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Fivebranes wrapped on associative three-cycles
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We construct supergravity solutions corresponding to fivebranes wrapping associative three-cycles of con-
stant curvature in manifolds ofG2-holonomy. The solutions preserve 2 supercharges and are first constructed
in D57 gauged supergravity and then lifted toD510,11. We show that the low-energy theory of
M-fivebranes wrapped on a compact hyperbolic three-space is dual to a superconformal field theory inD
53 by exhibiting a flow to an AdS4 region. For IIB-fivebranes wrapped on a three-sphere we speculate on a
connection with spontaneous supersymmetry breaking of pureN51 super Yang-Mills theory inD53.
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I. INTRODUCTION

When a brane wraps a supersymmetric cycle one typic
finds a ‘‘twisted’’ field theory realized on the world volum
of the brane@1#. One way to see this is to note that the cyc
will typically not have a covariantly constant spinor an
hence supersymmetry must be realized in some twisted f
ion. The transverse fluctuations of the brane are specifie
sections of the normal bundle of the brane world volume a
it is the structure of this bundle that gives rise to the twistin

An investigation of the supergravity–string-theory dua
of such theories was presented in@2,3# ~for related work see
@4–11#!. Consider a supersymmetric spacetime of the fo
R1,q3M and a (q1p)-brane wrapping a supersymmetr
p-cycle Sp,M . After taking an appropriate limit to de
couple gravity while keeping the volume ofSp fixed
@2,12,13#, one obtains a twisted field theory on the wor
volume of the braneR1,q3Sp . It was argued in@2# that in
this decoupling limit the field theory is insensitive to th
global geometry ofM: its effect is local and simply deter
mines the specific twisted field theory. At energies low co
pared to the inverse size ofSp , these theories then reduce
D5q11 dimensional field theories. If we have a large nu
ber of branes wrapping the cycle, we might expect to be a
to find supergravity duals for these theories.

The cases analyzed in@2# correspond to M-fivebranes an
D3-branes wrapping Riemann surfaces that are holomor
cally embedded in Calabi-Yau two- or three-folds. The
give rise to four-dimensional field theories withN52,1 su-
persymmetry and two dimensional field theories w
~4,4!,~2,2! supersymmetry, respectively. One interesting f
ture of this work is that supergravity solutions were fou
with AdS5 and AdS3 regions in the IR, respectively, provid
ing new AdS/conformal field theory~CFT! examples. In sub-

*Email address: bacharya@physics.rutgers.edu
†Email address: j.p.gauntlett@qmw.ac.uk
‡Email address: n.kim@qmw.ac.uk
0556-2821/2001/63~10!/106003~9!/$20.00 63 1060
ly

h-
by
d
.

-

-
le

i-
e

-

sequent work type IIB fivebranes wrapped on two-sphe
leading to N51 supersymmetry in four dimensions we
studied@3#. A fascinating aspect of this work is that it seem
to provide a starting point for analyzing the largeN limit of
pure N51 supersymmetric Yang-Mills~SYM! theory in
four dimensions.

It is natural to extend these investigations by trying
construct supergravity duals corresponding to branes w
ping higher dimensional supersymmetric cycles. The
amples we will focus on in this paper are M-fivebranes
type IIB fivebranes wrapping associative 3-cycles in sev
dimensional manifolds withG2-holonomy. These configura
tions preserve 1/16 of the supersymmetry and hence lea
three-dimensional field theories withN51 supersymmetry,
after suitably decoupling gravity. The 3-cycles will be tak
to have constant curvature: we will consider three-sphe
hyperbolic three-space and possible quotients of these sp
by freely acting discrete subgroups of the correspond
isometry groups. Note that such quotients of hyperbo
space can be compact.

Following the strategy in@2,3# we construct the 10 and 1
dimensional solutions, by first constructing solutions in mi
mal D57 gauged supergravity. When the topological ma
vanishes, corresponding to Neveu-Schwarz~NS! fivebranes,
we find explicit solutions. The solutions are singular both
D57 and inD510,11. For the case of the three-sphere,
SU(2) gauge fields inD57 have a meron form and more
over we do not find a supersymmetric instanton. This is s
prising in the sense that one has the reverse situatio
Yang-Mills theory where the instantons are supersymme
and the merons are non-supersymmetric. At the end of
paper we comment on the possibility of the singularities
the solutions being resolved by a non-supersymmetric ins
ton and speculate on the connection with spontaneous su
symmetry breaking of pureN51 SYM theory in D53.
When the topological mass is non-vanishing, correspond
to M-fivebranes, for the case of hyperbolic spaces we fin
flow to an AdS4 region. This implies that at low energies th
corresponding twisted field theory on the M-fivebrane flo
to a superconformal field theory inD53, at least in the large
N limit.
©2001 The American Physical Society03-1
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The plan of the rest of this paper is as follows. We be
with some preliminary discussion of the twisted theor
arising from the fivebranes wrapping associative thr
cycles. The supergravity solutions are presented in Sec
and the paper closes with some discussion of our results

