
PHYSICAL REVIEW D, VOLUME 63, 114026
Electroweak physics for color superconductivity
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We construct the effective theories describing the electroweak interactions for the low-energy excitations
associated with the color superconductive phases of QCD at high matter density. The main result for the 3
flavor case is that the quasiparticle Goldstone bosonp0 decay into two physical massless photons is identical

to the zero density case once we use the new Goldstone decay constant and the modified electric chargeẽ
5e cosu, with tanu52e/A3gs andgs the strong coupling constant. For 2 flavors we find that the coupling of
the quarks to the neutral vector bosonZ0 is modified with respect to the zero density case. We finally point out
possible applications of our result to the physics of compact objects.
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I. INTRODUCTION
Recently quark matter at very high density has attracte

great flurry of interest@1–7#. In this limit, quark matter is
expected to behave as a color superconductor@1,2#. Possible
phenomenological applications are associated with the
scription of neutron star interiors, neutron star collisions, a
the physics near the core of collapsing stars.

In a superconductive phase, the color symmetry is sp
taneously broken and a hierarchy of scales, for given che
cal potential, is generated. Indicating withgs , the underlying
coupling constant, the relevant scales are the chemical po
tial m itself, the dynamically generated gluon massmgluon

;gsm and the Gap parameterD;(m/gs
5)e2a/gs with a a

calculable constant. Since for highm the coupling constan
gs ~evaluated at the fixed scalem) is !1, we have

D!mgluon!m. ~1.1!

Massless excitations dominate physical processes at very
energy with respect to the energy gap (D). Their spectrum is
intimately related to the underlying global symmetries a
the way they are realized at low energies. They also o
low energy theorems governing their interactions which c
be usefully encoded in effective low-energy Lagrangia
~such as for cold and dilute QCD@8#!. It is possible to order
the effective Lagrangian terms describing the Golstone
son self-interactions in number of derivatives. The result
theory for dilute QCD is named chiral perturbation theo
@8#. Unfortunately this well defined scheme is not sufficie
for a complete description of hadron dynamics since n
massive hadronic resonances appear at relatively low e
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gies, such as thes or the vectorr, and new effective
Lagrangians of the type described in Ref.@9# are needed.

Another set of relevant constraints is provided by ’t Hoo
anomaly matching conditions@10#. In Ref. @11#, it was
shown that the low-energy spectrum, at finite density, d
plays the correct quantum numbers to saturate the ’t Ho
global anomalies. It was also observed that QCD at fin
density can be envisioned, from a global symmetry a
anomaly point of view, as a chiral gauge theory@12,13#. In
Ref. @14# it was demonstrated, using a variety of field the
retical tools, that ’t Hooft anomaly matching conditions mu
hold for any cold but dense gauge theory.

In this paper we construct the electroweak interactions
complete the low energy effective theory describing quant
chromodynamics with two and three flavors at high dens
This work can be considered as the first step for prope
describing the phenomenology associated with electrow
processes stemming, for example, from the core of so
neutron stars which may be dense enough to be in a t
three, or both flavor superconductive phases@15#.

Some possible implications of electroweak interactions
compact objects for 3 flavors QCD at high matter density
been also partially investigated in Ref.@16#. The low-energy
theory for two flavors without considering electroweak inte
actions is provided in Ref.@17# while the one for three fla-
vors has been developed in Ref.@18#. We use the nonlinea
framework@19# to construct the low-energy theories.

First for the three flavor case, we include the QED int
actions and complete the low-energy theory by implement
the global anomalies via the Wess-Zumino-Witten term. T
topological term is essential when describing the time h
oredp0→gg process at finite density@20#.

By considering in detail the axial anomaly at the fund
mental level and by comparing it with the gauged version
the Wess-Zumino term we demonstrate that the coefficien
the topological term is the same as zero density. The o
place where the finite density effects enters are in the red
©2001 The American Physical Society26-1
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nition of the electric charge which is now given bye cosu
with tanu52e/A3gs and in the high density value of th
Goldstone bosons decay constant. Our result stems dire
from the nature of the Higgs mechanism of the color sup
conductive phase and it is at variance with the result p
sented in Ref.@20#. We briefly comment on the nature of th
discrepancy.

In addition to the importance of thep0→gg process per
se and its phenomenological consequences when inves
ing possible quark-type stars featuring a color flavor lock
~CFL! core, the topological coefficient term is also critic
when considering the solitonic~Skyrme! solutions of the ef-
fective Lagrangian. In fact now we have the same wind
number as for ordinary QCD and hence we get massive
citations, which after collective quantization, describe s
half particles with quantum numbers identical to the ordin
baryons. This is the actual realization of the quark-had
continuity @6# advocated for the baryon-type sector of t
color-superconductive phase. We then introduce the e
troweak interactions for 3 flavors.

Next we generalize the effective Lagrangian theory fo
flavors presented in Ref.@17# to describe electroweak inter
actions. We observe that the Lagrangian not only reprodu
the physical eigenstates for the photon and the eighth g
@4# but also predicts a modified coupling of the quarks to
neutral vector bosonZ0 with respect to the zero density cas
The physical effect, which is our main result for the 2 flav
case, is not suppressed with respect to the zero density w
processes. On general grounds we expect this result to a
the quark stars~with a 2SC component! cooling processes
@21# via neutrino emission. In particular we have in mind t
neutrino transparency question directly related to the m
free path of a neutrino in a compact star. This question
already attracted some interest@22#. Indeed for ordinary neu-
tron stars@21# the mean free path is significantly affected
the neutron-n scattering reaction due to the presence of n
tral currents. In a 2SC star we then expect the quark-n scat-
tering to play an equally important role.

