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Preheating—cosmic magnetic dynamo?
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We study the amplification of large-scale magnetic fields during preheating and inflation in several different
models. Preheating can resonantly amplify seed fields on cosmological scales. In the presence of conductivity,
however, the effect of resonance is typically weakened and the amplitude of produced magnetic fields depends
sensitively on the evolution of conductivity during the preheating and thermalization phases. In addition we
discuss geometric magnetization, where amplification of magnetic fields occurs through coupling to curvature
invariants. This can be efficient during inflation due to a negative coupling instability. Finally we discuss the
breaking of the conformal flatness of the background metric whereby magnetic fields can be stimulated through
the growth of scalar metric perturbations during metric preheating.
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I. INTRODUCTION

With the current dominance of the inflationary paradig
and the gravitational instability picture of structure formati
seeded by quantum fluctuations it is easy to forget ear
competing, models. In particular, models of structure form
tion based on turbulence had the advantage that they w
able to make strong connections between galaxy format
galactic angular momentum and galactic magnetic fields@1#.

Inflation, by contrast, predicts essentially zero vortic
and in its purest forms,1 rather small magnetic fields. Th
end of inflation may be very violent, with rapid partic
production—a process known as preheating. During preh
ing, fluctuations of scalar and gauge fields exhibit expon
tial growth by parametric resonance@2–4#. It has a host of
potentially radical side effects: grand unified scale baryog
esis@5#, non-thermal symmetry restoration@6#, and topologi-
cal defect formation@7#. Here we will discuss a side effec
which may have persisted until the present day—the am
fication and sculpting of primordial magnetic fields to t
amplitudes seen today on cosmic scales.

Magnetic fields are known, partly via the Faraday rotat
of light they induce, to permeate many astro-physical s
tems including intra-cluster gas, quasars, pulsars and s
galaxies. The fields are large, with magnitudes;331026 G
on scales greater than 10 kpc@8#. Such amplitudes present a
‘‘inverse’’ fine-tuning problem as compared with the sta
dard one in inflation:2 Since Maxwell’s equations are confo
mally invariant and Friedmann-Lemaıˆtre-Robertson-Walker

1With no explicit terms or interactions which break conform
invariance.

2For example, for the potentialV5
1
4 lf4, cosmic microwave

background~CMB! anisotropies in the absence of preheating
mandl;10213, a rather severe fine-tuning.
0556-2821/2001/63~10!/103515~13!/$20.00 63 1035
r,
-
re
n,

t-
-

-

li-

n
-

ral

~FLRW! models are conformally flat,3 the cosmic expansion
doesnot create photons or magnetic fields. The origin
these large amplitude fields, correlated on such large sc
is still generally regarded as an unsolved mystery, despite
proliferation of putative explanations@9,10#.

The observed magnetic fields today have an energy d
sity comparable to that in the cosmic microwave bac
ground:r[B2/(8prg);1 @11#. If we run the cosmic clock
backwards past a redshift ofz.100 where structure forma
tion is strongly in the linear regime,r may have decreased t
around 10234 through the combined effects of the galac
dynamo@9,10# and collapse of structure, which amplifies th
magnetic field as (dr/r)2/3 due to flux conservation. The
galactic dynamo efficiently converts differential rotation
spiral galaxies into magnetic field energy and without itr
;1028 is required to seed the observed fields@11#.

The limit on a homogeneous magnetic field on horiz
scales today is&1029 G @12#. In contrast, at decoupling a
magnetic field at smaller scales would lead to dissipation
energy into the photon fluid and lead to spectral distortio
To avoid conflict with Cosmic Background Explore
~COBE! Far Infrared Absolute Spectrophotometer~FIRAS!
results requires the field to be less than;1028 G today at
scales 0.4–600 kpc.