II. GENERAL COMMENTS ON THE TWISTED
FIVEBRANE THEORIES

Consider the type IIB NS 5-brane wrapped on an asso
tive 3-cycleS in a manifoldM of G2 holonomy. The world
volume of the fivebrane is thenR1,23S. The non-trivial part
of the spin connection on the world volume is a connect
on the spin bundleS of S. This is anSU(2),Spin(1,5)
bundle. The normal bundle to the fivebrane in t
G2-manifold is four dimensional and given byN5S^ V
whereS is the spinor bundle ofS andV is a rank-2SU(2)
bundle@14#. From this information the appropriate twistin
can be deduced~see@15#!: one identifies the structure grou
of S, SU(2)S , with one of theSU(2) factors,SU(2)L say,
in the Spin(4)>SU(2)L3SU(2)R R-symmetry group of
the fivebrane.

The spin content of the twisted theory can thus be sp
fied by giving the transformations underSpin(2,1)
3SU(2)D3SU(2)R , where SU(2)D is the diagonal of
SU(2)S3SU(2)L . Now recall that the fields of the flat five
brane consist 4 scalars transforming as (1,2,2), under
Spin(5,1)3SU(2)L3SU(2)R , fermions transforming as
(4,2,1)1(4̄,1,2) and a six-dimensional vector field. By de
composing theSpin(5,1) representations intoSpin(2,1)
3SU(2)S representations we can then deduce the repre
tations of the twisted theory. We find that the si
dimensional vector field gives rise to a three-dimensio
vector field plus three scalars transforming as (3,1) of
SU(2)D3SU(2)R . The 4 scalars give rise to scalars tran
forming as (2,2): they have become sections of the norm
bundle mentioned above. Finally, the fermions transform
(2,3,1)1(2,1,1)1(2,2,2) of Spin(2,1)3SU(2)D
3SU(2)R . The spinors that generate the supersymmet
on the NS fivebrane transform in exactly the same way
(2,1,1) are the preserved supersymmetries correspondin
N51 in D53.

When type IIB NS fivebranes wrap an associative 3-cy
they give rise to this twisted theory with all fields in th
adjoint of U(N). At energies much less than the size of t
cycle the theory will reduce to anN51 supersymmetric field
theory in D53. The low-energy degrees of freedom corr
spond toN51 SYM theory inD53 but there could be extra
massless fields arising from zero modes of the nor
bundle: harmonic sections ofS^ V. In this paper we are only
considering associative 3-cycles that are 3-spheres, hy
bolic 3-space or quotients of these spaces. An example
non-compactG2-holonomy manifold with an associativeS3

was described in@25,26#. The 7-manifold is in fact the tota
space of the spin bundle ofS3, S(S3). SU(2) bundles onS3

are trivial soS(S3) is homeomorphic toR43S3. The asso-
ciative S3 is identified as the zero section ofS. In this case,
as pointed out in@14#, it is obvious that the normal bundle t
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this sphere is justS itself and henceV must be trivial. One
can immediately conclude that there are no zero modes s
there are no harmonic spinors on the three-sphere. Howe
we do not know if this is the generic situation for associat
three-spheres. Similarly one can considerS(H3) which ad-
mits aG2-holonomy metric defined on an open subset@25#.
Again, V is trivial, but in this case becauseH3 has negative
constant curvature it is possible that harmonic spinors m
exist.

When M-fivebranes wrap an associative cycle there is
dimension which is neither tangent to the fivebrane wo
volume nor tangent to the manifold withG2 holonomy. The
R symmetry is nowSO(5) but the twisting involves embed
ding theSU(2) spin connection in anSO(4) subgroup in the
same way as for the type IIB fivebrane. Consequently
analysis above allows us to conclude that this theory a
preservesN51 supersymmetry inD53. For a single five-
brane we expect to get a singleN51, D53 scalar super-
field and possibly some extra massless states arising from
normal bundle. It is less clear what we will get when w
haveN coincident fivebranes since we do not have an
plicit six-dimensional Lagrangian for the fivebrane theory.
we wrap one of the uncompactified world-volume directio
on a circle, we would get the twisted theory in 2 spaceti
dimensions arising from theU(N)D4-brane theory wrapping
the associative 3-cycle.

