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Exploring neutrino oscillations with superbeams
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We consider the medium- and long-baseline oscillation physics capabilities of intense muon-neutrino and
muon-antineutrino beams produced using future upgraded megawatt-scale high-energy proton beams. In par-
ticular we consider the potential of these conventional neutrino ‘‘superbeams’’ for observingnm→ne oscilla-
tions, determining the hierarchy of neutrino mass eigenstates, and measuringCP violation in the lepton sector.
The physics capabilities of superbeams are explored as a function of the beam energy, baseline, and the
detector parameters~fiducial mass, background rates, and systematic uncertainties on the backgrounds!. The
trade-offs between very large detectors with poor background rejection and smaller detectors with excellent
background rejection are illustrated. We find that, with an aggressive set of detector parameters, it may be
possible to observenm→ne oscillations with a superbeam provided that the amplitude parameter sin22u13 is
larger than a few31023. If sin22u13 is of order 1022 or larger, then the neutrino mass hierarchy can be
determined in long-baseline experiments, and if in addition the large mixing angle MSW solution describes the
solar neutrino deficit, then there is a small region of parameter space within which maximalCP violation in the
lepton sector would be observable~with a significance of a few standard deviations! in a low-energy medium-
baseline experiment. We illustrate our results by explicitly considering massive water Cherenkov and liquid
argon detectors at superbeams with neutrino energies ranging from 1 GeV to 15 GeV, and baselines ranging
from 295 km to 9300 km. Finally, we compare the oscillation physics prospects at superbeams with the
corresponding prospects at neutrino factories. The sensitivity at a neutrino factory toCP violation and the
neutrino mass hierarchy extends to values of the amplitude parameter sin22u13 that are one to two orders of
magnitude lower than at a superbeam.
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I. INTRODUCTION

Measurements@1,2# of the neutrino flux produced by cos
mic ray interactions in the atmosphere@3# have led to a ma-
jor breakthrough in our understanding of the fundamen
properties of neutrinos. The early observations of the atm
spheric neutrino interaction rates found a muon-to-elect
event ratio of about 0.6 times the expected ratio. Thism/e
anomaly was interpreted@4# as evidence for neutrino osci
lations with a large amplitude and neutrino mass-squa
differencedmatm

2 ;1022 eV2. Continued experimental stud
ies @1,2#, especially by the SuperKamiokande~SuperK! Col-
laboration, have firmly established that the deviation of
m/e ratio from expectation is due to a deficit of muon even
This muon deficit increases with zenith angle, and he
with path length, and is consistent with expectations
muon-neutrino oscillations to some other neutrino flavor
flavors (nm→nx) with maximal or near-maximal amplitud
and dmatm

2 .3.531023 eV2. In principle nx could be ne

~electron-neutrino!, nt ~tau-neutrino!, or ns ~sterile neutrino!
@5#. However, the observedne flux is in approximate agree
ment with the predictedne flux for all zenith angles@1#,
which rules outnm→ne oscillations with large amplitude
The null results from the CHOOZ and Palo Verde reactorn̄e

disappearance experiments@6# also excluden̄e→ n̄m oscilla-
0556-2821/2001/63~11!/113011~24!/$20.00 63 1130
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tions at a mass-squared-difference scale.1023 eV2 with
amplitude.0.1. Furthermore, large amplitudenm→ns oscil-
lations at thedmatm

2 scale are also excluded by SuperK. Th
is becausenm→ns oscillations are expected to be signifi
cantly affected by propagation through matter@7,8#, causing
a distortion in the zenith-angle distribution at large ang
~corresponding to long path lengths! that is not present in the
data @9#. The zenith-angle distribution observed by Supe
excludesnm→ns oscillations of maximal amplitude at 99%
confidence level@9#. We conclude that, if the oscillation in
terpretation of the atmospheric neutrino deficit is correct,
dominant mode must benm→nt oscillation, with the possi-
bility of some smaller amplitude muon-neutrino oscillatio
to sterile and/or electron-neutrinos@10#.

An exotic alternative interpretation@11# of the atmo-
spheric neutrino disappearance results is that a neutrino m
eigenstate, which is a dominant component of thenm state,
decays to a lighter mass-eigenstate and a Majoron@12#. The
first oscillation minimum innm→nm must be observed o
excluded to differentiate neutrino oscillations from neutri
decays. Unfortunately, the SuperK neutrino-energy a
angular-resolution functions smear out the characteristicnm
event rate dip that would correspond to the first oscillat
minimum, which cannot therefore be resolved.

Progress in establishing neutrino oscillations at the atm
©2001 The American Physical Society11-1
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spheric scale is expected in the near future at acceler
neutrino sources with detectors at medium to long baseli
The K2K experiment, from KEK to SuperK@13#, with a
baseline L5250 km and average neutrino energy^En&
51.4 GeV, is underway. Their preliminary results are in e
cellent agreement with the oscillation expectations~27
events are observed, whereas 27 events would be expe
with oscillations and 40 events for no oscillations@13#!. The
MINOS experiment from Fermilab to Soudan@14# with L
5730 km and^En&53.5 GeV, which begins operation i
2003, is expected to resolve the first oscillation minimum
nm↔nm and to search fornm↔ne oscillations at thedmatm

2

scale with an amplitude sensitivity of 1022. Beginning in
2005, similar physics measurements will be made by
ICARUS @15# and OPERA@16# experiments with neutrinos
of average energŷEn&.20 GeV from CERN detected a
L.730 km in the Gran Sasso laboratory.

In addition to the atmospheric neutrino deficit, there a
other possible indications of neutrino oscillations. In partic
lar, the long-standing deficit of solar neutrinos@17–20# com-
pared to the standard solar model~SSM! predictions@21# is
widely interpreted as an oscillation depletion of thene flux.
Note that helioseismology and other solar observations s
gently limit uncertainties in the central temperature of t
sun and other solar model parameters@22#. The ne deficit
relative to prediction is about one-half for the water Cher
kov @18,19# and gallium experiments@20#, with the chlorine
experiment@17# finding a suppression of about one-thir
The latest solar neutrino results from SuperK show an e
tron recoil spectrum that is flat in energy, and exhibits
significant day-night or seasonal variation@23#.

An industry has developed to extract the allowed ran
of dmsolar

2 andne mixing angles that can account for the so
neutrino data. The analyses take account of the coherent
tering of ne on matter@7#, both in the Sun~the MSW effect
@24#! and in the Earth@25#. These matter effects can mak
significant modifications to vacuum oscillation amplitude
Until recently, four viable regions of the parameter spa
were found in global fits to the data:

~i! LMA—large mixing angle with small matter effect
(dmsolar

2 '1025–1024 eV2),
~ii ! SMA—small mixing angle with large matter effec

(dmsolar
2 '1025 eV2),

~iii ! LOW—large-angle mixing with quasi-vacuum amp
tude (dmsolar

2 '1027 eV2),
~iv! VO—large-angle vacuum mixing with small matte

effects (dmsolar
2 '10210eV2).

The latest global solar neutrino analysis by the Supe
Collaboration@23# strongly favors solarne oscillations to
active neutrinos (nm and/ornt) in the LMA region. A very
small area in the LOW region is also allowed at 99% C.
while the SMA and VO regions are rejected at 99% C
However, other global analyses disagree that the latter
gions are excluded@26#. Moreover,ne→ns solar oscillations
may also still be viable@27,28#. The relative weighting of
different experiments~e.g. inclusion or exclusion of the C
data! and whether the8B flux is held fixed at its SSM value
or allowed to float in the global fits presumably account
11301
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part for the differences in conclusions. It is expected that
KamLAND reactor experiment@29# will be able to measure
udm21

2 u to 610% accuracy and sin22u12 to 60.1 accuracy
@30# if the LMA solar solution is correct.

Finally, the Liquid Scintillation Neutrino Detecto
~LSND! accelerator experiment@31# reports evidence for

possible n̄m→ n̄e and nm→ne oscillations with very small
amplitude anddmLSND

2 '1 eV2. If, in addition to the LSND
observations, the atmospheric and solar effects are also t
explained by oscillations, then three distinctdm2 scales are
needed, requiring a sterile neutrino in addition to the th
active neutrino flavors@5,10,27,28#. The MiniBooNE experi-
ment at Fermilab@32# is designed to cover the full region o
oscillation parameters indicated by LSND.

The principal goals of our analyses are to examine
relative merits of different neutrino ‘‘superbeam’’ scenario
where we define a neutrino superbeam as a conventi
neutrino beam generated byp6 decays, but using a very
intense megawatt-~MW-! scale proton source. In particula
we are interested in the physics reach in medium- and lo
baseline experiments with a neutrino superbeam, and
this reach depends upon the beam energy, baseline, an
parameters of the neutrino detector. As representative
amples we explicitly consider water Cherenkov, liquid arg
and iron scintillator detectors. However, we note that ther
room for new detector ideas, detector optimization, and p
sibly an associated detector research and development
gram. Therefore, results are presented that apply to any
tector for which the effective fiducial mass and backgrou
rates can be specified. Finally, we will discuss the role t
neutrino superbeams might play@33,34# en route to a neu-
trino factory @35,36#. Our calculations are performed withi
a three-neutrino oscillation framework with the paramet
chosen to describe the atmospheric neutrino deficit and
solar neutrino deficit assuming the LMA solution. Howeve
our considerations for long-baseline experiments are rele
even if there are additional short-baseline oscillation effe
associated with a fourth neutrino@37#.