In Sec. II we study the anomalous processp0→gg at
high matter density, complete the effective Lagrangian
the quasiparticle Goldstone bosons by adding the W
Zumino term, and comment on related issues. In Sec. III
gauge the weak sector for the three flavor case. In Sec. IV
briefly review the 2 flavor case while the generalization
include the electroweak processes is done in Sec. V. Fin
in Sec. VI we summarize and conclude.

II. QED FOR THE 3 FLAVOR CASE: THE p0\gg
PROCESS

Let us start with the case ofNf53 light flavors. At zero
density only the confined Goldstone phase is allowed and
resulting symmetry group isSUV(3)3UV(1). Indeed there
is no solution for the ’t Hooft anomaly conditions with mas
less composite fermions leaving intact the flavor group.
this case the topological Wess-Zumino term for the Go
stone bosons is needed to implement the global anomalie
the underlying theory at the effective Lagrangian level. T
Vafa-Witten theorem@23#, valid for vectorlike theories, pro
11402
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hibits the further breaking of the remaining vectorlike sym
metries such asUV(1).

Turning on low baryon density we expect the theory
remain in the confined phase with the same number of G
stone bosons~i.e., 8!. Evidently the ’t Hooft anomaly condi-
tions are still satisfied. At very high density, dynamical co
putations suggest@3# that the preferred phase is
superconductive one and the following ansatz for a qua
quark type of condensate is energetically favored:

eab^qLa;a,iqLb;b, j&;k1daidb j1k2da jdbi , ~2.1!

and a similar expression holds for the right transformi
fields. The Greek indices represent spin,a andb denote color
while i and j indicate flavor. The condensate breaks t
gauge group completely while locking the left-right transfo
mations with color. The final global symmetry group
SUc1L1R(3), and thelow-energy spectrum consists of
Goldstone bosons. Before constructing the Lagrangian
the true massless Goldstones it is instructive to introduce
left and right transforming fields@18#

L→gLLgc , R→gRRgc , ~2.2!

where L/R parametrizes the Goldstone bosons induced
the appearance of the condensate~2.1!. gL/RPSUL/R(3)
while gcPSU(3) of color. The covariant derivative describ
ing color and electromagnetic interactions is

DmL5]mL2 i eAm QL2 igs Gm
mLTm, ~2.3!

with Q5diag ( 2/3,-1/3,-1/3 ) the ordinary quark charge
andTm the generators for color which, for convenience, a

defined such thatT85(A3/2)Q andT35diag(0,12,-
1
2). Like-

wise for theR field. HereA denotes the standard photon fie
while Gm are the gluon fields. The vacuum expectation va
~VEV! in Eq. ~2.1! ~corresponding toL}d ic) locks together
flavor and color and the Higgs mechanism sets in provid
masses for all but one linear combination of the gluonG8

and photonA. The massive eigenstate can be easily identifi
by investigating the kinetic term

Tr@DmL†DmL# ~2.4!

which leads to a mass term of the type

gs
2 1

2 (
m51

7

Gm21Tr@Q2#S e A1
A3

2
gsG

8D 2

, ~2.5!

where for simplicity we have suppressed the Lorentz indic
We can now identify the massiveG̃8 and the orthogona
massless eigenstateÃ via

G̃85cosuG81sinuA, ~2.6!

Ã52sinuG81cosuA, ~2.7!

with
6-2
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ELECTROWEAK PHYSICS FOR COLOR SUPERCONDUCTIVITY PHYSICAL REVIEW D63 114026
cosu5A3
gs

A3gs
214e2

, sinu52
e

A3gs
214e2

. ~2.8!

Ã is reinterpreted as the physical photon.
The same covariant derivative for the underlying qua

fields can be compactly written as

Dm5]m2 ie AmQ312 igs Gm
m13Tm. ~2.9!

The first 333 matrix is in flavor space while the second is
color. This notation is also convenient when investigating
global anomalies at the fundamental fermion level. The
broken generator associated with the new photonÃ is, in
flavor3 color space

Q̃5Q31213Q. ~2.10!

It is easy to check that all quarks, in medium, have inte
charges inẽ units1 and the condensate~2.1! is indeed neutral
underQ̃.

The relevant terms in the covariant derivative can be
written as

gsG
8 13T81eA Q315gs8G̃

8FA2

2
T̃82

A3

4
Q̃ cos~2u!G

1ẽÃQ̃, ~2.11!

whereẽ5e cosu andgs85gs /cosu. The second term corre
sponds to the unbrokenU(1) gauge symmetry which we
identify as the new QED with couplingẽ. T̃8 is the generator
orthogonal toQ̃, normalized according to Tr@ T̃8T̃8#53/2
and is given by

T̃85
A6

4 S Q311
2A3

3
13T8D[

A6

4
~Q31113Q!.

~2.12!

