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Majorana neutrino masses and neutrino oscillations
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We examine some patterns of the Majorana neutrino mass matrix which are compatible with the phenom-
enological lepton flavor mixing matrix and non-observation of neutrinoless double beta decay. Imposing
(M n)ee50 for the Majorana neutrino mass matrix in the leading order, we obtain a relationship between the
solar mixing angle and the neutrino massesm1 andm2. Additional possible texture zeros are assigned to the
mass matrix so as for the nonvanishingu13 to be predictable in terms of neutrino masses. We also show how
three neutrino masses can be predicted from the solar mixing angle and the experimental results ofDmsol

2 and
Dmatm

2 in this framework, and we discuss the naturality of the forms of the mass matrix found in our work.
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Although the lepton flavor mixing matrix can be co
structed based on the neutrino oscillation experimental
sults, the origin of lepton flavor mixing, the neutrino mass
and their hierarchical patterns are yet to be understood. A
attempt toward the understanding of the neutrino masses
flavor mixing patterns, the mass matrix ansatz has been s
ied by many authors@1#. In this approach, the flavor mixing
elements are not independent parameters but are presen
terms of mass eigenvalues. The special patterns of the fl
mixing and masses can be achieved by imposing some fl
symmetry or taking texture zeros in the mass matrix as m
as possible.

As is well known, current data from the atmospheric@2#
and solar neutrino experiments@3# provide convincing evi-
dence that neutrinos may have nonzero masses and osc
and terrestrial neutrino experiments@4–8# also lead to mean
ingful constraints on neutrino masses and mixing.

~a! The atmospheric neutrino experimental data indica
the near maximal mixing betweennm and nt , sin22uatm

>0.8, with a mass squared differenceDmatm
2 .(0.5;6)

31023 eV2 at 90% C.L. @2#. The best fit occurs a
(sin22uatm51.0,Dmatm

2 52.231023 eV2).
~b! The solar neutrino anomaly can be explained throu

matter enhanced neutrino oscillation@9# if Dmsol
2 .(0.4;1)

31025 eV2 and sin22usol.(0.1;1)31022 @small angle
~SMA! Mikheyev-Smirnov-Wolfenstein~MSW!#, or Dmsol

2

.(1.5;10)31025 eV2, sin22usol>0.6 ~large angle~LMA !
MSW!, Dmsol

2 ;1027 eV2,sin22usol;1.0 @low probability,
low mass~LOW! solution# @10# and through long-distanc
vacuum oscillation ~VO! if Dmsol

2 .10210 eV2, sin22usol

>0.7.
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~c! Moreover, the CHOOZ experimental results can co
strain ne2nx oscillation with Dmatm

2 >1023 eV2 @7# but
gives no limit for Dmatm

2 ,1023 eV2, and the recent Palo
Verde reactor experiment also indicates no atmosphericne
2nx oscillation for Datmm2>1.1231023 and for sin22u
>0.21 ~for largeDm2) @8#. From those reactor experiment
we can obtain a constraint on the magnitude ofUe3, which is
turned out to be small, i.e.,uUe3u<0.22.

~d! For the Liquid Scintillation Neutrino Detector~LSND!
experiment at LANL@4#, evidence for anm→ne oscillation
with Dm2;0.321 eV2 has been reported. Howeve
we note that three different mass-squared splittings withfour
species of neutrino are required in order to accommod
the LSND result as well as both the solar and atmosph
anomalies by neutrino oscillation. In addition, experimen
data from KARMEN @5# failed to corroborate the LSND
observation, although KARMEN has not excluded t
whole LSND region. Thus, we adopt a conservative a
proach by not taking into account the LSND data in o
analysis.1

~e! Now we assume that there are only three active n
trinos with Majorana masses. For convenience, let us ad
the following convention. The heaviest neutrino mass eig
state responsible for the atmospheric neutrino anomal
taken to ben3, whereas those responsible for the solar n
trino problem aren1 andn2. Then, the mass squared diffe
ences between two atmospheric neutrinos and two solar
trinos becomeDmatm

2 .Dm32
2 .Dm31

2 and Dmsol
2 .Dm21

2 ,
respectively.