The central objective of long-baseline neutrino oscillati
experiments is to determine the parameters of the neut
mixing matrix and the magnitudes and signs of the neutr
mass-squared differences; the signs fix the hierarchy of
neutrino mass eigenstates@38#. For three neutrinos
(ne ,nm ,nt) the mixing matrix relevant to oscillation phe
nomena can be specified by three angles (u23,u12,u13) and a
phased associated withCP violation @see Eq.~9! below#.
There are only two independent mass-squared differen
~e.g. dm32

2 and dm21
2 ) for three neutrinos. The muon

disappearance measurements at SuperK constrainu23;p/2
anddm32

2 ;331023 eV2. The other parameter that enters
the leadingdm32

2 oscillation scale isu13, and its measure-
ment requires the observation of neutrino appearance inne
→nm , nm→ne , or ne→nt oscillations.

In long-baseline experiments, ifu13 is nonzero, matter
effects @7,39,40# modify the probability for oscillations in-
volving ane or n̄e in a way that can be used to determine t
sign of dm32

2 @38,41–43#. Matter effects give apparentCP
violation, but this may be disentangled from intrins
1-2
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EXPLORING NEUTRINO OSCILLATIONS WITH SUPERBEAMS PHYSICAL REVIEW D63 113011
CP-violation effects@38,44–52# at optimally chosen base
lines. Matter can also modify the effects of intrinsicCP or T
violation @53#. Intrinsic CP violation may also be studied a
short baselines where matter effects are relatively sm
@54,55#. CP-violating effects enter only for values ofL/En

where oscillations associated with the subleadingdm21
2 be-

come significant@56,57#. The most challenging goal o
accelerator-based neutrino oscillation experiments is to
tect, or place stringent limits on,CP violation in the lepton
sector. We will address the extent to which this may be p
sible with conventional superbeams.

II. THREE-NEUTRINO FORMALISM

The flavor eigenstatesna (a5e,m,t) are related to the
mass eigenstatesn j ( j 51,2,3) in vacuum by

na5(
j

Ua jn j , ~1!

whereU is a unitary 333 mixing matrix. The propagation o
neutrinos through matter is described by the evolution eq
tion @7,58#

i
dna

dx
5(

b
S (

j
Ua jUb j*

mj
2

2En
1

A

2En
daedbeD nb , ~2!

where x5ct and A/2En is the amplitude for coherent for
ward charged-currentne scattering on electrons,

A52A2 GF Ye r En

51.5231024 eV23Ye r ~g/cm3!3En ~GeV!, ~3!

whereYe(x) is the electron fraction andr(x) is the matter
density. In the Earth’s crust the average density is typica
3–4 gm/cm3 andYe.0.5. The propagation equations can
re-expressed in terms of mass-squared differences:

i
dna

dx
5(

b

1

2En
~dm31

2 Ua3Ub3* 1dm21
2 Ua2Ub2* 1Adaedbe!,

~4!
11301
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wheredmjk
2 5mj

22mk
2 . We assumeudm21

2 u!udm32
2 u, and that

the sign ofdm32
2 can be either positive or negative, corr

sponding to the case where the most widely separated m
eignstate is either above or below, respectively, the other
mass eigenstates. Thus the sign ofdm32

2 determines the or-
dering of the neutrino masses. The evolution equations
be solved numerically taking into account the dependenc
the density on depth using the density profile from the p
liminary reference earth model@59#. We integrate the equa
tions numerically along the neutrino path using a Run
Kutta method. The step size at each point along the pat
taken to be 1% of the shortest oscillation wavelength giv
by the two scalesdm32

2 andA.
It is instructive to examine analytic expressions for t

vacuum probabilities. We introduce the notation

D jk[dmjk
2 L/4En51.27~dmjk

2 /eV2!~L/km!~GeV/En!.
~5!

The vacuum probabilities are then given by

P~na→nb!524 Re~Ua2Ua3* Ub2* Ub3!sin2D32

24 Re~Ua1Ua3* Ub1* Ub3!sin2D31

24 Re~Ua1Ua2* Ub1* Ub2!sin2D2162JS,

~6!

whereJ is theCP-violating invariant@60,61#,

J5Im~Ue2Ue3* Um2* Um3!, ~7!

andS is the associated dependence onL andEn ,

S5sin 2D211sin 2D322sin 2D31. ~8!

The mixing matrix can be specified by 3 mixing angl
(u32,u12,u13) and aCP-violating phase (d). We adopt the
parametrization
U5S c13c12 c13s12 s13e
2 id

2c23s122s13s23c12e
id c23c122s13s23s12e

id c13s23

s23s122s13c23c12e
id 2s23c122s13c23s12e

id c13c23
D , ~9!
where cjk[cosujk and sjk[sinujk . We can restrict the
angles to the first quadrant, 0<u i j <p/4, with d in the range
2p<d<p. In this parametrizationJ is given by

J5s13c13
2 s12c12s23c23sd5

1

8
sin 2u23sin 2u12sin 2u13c13sd.

~10!
For convenience we also define

K5s13c13
2 s12c12s23c23cd5

1

8
sin 2u23sin 2u12sin 2u13c13cd.

~11!

Then the vacuum appearance probabilities are given by
1-3
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P~nm→ne!5@s23
2 s12

2 sin22u1324K#sin2D321@s23
2 c12

2 sin22u1314K#sin2D31

1@c13
2 ~c23

2 2s13
2 s23

2 !sin22u1214K cos 2u12#sin2D2112JS, ~12!

P~nm→nt!5@c13
2 ~c12

2 2s12
2 s13

2 !sin22u2314K cosu23#sin2D32

1@c13
2 ~s12

2 2c12
2 s13

2 !sin22u2324K cosu23#sin2D31

12@sin22u23~s13
2 2s12

2 c12
2 ~11s13

2 !2!1s13
2 sin22u12~11sin22u23sd

2!

1sin 2u12cosu12sinu23cosu23s13cd~11s13
2 !#sin2D2122JS, ~13!

P~ne→nt!5@c23
2 s12

2 sin22u1314K#sin2D321@c23
2 c12

2 sin22u1324K#sin2D31

1@c13
2 ~s23

2 2s13
2 c23

2 !sin22u1224K cos 2u12#sin2D2112JS. ~14!
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The corresponding probabilitiesP( n̄a→ n̄b) can be obtained
by reversing the sign ofd in the above formulas~only theJS

term changes sign in each case!. The probabilities forn̄b

→ n̄a are the same as those forna→nb , assumingCPT
invariance. Tests ofCPT non-invariance are important@62–
64# but beyond the scope of the present analysis. TheD i j are
not independent, and can be expressed in terms ofDatm
[D32 andDsun[D21. ThenD315Datm1Dsun and

sin2D315sin2Datm1sin2Dsuncos 2Datm

1
1

2
sin 2Dsunsin2Datm , ~15!

S52~sin2Dsunsin2Datm

1sin 2Datmsin2Dsun!. ~16!

Since Eqs.~12!–~16! in their exact form are somewha
impenetrable, we make a few simplifying assumptions to
lustrate their typical consequences. First, it is advantage
in long-baseline experiments to operate at anL/En value
such that the leading oscillation is nearly maximal, i
Datm.p/2. Sincedmsun

2 !dmatm
2 , Dsun!1 and to a good

approximation we can ignore terms involving sin2Dsun. Also,
sinceu13 is already constrained by experiment to be sm
for the terms involvingDsun we retain only the leading term
in u13. Second, at the valueDatm.p/2 for which the leading
oscillation is best measured, sin2Datm.0. Even ifDatm is not
close top/2 for all neutrino energies in the beam, an av
aging over the energy spectrum will suppress sin2Datm if the
neutrinos at the middle of the spectrum haveDatm.p/2.
With the above approximations the vacuum oscillation pr
abilities simplify to

P~nm→ne!.sin2Datm~s23
2 sin22u1314Jsin2Dsun!,

~17!

P~nm→nt!.sin2Datm~sin22u2324Jsin2Dsun!,
~18!
11301
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P~ne→nt!.sin2Datm~c23
2 sin22u1314J sin 2Dsun!.

~19!

It is interesting to compare the relative sizes of the lead
CP-violating (CPV) and CP-conserving (CPC) terms in
the nm→ne oscillation probability:

CPV

CPC
.

4J sin 2Dsun

s23
2 sin22u13

.S sin 2u12sin2u23

2s23
2 D S Dsunsind

u13
D .

~20!

For the standard three-neutrino solution to the solar and
mospheric data with large-angle mixing in the solar sec
the first fraction on the right-hand side of Eq.~20! is of order
unity, and the relative size of theCPV term is

CPV

CPC
;

Dsunsind

u13
. ~21!

As an example, withdmsun
2 .131024 eV2 and L/En

.300 km/GeV,Dsun.0.04; then withd5p/2 and sin22u13
50.1 ~its maximum allowed value!, the CPV term is about
25% of theCPC term. Smaller values ofdm21

2 or sind de-
crease the ratio in Eq.~21!; smaller values ofu13 increase it.

While smaller values ofu13 give a larger relativeCPV
term, they will also reduce the overallnm→ne event rate
since theCPC term is proportional to sin22u13. The CPV
effect may be hard to measure if the event rate is low~due to
insufficient flux or a small detector!. Because the number o
CPC events is proportional to sin22u13, the statistical uncer-
tainty in theCPC event rate is proportional tou13 for small
u13 and Gaussian statistics. Since the number ofCPV events
is also proportional tou13, the size of theCPV signal rela-
tive to the statistical uncertainties does not decrease asu13
becomes smaller. Therefore,a priori it does not follow that
small u13 automatically makesCPV undetectable@65#.

