V!

3A~V!21A~V8!X8. ~29!

The acceptance probability strongly depends on the par
etersa2 and a4 . The optimal value can be found numer
cally. We will discuss our choice in the next section.

This procedure is not effective if the fermion matrix d
pends on thin links, because the fluctuations in the stocha
estimator are too large even after the removal of theD4 and
ce

m-

tic

D2 terms. When the links in the fermion matrix are smear
these fluctuations are constrained. This is the key fea
which makes the overrelaxation effective with fat links.

V. PERFORMANCE OF THE ALGORITHM

For testing our fat link action we decided to simulateNf
54 flavors of staggered fermions. The fermion matrix
given by

M ~V! i , j52md i , j1(
m

h i ,m~Vi ,md i , j 2m̂2Vi 2m̂,m
† d i , j 1m̂!,

~30!

whereh i ,m are the staggered phases. We impose antiperio
boundary conditions in the time direction. The pseudof
mion field F and the matrixM†(V)M (V) are restricted to
the even sites of the lattice@44#. The matrixD used in Eq.
~19! is given by

Di , j5(
m

h i ,m~Vi ,md i , j 2m̂2Vi 2m̂,m
† d i , j 1m̂!. ~31!

The traces inSeff(V) in Eq. ~21! are computed by summing
over the even sites only and give
2-5
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FRANCESCO KNECHTLI AND ANNA HASENFRATZ PHYSICAL REVIEW D63 114502
tr@D4~V!#524VF32
1

6V (
p

Re Tr~Vp!G1108V

24dNt,4 (i ,t50
Re Tr~Pi !, ~32!

tr@D2~V!#5212V. ~33!

V denotes the total number of lattice points and we assu
that there are more than 4 sites in each spacelike direc
For Nt54 sites in the timelike direction there is an ext
contribution to tr@D4(V)# coming from the Polyakov lines
Pi starting at locationi ,t50. The minus sign of the Polya
kov line in Eq.~32! is due to the antiperiodic boundary co
ditions in time direction.

As we described in Sec. II we choose the number of a
iliary gauge fields and the smearing parameters to be

N53, a50.7, l5500. ~34!

The global overrelaxation~GOR! described in Sec. IV is
essential here as it considerably reduces the autocorrela
of the otherwise very rigid system. The GOR leaves the p
gauge action of our system invariant but is subjected to
accept-reject step which accounts for the ratio of ferm
determinants, see Eq.~24!. Since the fermions couple di
rectly to the last level dynamical fat links, the acceptan
rateaGOR is large enough to make the algorithm effective

The parametersa2 anda4 entering Eq.~19! are chosen to
maximize the acceptance rateaGOR. We use

a2520.18, a4520.006. ~35!

Settinga25a450, i.e., computing the ratio of fermion de
terminants without decomposing the fermion matrix acco
ing to Eqs.~18! and~19!, gives a value foraGOR which is a
factor of 10 smaller than what we achieve with our choi
Moreover, keepinga450 and varying onlya2 gives signifi-
cantly loweraGOR. The choice of Eq.~35! is not unique; we
identified in thea2-a4 parameter space a bandlike region
which aGOR reaches its maximal value.

Even with our improved GOR it is not possible to chan
simultaneously all theU links; the effectiveness of the algo
rithm would be very low. Instead we choose a random blo
of U links containing (NGOR/4) sites and reflect only the
links within this block. These changes propagate more
more through the lattice as we consider the cascade of re
tions Eqs.~8!–~11!, as 19 fat links have to be changed b
changing one link. In Fig. 3 we plot the volume of the latti
in which the U links are effectively updated~actually the
fourth root of it!, i.e., (aGORNGOR/4)1/4a as a function of the
physical volume of the ‘‘touched’’U links (NGOR/4)1/4a.
These results are obtained on 8324, b55.2 andam50.1
lattices. The lattice spacing from the string tension can
estimated asa'0.2 fm and the correlation length asr 0mg
'1.7. We see in Fig. 3 that there is a maximal physi
volume

VGOR'~0.3 fm!4 ~36!
11450
e
n.

-

ns
re
n
n

e

-

.

k

d
c-

e

l

which can be updated with a reasonable acceptance rate
actual value ofaGOR depends on the number of ‘‘touched
links NGOR. The broad maximum in Fig. 3 corresponds
aGOR535%(NGOR564), aGOR526%(NGOR596) and
aGOR516%(NGOR5144) on the above lattices.

We observed that the value, Eq.~36!, scales with the lat-
tice spacing. On lattices with smaller lattice spacing mo
links can be updated at the same time; i.e., the physical
ume of the updated region remains fixed. On larger phys
volumes, on the other hand, one would have to increase
number of GOR steps to achieve the same efficiency. In
finite-temperature runs on 834 lattices@45# we observed that
the effectiveness of the algorithm increases in the deconfi
phase. Somewhat surprisingly, the effectiveness also
creases with decreasing quark mass. This fact together
the faster convergence of the conjugate gradient~see Table I!
allows simulations at quark masses that are not practic
possible with the standard thin link action.