1However, we note that it is possible to generalize our approac
imposing texture zeros to the neutrino mass matrix in the cas
four-neutrino scheme. Taking the four-neutrino mixing mat
given in Ref.@6#, one can obtain the four-neutrino mass matrix w
three texture zeros, i.e., vanishing (M n)ee,(M n)st , and (M n)ts (s
stands for sterile!, in the leading order.
©2001 The American Physical Society10-1
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Using the above experimental constraints on the neut
masses and mixing angles, one can construct the phen
enological lepton flavor mixing matrix, as follows:

~i! Since the best fitted value of the Super-Kamiokan
data for the atmospheric neutrino mixing angle correspo
to the maximal mixing, we takeu235p/4. However, since
there are two possibilities for the solar neutrino mixing an
u12 as shown in the above, we present corresponding
ments of the mixing matrix in terms ofu12[u.

~ii ! As for the mixing angleu13 which is related toUe3,
there is only upper bound on its value as presented above
shown in Ref.@11#, the fitted values for the oscillation am
plitude for solar neutrinos are not greatly affected by
particular value ofs13 in this case, thus we take sinu13[e
and cosu13;1 in the leading order.

Then in general the lepton mixing matrix in the standa
parametrization has the form in the leading order@12#

U5S c13c12 c13s12 s13

2c23s122s13s23c12 c23c122s13s23s12 c13s23

s23s122s13c23c12 2s23c122s13c23s12 c13c23

D

5S c s e

2
1

A2
~s1ce!

1

A2
~c2se!

1

A2

1

A2
~s2ce! 2

1

A2
~c1se!

1

A2

D , ~1!

wherec5cosu12,s5sinu12, and the neutrino flavor basis i
(ne ,nm ,nt). Here, we assume that there is noCP violation
in the lepton sector.

In this paper, we will examine some patterns of Majora
neutrino mass matrix which is compatible with the abo
lepton mixing matrix determined from the low-energy ne
trino experiment and reflects the predictable framework
neutrino masses. Recently, there has been much work
gesting various textures of neutrino masses by using s
phenomenological ansatz@13# or some symmetry argumen
@14#, such asSO(10),SO(3),U(2),U(1), etc. Here we will
take the approach to require texture zeros at the low-en
scale from the appropriate experimental observations.
general form of mass matrix presented in terms of three n
trino mass eigenvalues will be provided with the help of t
lepton mixing matrix. Motivated by nonobservation of ne
trinoless double beta decay, we impose (M n)ee50 for the
Majorana neutrino mass matrixin the leading order, which
in turn makes the solar mixing angle simply related
the ratio m1 /m2. This is consistent as long ase2

!m2sin2u12/m3. Additional possible texture zeros will b
assigned to the mass matrix so as for the mixing paramete
to be predictable in terms of neutrino mass eigenvalues.
will also show that three neutrino mass eigenvalues can
calculated from the relation for the solar mixing angle a
the experimental results ofDmsol

2 and Dmatm
2 . Since it is

natural to ask whether specific textures at low energy
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tained in this work can be achieved from the mass matri
derived in grand unified theory~GUT! scale, we will exam-
ine this question.

A strong constraint on some element of Majorana n
trino mass matrix can come from the experimental results
neutrinoless double beta decay, whose nonobservation m
serve as a texture zero for the leading order mass matri
massive neutrinos are Majorana particles, the matrix elem
of the neutrinoless double beta decay is proportional to
effective Majorana mass

u^mn&u5U(
i

miUei
2 U, ~2!

whereU is the lepton mixing matrix that connects the flav
neutrino eigenstatesnaL (a5e,m,t) to the mass eigenstate
n iL ( i 51,2,3) through the relation

naL5(
i

Ua in iL . ~3!

This effective Majorana mass is equal to the absolute va
of the element (M n)ee of the mass matrix in the charge
lepton flavor basis, i.e., the mass matrix for the charged
tons in its diagonal basis. The current experimental up
bound onu^mn&u is given by@15#

u^mn&u<0.2 eV ~90% C.L.!. ~4!

The GENIUS experiment is expected to be sensitive
u^mn&u as low as 0.01 eV or even 0.001 eV@16,17#. Thus, the
magnitude of the element (M n)ee might be strongly con-
strained by the experimental results of neutrinoless dou
beta decay. Although it is not yet proved, it is possible
enforce (M n)ee50 for some special pattern of neutrino mix
ing @18#. In this paper, we require (M n)ee50 in the leading
order, from which the solar mixing angle is simply related
the neutrino mass ratiom1 /m2. We note that although
(M n)ee50 in the leading order, there is nonvanishing ve
small next leading contribution to (M n)ee due to nonzeroe
parameter whose magnitude is proportional toe2.