The time evolution ofr is typically believed to be rathe
trivial: r;const. This is due to the high conductivity of th
universe through the matter and radiation dominated pha
which conserves magnetic flux and leads to the behavioB
;a22 and B2/rg;const. However, during preheating an
inflation, the low conductivity of the universe, due to th
paucity of charged particles, creates an environment in wh
r can change freely.

The production of magnetic fields during inflation h

-
3I.e., the Weyl tensor,Cabmn , vanishes.
©2001 The American Physical Society15-1
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been studied by Turner and Widrow@11# and Daviset al.
@13# and during phase transitions by several authors@14–16#.
In reheating their production via stochastic currents was
vestigated by Calzettaet al. @17#.

In this paper we consider the mechanisms discussed
Turner and Widrow@11# and show how preheating may lea
to resonant amplification of magnetic fields@18#. We also
discuss a mechanism@19,20# based on the breaking of con
formal flatness of the background geometry due to me
preheating rather than breaking of the conformal invaria
of the Maxwell equations. Although they also lead to res
nance, we do not consider the axion-like couplingsfFmn* Fmn

since they have been considered in depth by a numbe
authors@21,22#. We will also not describe resonant produ
tion of magnetic fields in low-energy string actions whe
conformal invariance is broken by the existence of the d
ton f. Such models have been discussed in@23–26#.

II. MAGNETIC FIELDS IN CURVED SPACETIME

Maxwell’s equations arise from the Lagrangian dens
2 1

4 FmnFmn , where Fmn[2¹ [mAn] is the Maxwell tensor,
Am is the four-potential,¹m is the curved space, covarian
derivative, and square brackets on indices denote a
symmetrization on those indices.

The Maxwell equations that arise are then

hAm1RmnAn2¹m¹nAn50, ~2.1!

where h[¹m¹m5(1/A2g)]m(gmnA2g]n) and g
[det(gmn). The Ricci tensor term arises through the no
commutativity of covariant derivatives and application of t
contracted Ricci identities 2¹ [mn]A

n5RmnAn @27#.
The four-potential suffers from a gauge freedom wh

must be eliminated. One may use either the covariant L
entz gauge condition¹mAm50 or the combined Coloumb–
tri-dimensional–radiation gauge conditionsA050, ] iAi50.
In both cases the last term in Eq.~2.1! vanishes.4

Except for the last section we will use a flat FLRW spac
time as a background. The metric is then

ds25a2~h!~2dh21d i j dxidxj !, ~2.2!

whereh[*a21dt is conformal time,a(h) is the scale factor
of the universe andd i j is the Kronecker delta. The tracele
part of the Riemann tensor—the Weyl tens
Cabmn—defined by@27#

Cabmn5Rabmn2ga[mRn]b1gb[mRn]a1
1

3
Rga[mgn]b ,

~2.3!

vanishes in FLRW backgrounds which are therefore con
mally flat. The metric~2.2! is also conformally static.

4If one explicitly breaks theU(1)EM gauge invariance and con
formal invariance by introducing a photon mass termm2AnAn into
the Lagrangian, then one recovers the Proca equation, and the g
condition¹mAm50 becomes a true constraint equation.
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Placing ahomogeneousmagnetic field in a FLRW back-
ground is not consistent since the magnetic field picks ou
preferred direction which is not consistent with the maxim
symmetry spatial subsections of the FLRW models. Inste
the ~anisotropic! Bianchi models provide an appropria
background for the study of this problem@28#.

Instead we will assume that the magnetic field produc
will not be coherent on very large scales. Such a possib
is already strongly constrained by the CMB. Rather we w
assume that the power spectrum,B(k), of the magnetic field
is statistically isotropic and homogeneous, hence consis
with the symmetries of the background FLRW model. O
then finds, e.g.@1#,

^Bi~k!Bj* ~k8!&54p3d3~k2k8!Pi j ~k!uB~k!u2, ~2.4!

where, due to the divB50 constraint,Pi j (k) must be the
transverse projection tensor:

Pi j ~k!5d i j 2
kikj

k2
. ~2.5!