On the other hand, even if the event rate is high enoug
overcome the statistical uncertainties on the signal, ba
grounds will limit the ability to measureCPV. Background
considerations place an effective lower bound on the val
of sin22u13 for which aCPV search can be made. This ca
1-4



is

r

re

e

tte
os
a

e

n
in
e

ar

it

ated

,

el

cil-

ical
m

o

ia-

-

r
e

all
ant
ion

ion
that
e

con-

se-

the

EXPLORING NEUTRINO OSCILLATIONS WITH SUPERBEAMS PHYSICAL REVIEW D63 113011
be quantified by noting that the ratio of the number ofCPV
eventsNCPV to the uncertainty due to the background
NCPV /Af BN0 ~assuming Gaussian statistics!, whereN0 is the
number of events without oscillations andf B is the back-
ground fraction.NCPV can be expressed as theCPV part of
the oscillation probability timesN0. Using the expression fo
the probability in Eq.~17!, it follows that a 3s CPV effect
in the nm→ne channel requires

sin22u13>
9

Dsun
2 sin2d

f B

N0
. ~22!

For d5p/2 and Dsun50.03, a typical experiment withf B
50.01 andN05104 can detectCPV for sin22u13>0.01. The
detailed calculations in Sec. V confirm this approximate
sult.

The preceding discussion applies only when the corr
tions due to matter are not large, generally whenL is small
compared to the Earth’s radius. Reference@54# gives ap-
proximate expressions for the probabilities when the ma
corrections are small but not negligible. However, the m
striking matter effects occur when the matter corrections
large and the expansions of Ref.@54# are no longer valid
~see, e.g., the plots of oscillation probabilities in matter giv
in Ref. @66#!.

Some of the qualitative properties of neutrino oscillatio
in matter can be determined by considering only the lead
oscillation and assuming a constant density. There is an
fective mixing angle in matter defined by

sin22u13
m 5

sin22u13

S A

dm2 2cos 2u13D 2

1sin22u13

, ~23!

whereA is given in Eq.~3!. The oscillation probabilities in
the leading oscillation approximation for constant density
@41,67#

P~nm→ne!5s23
2 sin22u13

msin2D32
m ,

P~nm→nt!5sin22u23@~sinu13
m !2sin2D21

m

1~cosu13
m !2sin2D31

m

2~sinu13
m cosu13

m !2sin2D32
m #,

P~ne→nt!5c23
2 sin22u13

msin2D32
m , ~24!

where the oscillation arguments are

D32
m 5DatmS, D31

m 5Datm

1

2 F11
A

dmatm
2

1SG ,

D21
m 5Datm

1

2 F11
A

dmatm
2

2SG , ~25!

and
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S[AS A

dmatm
2

2cos 2u13D 2

1sin22u13. ~26!

TheD21
m term inP(nm→nt) must be retained here because

is not necessarily negligible compared toD31
m , due to matter

effects. The expressions for antineutrinos may be gener
by changing the sign ofA.

In Eq. ~23! there is a resonant enhancement ofnm→ne

oscillations whenA.dmatm
2 cos 2u13 (A.2dmatm

2 cos2u13

for antineutrinos!. This occurs for neutrinos whendmatm
2

.0 and for antineutrinos whendmatm
2 ,0. On resonance

there is a suppression for antineutrinos~neutrinos! when
dmatm

2 .0 (dmatm
2 ,0). This enhancement of one chann

and suppression of the other then gives a fakeCP violation
due to matter effects.

In the event that the contribution of the sub-leading os
lation is not negligible, the trueCPV effects due tod also
enter, but they may be masked by matter effects. Numer
calculations@42# show that for distances larger than 2000 k
matter effects dominate the trueCPV for sin22u13.0.001
and vice versa for sin22u13,0.001.

As long as sin22u13 is not too small, one approach is t
haveL large enough so that the dominantCPV effect is from
matter and the sign ofdmatm

2 is clearly determinable; then
the trueCPV effect can be extracted by considering dev
tions from theCP-conserving predictions@42#. With largeL,
the neutrino energies must be high enough thatDatm.p/2
~e.g.,L;3000 km requiresEn;10 GeV!. An alternative ap-
proach is to have shortL where the matter effects are rela
tively small @54#; this usually requires a smallerEn to have
Datm of order p/2 ~e.g., L;300 km andEn;1 GeV!. We
will study both of these possibilities in this paper.

For sin22u13<0.001, the matter effect is similar in size o
smaller than the trueCPV effect, and it may not be possibl
to distinguish between large intrinsicCPV with very small
u13 from no intrinsicCPV with a moderate-sizedu13. Even
in experiments at short distances~where the matter effect is
small! the number of appearance events may be too sm
relative to the background to have a statistically signific
difference between the neutrino and antineutrino oscillat
probabilities. The existence of intrinsicCP violation may be
very difficult to determine in this case.

III. CONVENTIONAL NEUTRINO BEAMS

Conventional neutrino beams are produced using a p
decay channel. If the pions are charge-sign selected so
only positive~negative! particles are within the channel, th
pion decaysp1→m1nm (p2→m2n̄m) will produce a beam
of muon neutrinos~antineutrinos!. The beams will also con-
tain small components ofne and n̄e from kaon and muon
decays. For a positive beam, the dominant decays that
tribute to the ne component areK1→p0e1ne and m1

→e1nen̄m . If the pion beam has not been charge-sign
lected there will also be a contribution fromKL

0→p6e7ne

decays. Thene1 n̄e ‘‘contamination’’ can be minimized us-
ing beam optics that disfavor decays occurring close to
1-5
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target@note:t(K6);0.5t(p6)], and choosing a short deca
channel to reduce the contribution from muon decays. Th
strategies enhance the flavor purity of the beam, but red
the beam flux. Depending on the beamline design, the re

ing ne1 n̄e contamination is typically at the few parts in 10
to a few parts in 1000 level. The intrinsicne component in
the beam produces a background that must be subtracted
nm→ne oscillation search. Ultimately, the systematic unc
tainty associated with the background subtraction will d
grade the sensitivity of the oscillation measurement.

To maximize the neutrino flux in the forward direction
is desirable that the pion beam divergence is small within
decay channel. The required radial focusing can be provi
by a quadrupole channel and/or magnetic horns. The be
line optics ~dipoles, horns, and quadrupoles! determine the
peak pion energy and energy spread within the decay c
nel, and hence determine the neutrino spectrum. If the op
are designed to accept a large pion momentum spread
resulting wide band beam~WBB! will contain a large neu-
trino flux with a broad energy spectrum. If the optics a
designed to accept a smaller pion momentum spread,
resulting narrow band beam~NBB! will have a narrower
energy spread, but a smaller flux.

Detectors and backgrounds

We are primarily interested in searching for, and meas
ing, nm→ne and n̄m→ n̄e oscillations. The experimental sig
nature for these oscillation modes is the appearance o
energetic electron or positron in a charged-current~CC!
event. The electron must be separated from the hadr
remnants produced by the fragmenting nucleon. Ba
grounds can arise from~i! energetic neutral pions that ar
produced in neutral-current~NC! interactions, and subse
quently fake a prompt-electron signature,~ii ! energetic neu-
tral pions that are produced in CC interactions in which
muon is undetected, and thep0 fakes an electron,~iii ! charm
production and semileptonic decay, and~iv! nm→nt oscilla-
tions followed by decay of the tau-lepton to an electro
Backgrounds~iii ! and ~iv! can be suppressed using a low
energy neutrino beam.

Background~i! is potentially the most dangerous sin
leadingp0 production in NC events is not uncommon. I
deed, in a recent study@68,69# using a low energynm beam
it has been shown that in a water Cherenkov detector~e.g.
SuperK! it is difficult to reduce this background to a lev
below O(3%) of the CCrate. A liquid argon detector is
believed to provide much betterp0-electron discrimination,
and will perhaps enable thep0 background to be reduced t
O(0.1%) of the CC rate@70#. Based on these consideratio
there are two different detector strategies. We can choo
water Cherenkov detector, enabling us to maximize the
tector mass, and hence the event statistics, but obliging u
tolerate a significant background fromp0 production in NC
events. Alternatively, we can choose a detector technol
that highly suppresses thep0 background, but this will
oblige us to use a smaller fiducial mass, and hence lo
event statistics.
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For a given choice of beamline design, baseline, and

tector parameters, the experimentalnm→ne andn̄m→ n̄e sen-
sitivities can be calculated. It is useful to define some rep
sentative scenarios, characterized by~a! the parameters o
the primary proton beam incident on the pion producti
target,~b! the data sample sizeD ~kt yr!, defined as the prod
uct of the detector fiducial mass, the efficiency of the sig
selection requirements, and the number of years of data
ing, ~c! the background fractionf B defined as the back
ground rate divided by the CC rate for events that survive
signal selection requirements, and~d! the fractional system-
atic uncertaintys f B

/ f B on the predictedf B .

We will consider neutrino superbeams that can be p
duced with MW-scale proton beams at low energy (En;1
GeV! at the proposed Japan Hadron Facility~JHF! and at
high energy (En>3 GeV! at laboratories with high-energ
proton drivers that might be upgraded to produce these
perbeams~BNL, CERN, DESY, and Fermilab!. For the sake
of definiteness, in the following we will restrict our consid
erations to two explicit MW-scale primary proton beam
First, we will consider the 0.77 MW beam at the 50 Ge
proton synchrotron of the proposed JHF, and a 4 MW up-
grade which we refer to as SJHF~Superbeam JHF!. Second,
we consider a 1.6 MW proton driver upgrade that is und
study at Fermilab. With this new proton driver, and mod
upgrades to the 120 GeV Fermilab Main Injector~MI !, it is
possible to increase the beam current within the MI by
factor of 4, and hence increase the intensity of the Nu
beam by a factor of 4, which we refer to as SNuMI~Super-
beam NuMI!. Higher beam intensities are precluded
space-charge limitations in the MI@71#. For both the SJHF
and SNuMI cases we will assume a run plan in which ther
3 years of data taking with a neutrino beam followed by
years of data taking with an antineutrino beam. In princip
the high-energy superbeams could be produced at any o
present laboratories with high-energy proton drivers.