It is well known that anomalies play an important role f
describing phenomenological processes such asp0→gg in
cold and dilute matter. But before discussing the anom
equation we should understand how the physical Goldst
bosons emerge. At high density, in the 3 flavor case,
symmetry groupSUL(3)3SUR(3)3SUc(3) breaks sponta
neously toSUc1L1R(3) leaving behind 16 Goldston boson
However, beingSUc(3) a gauge group 8 Goldstone boso
are absorbed in the longitudinal components of the mas
gluons. So we are left with 8, not colored, physical massl
Goldstone bosons. They can be encoded in the unitary m
@18#

U5LR†, ~2.13!

1Clearly with respect to the new photon fieldÃ the new charge
units ise cosu and the ratio between the quark and electron cha
is integer.
11402
k

e
-

r

-

ly
e
e

ve
s

rix

transforming linearly under the left-right flavor rotations

U→gLUgR
† , ~2.14!

with gL/RPSUL/R(Nf). In our notationU is the transpose o
S defined in Ref.@18#. U satisfies the nonlinear realizatio
constraintUU†51. We also require detU51. In this way
we avoid discussing the axialUA(1) anomaly at the effective
Lagrangian level.@See Ref.@24# for a general discussion o
trace andUA(1) anomaly.# We have

U5ei
F̄

F

, ~2.15!

with F5A2Fata representing the 8 Goldstone bosons.ta

are the standard generators ofSU(3) @i.e., t35diag(1
2 ,

2 1
2 ,0)], with a51, . . . ,8 and Tr@ tatb#5 1

2 dab. F is the
Goldstone bosons decay constant at finite density. Clearlyp0

is associated witht3.
Recently it has been shown in Ref.@11# that all of the

interesting superconductive phases do respect, as for ge
chiral gauge theories at zero density, global anomaly ma
ing conditions in the manner of ’t Hooft. In Ref.@14# it has
been shown that anomaly matching conditions are unm
fied with respect to the zero density case provided that
correctly implements the group theoretical structure of
global anomalies. At high density, in the 3 flavor case, us
the fact@11,14# that the anomalous coefficient is unmodifie
by density effects, we have that the anomalous variation
the axial currentj 5

m3 associated withp0 is given by

]m j 5
m352

e2

16p2
eabmnFabFmn Tr[ ~ t331!~Q31!2]

52
e2Nc

16p2
eabmnFabFmn Tr@ t3Q2#

52
e2

32p2
eabmnFabFmn , ~2.16!

where Nc53 comes from the trace over color space a
Fab5]aAb2]bAa5cosu F̃ab1sinu G̃ab

8 with F̃ab

5]aÃb2]bÃa and G̃ab
8 5]aG̃b

82]bG̃a
8 . This leads to the

following expression in terms of the physical vector eige
states:

]m j 5
m352

e2

32p2
eabmnFabFmn

52
e2

32p2
eabmn~cos2 uF̃abF̃mn12 sinu cosuF̃abG̃mn

8

1sin2 uG̃ab
8 G̃mn

8 !. ~2.17!
In Fig. 1 we graphically represent Eq.~2.17!

via Feynman diagrams. We havegs85(2A3/3)(e/sinu)

and ẽ5e cosu. For each Ã we associate the
generator Q̃5Q312(2A3/3)13T8 and for G̃8 the
e

6-3
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CASALBUONI, DUAN, AND SANNINO PHYSICAL REVIEW D 63 114026
generator (A2/2)T̃82(A3/4)Q̃ cos (2u)5cos2 u 13T̃8

1(A3/2)sin2 u Q31 as prescribed by the covariant deriv
tive. Clearly the first diagram, in the right hand sid
corresponds top0→g̃g̃ in the superconducting phase whe
g̃ indicates the physical massless photonÃ. We conclude
that the anomalous electromagnetic properties of the su
conductive state are identical to the ones of ordinary Q
provided that we replace the electric chargee with
ẽ5e cosu.

We are now ready to review the low energy effecti
theory for the 3 flavor case at high matter density. The
fective Lagrangian at low energies@18# for the true massles
Goldstone bosons is similar to the ordinary effective L
grangian for QCD at zero density except for an extra Go
stone boson associated with the spontaneously brokenUV(1)
symmetry which we will not consider for the moment.

The effective Lagrangian globally invariant under chir
rotations is ~up to two derivatives and countingU as a
dimensionless field!

L5
F2

2
Tr@]mU]mU†#. ~2.18!

The Wess-Zumino term@25# can be compactly written by
using the language of differential forms. It is useful to intr
duce the algebra valued Maurer-Cartan one forms

FIG. 1. Triangle anomaly for three flavors QCD at high densi
11402
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a5~]mU !U21 dxm[~dU!U21, b5U21dU5U21aU,
~2.19!

which transform, respectively, under the left an
right SU(Nf) flavor group. The Wess-Zumino effectiv
action is

GWZ@U#5C E
M5

Tr@a5#. ~2.20!

The price to pay in order to make the action local is
augment by one the space dimensions. Hence the inte
must be performed over a five-dimensional manifold who
boundary (M4) is the ordinary Minkowski space. We now
show that the constantC is the same as the one at ze
density, i.e.,

C52 i
Nc

240p2
, ~2.21!

whereNc is the number of colors~fixed to be 3 in this case!.
This is a consequence of Eq.~2.17!. More specifically
we now compare the current algebra prediction for the ti
honored processp0→2g̃ with the amplitude predicted usin
Eq. ~2.20! by gauging the electromagnetic sector@26,27# of
the Wess-Zumino term. Before gauging the Wess-Zum
term we need to stress that in the presence of a Higgs me
nism phenomenon gauge symmetry is clearly not lost
one isalwaysentitled to work with the unrotated gauge field
and to rotate them to the mass engenstates only in the
end.