Assuming the spectrumB(k) is known, then constraints a
small scales can be used to normalize the spectrum and
to predictions on large scales.

The energy in the magnetic field in a logarithmick-space
interval d ln k is

rB5
drB

d ln k
5

uB~k!u2

8p
. ~2.6!

The evolution of magnetic fields is usually described
B(k)}a22, which means thatrB behaves as isotropic radia
tion.

III. SIMPLE BUT EFFECTIVE ANALYTICAL MODEL

As we shall see, a most efficient and elegant amplificat
mechanism is to assume a complex scalar field,s, charged
underU(1), in addition to the inflaton. We will assume tha
its potential,V(ss* ), is such that during inflation it is dis
placed from its global minimum. This is relatively easy
arrange and occurs rather naturally in hybrid models of
flation @29#.5

One way to achieve the desired displacement from
global minimum is to gives a negative effective mass du
ing inflation which drives it to a non-zero vacuum expec
tion value~VEV!. At the end of inflation the effective mas
becomes positive and the field begins coherent oscillatio

uge

5For example, consider the archetypal potential@30#

V5a2f2s21uass*2m2u2,
wherea,m are constants. Inflation occurs atf.fcr[m/a where
the minimum of the potential isx5x* 50 and hence the effective
mass of the photon is zero and theU(1) of electromagnetism is
unbroken. ForAm50 and f,fcr the minimum of the potential
now corresponds to the globally supersymmetric~SUSY! vacuum at
f50, x5x* 5m/Aa.
5-2
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PREHEATING—COSMIC MAGNETIC DYNAMO? PHYSICAL REVIEW D63 103515
This is a typical scenario for Affleck-Dine baryogenesis@31#
where the coherent oscillations lead to the baryogenesis6

Giving s a nonzero VEV during inflation spontaneous
breaks the U(1) of electromagnetism and causes a
monopole–anti-monopole pairs to be connected by magn
flux tubes. These confining flux tubes facilitate the annih
tion of monopoles. This, the Langacker-Pi solution to t
monopole problem, is an independent benefit of break
conformal invariance in this manner. Such an additio
weapon may be required to deal with monopoles produ
by non-thermal symmetry restoration in preheating@6# or in
models of inflation which do not solve the monopole pro
lem, such as canonicalSU(5) where the inflaton is a gaug
singlet @33#.

We will not, however, proceed any further in building
detailed phenomenology fors but will assume for pedagogi
cal reasons, to become clear later on, that around the gl
minimum the potential is quartic and the field is conforma
coupled to the curvature. The Lagrangian for this scalar Q
is

L5
R

16pG
2Dms~Dms!* 2

1

4
FmnFmn2

ls

4
~ss* !2

2
1

12
Rusu21Linflaton. ~3.1!

The conformal coupling will simplify the evolution equatio
for s and reduce it to a form independent ofa. The gauge
covariant derivativeDm[¹m2 ieAm leads to an effective
mass for the photonmg

252e2usu2 which oscillates in time as
s oscillates. This leads to parametric resonant amplifica
of Am analogous to studies in Minkowski spacetime.

We work in the so-called unitarity gauge in whichs
5s* , and decomposes into a homogeneous part and
fluctuation: s(t,x)→s(t)1ds(t,x). Now let s(t i) be the
initial amplitude ofs oscillations. We assume that the osc
lations are independent of the inflaton,f, and follow the
notation of @34# in denoting variables rescaled by the sca
factora with a tilde; e.g.,s̃[as. Then the equation fors̃(t)
is

s̃91lss̃31e2a2^A2&s̃50, ~3.2!