We define three aggressive detector scenarios, which
summarized in Table I:

Scenario A, which might be realized with a liquid argo
detector. We choose a 30 kt fiducial mass, which has b
considered previously for a neutrino factory detector. W
assume tight selection requirements are used to suppres
p0 background, and take the signal efficiency to be 0.5. T
will result in D545 kt yr for neutrino running and 90 kt y
for antineutrino running. We assume that backgrounds fr
p0 events contribute 0.001 tof B @72#, and thene contami-
nation in the beam contributes 0.003 tof B in neutrino run-
ning, and 0.005 tof B in antineutrino running. We neglect a
other backgrounds. Hence,f B50.004 ~0.006! for neutrino
~antineutrino! running. Finally, we will assume that we know
the background rate with a precision of 10% (s f B

/ f B50.1).
Scenario F, which might be realized with a fine-grain iro

sampling calorimeter. We choose a 10 kt fiducial ma
which is a factor of 10 larger than the THESEUS detec
@73#. Since this fiducial mass is smaller than for the altern
tive scenarios we are considering, we will assume that
selection cuts are not tight, and that the selection efficienc
0.9. This will result inD527 kt yr for neutrino running and
1-6
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TABLE I. Parameters for scenariosA, F, andW discussed in the text. The scenarios assume 3 year
neutrino running and 6 years of antineutrino running. The data set sizesD and background fractionsf B are
defined for the event samples after the signal selection requirements have been applied.

ScenarioA ScenarioF ScenarioW
n n̄ n n̄ n n̄

Fiducial mass~kt! 30 30 10 10 220 220
D ~kt yr! 45 90 27 54 450 900
Backg. frac.f B 0.004 0.006 0.013 0.015 0.02 0.02
Backg. uncertaintys f B

/ f B 0.1 0.1 0.1 0.1 0.1 0.1
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54 kt yr for antineutrino running. We assume that bac
grounds fromp0 events contribute 0.01 tof B , and thene
contamination in the beam contributes 0.003 tof B in neu-
trino running, and 0.005 tof B in antineutrino running. We
neglect all other backgrounds. Hence,f B50.013~0.015! for
neutrino~antineutrino! running. Finally, we will assume tha
we know the background rate with a precision of 10
(s f B

/ f B50.1).
Scenario W, which might be realized for a low-energ

beam with a water Cherenkov detector. We choose a 22
fiducial mass, a factor of 10 larger than the SuperK detec
Guided by the study described in Ref.@68# we will assume
the selection requirements used to suppress thep0 back-
ground result in a signal efficiency of 0.68. This will result
D5450 kt yr for neutrino running and 900 kt yr for an
tineutrino running. We assume that backgrounds fromp0

events dominate, and setf B50.02. Note that a detailed de
tector simulation has obtainedf B50.03 for a water Cheren
kov detector at a low energy NBB at the JHF@68#. With
further optimization the choicef B50.02 might therefore be
realizable at low energy, but for higher energy (.1 GeV!
neutrino beams the rejection against thep0 background is
expected to be much worse. Hence, a new detector tech
ogy might be required for this scenario to make sense at h
energies. Finally, we will assume that we know the ba
ground rate with a precision of 10% (s f B

/ f B50.1).
ScenariosA, F, and W are very aggressive, and may

may not be realizable in practice. In the following we w
explore the oscillation sensitivity as a function ofD, f B ,
s f B

/ f B , baseline, and neutrino beam energy. ScenarioF is
clearly inferior to scenarioA, which has largerD and smaller
f B . Therefore, in the following we will not discuss the sc
nario F physics potential in detail, but we will indicate th
scenarioF physics potential on several relevant figures. W
will use scenariosA andW extensively to illustrate the phys
ics potential of upgraded conventional neutrino beams,
facilitate a discussion of the challenges involved in prob
small values of sin22u13.

IV. sin22u13 REACH

For a given neutrino beam, baseline, and detector,
wish to calculate the resulting sin22u13 reach, which we de-
fine as the value of sin22u13 that would result in anm→ne or
n̄m→ n̄e signal that is 3 standard deviations above the ba
ground. In our analysis we will take into account the Poiss
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statistical uncertainties in the numbers of signal and ba
ground events, and the systematic uncertainty on the b
ground subtraction. Our prescription for determining t
sin22u13 reach is given in the Appendix. In the following
unless otherwise stated, the sin22u13 reaches are calculate
setting the sub-leading oscillation parameters sin22u1250.8
and dm21

2 51025 eV2. The smalldm21
2 effectively switches

off contributions from the sub-leading scale. Larger values
dm21

2 can yield contributions to thenm→ne signal, but these
contributions are not important unless sin22u13 is signifi-
cantly less than 1023.

A. Sensitivity at the Japan Hadron Facility

The Japan Hadron Facility working group has recen
investigated@68# thenm→ne oscillation sensitivity attainable
at the proposed 0.77 MW 50 GeV proton synchrotron
Japan, using a 295 km baseline together with the Supe
detector. In their study they considered a variety of low e
ergy (̂ En&;1 GeV! WBB and NBB beamline designs. Th
resulting experimental scenario is similar to the one la
considered in Ref.@33#. The conclusions from the study wer
the following: ~i! With a water Cherenkov detector the se
sitivity is limited by the p0 background produced in NC
events. To minimize the background a NBB must be us
since in a WBB the high energy tail will be the domina
source of background events.~ii ! With an effectivenm→ne
oscillation amplitude of sin22ume50.05 at an oscillation scale
of dm32

2 50.003 eV2, the best set of selection requiremen
identified in the study yieldedf B50.03, and a signal:back
ground ratio of 1:1 with 12.3 signal events per year in t
SuperK detector. A 10% systematic uncertainty on the ba
ground rate was assumed. If no signal is observed afte
years of running, the expected limit would be sin22ume
,0.01 at 90% C.L., which corresponds to a sin22u13 reach of
0.05. ~iii ! With a detector of mass 203 SuperK, after 5
years running the resulting limit in the absence of a sig
would be sin22ume,0.003 at 90% C.L., which corresponds
a sin22u13 reach of 0.01.~iv! The energy distribution of the
background events is similar to the corresponding distri
tion for the signal. Hence, thenm→ne search is essentially a
counting experiment. Using these JHF study results, we
that the appropriate values to use in evaluating the sin22u13
reach for the JHF to SuperK experiment aref B50.03,
s f B

/ f B50.1, andD575 kt-years~SuperK with 5 years ex-
posure and a signal efficiency of 68%!. With these values,
1-7
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FIG. 1. Contours of constan
sin22u13 reach that correspond to
ne→nm signal that is 3 standard
deviations above the background
The contours are shown in th
(D, f B) plane, whereD is the data-
sample size andf B the back-
ground rate divided by the tota
CC rate. The contours are show
for the 0.77 MW~left-hand plots!
and 4.0 MW ~right-hand plots!
JHF scenarios withL5295 km.
The top panels show curves fo
s f B

/ f B50.1, while the bottom
panels show curves fors f B

/ f B

50.1, 0.05, and 0.02. The pos
tions corresponding to the thre
standard detector scenarios d
fined in Table I are indicated.
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our statistical treatment recovers the 90% C.L. results p
sented in the JHF report@68#. In our calculations for SJHF
we used the neutrino intraction rates presented in Ref.@68#.

We can now investigate the dependence of the sin22u13
reach on the detector parameters, and hence try to under
whether a massive water Cherenkov detector is likely to
the best option. In Fig. 1 contours of constant sin22u13 reach
are shown as a function of the dataset sizeD and the back-
ground ratef B for 3 years of running at the 0.77 MW JH
beam~left-hand plots! and at an upgraded 4 MW SJHF bea
~right-hand plots!. The lower panels show how the sin22u13
reach varies withs f B

/ f B . The contours have a characteris

shape. At sufficiently largeD the sin22u13 sensitivity is lim-
ited by the systematic uncertainties associated with the b
ground subtraction, and the reach does not significantly
prove with increasing dataset size. The contours are there
vertical in this region of Fig. 1. At sufficiently smallD the
sensitivity of thenm→ne appearance search is limited b
signal statistics, and further reductions inf B do not improve
the sin22u13 reach. The contours are therefore horizontal
this region of Fig. 1. The positions in the (f B ,D) plane cor-
responding to our three detector scenarios (A, F, andW) are
indicated on the figure. For the 0.77 MW machine the t
scenarios (A and W) both yield reaches in the rang
11301
e-

and
e
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-
re

sin22u13;0.015 to 0.03. However, the water Cherenkov se
sitivity is limited by the systematic uncertainty in the su
stantial p0 background. Hence, the sin22u13 reach for sce-
narioW does not improve substantially when the accelera
beam is upgraded from 0.77 MW to 4 MW~SJHF!. On the
other hand, this upgrade would result in a substantial
provement in the reach obtained with scenarioA, which is
not background limited, and therefore has a reach improv
almost linearly withD. We conclude that, even with SJHF,
will be difficult to observe anm→ne signal if sin22u13 is less
than about 0.01. This conclusion is consistent with the J
study group analysis, but is in conflict with the expectatio
of Ref. @33#. On the positive side, if sin22u13 is larger than
0.01, a 1 GeV neutrino beam at JHF or SJHF would perm
the observation of anm→ne signal. Detector scenarioW
does slightly better for a 0.77 MW JHF, while scenarioA
does slightly better for a 4.0 MW SJHF.