III. SUPERGRAVITY SOLUTIONS

Following @2,3# our strategy for constructingD510 and
D511 supergravity solutions corresponding to string the
and M-fivebranes wrapped on associative 3-cycles of c
stant curvature is to first construct the solutions inN
51, D57 gauged supergravity.

The bosonic field content ofN51, D57 gauged super-
gravity @16# consists of a metricg, dilaton f, a three-form
potentialA3 andSU(2) gauge fieldsA[Aa(ta/2), whereta

are Pauli matrices. The fermions are made up of a dilatinl
and a gravitinocm , each an eight component comple
SU(2) Majorana spinor. The Lagrangian for the boson
fields in the string frame is given by

L5Age22fF S R2
1

8
Fmn

a Famn14]f2D
2S h2

2
e24f24he22f24D G2

1

2
e2f* G`G

1
1

4
Fa`Fa`A32

h

2
G`A3 ~3.1!

where G5dA3 is the four-form field strength andF5dA
1 iA`A[Fa(ta/2) is the SU(2) field strength. The Ein-
stein metric is related to the string metric viagE5e24f/5g.
The potentialV5e4f/5@h2/2e24f24he22f24# is drawn in
Fig. 1. Note that we have set the gauge coupling constan
@16# to A2 and we have rescaled the topological massh by a
factor of 8 for convenience. When the topological mass v
3-2
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FIVEBRANES WRAPPED ON ASSOCIATIVE THREE-CYCLES PHYSICAL REVIEW D63 106003
ishes we can dualise the 3-form potential and rewrite
Lagrangian in terms of a 2-form potentialB as

L5Age22fFR2
1

8
Fmn

a Famn14]f22
1

3
HmnrHmnr14G

~3.2!

with dH5
1
8

Fa`Fa. Bosonic solutions to the equations

motion preserve supersymmetry if the supersymmetry va
tion of the dilatino and gravitino vanishes:

dl5F]”f2
i

4
GmnFmn1

1

48
e2fGmnrsGmnrs2he22f11Ge

50

dcm5FDm1 iAm2
i

2
FmrGr1

1

96
e2fGm

nrsdGnrsd

2
h

4
e22fGmGe50 ~3.3!

where the spinore carries anSU(2) index upon which the
Pauli matrices act.

To orient ourselves, we first recall some simple config
rations that preserve supersymmetry. For vanishing topol
cal mass, the linear dilaton solution

ds25ds2~E1,5!1dr2

f52r ~3.4!

with F5G50 preserves 1/2 of the supersymmetry. Upli
ing to D510 using the formulas in@17,18# we get

ds25ds2~E1,5!1dr21
1

4
~v1

21v2
21v3

2!

f52r

HNS5
1

8
v1`v2`v3 ~3.5!

FIG. 1. Scalar potential ofD57 gauged supergravity with
h51.
10600
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whereva are left invariant one-forms on a 3-sphere whi
we take to satisfydv15v2`v3, and cyclic. This solution
preserves 1/2 of theN51 supersymmetry. It is also a supe
symmetric solution of type IIA/B supergravity preserving 1
supersymmetry and corresponds to the near horizon limi
the type IIA/B NS fivebrane solution.

When the topological mass is non-vanishing it is mo
natural to use the Einstein frame. The potential for the sc
field f has a supersymmetric maximum ate22f51/h, giv-
ing rise to the AdS7 solution preserving all supersymmetry

dsE
25R2Fdu2

u2 1u2ds2~E1,5!G
e22f5

1

h
~3.6!

with the AdS radius given byR52/h1/5. Using the formulas
in @19# this solution uplifts to AdS73S4 in D511 which is
the near horizon limit of the M-fivebrane solution.

A. Fivebranes wrapped on three-spheres

To find more general solutions corresponding to type
fivebranes and M-fivebranes wrapped on associative th
spheres, we consider an ansatz of the form

ds25e2 f@dj21dr2#1a2s1
21b2s2

21c2s3
2

A5as1S t1

2 D1bs2S t2

2 D1gs3S t3

2 D
A35ks1`s2`s32 ldj0`dj1`dj2 ~3.7!

with f ,a,b,g,k,l functions ofr only andsa a basis of left
invariant one-forms onS3 satisfyingds15s2`s3 and cy-
clic permutations. Throughout the paperdj2 refers to
ds2(E1,2). When a,b,c are not all equal, the fivebrane
would be wrapping a squashed three-sphere. Note that in
special case that

b21c22a2

2bc
5a,

a21c22b2

2ac
5b,

a21b22c2

2ab
5g

~3.8!