6A specific model is given by the following potential in the supe
symmetric standard model~SSM! along a flat direction:

V5~ms
22cH2!usu21Fl~Am3/22aH!sn

Mn23
1H.c.G1

ulu2usu2n26

M2n26
,

wherems is of order the weak scale,m3/2 is the gravitino mass and
n is proportional to the number of chiral superfields defining the
direction. During inflation thecH2 term dominates and drivess
away from the origin. After inflations oscillates around the time
dependent minimum of the potential. The terms proportional tol
are soft-supersymmetry-breaking corrections responsible for vio
ing B2L and giving rise to baryogenesis@32#.
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where a prime denotes the derivative with respect to the c
formal time,h, and^A2& is the expectation value ofAmAm.
The electromagnetic field vanishes in the background,
hence it is automatically gauge invariant in the perturb
spacetime. Neglecting the last term in Eq.~3.2! for the mo-
ment and introducing the dimensionless quantitiesx

5Alss̃(t i)h and f 5s̃(t)/s̃(t i), we find

d2f

dx2
1 f 350. ~3.3!

The solution for this equation can be written as an ellip
cosine,f 5cn(x,1/A2), which yields@35,36#

s̃5s̃~ t i !cnS x,
1

A2
D . ~3.4!

The Fourier modes ofs̃ fluctuations satisfy the following
equation:

d2

dx2
ds̃k1Fk213cn2S x,

1

A2
D Gds̃k50, ~3.5!

wherek25k2/@lss̃2(t i)#.

A. Parametric amplification of magnetic fields

Variations of the Lagrangian~3.1! with respect toAm lead
to the following equation:

¹mFmn52 j n12e2Anusu2, ~3.6!

where the current j n is defined by j n5 ie(s¹ns*
2s* ¹ns), and vanishes whens5s* . Adopting the Cou-
lomb or radiation gauge conditions,A050,] iAi50, Fourier
modes ofAi satisfy @11,18#

Ak91~k212e2a2s2!Ak50. ~3.7!

Substituting the solution~3.4! for Eq. ~3.7!, we find

d2

dx2
Ak1Fk21

2e2

ls
cn2S x,

1

A2
D GAk50. ~3.8!

The whole system reduces to a problem in Minkowski spa
time and hence can be solved exactly using the Floq
theory. In fact Eqs.~3.5! and ~3.8! are the Lame´ and gener-
alized Lame´ equations~see Fig. 1! respectively. This elegan
exact solution is unstable to perturbations which introduc
length scale into the problem~such as givings a mass! but
the existence of the parametric resonance is stable.

The solutions of these equations behave as;emkx where
mk is the Floquet index, which controls the strength of t
exponential growth. As for the solutions of thedsk fluctua-
tion, Eq. ~3.5!, there is only a single resonance band@4#,
constrained to lie in the narrow, sub-Hubble range@35–37#,

3

2
,k2,A3, ~3.9!

t

t-
5-3
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with a small maximum growth rate,mmax'0.03598 atk2

'1.615. In the absence of thes decay to the magnetic field
resonance ends before the energy of the homogeneouss is
sufficiently transferred to thes fluctuation, in which case the
final variance is estimated as^ds2&'0.05s2.

In contrast the magnetic fluctuations can exhibit stro
amplifications, whose strength depends on the ratio, 2e2/ls .
According to the analytic investigation in Ref.@35#, the
strongest resonance occurs atk250 with mmax50.2377
when the parameter 2e2/ls equals

2e2/ls52n2, ~3.10!

where n is an integer. Fluctuations with low momen
(k→0) are enhanced in the parameter range,

n~2n21!,2e2/ls,n~2n11!, ~3.11!

in which casemk is typically large and strong resonance c
be expected. This is found in Fig. 2 where we show a den
chart of the Floquet index vsk2 and 2e2/ls .

When 2e2/ls;O(1) the magnetic field is not suppress
on super-Hubble scales during inflation@34,41–43#. Since
the resonance bands~wheremk.0) stretch down to include
arbitrarily smallk/aH in the parameter regions given by E
~3.11!, this allows the resonant production of large-scale,
herent, magnetic fields during preheating without violati
of causality @44,45# for the case of 1,2e2/ls,3 and 6
,2e2/ls,10.