The Majorana neutrino mass matrix in the charged lep
flavor basis can be given byM n5UDUT. The diagonal ma-
trix D can be written as diag@m1eia,m2eib,m3#, where
mi( i 51,2,3) is positive definite. For theCP conserving
case, the phasesa andb are taken to be eitherp or 0. Thus,
we can consider the possible three cases

Case ~1!: M n5U diag@2m1 ,m2 ,m3#UT, case ~2!: M n

5U diag@m1 ,2m2 ,m3#UT, case ~3!: M n5U diag@6m1 ,
6m2 ,m3#UT.

Case~1! Keeping thee2 order, the neutrino mass matrix i
presented by
0-2
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M n5S w1
1

A2
@e~m32w1!1m1cs#

1

A2
@e~m32w1!2m1cs#

1

A2
@e~m32w1!1m1cs#

1

2
~m31w222m1cse!

1

2
~m32w2!

1

A2
@e~m32w1!2m1cs#

1

2
~m32w2!

1

2
~m31w212m1cse!

D
1e2S m32w1 2

cs

2A2
m1

cs

2A2
m1

2
cs

2A2
m1 2

1

2
~m32w1! 2

1

2
~m32w1!

cs

2A2
m1 2

1

2
~m32w1! 2

1

2
~m32w1!

D , ~5!
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where w152m1c21m2s2,w252m1s21m2c2 and m1

5m11m2. From the condition (M n)ee50 in the leading or-
der, the following relation comes out:

tanu125tanusol5Am1

m2
. ~6!

Thus, in this ansatz, the solar neutrino mixing pattern is
tributed to the ratiom1 /m2. For the hierarchym1 ,m2!m3,
the natural choice for two additional texture zeros of t
mass matrix in the leading order would be@(M n)et ,(M n)te#
elements, which lead to the following relation:

e5
Am1m2

m3
. ~7!

From the CHOOZ experimental results,Ue3 can be con-
strained and we obtain

uUe3u5e5
Am1m2

m3
,0.22. ~8!

Then, we are led to the leading order neutrino mass matri
11301
t-

in

the charged lepton basis presented in terms of the three
trino mass eigenvalues

M n5m3S 0 A2e 0

A2e
1

2 S 11
m22m1

m3
D 1

2 S 12
m22m1

m3
D

0
1

2 S 12
m22m1

m3
D 1

2 S 11
m22m1

m3
D D

1O~e2!. ~9!

We note that this form of mass matrix is similar pattern
the neutrino mass matrix presented in Ref.@19#. From Eq.
~8!, we see that only the hierarchym1 ,m2!m3 is relevant
for this form of mass matrix to be consistent with the expe
mental results. In this ansatz, the maximal mixing of so
neutrino oscillation is attributed to almost degeneraten1 and
n2, while the small mixing is achieved by the hierarchy
m1 andm2. For the inverted hierarchym1;m2@m3 one can
have another form of mass matrix with three texture zeros
taking m3.m22m1:
M n.S 0
1

A2
~em31Am1m2!

1

A2
~em32Am1m2!

1

A2
~em31Am1m2! m32eAm1m2 0

1

A2
~em32Am1m2! 0 m32eAm1m2

D 1O~e2!. ~10!
0-3
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However, in this case, the value ofe is not predicted. If the magnitude ofe is taken to be negligibly small, the form of mas
matrix indicates nearly pseudo-Dirac neutrinos.

Case~2!: Keeping only toO(e), we have

M n5S w1
1

A2
@e~m32w1!2m1cs#

1

A2
@e~m32w1!1m1cs#

1

A2
@e~m32w1!2m1cs#

1

2
~m31w212m1cse!

1

2
~m32w2!

1

A2
@e~m32w1!1m1cs#

1

2
~m32w2!

1

2
~m31w222m1cse!