Finally, we consider whether the sin22u13 reach at a 1
GeV JHF or SJHF neutrino beam can be improved with
different choice of baseline. Contours of constant reach
the (L,D) plane are shown for scenariosA andW in Fig. 2.
A baseline of 295 km does indeed yield the optimal reach
the water Cherenkov scenario. For scenarioA, a slightly
shorter baseline~200 km! would yield a slightly improved
reach.
1-8
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FIG. 2. Contours of constan
sin22u13 reach that correspond to
ne→nm signal that is 3 standard
deviations above the background
The contours are shown in th
(D,L) plane, whereD is the data-
sample size andL the baseline.
The panels show predictions fo
the JHF scenario described in th
text, for detector scenariosA ~left-
hand plots! and W ~right-hand
plots!, and for 0.77 MW ~top
plots! and 4.0 MW~bottom plots!
proton drivers. The positions cor
responding to scenariosA and W
~see Table I! at L5295 km are in-
dicated.
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B. Sensitivities for long baseline experiments

1. Decay channel length restrictions

Consider next the sensitivity that can be achieved w
longer baselines and higher energies. We begin by cons
ing how restrictions on the decay channel length reduce
neutrino flux for very long baselines. In a conventional ne
trino beamline design it is desirable that the pion decay ch
nel is long enough for most of the pions to decay. Howev
for very long-baseline experiments the decay channel m
point downwards at a steep angle, and the geology unde
accelerator site may impose significant constraints on
maximum length of the decay channel. In practice, an
graded long-baseline conventional neutrino beam would
sited at an existing particle physics laboratory having a hi
energy proton accelerator: Brookhaven or Fermilab in
U.S., CERN or DESY in Europe, or the planned JHF lab
ratory in Japan. The rock characteristics under the JHF
are expected to be determined next year by drilling@70#. The
site with the deepest viable rock layer in the U.S. is Fer
lab, which sits above approximately 200 m of good ro
The Brookhaven and DESY@74# laboratories sit just above
the water table—an impediment that would have to be ov
come before a high-energy long-baseline beam could be
posed. The depth of the good rock~Molasse! under CERN
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varies between about 200 m and 400 m, depending on lo
tion @72#. The impact of these restrictions on the maximu
decay channel length is shown as a function of the base
length in Fig. 3 for the Fermilab and CERN sites. The resu
ing fraction of pions that decay within the decay channe
summarized in Table II for several neutrino beam energ
The channel length calculations were performed assum
that ~i! the proton accelerator is at a depth of 10 m,~ii ! the
beam is then bent down to point in the appropriate basel
dependent direction using a magnetic channel with an a
age field of 2 Tesla, and~iii ! once pointing in the right di-
rection the proton beam enters a 50 m long targeting
focusing section, after which the decay channel begins.
maximum decay channel length then depends upon whe
the channel extends all the way to the bottom of the usa
rock layer or whether this rock layer must also accommod
a near detector. Results for both of these cases are pres
in Fig. 3 and Table II. In the near-detector case the maxim
decay channel length has been reduced by 100 m to allow
the shielding and detector hall. The pion decay fraction e
mates have been made assuming that all of the deca
pions have the average pion energy in the channel.

The decay fractions in Table II show that the sit
dependent depth restrictions will result in a significant red
1-9
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tion in the neutrino beam intensities for high-energy lon
baseline beams. For example, at the Fermilab site there is
room for a near detector if the baseline is 9300 km~Fermilab
to SuperK!. With the medium energy beam and a baseline

FIG. 3. Maximum length of the pion decay channel that fi
within a rock layer that is 200 m deep~left-hand plot! and 400 m
deep~right-hand plot! shown as a function of baseline. The calcu
lation is described in the text. The solid~dashed! curves shows the
results without~with! a near detector. For comparison, the horizo
tal solid line indicates the NuMI decay channel length.

TABLE II. The fraction of pions decaying in a channel with th
maximum length permitted by the depth of viable rock (Dmax) un-
der the accelerator site, tabulated as a function of baselineL for
configurations with and without a near detector.

SNuMI En~peak! Dmax L f decay

Beam ~GeV! ~m! ~km! With near no near

LE 3 200 2900 0.93 0.95
7300 0.36 0.56
9300 — 0.37

ME 7 200 2900 0.67 0.72
7300 0.17 0.29
9300 — 0.17

HE 15 200 2900 0.41 0.44
7300 0.09 0.16
9300 — 0.09

LE 3 400 2900 0.98 0.99
7300 0.82 0.88
9300 0.67 0.77

ME 7 400 2900 0.93 0.94
7300 0.56 0.64
9300 0.38 0.47

HE 15 400 2900 0.69 0.72
7300 0.29 0.34
9300 0.20 0.26
11301
-
o

f
7300 km ~Fermilab to Gran Sasso! only 17% of the pions
decay within the channel. Hence, the channel length res
tions would exclude, or at least heavily penalize, the
tremely long baseline ideas proposed by Dicket al. @75#.
Clearly, decay channel length restrictions must be taken
account when comparing choices of baseline and beam
ergy.

2. sin22u13 reach for scenarios A and W

We are now ready to consider the sin22u13 reach that can
be obtained in a long-baseline experiment. In our main d
cussion we considerne→nm appearance withdm32

2 .0; the
dm32

2 ,0 case is discussed at the end of this section. O
calculations use the WBB spectra and interaction rates
sented in the MINOS design report@14# for the low-energy
~LE! horn configuration (En;3 GeV!, the medium-energy
~ME! horn configuration (En;7 GeV!, and the high-energy
~HE! horn configuration (En;15 GeV!. After accounting for
the decay channel length restrictions arising from a ma
mum depth requirement of 200 m, the neutrino fluxes
assumed to scale with the inverse square of the base
length.

The calculated reaches are listed in Tables III and IV
detector scenariosA and W, and several baselines:L5730
km ~Fermilab→Soudan or CERN→Gran Sasso!, L52900
km ~Fermilab→LBNL/SLAC!, L57300 km ~Fermilab
→Gran Sasso!, andL59300 km~Fermilab→SuperK!. Note
that the shortest baseline~730 km! has a very limited
sin22u13 reach for all the beams, and the lowest energy be
~LE! has a very limited sin22u13 reach for all baselines. The
best reach for detector scenarioA is sin22u1350.003, which
is obtained with a baseline that is not too long~e.g. 2900

-

TABLE III. sin22u13 reach~corresponding to a signal that is
standard deviations above the background after 3 years of run
with a neutrino superbeam! shown as a function of baselineL for
scenarioA described in the text. The oscillation probabilityP(nm

→ne) corresponding to sin22u1350.01 and the expected numbers
signal eventsSand background eventsB are also listed. The calcu
lations assumeDm32

2 53.531023 eV2, dm21
2 5531025 eV2, and

d50.

SNuMI En~peak! L P S B sin22u13

Beam ~GeV! ~km! reach

LE 3 730 0.0024 210 340 0.006
2900 0.0045 26 24 0.008
7300 0.012 4.1 1.3 0.02
9300a 0.016 3.2 0.8 0.02

ME 7 730 0.0016 370 910 0.01
2900 0.0075 120 62 0.003
7300 0.025 15 2.4 0.006
9300a 0.035 14 1.6 0.006

HE 15 730 0.0006 290 2000 0.02
2900 0.0054 180 130 0.003
7300 0.024 25 4.2 0.004
9300a 0.032 25 3.1 0.004

aNo near detector.
1-10
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km!. The best reach for detector scenarioW is also sin22u13
50.003, and is obtained with long baselines~e.g. 7300 km or
9300 km! which benefit from the enhancement of the osc
lation amplitude due to matter effects. The reaches for
two longest baselines are about the same since the incr
of the matter enhancement asL increases is compensated b
the decrease in the pion decay fraction due to the de
channel length restriction.

To further illustrate the impact of the decay chann
length restrictions on the sin22u13 reach for long-baseline ex
periments, in Fig. 4 contours of constant reach are show
the (f B ,D) plane forL57300 km with the channel lengt
restrictions~right-hand plots! and without the channel lengt
restrictions~left-hand plots!. The scenarioW point lies in the
systematics-dominated~vertical contour! region, and is
therefore not significantly affected by a reduction inD due to
the decay channel length restrictions. However, the scen
A point lies between the systematics-limited and statist
limited regions of the plot, and is significantly affected b
the reduction in neutrino flux due to the channel length
strictions. Indeed, in scenarioA the sin22u13 reach at the HE
beam is degraded from about 0.0015 to about 0.004 by
channel length restriction.

3. Dependence on detector parameters

We can now explore the dependence of the sin22u13 reach
on the baseline, beam energy, and detector parameter
Fig. 5 contours of constant sin22u13 reach are shown in the
( f B ,D) plane for L5730 km and 2900 km. As alread
noted, for our detector scenariosA and W the best reach is
;0.003, obtained with scenarioA at L52900 km using ei-
ther the ME or HE beams~Figs. 5e and 5f! or with scenario

TABLE IV. sin22u13 reach~corresponding to a signal that is
standard deviations above the background after 3 years of run
with a neutrino superbeam! shown as a function of baselineL for
ScenarioW described in the text. The oscillation probabilityP(nm

→ne) corresponding to sin22u1350.01, and the expected numbe
of signal eventsS and background eventsB are also listed. The
calculations assumeDm32

2 53.531023 eV2, dm21
2 5531025 eV2,

andd50.