In order to better understand the anomalies we recall
the fully gauged Wess-Zumino term under th
SUL(Nf)3SUR(Nf) chiral symmetry group is
GWZ@U,AL ,AR#5GWZ@U#15Ci E
M4

Tr@ALa31ARb3#25C E
M4

Tr@~dALAL1ALdAL!a1~dARAR1ARdAR!b#

15C E
M4

Tr@dALdUARU212dARdU21ALU#15C E
M4

Tr@ARU21ALUb22ALUARU21a2#

1
5C

2 E
M4

Tr@~ALa!22~ARb!2#15Ci E
M4

Tr@AL
3a1AR

3b#15Ci E
M4

Tr@~dARAR1ARdAR!

3U21ALU2~dALAL1ALdAL!UARU21#15Ci E
M4

Tr@ALUARU21ALa1ARU21ALUARb#

15C E
M4

TrFAR
3U21ALU2AL

3UARU211
1

2
~UARU21AL!2G25Cr E

M4
Tr@FLUFRU21#, ~2.22!
6-4
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ELECTROWEAK PHYSICS FOR COLOR SUPERCONDUCTIVITY PHYSICAL REVIEW D63 114026
with the two-formsFL andFR defined asFL5dAL2 iAL
2 and

FR5dAR2 iAR
2 and the one-formAL/R5AL/R

m dxm . r is a real
arbitrary parameter. The previous Lagrangian, when ide
fying the vector fields with true gauge vectors, correc
saturates the underlying global anomalies@27#.

The last term in Eq.~2.22! is a gauge covariant term
However it is not invariant under parity2 and so the param
eter r must vanish. All the other terms are related by gau
invariance.

We can now restrict the attention to the electromagn
interactions by constraining the vector fields to satisfy
equation

AL5AR5QA5e QAmdxm, ~2.23!

with Am the ordinary photon field. The Wess-Zumino ter
collapses to the following@27# form:

GWZ@U,A#5GWZ@U#15eCi E
M4

A Tr@Q~a31b3!#

210e2C E
M4

AdATrFQ2~a1b!

1
1

2
~QU21QdU2QUQdU21!G . ~2.24!

The last term leads to the followingp0→gg Lagrangian:

Lp0→gg52
30

4
e2Ci Tr@ t3Q2#p0

A2

F
emnrsFmnFrs ,

~2.25!

and p05F3. The last ingredient is the axial vector curre
~expanded up to the first derivative! expressed as function o
the Goldstone bosons:

j 5
m a52

F

A2
]mFa. ~2.26!

One pole saturation of the 3 point function anomalous a
plitude @28#, when compared with the underlying anomalo
variation in Eq.~2.17! leads straightforwardly to the resu
for C in Eq. ~2.21!.

One can also fix the Wess-Zumino coefficient by mat
ing at the effective Lagrangian level the anomalous variat
for the left or right currents associated with the non-Abel

2For the reader’s convenience we provide the rules for pa
transformation,

AL,R~xW!↔AR,L~2xW!, U~xW!↔U21~2xW!,

a↔2b, d↔d, ~measure!↔2~measure!,

as well as for charge conjugation:

AL,R↔2AR,L
T , U↔UT, a↔bT.
11402
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This procedure seems to be the one adopted in Ref.@20#.

However in Ref.@20# the anomaly coefficient~which should
be the same for all of the currents, left and right! differs from
our canonical one by a factor 3. The reason is that the ph
cal pions~i.e., quasiparticle! are colorless and hence a fact
3 ~due to the color factor! should appear in the anomalou
coefficient.

More specifically, it seems to us, that in Ref.@20# the
anomalous equation for the left transforming currents~which
can be easily connected to ours! involving directly the physi-
cal photon field is not properly implemented. Indeed, as
have shown in Eq.~2.17! at the fundamental quark level, w
can simply relate the axial anomaly between the phys
photon Ã and A. This is due to the fact that we have
breaking of the gauge symmetries through the Higgs mec
nism.

The consequences of our result are two-fold. The firs
that the rate of thep0→g̃g̃ is augmented by an order o
magnitude (Nc

2) with respect to Ref.@20#. This fact can be
relevant for the physics of quark-type stars featuring a C
core.

The second is related to the solitonic~Skyrme! solutions
of the effective Lagrangian. In fact now we have the sa
winding number as for ordinary QCD and hence we get m
sive excitations, which after collective quantization, descr
spin half particles with the same quantum numbers of o
nary baryons. This is the actual realization of the Qua
Hadron continuity@6# advocated for the baryon-type sect
of the Color-superconductive phase.

To the previous Lagrangian one can still add the ex
Goldstone boson associated to theUV(1) symmetry breaking
without altering the previous discussion~see Ref.@18#!. One
can check that the global anomalies are correctly imp
mented by carefully gauging the Wess-Zumino term@26,27#
with respect to the flavor symmetries. Hence for the 3 fla
case too, the ’t Hooft global anomalies are matched at fin
~low and high! density.