the SU(2) gauge fields are equal to the components of
spin connection on the squashed 3-sphere directions. M
precisely, in the frame given by (e0, . . . ,e6)
5(efdj0,efdj1,efdj2,efdr,as1 ,bs2 ,cs3), we then have
v5

65@(b21c22a2)/2bc#s15A1 and similarly v6
4

5A2, v4
55A3. This is the expected twisting for associ

tive three-spheres as discussed in the last section.
Upon substituting this ansatz@without assuming Eqs

~3.8!# into Eqs. ~3.3! we have only found supersymmetr
3-3



re
-

ro
-

s
n

d

re

re

ad
o
n
av
of
rr
uc
no
su

cal

ne
ld.

lso
-

that

in
et

ho
as

ACHARYA, GAUNTLETT, AND KIM PHYSICAL REVIEW D 63 106003
configurations with non-vanishing gauge-fields1 when the
four-form is trivial, k5 l 50, the squashed 3-spheres a
round,a5b5c, anda5b5g51/2. Note that these restric
tions do indeed satisfy Eqs.~3.8!. Specifically,

ds25e2 f@dj21dr2#1a2~s1
21s2

21s3
2!

A5
1

2 Fs1S t1

2 D1s2S t2

2 D1s3S t3

2 D G
A350 ~3.9!

is a supersymmetric solution to the equations of motion p
vided that the functionsa, f ,f solve the differential equa
tions

a8

a
e2 f2

1

4a2 2
h

2
e22f50

e2 ff82
3

16a2 2he22f1150

2e2 f f 82he22f50. ~3.10!

These configurations preserve 1/8 of the 16 supercharge
ga are gamma matrices with respect to the above mentio
frame, the preserved supersymmetries satisfyg3e5 ig56t1e
5 ig64t2e5 ig45t35e ~note that the last condition is implie
by the second and third conditions!. The spinore has a radial
dependence given bye5ef /2e0 for constante0. Since the
spinors are independent of the coordinates on the th
sphere, these solutions are also supersymmetric onS3/G,
whereG is a discrete subgroup ofSO(4), theisometry group
of S3, which acts freely and discontinuously.

It is interesting to note that the gauge field is half pu
gauge or a meron@21# ~for a recent discussion see@22#!.
Explicitly, by definition of the left-invariant one-formssa ,
we haveA52( i /2)sa( i ta/2)52( i /2)U21dU where U is
an arbitrary element ofSU(2). In Yang-Mills theory merons
are singular gauge-fields that are not Bogomol’nyi-Pras
Sommerfield~BPS! but solve the second-order equations
motion. Moreover, the singularities at the origin and at infi
ity can be resolved by adding a half-instanton. Here we h
a somewhat reverse situation in that the meron is part
BPS configuration and we have not been able to find co
sponding supersymmetric instanton configurations. As s
it would seem that the singularities in the gauge field can
be resolved by adding half-instantons while preserving
persymmetry.

1When the topological mass vanishes there is a supersymm
solution with vanishing gauge fields,a5b5g50. It has f 5k
50, a5b5c5const, f5(111/4a2)1/2r , and G5(e22f/a)dj0

`dj1`dj2`dr. When uplifted toD510 it gives rise to the 1/4
supersymmetric type IIA/B solution corresponding to the near
rizon limit of two NS fivebranes intersecting on a string that w
discussed in@20#.
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1. Vanishing topological mass

Let us first consider the case of vanishing topologi
mass,h50. In this case we can easily integrate Eqs.~3.10!
to obtain the explicit solution

ds25dj21dr21
r

2
~s1

21s2
21s3

2!

A5
1

2 Fs1S t1

2 D1s2S t2

2 D1s3S t3

2 D G
e2f5e22r r 3/4e2f0

A350. ~3.11!

This solution has a curvature singularity at the origin as o
might expect from the singularities of the meron gauge fie
For example, the Ricci scalar is given byR53/r . In addition
to the 3-dimensional Poincare invariance, the solution is a
invariant underSO(4) symmetry@the round 3-sphere is ob
viously invariant and the gauge fields are up to anSU(2)
gauge transformation#.