SNuMI En~peak! L P S B sin22u13

Beam ~GeV! ~km! reach

LE 3 730 0.0024 2100 17000 0.03
2900 0.0045 260 1200 0.02
7300 0.012 41 67 0.009
9300a 0.016 32 40 0.008

ME 7 730 0.0016 3700 46000 0.05
2900 0.0075 1200 3100 0.008
7300 0.024 150 120 0.003
9300a 0.035 140 80 0.003

HE 15 730 0.0006 2900 98000 0.1
2900 0.0054 1800 6700 0.01
7300 0.024 250 210 0.003
9300a 0.032 250 160 0.003

aNo near detector.
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W at L57300 km using the same beams~Figs. 4e and 4f!. It
is interesting to consider what improvements to scenarioA
and W would be required to obtain a reach of 0.001, f
example. This goal can be attained by decreasing the b
ground fractionf B for scenarioW to f B;0.004 ~or alterna-
tively increasing the dataset sizeD for scenarioA by a factor
of 10! and using the HE beam at a very long baseline. T
goal could also be attained by decreasingf B for scenarioA
by an order of magnitude and using the high energy be
and a baseline of 2900 km, for example. None of these
vised detector scenarios seems practical. An alternative s
egy is to try to find a detector scenario with a smaller s
tematic uncertainty onf B . Figure 6 shows, for the ME and
HE beams, contours of constant sin22u13 reach in the (f B ,D)
plane for several differents f B

/ f B , and for baselines of 2900
km, 4000 km, and 7300 km. The scenarioW sensitivity
would benefit if the systematic uncertainty in the backgrou
could be reduced, but even a factor of 5 improvement
s f B

/ f B would not permit a reach of 0.001 to be attained.
Since detector scenariosA and W are ambitious, we can

ask what happens ifD, f B , or s f B
/ f B must be relaxed. The

best reaches obtained with scenarioW were for the ME and
HE beams at very long baselines~e.g.L57300 km!. In these
cases the reach is not very sensitive toD, but degrades
roughly linearly with increasingf B ~Fig. 4! or s f B

/ f B ~Fig.

6!. Hence, if the achievable background rate is reallyf B
50.1, then the sin22u13 reach is well above 0.01 for the
observation of anm→ne signal at 3 standard deviation
above the background. The best reaches obtained with
nario A were for the ME and HE beams at long baselin
~e.g. L52900 km!. In these cases the reach is sensitive
both decreases inD and increases inf B . The reach can be
degraded by a factor of 2 by either reducingD by about a
factor of 4 or by increasingf B by about a factor of 3~Fig. 5!.

So far we have considered only a few discrete base
lengths. To explore the reach that can be obtained with o
baseline choices, Fig. 7 shows, for each of the three Nu
beam energies, contours of constant sin22u13 reach in the
(L, D) plane for scenariosA andW. For scenarioA, where
backgrounds are less important, the optimal distance va
with beam energy; crudely speaking, the optimalL is given
by making the vacuum oscillation argument 1.27dm32

2 L/^En&
of orderp/2. For scenarioW the backgrounds are more im
portant and larger distances give a better sin22u13 reach for
all three upgraded NuMI beams.

Finally, we have also studied neutrino beams with high
energy than NuMI. For example, the CNGS beam@76# at
CERN has an average neutrino energy of about 20 GeV.
find that for the expected 331019 protons on target per year
three years of running will at best give a sin22u13 reach of
about 0.01 for either scenarioA or W. Upgrading the proton
intensity by a factor of four improves the sin22u13 reach to
about 0.005. Therefore we conclude that the higher-ene
CNGS superbeams have similar capability to the SNu
beams.

4. Summary of sin22u13 reaches fordm32
2 Ì0 and dm32

2 Ë0

In summary, Figs. 4, 5, and 7 show that the best sin22u13
reach that can be obtained with detector scenariosA andW is

ng
1-11
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FIG. 4. Contours of constan
sin22u13 reach that correspond to
ne→nm signal that is 3 standard
deviations above the background
at L57300 km. The contours are
shown in the (D, f B) plane, where
D is the data-sample size andf B

the background rate divided b
the total CC rate. The contours ar
shown for the LE~top plots!, ME
~center plots!, and HE ~lower
plots! upgraded SNuMI beams
both with~right plots! and without
~left plots! the decay length con-
straint. The systematic uncertaint
s f B

/ f B50.1. The positions corre-
sponding to the three standar
scenarios defined in Table I are in
dicated.
a
h

e
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nt
-
-

r, a

ng

e

about 0.003. This optimum reach can be obtained in scen
A with L;2000–4000 km for the NuMI ME beam or wit
L;3000–6000 km for the HE beam, or in scenarioW with
L;7000–9000 km for either the ME or HE beams. Sc
narios A and W require ambitious detector parameters.
improve the reach to 0.001, for example, requires substa
improvements inf B , s f B

/B, and/orD, and does not there
fore seem practical. If the scenarioA andW parameters can
11301
rio

-

ial

not be realized the reach will be degraded. In particula
significant increase off B ~or s f B

/ f B) in either scenarioA or
W would result in a significant decrease in sin22u13 reach. A
significant decrease in the data-sample size in scenarioA will
also degrade the sin22u13 reach.

Up to now we have considered the sensitivity of lo
baseline experiments ifdm32

2 .0. We now turn our attention
to the alternative case:dm32

2 ,0. In this case long baselin
1-12
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FIG. 5. Contours of constan
sin22u13 reach that correspond to
ne→nm signal that is 3 standard
deviations above the background
at L5730 km ~left plots! and
2900 km ~right plots!. The con-
tours are shown in the (D, f B)
plane, whereD is the data-sample
size and f B the background rate
divided by the total CC rate. The
contours are shown for the LE
~top plots!, ME ~center plots!, and
HE ~lower plots! upgraded
SNuMI beams. The systemati
uncertainty in the background
subtraction iss f B

/ f B50.1. The
positions of the three standar
scenarios defined in Table I are in
dicated.
p
ou
of
r
ith
d
th
ir

a-
th
ase

ion

ac-
experiments using a neutrino beam will suffer from a su
pression of signal due to matter effects. Therefore, in
scenariosA andW, if no signal is observed after 3 years
neutrino running the beam is switched to antineutrinos fo
further 6 years of data taking. For antineutrino running w
dm32

2 ,0 the results shown in Figs. 4, 5, and 7 must be mo
fied since the antineutrino cross section is about half of
neutrino cross section. Hence we must double the requ
11301
-
r

a

i-
e

ed

values on theD axes in the various figures. Other modific
tions to the contour plots for antineutrino running wi
dm32

2 ,0 are minor since the matter enhancement in this c
is similar to the enhancement for neutrinos whendm32

2 .0
~they are the same in the limit that the sub-leading oscillat
can be ignored!. However, the positions of the scenarioA
and W points on the various figures must be moved to
count for the larger values ofD and f B ~and potentially
1-13
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FIG. 6. Contours of constan
sin22u13 reach that correspond to
ne→nm signal that is 3 standard
deviations above the background
at the upgraded SNuMI ME~left!
and HE ~right! beams. The con-
tours are shown in the (D, f B)
plane, whereD is the data-sample
size and f B the background rate
divided by the total CC rate. The
contours are shown forL52900
~top!, 4000~center!, and 7300 km
~bottom!. Curves are shown for
systematic uncertainties on th
background subtractions f B

/ f B

50.1, 0.05, and 0.02. The pos
tions of the three standard sce
narios defined in Table I are
indicated. The decay length con
straints have been imposed forL
54000 and 7300 km.
te

s

w

-

ffi-
to

her
ne
te
s f B
/ f B). Note that the larger background rate associa

with antineutrino running in scenarioA will degrade the ul-
timate sin22u13 reach fordm32

2 ,0; the best reach become
;0.004.

V. NEUTRINO MASS HIERARCHY AND CP VIOLATION

In the 1 GeV and multi-GeV superbeam scenarios that
have considered it will be difficult to observe anm→ne or
11301
d

e

n̄m→ n̄e signal if sin22u13 is smaller than about 0.01. How
ever, if sin22u13 is O(0.01), anm→ne signal would be ob-
servable provided a sufficiently massive detector with su
ciently small background is practical. We would like
know if, in this case, the sign ofdm32

2 can be determined in
the long-baseline multi-GeV beam experiment and whet
CP violation might be observed in either the long-baseli
multi-GeV beam experiment or the 1 GeV intermedia
1-14
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FIG. 7. Contours of constan
sin22u13 reach that correspond to
ne→nm signal that is 3 standard
deviations above the background
The contours are shown in th
(D,L) plane, whereD is the data-
sample size andL the baseline.
The panels show predictions fo
the upgraded SNuMI LE~top!,
ME ~center!, and HE ~bottom!
beams, and for detector scenario
A ~left plots! and W ~right plots!.
The decay length constraint is in
cluded. The systematic uncer
tainty in the background subtrac
tion s f B

/ f B50.1. The positions of
the standard scenarios defined
Table I are shown atL5730,
2900, and 7300 km.
fo
o

-
u

ring

bout
an-
nce
-
ect
baseline experiment. We begin by considering theCP sen-
sitivity at the SJHF, and then consider the sensitivity
determining CP violation and/or the pattern of neutrin
masses at long baselines.