In writing the Goldstone Lagrangian we have not yet co
sidered the breaking of Lorentz invariance at finite dens
Following Ref.@18# we note that the Goldstone bosons obe

y

3We differentiate here consistent anomaly from the covari
anomaly@29#. The two anomalies are related. In order to comp
directly the axial anomalous variation without using pole saturat
it is convenient to consider the anomalies in Bardeen’s form. Thi
achieved by subtracting from the Wess Zumino displayed in
~2.22! the actionGc5GWZ@U51;AL ,AR# @27#. The new action
term ~which clearly does not change thep0→gg process! reads

GWZ8 @U;AL ,AR#5GWZ@U;AL ,AR#2GWZ@1;AL ,AR#.
If we restrict to the electromagnetic variations one gets@27#

d~GWZ8 !5
30

2
e2CiE

M4
e5

3 Tr@ t3Q2#emnrsFmnFrs

52E
M4

e5
3]m j 5

m 3 ,

which leads again to the result forC obtained in the main text.
6-5
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CASALBUONI, DUAN, AND SANNINO PHYSICAL REVIEW D 63 114026
in medium, a linear dispersion relation of the typeE5vupW u,
whereE and upW u are, respectively, the energy and the m
mentum of the Goldstone bosons. We can simply include
Lorentz breaking by generalizing the effective Lagrang
~2.18! in the following way:

L5
F2

2
Tr@U̇U̇†2v2¹W U•¹W U†#. ~2.27!

Clearly by rescaling the vector coordinatesxW→xW /v we can
recast the previous Lagrangian in the Eq.~2.18! form.

An important feature is thata, being a differential form,
is unaffected by coordinate rescaling~actually topological
terms being independent on the metric are unaffected by
dium effects!, and hence the Wess-Zumino term is not mo
fied at finite matter density. Because of the breaking of
baryon number the final global symmetry group in the sup
conductive phase differs from the ordinary Goldstone pha

III. ELECTROWEAK FOR 3 FLAVORS
AT HIGH MATTER DENSITY

Next we extend the previous effective Lagrangian by
corporating the electroweak intermediate vector meson
external fields. We adopt a standard procedure which
been often employed in literature. An example is the eff
tive Lagrangian theories used to describe a strong e
troweak sector ~technicolorlike theories! @30#. A more
closely related example is the description of radiative a
weak processes for low energy QCD at zero temperature
matter density in the framework of chiral perturbation theo
@31#.

According to this procedure we need to partially gau
the flavor subgroup by generalizing the effective Lagrang
in the following way4:

DU5]U2 i
g

A2
@W1t11W2t2#U2 i

g

cosuW
Z0

3†t3U2sin2 uW@Q,U#‡2 ieA @Q,U#

5]U2 i
g

A2
@W1t11W2t2#U2 i

g

cosuW
Z0

3†t3U2sin2 uW@Q,U#‡2 i ẽ Ã @Q,U#

2 i ẽ tanuG̃8 @Q,U#, ~3.1!

whereuW is the electroweak angle and

4A word of caution is needed when describing nonleptonic we
decays. In this case we expect, as for the zero density case, th
strong interactions may affect the electroweak processes. Now
can first integrate out the heavy electroweak intermediate ve
meson fields by constructing a new~weak! effective Lagrangian
@31#. The price to pay for this way is the proliferation of unknow
coefficients.
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t15S 0 1 0

0 0 0

0 0 0
D , t25S 0 0 0

1 0 0

0 0 0
D ,

t35
1

2 S 1 0 0

0 21 0

0 0 21
D . ~3.2!

The last two terms in Eq.~3.1! describe the, non anoma
lous, interaction of the Goldstone bosons with, respective
the physical massless photon and the physical massive gl

In the present framework theSUL(2) subgroup of the
SUL(3) flavor group is completed gauged. At the quark lev
this allows us to describe the weak interactions for the
and down quarks in medium. Indeed it is easy to recogn
that the upper bidimensional sub-blocks of the matric
given in Eq.~3.2! are the standardSUL(2) generators. For
the strange quark we considered just the diagonal inte
tions, conveniently encoded in the last line of the matrixt3.
This is because the charm quark is not included in the
energy Lagrangian we are considering. Clearlyẽ5e cosu is
the finite density new electric charge.

As for dilute QCD, whenU is evaluated on the vev we
have a contribution to the masses of theW andZ that we do
not consider@31#. We also expect a nonzero mixing amon
the gluons and the weak gauge bosons, which will be
plored in more detail for the 2 flavor case and that will
shown to be small. One can study this mixing, in more det
for the 3 flavor case by generalizing the covariant derivat
in Eq. ~2.3! for the L/R fields.

For the massive quark case, we have to include
Cabibbo-Kobayashi-Maskawa mixing angles. However it
straightforward to generalize the previous expression to c
tain the mixing angles.5

We finally observe that the electroweak physics for 3 fl
vors at high matter density is similar to the zero density QC
except for a new photon electric charge@31# and the explicit
presence of a massive gluon. The latter couples to the G
stone bosons via the standard charge operatorQ.

IV. REVIEW OF THE 2 FLAVOR LOW ENERGY
EFFECTIVE THEORY

QCD with 2 flavors has gauge symmetrySUc(3) and
global symmetry

SUL~2!3SUR~2!3UV~1!. ~4.1!