D 1O~e2!, ~11!
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where w15m1c22m2s2,w25m1s22m2c2, and m15m1

1m2. The next leading order contributionO(e2) is similar
to the Case~1!. We are also led to the relation Eq.~6! from
the condition of no neutrinoless double beta decay in
leading order. The natural choice for two additional textu
zeros in this case is to take@(M n)em ,(M n)me# elements to be
zero which lead to the same relation as Eq.~7!. Then, this
form of mass matrix become triangular type of mass mat

M n5m3S 0 0 A2e

0
1

2 S 12
m22m1

m3
D 1

2 S 11
m22m1

m3
D

A2e
1

2 S 11
m22m1

m3
D 1

2 S 12
m22m1

m3
D D

1O~e2!. ~12!

As one can see, case~3! leads to the nonzero effectiv
Majorana mass in the leading order. This is incompati
with our ansatz of no neutrinoless double beta decay
the leading order. Thus, we do not consider this case
more.

Now, let us demonstrate how neutrino masses can be
termined from the above results. The numerical values of
mass squared differencesDm21

2 and Dm32
2 can be obtained

from the experimental results ofDmsol
2 and Dmatm

2 , respec-
tively. Since the mixing angle sin22usol is related to the mas
eigenvaluesm1 and m2 through the relation~6!, combining
this with the numerical value ofDm21

2 , one can first deter-
mine the numerical values ofm1 and m2. Then, the mass
eigenvaluem3 is determined fromDmatm

2 5Dm32
2 . In this

way, one can get possible ranges of three neutrino mas
However, since there are two possibilities for the mixi
angleu12 corresponding to two types of the solar neutri
mixing, we have to consider two cases.

~a! Small mixing angle solution. From sin22usol.1022,
we obtain the mass ratiom1 /m2.0.01 which implies that
the mass hierarchym1!m2 is required. Combining this with
the experimental results forDmsol

2 andDmatm
2 , we obtain
11301
e
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~m1 ,m2 ,m3!5@~0.5;8!31026,

~2;3!31023, 0.05] eV.
~13!

From these results, we can obtaine5(0.7;3)31023, which
is consistent with the CHOOZ and Palo Verde experimen
results.

~b! Large mixing angle solutions. For large mixing of the
solar neutrinos, Eq.~6! leads tom1.m2. We note that the
exact maximal mixing for the solar neutrino oscillation is n
realistic for this approach. Taking some value in the allow
region of sin22usol except 1, one can determine three neutri
mass eigenvalues in the same way as the SMA case.
example, if

~sin22usol, Dmsol
2 , Dmatm

2 !

are taken to be

@0.9, 1024 ~10210! eV2, 0.0022 eV2#,

respectively, for LMA~VO!, the allowed neutrino masses a
then given by

~m1 ,m2 ,m3!5S 631023 131022 0.05 ~LAM !

631026 131025 0.05 ~VO!
D eV.

~14!

The prediction ofe is 0.17 and 231024 for LMA and VO,
respectively. Those results are also consistent with the
perimental bounds.

Based on the above numerical results, we can estimate
possible effective Majorana mass arising in the next lead
order. From Eq.~5!, it is given by e2m3 and numerically
(0.2;5)31027 eV for SMA and 1.531023(231029) eV
0-4
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for LMA ~VO! with sin22usol50.9. Those values are fa
below the current experimental bound given by Eq.~4!. In
particular, a new Heidelberg experimental proposal~GE-
NIUS! will allow to increase the sensitivity for Majoran
neutrino masses from the present level of 0.1 eV down
0.01 or even 0.001 eV. In an extended experiment using
tons of 76Ge, a sensitivity of 0.001 eV could be reached@17#.
Thus, we expect that the test of the prediction of the poss
effective Majorana mass for LMA would be accessible
near future.

Now, let us take into account the limit ofe50. Requiring
no neutrinoless double beta decay, the mass matrix take
form for the mass eigenvalues (2m1 ,m2 ,m3)

M n

5S 0 2Am1m2

2
Am1m2

2

2Am1m2

2

1

2
~m31m12m2!

1

2
~m32m11m2!

Am1m2

2

1

2
~m32m11m2!

1

2
~m31m12m2!

D .

~15!

Since the solar mixing angle is given in terms ofm1 andm2
by Eq. ~6!, the maximal mixing of solar neutrinos implie
m15m2. However, it is not easy to naturally generateDmsol

2 .
For almost bimaximal mixing case@20# which is due to
nearly maximal solar mixing, similar to theeÞ0 case, neu-
trino mass spectrum is predicted providing sin22usol is fixed
so that the tiny mass splitting betweenm1 andm2 naturally
comes out.