A. CP violation with a JHF superbeam

In our SJHF scenario, aCP violation search would con
sist of running for 3 years with a neutrino beam and meas
11301
r

r-

ing the number ofnm→ne signal events@N(e2)#, and then
running for 6 years with an antineutrino beam and measu
the number ofn̄m→ n̄e signal events@N(e1)#. In our calcu-
lations we assume that the antineutrino cross section is a
one-half of the neutrino cross section, and that the
tineutrino flux is the same as the neutrino flux. In the abse
of CP violation (d50 or 180°), after correcting for cross
section and flux differences, we would therefore exp
N(e1).N(e2). In the presence of maximalCP violation
1-15
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FIG. 8. 3s error ellipses in the
@N(e1),N(e2)# plane, shown for
the 0.77 MW JHF~top plots! and
4 MW SJHF~bottom plots! sce-
narios with at L5295 km. The
contours are shown for detecto
scenariosA ~left! and W ~right!,
with sin22u1350.02, 0.05, and
0.1. The solid ~dashed! @dotted#
curves correspond tod50° (90°)
@290°# with dm21

2 varying
from 231025 eV2 to 231024

eV2. The error ellipses are show
for three simulated data point
at dm21

2 5531025, 1024 and
231024 eV2.
e
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with d590°@290°# we would expectN(e1).N(e2)
@N(e1),N(e2)#. The magnitude of the deviation from
N(e1)5N(e2) induced byCP violation is quite sensitive
to the sub-leading scaledm21

2 . Settingd590°, in Fig. 8 the
predicted positions in the@N(e2),N(e1)# plane are shown
for scenariosA ~left-hand plots! and W ~right-hand plots!.
The predictions are shown as a function of both sin22u13 and
dm21

2 . The error ellipses around each point indicate the m
surement precision at 3 standard deviations, taking into
count both statistical and systematic uncertainties, and u
the statistical prescription described in the Appendix.
overall normalization uncertainty~which could account for
uncertainties in the flux and/or cross sections! of 2% is in-
cluded, although its effects are generally small.CP violation
can be established at the 3s level if the error ellipses do no
overlap theCP-conserving curves~solid lines,d50). The
curves for the otherCP-conserving case (d5180°) lie very
close to thed50 curves and are not shown.

Note that for scenarioW with the upgraded 4 MW SJHF
beam, if sin22u1350.1 ~larger values are already excluded!,
dm21

2 5531025 eV2, andd590°, then the predicted point in
the @N(e2),N(e1)# plane is just 3s away from theCP
conserving@N(e1)5N(e2)# prediction. Alternatively, if
sin22u1350.02, dm21

2 5131024 eV2 ~larger values are im-
probable!, andd590°, then the predicted point is also ju
11301
a-
c-
ng

3s away from theCP-conserving prediction. Hence there
a small region of the allowed parameter space (sin22u13

.0.02 anddm21
2 .531025 eV2) within which maximalCP

violation might be observable at an upgraded JHF ifdm32
2 is

in the center of the presently favored SuperK region a
sin22u23;1. It is also possible to detect maximalCP viola-
tion for sin22u13.0.05 anddm21

2 .1024 eV2 with the 0.77
MW JHF in theW scenario. Generally detector scenarioW
does better forCP violation, except scenarioA is slightly
better for sin22u13.0.02 at the 4 MW SJHF. Because th
matter effect is small atL5295 km, predictions fordm32

2

.0 anddm32
2 ,0 are nearly the same, and hence the sign

dm32
2 cannot be determined.

B. CP violation and the sign of dm32
2

at long-baseline experiments

Consider next long-baseline experiments using multi-G
neutrino beams. The approximate equalityN(e1).N(e2)
will be modified by intrinsicCP violation and by matter
effects. Predictions in the@N(e2),N(e1)# plane are shown
in Fig. 9 for scenarioA using the 1.6 MW LE superbeam fo
two values of dm21

2 (531025 eV2 and 131024
1-16
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FIG. 9. 3s error ellipses in the
@N(e1),N(e2)# plane, shown for
detector scenarioA at the up-
graded LE SNuMI beam withL
5730 ~top plots! and 1800 km
~bottom plots!. The contours are
shown for dm21

2 5531025 ~left!
and 1024 eV2 ~right!. The solid
and long-dashed curves corre
spond to theCP conserving cases
d50° and 180°, and the short
dashed and dotted curves corr
spond to two other cases that giv
the largest deviation from theCP
conserving curves; along thes
curves sin22u13 varies from 0.001
to 0.1, as indicated.
n
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eV2) and for two baselines (L5730 km and 1800 km!. The
predictions for each of these cases are shown as a functio
sin22u13, d, and the sign ofdm32

2 , with udm32
2 u53.531023

eV2 and sin22u2351. Note that atL5730 km the magnitude
of the modifications of the appearance rates due
matter effects are comparable to the magnitudes of
modifications due to maximal intrinsicCP violation.
Furthermore, the expected precisions of the measurem
shown on the figure by the 3s error ellipses, are also
comparable to the sizes of the predictedCP and matter ef-
fects.

Matter effects will cause the twoCP-conserving casesd
50 andd5180° to give different predictions forN(e1) and
N(e2), and therefore to establishCP violation the signal
must be distinguishable from bothd50 and d5180°.
Hence, in the scenario we are considering, Fig. 9 shows
superbeam measurements with the LE beam at 730 km
help to constrain the parameter space, but generally ca
provide unambiguous evidence for intrinsicCP violation
and cannot unambiguously determine the sign ofdm32

2 . The
only exception to this is ifdm32

2 .0 and d5290° ~or
dm32

2 ,0 andd590°), in which caseCP violation could be
established and the sign ofdm32

2 determined for sin22u13
11301
of

o
e

ts,

at
an
ot

.0.02. TheCP and matter effects are better separated aL
51800 km, for which an unambiguous determination of t
sign of dm32

2 seems possible provided sin22u13.0.02, al-
thoughCP violation cannot be established fordm21

2 ,1024

eV2. At smaller values of sin22u13 modifications to the ap-
pearance rates cannot distinguish between matter andCP
effects. Note that, because of the matter effect, at distan
longer than 1000 km the values ofd that give the largest
disparity of N(e1) and N(e2) are no longer690°. Also
note that the sign ofdm32

2 is most easily determined whe
theCPV and matter effects interfere constructively to give
greater disparity ofN(e1) and N(e2), and more difficult
when the CPV and matter effects interfere destructive
@i.e., N(e1) and N(e2) are more equal#. Going to even
longer baselines, predictions in the@N(e2),N(e1)# plane
are shown in Fig. 10 for scenarioA ~left-hand plots! and
scenarioW ~right-hand plots! with L52900 km. The predic-
tions are shown for the LE beam~top plots!, ME beam
~middle plots!, and HE beam~bottom plots!. In general, the
sign ofdm32

2 can be determined provided sin22u13.0.02, but
in none of the explored long-baseline scenarios canCP vio-
lation be unambiguously established fordm21

2 ,1024 eV2.
1-17
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FIG. 10. 3s error ellipses in
the @N(e1),N(e2)# plane, shown
for detector scenariosA ~left! and
W ~right! at L52900 km with the
upgraded LE~top!, ME ~center!,
and HE ~bottom! SNuMI beams.
The contours are shown fordm21

2

51024 eV2. The solid and long-
dashed curves correspond to th
CP conserving casesd50° and
180°, and the short-dashed an
dotted curves correspond to tw
other cases that give the large
deviation from theCP conserving
curves; along these curve
sin22u13 varies from 0.001 to 0.1,
as indicated.
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C. CP violation and the sign ofdm32
2 at a neutrino factory

We can ask, how do theCPV anddm32
2 sign capabilities

of superbeams compare with those of a neutrino factory?
relevant experimental signature at neutrino factory is the

pearance of a wrong-sign muon, indicatingne→nm ~or n̄e

→ n̄m) transitions. This is a much cleaner signature than e
tron appearance with a superbeam. Hence, background
11301
e
p-

c-
ys-

tematics are under better control at a neutrino factory,
the expected error ellipses in the@N(m1), N(m2)] plane
are therefore much smaller.

In our analysis we assume a 20 GeV neutrino factory w
1.831021 useful m1 decays~which might be achieved in
three years running at at high-performance neutrino facto!
and 3.631021 usefulm2 decays, a 50 kt iron-scintillator de
tector@49# at distancesL51800 km, 2900 km, and 4000 km
1-18
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FIG. 11. 3s error ellipses in
the @N(m1),N(m2)# plane,
shown for a neutrino factory de
livering 3.631021 useful decays
of 20 GeV muons and 1.831021

useful decays of 20 GeV anti
muons, with a 50 kt detector atL
51800 ~top!, 2900 ~center!, and
4000 km ~bottom!, with dm21

2

5531025 ~left! and 1024 eV2

~right!. The solid and long-dashed
curves correspond to theCP con-
serving casesd50° and 180°,
and the short-dashed and dotte
curves correspond to two othe
cases that give the largest devi
tion from the CP conserving
curves; along these curve
sin22u13 varies from 0.0001 to
0.01, as indicated.
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from the source. For comparison, the total neutrino flux
three years running at a distance of 1 km from the sourc
231019/m2 for the neutrino factory scenario, while it i
731016/m2 for SJHF and 431018/m2 for the SNuMI HE
beam. We choose an iron-scintillator detector for the n
trino factory analysis since it is particularly well suited f
the detection of muons and can be made larger than, e.
liquid argon detector, at a similar or lower cost. We also ta
f B51024, s f B

/ f B50.1, and a normalization uncertainty o
11301
r
is

-

, a
e

2%. This background level can be achieved with a 4 GeV cut
on the detected muon, which gives a detection efficiency
about 73%, implying an effective data sample ofD5110
kt yr for three years running.