At very low baryon density it is reasonable to expect that
confined Goldstone phase persists. However at very h

k
the
ne
or

5For examplet1 now becomes

t15S0 Vud Vus

0 0 0

0 0 0
D ~3.3!

with V mixing angles~see Ref.@31#!.
6-6
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density, it is seen, via dynamical calculations@1,2#, that the
ordinary Goldstone phase is no longer favored compa
with a superconductive one associated with the follow
type of diquark condensates:

^L†a&;^eabce i j qLb,i
a qLc, j ;a&,

^R†a&;2^eabce i j qRb,i ;ȧqRc, j
ȧ &, ~4.2!

qLc,i ;a ,qRc,i
ȧ are, respectively, the two component left a

right spinors.a,ȧ51,2 are spin indices,c51,2,3 stands for
color while i 51,2 represents the flavor. If parity is not br
ken spontaneously, we have

^La&5^Ra&5 f da
3 , ~4.3!

where we choose the condensate to be in the 3rd directio
color. The order parameters are singlets under
SUL(2)3SUR(2) flavor transformations while possessin
baryon charge2

3 . The VEV leaves invariant the following
symmetry group:

@SUc~2!#3SUL~2!3SUR~2!3ŨV~1!, ~4.4!

where @SUc(2)# is the unbroken part of the gauge grou
The ŨV(1) generatorB̃ is the following linear combination
of the previousUV(1) generatorB5 1

3 diag(1,1,1) and the
broken diagonal generator of theSUc(3) gauge group6 T8

5(1/2A3) diag(1,1,22):

B̃5B2
2A3

3
T8. ~4.5!

The quarks with color 1 and 2 are neutral underB̃ and con-
sequently the condensate too.7 The superconductive phas
for Nf52 possesses the same global symmetry group of
confined Wigner-Weyl phase@11#.

The dynamics of the Goldstone bosons can be efficie
encoded in a nonlinear realization framework as presente
Ref. @17#. In this framework the relevant coset space isG/H
with G5SUc(3)3UV(1) and H5SUc(2)3ŨV(1) is pa-
rametrized by@17#

V5exp~ i j iXi !, ~4.6!

where$Xi% i 51, . . . ,5belong to the coset spaceG/H and
are taken to beXi5Ti 13 for i 51, . . . ,4while

X55B1
A3

3
T85diagS 1

2
,
1

2
,0D . ~4.7!

Ta are the standard generators ofSU(3). Thecoordinates

6Nota Bene: for two flavors we keep the standard definition for
color generators.

7B̃ is A2S̃ of Ref. @17#.
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P i

f
i 51,2,3,4, j55

P5

f̃
, ~4.8!

via P describe the Goldstone bosons. The VEVsf and f̃ are
expected, when considering asymptotically high densi
@7#, to be proportional tom.

V transforms nonlinearly:

V~j!→uV gV~j!h†~j,g,u!hṼ
†
~j,g,u!, ~4.9!

with

uVPUV~1!, gPSUc~3!, h~j,g,u!PSUc~2!,

hṼ~j,g,u!PŨV~1!. ~4.10!

The linear realizations are related via@17#

Va5
La1Ra

A2
5A2 f ei (P5/ f̃ ) V 21

a
3 . ~4.11!

The Va field explicitly describes the VEV properties and,
expected, transforms under the underlying gauge transfor
tions as a diquark.

It is convenient to define the Hermitian~algebra valued!
Maurer-Cartan one-form

vm5 iV †DmV with DmV5~]m2 igsGm!V, ~4.12!

with gluon fieldsGm5Gm
mTm while gs is the strong coupling

constant.v transforms as

vm→h~j,g,u!vmh†~j,g,u!1 i h~j,g,u!]mh†~j,g,u!

1 i hṼ~j,g,u!]mhṼ
†
~j,g,u!. ~4.13!

Following Ref.@17# we decomposevm into

vm
i 52Sa Tr@Savm# and vm

'52Xi Tr@Xivm#, ~4.14!

where Sa are the unbroken generators ofH with S1,2,3

5T1,2,3, S45B̃ /A2. Summation over repeated indices is a
sumed.

The most generic two derivative kinetic Lagrangian
@17#

L5 f 2a1 Tr@ vm
'vm' #1 f 2a2 Tr@ vm

' #Tr@ vm' #,
~4.15!

The presence of a double trace term is due to the absenc
the traceless condition for the broken generatorX5 and it
emerges naturally in the nonlinear realization framework
the same order~in derivative expansion! with respect to the
single trace term. This is not the case for the linearly realiz
effective Lagrangian@32,33#.

We now introduce thein medium fermions.Following
Ref. @17# we define

c̃5V †c, ~4.16!

e

6-7
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transforming asc̃→hṼ(j,g,u)h(j,g,u)c̃ and c possesses
an ordinary quark transformations~as Dirac spinor!. This
construction mimics the heavy quark effective formalis
@34#.