This solution can be uplifted to a solution ofN51 super-
gravity in D510 using the formulas in@17,18#. Explicitly we
get

ds25dj21dr21
r

2
~s1

21s2
21s3

2!1
1

4
@n1

21n2
21n3

2#

e2f5e22r r 3/4e2f0

HNS5
1

32
@s2`s3`n11s3`s1`n21s1`s2`n3#

1
1

8
n1`n2`n3 ~3.12!

with na[va2sa/2 andva the left invariant one-forms on a
3-sphere introduced before. We have directly checked
this solution admits Killing spinors ofN51 supergravity in
D510:

dl5S gM]Mf2
1

6
HMNPgMNPD e50

dcM5S DM2
1

4
HMNPgNPD e50 ~3.13!

provided thate is constant and satisfies

g3567e5g3648e5g3459e5e ~3.14!

in the frame (e0, . . . ,e9)5„dj0,dj1,dj2,dr,(r /2)1/2@s1 ,
s2 ,s3#,(1/2)@n1 ,n2 ,n3#…. These projections can be recast
the following elegant way@see, e.g., Eqs.~11! and ~78! of
@23##:

2

3 S g i j 1
1

4
c i jkl g

klD e50 ~3.15!

ric

-

3-4
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where i , j ,k,l P$3 – 9% and the four-formc is G2 invariant
with non-zero components given by

115c45785c34595c46795c35675c5689

215c37895c3468. ~3.16!

Under the decompositionSpin(9,1)→Spin(2,1)3Spin(7)
the spinors decompose as16→(2,8). We can further decom
poseSpin~7! underG2 with 8→117. Equation~3.15! asserts
that e is G2 invariant.

This solution is also a solution of type IIA and type II
supergravity, where it still preserves 2 supercharges; i.e
now preserves 1/16 of the supersymmetry. To see this re
that in the string frame a bosonic type IIA configuration w
vanishing Ramond-Ramond fields is supersymmetric if~see,
e.g.,@24#!

dl756S ]”f6
1

6
HMNPgMNPD e650

dc65S DM6
1

4
HMNPgNPD e650. ~3.17!

We find that the solution breaks alle1 supersymmetries an
preserves 1/8 of thee2 supersymmetries. This is exactly a
expected: theG2-holonomy metric will preserve spinorse6

satisfying Eq.~3.14!. If we wrap a type IIA NS fivebrane
around the associative 3-cycle in the directions$4,5,6%, we
must imposeg012456e65e6 which is only consistent with
e2 . By explicit calculation or simply by noting that we ca
obtain the type IIB solution by performing a trivialT duality
in thej1 or j2 direction, we conclude that as a solution of t
type IIB theory it also preserves 1/16 of the supersymme
We can also trivially uplift the type IIA solution to obtain
solution inD511 preserving 1/16 of the supersymmetry.

The symmetries of theD510 solution consist of theD
5211 Poincare´ invariance as well asSU(2)3 symmetry:
the two left actions for whichv ands are left invariant and
an SU(2) right action which is the sum of the two righ
actions. These isometries arise from the fact that the asso
tive 3-cycle is a round three-sphere and that the nor
bundle is not generic.

The asymptotic behavior of the fivebrane is as one
pects for a type IIB fivebrane wrapping the three-sphe
Presumably the fact that the three-sphere is getting larg
related to the fact that theD5211 gauge coupling has di
mension 1/2. Note that just as in seven dimensions, thD
510 solution is singular asr→0. For example,H2 and the
Ricci scalar diverge like 1/r 2. We will return to the issue of
singularities in the last section.

Before closing this section, as somewhat of an aside,
report on a generalization of the solution~3.12!. Consider the
ansatz

ds25dj21dr21a2~s1
21s2

21s3
2!1b2@n1

21n2
21n3

2#

HNS5 l @s2`s3`n11s3`s1`n21s1`s2`n3#

1nn1`n2`n3 . ~3.18!
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This preserves supersymmetry ifl 5n/45C for constantC,
provided thata,b,f satisfy

~a2!85
b

2 S 11
8C

b2 D
~b2!85bS 12

b2

4a2D S 12
8C

b2 D
f85

3C

a2b
2

4C

b3 . ~3.19!

For C51/32, b51/2 we recover our previous solutio
~3.12!. For C50, after introducing a new radial variable w
find that the non-trivial seven metric is given by

ds7
25S 12

k3

r3D 21

dr21
r2

12
~s1

21s2
21s3

2!1
r2

9 S 12
k3

r3D
3@n1

21n2
21n3

2# ~3.20!

which is known to be a metric withG2 holonomy @25,26#
and is the one discussed in Sec. II. We have not been ab
find the exact solution to Eqs.~3.19!. However, we can es
tablish the asymptotic behavior. By analyzingdb2/da2 we
see that for largea2 we haveb2'4a2/3 andf' const. Us-
ing a as a radial variable we then have, asymptotically,

ds7
2512da21a2~s1

21s2
21s3

2!1
4a2

3
@n1

21n2
21n3

2#

~3.21!

which is the larger limit of Eq. ~3.20!. For smalla2 we have
b2'1/a andf' const112Ca, giving rise to the asymptotic
metric

ds7
2516a3da21a2~s1

21s2
21s3

2!1
1

a
@n1

21n2
21n3

2#.