At this stage, we address whether or not the above ty
of neutrino mass matrices can be obtained from some na
models of lepton masses and mixings. We will, first of a
show that the forms of the mass matrices given by Eqs.~9!,
~12! can be naturally generated from some class of G
models through a seesaw mechanism@21#. As shown in Refs.
@21,22#, the relevant form of the Dirac neutrino mass mat
is given in a parallel way with the up-type quark mass ma
in the GUT framework

mU.mS 0 0 r

0 r 0

r 0 1
D , ~16!

where r is a small parameter of order;(1/10021/300)
;mc /mt and the scalem;mt/3 where the factor 3 repre
sents the effect of renormalization group equation. Then,
forms of the mass matrix given by Eqs.~9!, ~12! can be
11301
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obtained through the seesaw relationM n5mU
T MR

21mU , by
taking the following forms of the right-handed Majoran
mass matrix:

MR.S aM8 bM8 0

bM8 cM8 0

0 0 M
D , MR.S M 8 0 aM

0 0 bM

aM bM cM
D ,

~17!

where the former corresponds to Eq.~9! and the latter to Eq.
~12!. In order for the GUT scenario to be consistent with t
observed bottom-tau mass ratio, it is required that the rig
handed Majorana mass of the third generation must
heavier than at least 1013 GeV @21,23#. Using the previous
numerical results for the three neutrino masses, one can
timate the ranges of the parameters (a,b,c) and (M ,M 8) and
then check whether the scalesM andM 8 are compatible with
the GUT scenario. While the consistent case for the form
happens at the vacuum angle solution which givesM
;1010 GeV, M 8;1014 GeV, the consistent cases for the la
ter happen at the small mixing and large mixing angle MS
solutions which provide M;1010211,M 8;1015216 GeV.
Here, the magnitude ofa,b,c are determined to be of orde
O(1), and thescaleM 8 is given by the order of GUT scale
Since an intermediate scale 1010211 GeV is also naturally
viable in the GUT scenario, we may say that the above
lutions, which we found, are quite natural. On the oth
hand, while the form given by Eq.~10! cannot be obtained in
such a natural way through the canonical seesaw mechan
it can be achieved within the type II seesaw model with
approximateLe-Lm-Lt symmetry, as shown in Ref.@24#.

To justify above ansatz that leads to the proposed form
neutrino mass matrix with three texture zeros and neutr
spectrum, the precise determination ofUe3 element as well
as the precise experiment for neutrinoless double beta d
will may be essential, which requires several oscillati
channels to be probed at the same time. From the fact
thenm→nt disappearance channel is sensitive only touUm3u2
and thenm→ne appearance channel is sensitive to the pr
uct uUm3u2•uUe3u2, one can determineuUe3u by combining
the regions to be probed in both channels. K2K@25# will be
expected to perform this, but it does not, at present, sens
ity in the nm→ne appearance channel to probe the region
uUe3u2 allowed by Super-Kamiokande, CHOOZ, and Pa
Verde @26#.

In summary, we have examined some patterns of Ma
rana neutrino mass matrix which is compatible with the p
nomenological lepton flavor mixing matrix and nonobserv
tion of neutrinoless double beta decay. We constructed
lepton mixing matrix by takingu235p/4 which corresponds
to the maximal mixing of the atmospheric neutrinosu12
5usol, and allowing nonvanishing very small mixing ang
u13. Imposing (M n)ee50 for the Majorana neutrino mas
matrix in the leading order, a relationship between the sola
mixing angle and the ratio of the first two neutrino ma
eigenvaluesm1 /m2 has been obtained. Additional possib
texture zeros have been assigned to the mass matrix so a
the nonvanishingu13 to be predictable in terms of neutrin
0-5
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masses. We have showed how three neutrino mass eige
ues can be estimated from the relation for the solar mix
angle and the experimental results ofDmsol

2 and Dmatm
2 in

this framework. We have also discussed how some form
the mass matrix found in this paper can be achieved in
natural model of lepton masses.

Note added. while this paper is being completed, w
heard news of recent analysis for solar neutrino oscillat
by SuperKamiokande which indicates that LMA is favor
s.

v

.Y

D

,

11301
al-
g

of
y

n

at 95% C.L., whereas SMA and VO are disfavored. If it w
be conformed in the future, only the part of LMA in ou
work is relevant.
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