The corresponding neutrino factory predictions in t
@N(m2), N(m1)] plane are shown in Fig. 11. The 1800 k
baseline is too short, since matter andCP effects are indis-
tinguishable in most cases. At 2900 km the predictions all
an unambiguous determination of the sign ofdm32

2 for much
1-19
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of the parameter space, and the possibility of establishing
existence ofCPV. At 4000 km the statistical uncertaintie
are larger, and impair the sensitivity to observeCPV. How-
ever, matter effects are also larger, and an unambiguous
termination of the sign ofdm32

2 is possible down to sin22u13

of a few 31024. For very long baselines~e.g.L57300 km,
Fig. 12! there is negligible sensitivity toCPV or to dm21

2 ,
matter effects are large, and the sin22u13 reach for determin-
ing the sign ofdm32

2 approaches 1024.

VI. SUMMARY

We have explored the oscillation-physics capabilities o
GeV and multi-GeV neutrino beams produced at MW-sc
proton accelerator facilities~neutrino superbeams!. Specifi-
cally, the limiting value of sin22u13 that would permit the
first observation ofnm→ne and/or n̄m→ n̄e oscillations at 3
standard deviations is considered, along with the ability
these intense conventional neutrino beams to determine
pattern of neutrino masses~sign of dm32

2 ) and discoverCP
violation in the lepton sector. The figures in this paper p
vide a toolkit for accessing the physics capabilities as a fu
tion of the detector specifications, characterized by the d
set sizeD ~kt yr! and the uncertainty on the background su
traction ~given by f B ands f B

/ f B). Table V summarizes the
physics capabilities of some beam-detector combinatio
Also shown in the table are similar results for an entry-le
and high-performance neutrino factory withEm520 GeV.

Determining the optimum detector technology and ch
acteristics is beyond the scope of this paper, and may req
a detector research and development program. However
some ambitious but plausible detector scenarios we find
following:

~i! With a sufficiently ambitious detector, if sin22u13.

few 31023 anddm32
2 .0, thennm→ne and n̄m→ n̄e signals

FIG. 12. 3s error ellipses in the@N(m1),N(m2)# plane, shown
for a neutrino factory delivering 3.631021 useful decays of 20 GeV
muons and 1.831021 useful decays of 20 GeV antimuons, with a 5
kt detector atL57300 km,dm21

2 51024 eV2, andd50. Curves are
shown for both signs ofdm32

2 ; sin22u13 varies along the curves
from 0.0001 to 0.01, as indicated.
11301
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should be observable at a superbeam. The reach is slig
worse if dm32

2 ,0. The best reach is obtained with a lon
baseline multi-GeV superbeam; for example, with t
SNuMI ME or HE beams and a baseline>2000 km. This
would permit the tightening of constraints on the oscillati
parameter space. It is important to account for decay cha
length restrictions when assessing the capabilities of ve
long-baseline experiments.

~ii ! If CP is maximally violated in the lepton sector, the
is a small region of allowed parameter space in which
experiment at a JHF or SJHF beam (En;1 GeV! might be
able to establishCP violation at 3 standard deviations. Ex
cept for certain small regions in parameter space where m
ter andCPV effects constructively interfere, a long-baselin
experiment with conventional superbeams would be una
to unambiguously establishCP violation because matter ef
fects can confuse the interpretation of the measurements

~iii ! With a sufficiently ambitious detector, if sin22u13
.O(0.01), there is a significant region of parameter sp
over which a long-baseline experiment with a multi-Ge
neutrino superbeam could unambiguously establish the
of dm32

2 .
~iv! Lower-energy superbeams do best at shorter

tances, with a fair reach fornm→ne appearance and som
CPV capability, but little or no sensitivity to the sign o
dm32

2 ; higher-energy superbeams do best at longer distan
with good reach fornm→ne appearance and sgn(dm32

2 ) de-
termination, but little or no sensitivity toCPV.

~v! A neutrino factory can deliver between one and tw
orders of magnitude better reach in sin22u13 for ne→nm ap-
pearance, the sign ofdm32

2 , andCP violation; for L;3000
km there is excellent sensitivity to all three observables.

Note that in this study we have restricted our consid
ations to 1 GeV and multi-GeV neutrino beams. The pot
tial of sub-GeV beams is currently under considerat
@77,78#.
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APPENDIX

To implement the Poisson statistical uncertainties in
analysis of the sin22u13 reach we use an approximate expre
sion for the upper limit (lU) on the number of events from
the observation ofN events,

lU.N1SAN111~S212!/3, ~A1!

whereS is the number of standard deviations correspond
to the limit. This expression gives the correctlU with an
accuracy that is better than 10% forN,4 and better than 1%
for larger N @79#. If the number of predicted backgroun
1-20
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TABLE V. Summary of the sin22u13 reach~in units of 1023) for various combinations of neutrino beam
distance, and detector for~i! a 3s nm→ne appearance withdm21

2 51025 eV2, ~ii ! a 3s determination of the
sign of dm32

2 with dm21
2 5531025 eV2 , and~iii ! a 3s discovery ofCP violation for three values ofdm21

2

~in eV2). Dashes in the sign ofdm32
2 column indicate that the sign is not always determinable. Dashes in

CPV columns indicateCPV cannot be established for sin22u13<0.1, the current experimental upper limi
for any values of the other parameters. TheCPV entries are calculated assuming the value ofd that gives the
maximal disparity ofN(e1) andN(e2); for other values ofd, CP violation may not be measurable.

sin22u13 reach~in units of 1023)
nm→ne Unambiguous Possible 3s CPV

appearance 3s sign(dm32
2 ) dm21

2 ~in eV2)
Beam L ~km! Detector dm21

2 51025 dm21
2 5531025 531025 131024 231024

JHF 295 A 25 2 2 2 25
W 17 2 2 40 8

SJHF 295 A 8 2 2 5 3
W 15 2 100 20 5

SNuMI LE 730 A 7 2 100 20 4
W 30 2 2 2 40

SNuMI ME 2900 A 3 6 2 2 100
W 8 15 2 2 2

7300 A 6 6 2 2 2

W 3 3 2 2 2

SNuMI HE 2900 A 3 7 2 100 20
W 10 15 2 2 2

7300 A 4 4 2 2 2

W 3 3 2 2 2

20 GeV NuF 2900 50 kt 0.5 2.5 2 2 1.5
1.831020 m1 7300 0.5 0.3 2 2 2

20 GeV NuF 2900 50 kt 0.1 1.2 0.6 0.4 0.6
1.831021 m1 7300 0.07 0.1 2 2 2
re
io

ur
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events isB, the expected number of signal events cor
sponding to an observation 3 statistical standard deviat
above the background is given by

Ns53AB11111/3. ~A2!

Let the systematic uncertainty onB be given byU. To ac-
count for this systematic uncertainty, we add it in quadrat
with the statistical uncertainty. Defining the quantity

Ns85ANs
219U2, ~A3!

the sin22u13 reach can then be estimated by finding the va
of sin22u13 that yieldsNs8 signal events.

To determine the sign ofdm32
2 and/or search forCP vio-

lation with conventionalnm and n̄m beams, we will need to
compare thenm→ne and n̄m→ n̄e appearance rates~for a
neutrino factory with a detector that measures muons,
compare thene→nm and n̄e→ n̄m appearance rates!. As in
the case of the sin22u13 reach, we will be considering the 3s
allowed regions.
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Let N and N̄ be the number of events that satisfy th
signal selection criteria and are recorded respectively du
neutrino and antineutrino running. IfNth and N̄th are theo-
retical predictions forN and N̄, the region of theNth-N̄th

space allowed by the measurements is described by

S Nth2N

aN
D 2

1S N̄th2N̄

a N̄
D 2

<1, ~A4!

where aN and a N̄ are the experimental uncertainties onN

and N̄, respectively. In the absence of systematic uncerta
ties and in the approximation of Gaussian statistics, thes

values areaN53AN anda N̄53AN̄. However, sinceN and
N̄ might be small Gaussian statistics may be inappropri
Instead, we defineaN anda N̄ to correspond to the appropr
ate 99.87% confidence level deviations from the central v
ues ofN and N̄, respectively, using Poisson statistics. T
expressions foraN and a N̄ will depend on whether we are
considering an upper or lower limit.
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Consider first the case of an upper limit. We can comp
aN using Eq.~A1!, with S53, yielding

aN
upper53AN11111/3. ~A5!

To compute the value fora N̄ for a lower bound, we need a
expression for the Poisson lower limit given the observat
of N events. We use the expression from Ref.@79#, namely,

lL.NS 12
1

9N
2

S

3AN
1bNgD 3

, ~A6!

where with S53 we haveb50.222 andg521.88. This
approximate expression for the Poisson lower limit onN is
accurate to a few percent or better for allN. Hence

aN
lower5N2NS 12

1

9N
2

3

3AN
10.222N21.88D 3

.

~A7!
a,

v.

s.
d

al

an
b

at
o
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The corresponding values fora N̄ can be found by substitut
ing N̄ for N in Eqs.~A5! and ~A7!.

In practiceN andN̄ will contain background component
B and B̄. The predicted backgrounds will have associa
systematic uncertaintiesU and Ū. In this case we can stil
use Eq.~A4! to determine the allowed regions, but to ta
account of the background and systematic uncertainties
aN

2 anda N̄
2 are replaced with the substitutions

aN
2 →aN

2 19U2 ~A8!

a N̄
2 →a N̄

2
19Ū2. ~A9!

Other systematic uncertainties on the predictedN andN̄ ~for
example, the uncertainty on the neutrino and antineutr
cross sections! can be handled in a similar way, by replacin
aN (a N̄) with the quadrature sum ofaN (a N̄) and the addi-
tional 99.87% C.L. uncertainty inN (N̄).
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