~3.22!

Note that these solutions are not solutions of minimalD
57 gauged supergravity because they have another s
field active.

2. Non-vanishing topological mass

To find supergravity solutions describing M-theory fiv
branes wrapped on associative three-spheres we nee
solve Eqs.~3.10! with h5” 0. We have not been able to fin
exact solutions, but it is not too difficult to establish th
asymptotic behavior of the solutions. Dividing the seco
equation by the first and defining

F5x2e22f, x5a2 ~3.23!

we can obtain the following differential equation

dF

dx
5

5F116xF

4x18hF
. ~3.24!
3-5
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The behavior of the orbits in the (F,x) plane is illustrated in
Fig. 2. It is also useful to note that Eqs.~3.10! implies

d f

dx
5

hF

x212hFx
. ~3.25!

For largex we haveF'x2/h23x/8h. Switching the ra-
dial variable fromr to a we then deduce that the asympto
forms of the Einstein metric and scalar are given by

dsE
25S 2

h1/5D 2S da2

a2 1a2Fdj21
1

4
~s1

21s2
21s3

2!G D
e22f5

1

h
2

3

8ha2 ~3.26!

~we have rescaled the coordinatesj). This is the asymptotic
behavior that one expects for an M-fivebrane to be wrap
on a three-sphere: the dilaton is at the supersymmetric m
mum of the potential, and the metric has the form of Ad7
except that the slices of constanta haveE5,1 replaced with
E2,13S3. Moreover, the next to leading order behavior of t
dilaton is given byf'(ln h)/213/(16a2). This corresponds
to the insertion of the boundary operatorOf of conformal
dimensionD54, since the falloff is like 1/a62D. This op-
erator is dual toF2 whereF are the scalars in the tenso
multiplet of the M-fivebrane theory~see e.g.@27#!. The next
order of the expansion corresponds to the expectation v
of this operator@28#.

For smallx, the behavior ofF depends on the value o
F(0). If it is non-vanishing, we haveF'F015x/8h. The
dilaton and the Einstein metric are then, asymptotically,

dsE
254F0

2/5F a22/5

h2F0
2

da21a2/5S dj21
1

4
~s1

21s2
21s3

2! D G
e22f5

F0

a4 . ~3.27!

FIG. 2. Behavior of the orbits for the three-sphere whenh51.
The AdS7-type region is atF'x2, for largex. The dashed line is
the separatrix. The singularity in the IR region is always of the b
type ~BS!.
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If F(0) vanishes, we generically haveF'F0x5/4 and

dsE
25F0

2/5@16a7/5da21a23/5dj21a7/5~s1
21s2

21s3
2!#

e22f5
F0

a3/2
. ~3.28!

The behavior of the separatrix isF'x/8h, giving

dsE
25

1

~8h!2/5F S 16

5 D 2

a6/5da21a22/5dj21a6/5

3~s1
21s2

21s3
2!G

e22f5
1

8ha2
. ~3.29!

All of these metrics are singular. Note that Eqs.~3.27! have
g00 decreasing as one approaches the singularity, while
others have it diverging. Before we conclude that the form
is thus an example of a ‘‘good’’ singularity by the criteria o
@2# ~see also@29#!, we should recall that the definition ap
plied to theD511 solution. Using the formulas in@19#, we
see that theD511 metric will have the form~e.g., for
h51)

ds25D1/3dsE
21X3D1/3du21

1

4
D22/3X21 cos2u~n1

21n2
21n3

2!

~3.30!

whereX5e2f/5

D5X24sin2u1X cos2u. ~3.31!

In all cases the 00 component of the 11-dimensional me
is divergent and hence the singularities are ‘‘bad’’ by t
criteria of @2#.

Finally, we note that for all solutionse22f starts from the
supersymmetric maximum at 1/h, decreases in value befor
turning and then running off to infinity.

B. Fivebranes wrapped on hyperbolic space

Let us now more briefly describe what happens when
replace the three-sphere with possible quotients of hyp
bolic three-space,H3/G. Here G is a discrete subgroup o
SO(3,1)>PSL(2,C), the isometry group ofH3/G, which
acts freely and discontinuously. This includes the cases w
H3/G is compact.