The whole@17# nonlinearly realized effective Lagrangia
describing in medium fermions, gluons, and their self int
actions, up to two derivatives is

L5 f 2a1 Tr@ vm
'vm' #1 f 2a2 Tr@ vm

' #Tr@ vm' #1b1c̄̃ igm

3~]m2 ivm
i !c̃1b2c̄̃gmvm

'c̃1mM c̄̃ i
Cg5~ iT2!c̃ j«

i j

1H.c., ~4.17!

wherec̃C5 ig2c̃* , i , j 51,2 are flavor indices and

T25S25
1

2 S s2 0

0 0D . ~4.18!

a1 , a2 , b1, and b2 are real coefficients whilemM is com-
plex. For later convenience, it is convenient, to express
third and fourth terms as

b1c̄̃ igm~]m2 ivm!c̃1~b22b1!c̄̃gmvm
'c̃

5b1c̄ igmDmc1~b22b1!c̄̃gmvm
'c̃. ~4.19!

From the last two terms, representing a Majorana m
term for the quarks, we deduce that the massless degre
freedom are theca53,i which possess the correct quantu
numbers to match the ’t Hooft anomaly conditions@11#. To
the previous general effective Lagrangian we should also
the SU(2) gluon kinetic term.

Following Ref.@18# the breaking of Lorentz invariance t
the O(3) subgroup can easily be taken into account by p
viding different coefficients to the temporal and spatial in
ces of the Lagrangian: i.e.,

L5 f 2a1 Tr@ v0
'v0

'2a1vW 'vW ' #1 f 2a2†Tr@ v0
' #Tr@ v0

' #

2a2Tr@ vW ' #Tr@ vW ' #‡1b1c̄̃ i @g0~]02 iv0
i !

1b1gW •~¹W 2 ivW i!#c̃1b2c̄̃@g0v0
'1b2gW •vW '#c̃

1mM c̄̃cg5~ iT2!c̃1H.c., ~4.20!

where the new coefficientsas andbs encode the effective
breaking of Lorentz invariance and the flavor indices
omitted.

V. ELECTROWEAK INTERACTIONS IN MATTER

To construct the low-energy effective theory for the ele
troweak sector we need to gauge the weak isospin as we
the hypercharge sector and finally identify the correct ma
less as well massive eigenstates. We identify theSUL(2)
generatorstL

i 5sL
i /2 with i 51,2,3 ands i the standard Pau

li’s matrices as the weak generators. The hypercharge i
full generality,Y5tR

31(B2L)/2 with L the lepton number
11402
-

e

ss
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dd

-
-

e

-
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while tR labels theSUR(2) generators. Quarks and lepton
have standard charges, in particularB51/3 for quarks.

We need to generalize the one formvm5 iV †DmV by
introducing the new covariant derivative

DmV5~]m2 igsGm2 ig8Y Bm
y !V

5S ]m2 igsGm2 ig8
B

2
Bm

y DV. ~5.1!

Bm
y is the standard hypercharge gauge field. Neglecting,

the moment, the breaking of Lorentz invariance and sub
tuting Eq.~5.1! in Eq. ~4.15! we have the following quadratic
terms:

a1gs
2 f 2

2 (
i 54

7

Gm
i Gim1~a112a2!

f 2

2 F gs

A3
Gm

8 1
g8

3
Bm

y G 2

.

~5.2!

We now rewrite the previous terms using the electrowe
eigenstates associated with the photon fieldAm and the neu-
tral massive vector bosonZm

0 .

Bm
y 5cosuWAm2sinuWZm

0 , ~5.3!

with uW the standard electroweak angle. Focusing only
the second term in Eq.~5.2! one has

~a112a2!
f 2

2 H F gs

A3
G81

e

3
AG 2

2
2

3
e tanuWZ0

3F gs

A3
G81

e

3
AG1tan2 uW

e2

9
Z02J , ~5.4!

where e5g8cosuW is the standard electric charge and f
simplicity we have dropped the Lorentz indices. To this te
we have to add the electroweak quadratic mass term forZ0

1

2
mZ

2Z02. ~5.5!

The new massless eigenstate is interpreted as the, in
dium, photon and is given by

Ãm5cosuQAm2sinuQGm
8 , ~5.6!

with

cosuQ5A3
gs

A3gs
21e2

, sinuQ5
e

A3gs
21e2

. ~5.7!

The massive state orthogonal toÃm is

G̃m
8 5cosuQGm

8 1sinuQAm . ~5.8!

Using the new base, the complete tree level quadratic t
involving G̃8 andZ0 is
6-8
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~a112a2!
f 2

18
$~3gs

21e2!G̃8222 e tanuWZ0G̃8A3gs
21e2

1tan2 uW e2 Z02%1
mZ

2

2
Z02. ~5.9!

By diagonalizing the previous matrix we have the new m
sive eigenstates

Ĝm
8 5cosuMG̃m

8 1sinuMZm
0 ,

Z̃m
0 5cosuMZm

0 2sinuMG̃m
8 , ~5.10!

with

tan 2uM5
2 f 2 tanuW ~a112a2!A3gs

21e2

~a112a2! f 2@ tan2 uWe22~3gs
21e2!#19mZ

2

'
2 f 2 tanuW

9mZ
2 ~a112a2!A3gs

21e2, ~5.11!

where in the last step we have considered the physical l
mZ

2@ f 2. In the same limit, as expected,G̃8 and Z0 do not
mix much and we can use them as physical eigenstates

Having identified the correct physical eigenvalues a
eigenvectors we are now ready to consider the Lagran
for the quarks. The relevant Lagrangian terms are

b1c̄ igmDmc1~b22b1!c̄̃gmvm
'c̃, ~5.12!

where we generalize the covariant derivative to describe
weak interactions in the following way:

Dm5]m2 i
g

A2
@Wm

1tL
1311Wm

2tL
231#2 i

g

cosuW
Zm

0

3@tL
3312sinuW

2 Q31#2 ieAmQ312 igs (
m51

8

Gm
m1

3Tm. ~5.13!