In simulating the 8324'20 fm4 lattices, we found it effec-
tive to follow each Metropolis and hybrid Monte Carl
~HMC! algorithm by 100 GOR updating steps, each refle
ing about a~0.3 fm!4 section of the thin link lattices. Fo
timing our algorithm we consider the computer time nec
sary for 100 GOR steps, one Metropolis~MET! step for each
gauge fieldU,W(1),W(2) and one HMC trajectory for theV
field with step sizeDt50.015 andNtraj530 steps. We com-
pare this to the time of one HMC trajectory with step si
Dt50.015 andNtraj530 steps for the thin link action@46,47#
with parametersb55.25 andam50.06. With these param
eters the lattice spacings and the physical quark masse
the two actions are approximately matched. To compare
times for one updating iteration is fair because the autoc
relations for simple observables like the plaquette or the c
ral condensatec̄c are observed to be the same for the tw
algorithms in these time units.

In Table I we show the results of the timing compariso
We use one iteration of ordinary thin link HMC algorithm a

FIG. 3. The effective physical volume where theU links change
in one global overrelaxation~GOR! updating step as function of th
physical volume ‘‘touched.’’ The results are obtained on 8324 lat-
tices.
2-6
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time unit. One iteration of our algorithm costs a factor of
more but, as pointed out in Sec. II, we can effectively gai
factor of 102– 104 in computer time due to improved scalin
With fat links, there is also a considerable reduction~a factor
of 2! in the number of conjugate gradient~CG! iterations
needed for the inversion ofM†M , as shown in the last col
umn of Table I.

Finally we consider flavor symmetry restoration on t
dynamical fat link lattices. Figure 4 shows the first resu
obtained with our fat link action on 8324 lattices with pa-
rametersb55.2, am50.1 ~square!. The lattice spacing isa
'0.2 fm and the Goldstone pion to rho mass ratio
mg /mr50.71(1), indicating a correlation lengthr 0mg
'1.7. This point agrees very well with the quenched res
~octagons! taken from Fig. 1: i.e., flavor symmetry violatio
is reduced to a few percent. To show the improvement du
the smearing of the gauge links, we also ran the standard
link staggered action with two sets of parameters,b55.25,
am50.06~fancy square! andb55.2,am50.06~burst!. The

TABLE I. Timings for simulation of ordinary thin link HMC
algorithm compared to simulation of our algorithm withN53 aux-
iliary gauge fields. The dynamical lattices are 8324 and the lattice
spacings and physical quark masses of the two simulations are
proximately matched. The time unit is one updating step~consisting
of one HMC trajectory! of the ordinary thin link algorithm. The las
two columns give the total time costs and the average numbe
conjugate gradient~CG! iterations needed per inversion ofM†M .

links 100 GOR 1 MET 1 HMC total CG iterations

thin - - 1 1 133
fat 11.0 3.5 0.5 15.0 61

FIG. 4. Flavor symmetry violation for the dynamical runs wi
our fat link action~fat. dyn.! and with the standard thin link stag
gered action~std. dyn.!. The massmp of the lightest non-Goldstone
pion is plotted as a function of the massmg of the Goldstone pion
~in units of r 0!. The lattice spacings and the correlation leng
r 0mg are approximately matched. For comparison we plot
quenched results from Fig. 1 obtained with the corresponding
lence actions~fat. quen. and std. quen.!.
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a

s

s

s

to
in

lattice spacings from the string tension are approximatela
'0.18 fm anda'0.22 fm, and the correlation lengths a
r 0mg'1.8 andr 0mg'1.5, respectively. The flavor symme
try violations on the thin link dynamical lattices agree wi
the quenched predictions~fancy diamonds!. Our fat link dy-
namical action has only about 6% flavor symmetry violati
compared to 60% of thin link actions at comparable latt
spacings.

VI. CONCLUSIONS

We presented a new method for simulating dynamical f
mions with fat links constructed through many levels of pr
jected smearing. For each level of smearing we introduce
auxiliary but dynamical gauge field and these gauge fie
are connected to each other by blocking kernels represen
one level of smearing. Since the last of the auxiliary fie
couple in the standard way to the fermions, our construct
can be used with any known fermionic update. We discus
the simulation of our system which includes an overrela
ation updating. The fat links entering the fermion matr
make the overrelaxation effective and this is the key feat
of our algorithm.

At this time our algorithm is running on scalar machin
and the overrelaxation step is worked out for four flavors
staggered fermions. The results for flavor symmetry resto
tion confirm the quenched results; that is, a factor of 2.5
the lattice spacing can be gained. Taking into account
our algorithm is about 15–20 times slower than the stand
one, this gives an overall gain of at least a factor of 10
computational costs.

We have used this algorithm to study the finite tempe
ture phase transition of four flavors of staggered fermions
Nt54 @45#. We observe a qualitative difference compared
thin link simulations. The strongly first order phase transiti
is washed away; we observe a very broad crossover inst
We believe this difference is due to the improved flavor sy
metry. In our simulations we have 15 relatively light pion
compared to the single Goldstone particle of thin link sim
lations.

We are parallelizing the code for large scale simulatio
@48#. This requires a 32-checkerboard structure but it is
more complicated than parallelizing a Symanzik improv
gauge action. The overrelaxation generalizes easily for
flavors of Wilson fermions. To generalize it for two flavo
of staggered fermions we need an explicit realization of
action. That can be done by approximating the square roo
the fermionic determinant with a polynomial form@49,50#.
Our preliminary study shows that it can be done efficient
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