Consider the metric ansatz

ds25e2 f@dj21dr2#14
a2

z2 ~dz21dx21dy2! ~3.32!

where (z,x,y) are local coordinates onH3. We set the four-
form G to zero and take theSU(2) gauge fieldsAa to be
specified in terms of the spin connection via

d
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A15v5
650

A25v6
452

1

2a
e6

A35v4
55

1

2a
e5 ~3.33!

using the frame„ef(dj0,dj1,dj2),(2a/z)(z,x,y)…. These
configurations preserve 1/8 of the supersymmetry if

a8

a
e2 f2

1

4a2 1
h

2
e22f50

e2 ff82
3

16a2 1he22f2150

2e2 f f 81he22f50. ~3.34!

The spinors satisfyig65t1e5 ig46t2e5 ig54t35g3e52e
and their radial dependence is again given bye5ef /2e0 for
constante0. Since the spinors are independent of the coo
nates onH3, these solutions are also supersymmetric
H3/G.

For vanishing topological mass,h50, these equations
can be integrated to give metric and dilaton:

ds25dj21dr21
2r

z2 ~dz21dx21dy2!

e2f5e2r r 23/4e2f0. ~3.35!

This solution can then be easily uplifted toD510. Apart
from the change in sign of the dilaton this is very similar
the case of the three-sphere. The solution is singular bot
D57 and inD510.

For non-vanishing topological mass things are quite d
ferent from the case of the three-sphere. We first note tha
differential equations~3.34! admit the exact solutiona2

55/16, e22f58/5h, andef55/4r . In the Einstein frame we
have

ds25S 8

5hD 2/5F 25

16r 2~dj21dr2!1
5

4z2 ~dz21dx21dy2!G
~3.36!

corresponding to AdS43H3/G. This can easily be lifted to
D511 using Eq.~3.30!, with na5va2Aa , and the formula
for the four-form in@19#.

We can get further insight into the solutions of Eq.~3.34!
by again analyzing the differential equation forF
5x2e22f, x5a2. We now have

dF

dx
5

25F116xF

24x18hF
. ~3.37!

Notice that this is the same equation as Eqs.~3.10! after x
→2x. The behavior of the orbits for the region of intere
here is illustrated in Fig. 3.
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For largex there are solutions that behave likeF'x2/h
13x/8h which give rise to the asymptotic solution

dsE
25S 2

h1/5D 2S da2

a2 1a2Fdj21
1

z2 ~dz21dx21dy2!G D
e22f5

1

h
1

3

8ha2 ~3.38!

as one expects for an M-fivebrane wrapping hyperbo
space. The next to leading order behavior of the dilaton
now f'(ln h)/223/(16a2), again corresponding to the in
sertion of the boundary operatorOf of dimensionD54.

There are three different types of behavior of these so
tions asx decreases. First, there is an orbit that ends up at
solution ~3.36!. WhenH3/G is compact, this orbit thus cor
responds to a flow ‘‘across dimensions’’ from the AdS7-type
region~3.38! to an AdS43H3/G region. This implies that the
twisted field theory residing on an M-fivebrane wrapped
compactH3/G flows in the far IR to a new superconforma
theory~at least for largeN) whose dual is described by Eq
~3.38!.

There is also a class of orbits in which for smallx, F
asymptotes to a constant,F0. These solutions give rise to th
asymptotic metric for smallx of the form

dsE
254F0

2/5F a22/5

h2F0
2

da21a2/5S dj21
1

z2 ~dz21dx21dy2! D G
e22f5

F0

a4 . ~3.39!

These have a similar structure to Eqs.~3.27!. In particular,
althoughg00 is decreasing as we approach the singularity
a50, the 00 component of the upliftedD511 metric is
divergent and hence these are ‘‘bad’’ by the criteria of@2#.
For these flowse22f monotonically increases from 1/h to
infinity.

FIG. 3. Behavior of the orbits for hyperbolic spaces whenh
51. The AdS7-type region is atF'x2, for largex, and flows to the
IR fixed point or the good~GS! and bad~BS! singularities in the IR.
The dashed lines are the separatrices.
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Finally there is another class of orbits in whichF de-
creases as a function ofx and then turns back on itself an
decreases to zero for largex. At the end of these orbits th
largex behavior forF is of the formF'F0e24x. Althougha
is not a good radial coordinate along the whole of the
trajectories, it is good enough to describe the asymptotic
havior and we find that they have ‘‘good’’ singularities b
the criteria of@2#. For these flowse22f begins increasing
from 1/h before turning and running back to zero.