We adopted a notation similar to the one used in the 3 fla
case; i.e., flavor2323 color333. We also have

Q5t31
B2L

2
, ~5.14!

with t5tL1tR . Considering the gluon-photon mixing w
have

Dm5•••2 i ẽÃmQ̃2 i
gs

cosuQ
G̃m

8 @cosuQ
2 13T8

1A3sinuQ
2 Q31#, ~5.15!

where the ellipses represent the terms unchanged in
~5.13!. ẽ is the new electric charge
11402
-

it

d
n

e

r

q.

ẽ5e cosuQ , ~5.16!

andQ̃ is the new electric charge operator associated with
field Ãm :

Q̃5t3311
B̃2L

2
5Q312

1

A3
13T8. ~5.17!

The quarks that acquires a mass term~i.e., the ones in the
color direction one and two! have half integer charges unde
Q̃ while the massless quarks~the ones in direction three o
color! have the ordinary proton and neutron charges in u
of ẽ.

To leading order the term containingv', in Eq. ~5.12!,
does not involve any electric interaction but it does affect
neutral weak currents. Expanding aroundV51 one gets

~b22b1!c̄gmS gs (
m54

7

Gm
mTm1

gs

A3cosuQ

G̃m
8 X5

2
g

3

sinuW
2

cosuW
Zm

0 X5D c1•••, ~5.18!

where the ellipses stand for terms involving higher terms
the expansion ofV. The neutral weak current is directly a
fected by finite density effects even when neglecting
small physical mixing between the eighth gluonG̃8 andZ0.
We also observe that the modified electroweak coupling o
emerges for quarks with color indices 1 and 2, sinceX5

5 1
2 diag(1,1,0). The new term does not affect the lig

quarks with color index 3. In particular this effect depen
crucially upon the unknown ratio:(b22b1)/b1, and depends
on m. The full modified quark coupling to the neutral wea
current is now

b1

g

cosuW
Zm

0 c̄gmFTL
32sinuW

2 Q2
b22b1

3 b1
sinuW

2

3~B1Q2Q̃!Gc, ~5.19!

where we used Eq.~5.17! andX55B1Q2Q̃.
The modification of the neutral current coupling to th

quarks at high matter density constitutes our main result
the 2 flavor case. We can point immediately to relevant p
nomenological consequences of our result. The cooling
tory of compact objects, like for instance the ones genera
as remnant~proto-star! of a Supernova explosion@21#, is
heavily related to the neutrino physics. The neutrino tra
parency of a given star@21# can significantly modify the
cooling history and is associated with the mean free path
a neutrino in the star. Indeed for ordinary neutron stars@21#
the mean free path is strongly affected by the neutron-n scat-
tering reaction due to the presence of neutral currents.
2SC star we then expect the quark-n scattering to play an
equally important role and its modification with respect
the zero density case to be dictated by the new weak c
6-9
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pling of Eq. ~5.19!. Finally, on general grounds, we hav
shown that a direct phenomenological evidence for color
perconductivity can be, in principle, found by studying t
neutral weak interactions associated with a given high ma
density physical system.

VI. CONCLUSIONS

We investigated the electroweak interactions for the
evant color superconductivity phases. More specifically
included the QED interactions at the effective Lagrang
level for the three flavor case at high density developed
Ref. @18#. We identified the physical photon and provided t
Wess-Zumino term needed for describing thep0→gg inter-
action in medium.

We found, as main result for the 3 flavor case, that at h
matter density the quasiparticle Goldstone bosonp0 decay
into two physical massless photons is identical to the z
density case once we replace the electric charge with
modified chargeẽ5e cosu and also use the new decay co
stant. This result is consistent with the underlying glob
anomaly constraints at finite density@11,14#. However it dif-
fers from the conclusions drawn in Ref.@20#. We finally
extended the effective Lagrangian to include the weak in
actions.

For the 2 flavor case we constructed the effective
grangian theory containing the proper electroweak theo
We, first, identified the physical photon. We have also d
.

su
ki

m
.
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covered that our Lagrangian not only correctly yields t
physical eigenstates for the photon and the eight gluon
also predicts thatZ0 has a modified coupling to the quark
~in the direction 1 and 2 of color! with respect to the zero
density case. The physical effect is not suppressed with
spect to zero density weak processes. The effect, whic
our main result for the 2 flavor case, is not suppressed w
respect to the zero density weak processes. On gen
grounds we expect this result to affect the quark stars~with a
2SC component! cooling processes@21# via neutrino emis-
sion. The neutrino transparency question is indeed dire
related to the mean free path of a neutrino in a compact s
In neutron stars@21# the mean free path is known to b
significantly affected by the neutron-n scattering reaction
due to neutral currents. Likewise in a 2SC star the quarn
scattering will play a relevant role with the new weak co
pling displayed in Eq.~5.19!. Clearly a dynamical computa
tion of the quantity (b22b1)/b1, although beyond the goa
of this paper, might be very interesting.
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