IV. DISCUSSION

We have found supergravity solutions that describe fi
branes wrapping associative 3-cycles that are eitherS3, H3

or quotients of these spaces. For the M-fivebrane case
determined the general asymptotic behavior of the soluti
to the BPS equations. In the case of the M-fivebrane wr
ping a hyperbolic three-space we have shown that there
flow from an AdS7-type region to an AdS43H3/G solution.
For compactH3/G this implies that at low energies th
wrapped M-fivebrane theory flows to a superconform
theory inD53 at least for largeN. It would be interesting to
study this theory in more detail. We also found a class
orbits with ‘‘good’’ singularities which presumably corre
spond to switching on a vev for the operatorOf . For all
other orbits, both for the three-sphere and for hyperbo
spaces, the singularities in the IR are ‘‘bad’’ by the criteria
@2#. It will be interesting to see if and how they can b
resolved.

For the type IIB NS fivebrane theory we obtained ex
solutions to the BPS equations and they are all singular in
IR. Let us speculate on how the singularities might be
solved for the case of the three-sphere. In Sec. II we no
that after taking a suitable decoupling limit one expects t
the type IIB NS fivebrane wrapped on an associative thr
sphere should give rise toN51 supersymmetric Yang-Mills
theory in the IR, at least for certainG2 manifolds when the
associative three-sphere is rigid. Witten has shown@30# that
the Witten index vanishes forN51 SYM theory inD53
with vanishing Chern-Simons coupling and has provided
cumstantial evidence that supersymmetry is actually spo
neously broken. If this is indeed the case, it is natural
suggest that our supergravity solution~3.12! describes this
case and that the singularity can only be removed in a n
supersymmetric fashion. Recalling that the singularity is
lated to the meron gauge fields inD57 gauged supergravity
it is plausible that the singularity can be removed by a
persymmetry breaking instanton. It would be interesting
construct such supergravity solutions and thereby, hopefu
demonstrate spontaneous breaking of supersymmetry in
N51 SYM theory inD53.

We should comment that Witten has also shown@30# that
for suitable Chern-Simons couplings the Witten index inN
51 SYM theory is non-vanishing and hence supersymme
is preserved. One might hope to be able to find supers
metric gravity solutions describing this situation. Since t
type IIB NS fivebrane includes a coupling of the formF
`F`BNS;vCS(A)`H, whereF is the field strength of the
gauge fieldsA residing on the fivebrane, one expects that
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presence of NS three-form fluxH on the three-sphere woul
give rise to these theories. However, our original ansatz
allow for this type of possibility, but we did not find such
supersymmetric solution. We have not proved that our so
tions are the only ones within our ansatz that preserve su
symmetry but we expect that a more general ansatz is p
ably needed to find these solutions, if they indeed exist.

In our approach, following@2,3#, we did not start with a
manifold with G2 holonomy and then construct a solutio
describing a fivebrane wrapping an associative 3-cy
Rather we built the solution all at once. This then raises
question about whichG2-holonomy manifolds we are con
sidering in our final solutions. This does not seem to b
straightforward question to answer as it is not clear how
‘‘switch off’’ the fivebrane flux. Nevertheless, it appears th
the manifolds areS(S3/G) or S(H3/G) of @25,26# that we
discussed in Sec. II. The evidence for this is as follows. Fi
the decoupling limit that we take leads to a non-comp
manifold: only the local description of the associative thre
cycle is important. Second, the structure of the norm
bundle of the associative cycles inS(S3/G) or S(H3/G) cor-
respond to our solutions. The generic normal bundle of
associative three-cycle has structure groupSO(4)'SU(2)L
3SU(2)R and the twisting requires an identification of th
SU(2) spin connection on the cycle with one of the facto
SU(2)L , say. Our solutions are constructed in minim
gauged supergravity which only hasSU(2)L gauge fields
and hence we can only construct solutions correspondin
associative three-cycles with non-generic normal bund
The normal bundles to the associative three cycles
S(S3/G) or S(H3/G) also have theSU(2)R bundle trivial.
Finally in Sec. III A 1 we derived some generalized BP
equations that contain these manifolds as well as our s
tions as special cases, for the case of vanishing topolog
mass. If we compare Eqs.~3.20! and ~3.12!, it is interesting
to note that associative 3-sphere inS(S3) gets shrunk when
we add the fivebrane while the other asymptotic three-sph
that shrunk to zero size at the zero section gets blown u
finite size. The latter is necessary in order for there to
non-zero flux transverse to the wrapped brane. It is also
teresting to note that while theG2 invariant metric on
S(H3/G) is not complete, when we add the M-fivebrane fl
we can get the regular solution AdS43H3/G uplifted to D
511.

Note added. After this work was completed we becam
aware of@31# where they also found the AdS43H3 solution
of minimal D57 gauged supergravity. In addition this pap
presented an AdS43H3 solution for maximalD57 gauged
supergravity. This solution is related to M-fivebranes wra
ping special Lagrangian 3-cycles in Calabi-Yau three-fo
as will be shown elsewhere@32#.
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