In Fig. 3 we plot the evolution ofAk for 2e2/ls52 and a
super-Hubble modek510225. We find thatAk is amplified

FIG. 1. Density plot of the Floquet chart for the generaliz
Lamé equation~3.8! for 0<2e2/ls<22 andk2<3. The shaded
regions correspond to parameter ranges where parametric am
cation of magnetic fields can be expected,mk.0. The Floquet in-
dex, mk , takes larger values in the darker shaded regions,
reaches its maxima for 2e2/ls52n2 at k250.
10351
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about 109 times by parametric resonance, in which case
resultant cosmological magnetic field is large. However,
we discuss in the next subsection, the growth of conductiv
during preheating and thermalization counteracts this re
nant growth, and can overwhelm it completely.

For large 2e2/ls(@1), the inflationary suppression i
strong@46#, which makes the large-scale magnetic fields n
ligibly small even if they are amplified by parametric res
nance. This is actually preferable since the development
strong, coherent magnetic field on cosmological sca
would destroy the isotropy of the background geome
setup during inflation. The magnetic spectrum is blue a
steep (}k3) so that the variance is dominated by sub-Hub
modes.

Since the magnetic field modes are growing expon
tially, backreaction effects become important after the flu
tuations are sufficiently amplified. Taking this into accou

lifi-

d

FIG. 2. Three-dimensional plot of the Floquet chart for the ge
eralized Lame´ equation~3.8! for 0<2e2/ls<25 andk2<3.

FIG. 3. The growth ofAk in the case of 2e2/ls52 for the mode
k510225. In the absence of conductivity (sc50) the large-scale
magnetic field fluctuations are strongly amplified due to the os
lating s field. As the rapidity of the growth of the conductivit
increases~increasingc) the resonant growth ofAk is increasingly
stalled. For large conductivity~not shown! sc→` the electric field
vanishes and the magnetic field becomes frozen,Bk}a22.
5-4
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PREHEATING—COSMIC MAGNETIC DYNAMO? PHYSICAL REVIEW D63 103515
via the one-loop Hartree approximation, Eq.~3.2! is modified
to

s̃91ls~s̃213^ds̃2&!s̃1e2a2^A2&s̃50. ~3.12!

As long as the ratio 2e2/ls lies in the range of Eq.~3.11!,
the growth rate ofAk

i is typically larger than that of thedsk

fluctuation.7 This stops the growth of the magnetic fie
modes earlier by backreaction effects when the te
e2a2^A2&s̃ in Eq. ~3.12! is comparable to thelss̃3 term,
which yields

^A2&'s2/~e2/ls!. ~3.13!

This relation indicates that the final variance is suppres
with 2e2/ls being increased, which is similar to the standa
picture of preheating. In actual numerical simulations ba
on the Hartree approximation, the final variance typica
takes larger values than estimated by Eq.~3.13!. The back-
reaction effect due to the growth of magnetic fluctuatio
does not completely violate thes oscillations @34#, which
can lead to amplification of thes fluctuations even afte
magnetic fluctuations are sufficiently amplified. This beha
ior is found in Fig. 4 where we plot the evolution of fluctu
tions for the case of 2e2/ls55000.

B. Growth of the conductivity sc

The above analysis assumed that the conductivitysc of
the universe vanished during inflation and preheating. Th
almost certainly incorrect@38# but accurate modeling of th
growth of conductivity is difficult for two reasons:

~1! such calculations depend sensitively on the underly
theory in which the inflaton is embedded, and

7Note that in the limit of 2e2/ls→`, the maximalmk asymptoti-
cally approaches the value 0.2377 for arbitrary 2e2/ls @35#.

FIG. 4. The evolution of the variance^A2&5^AmAm& and^ds2&
for 2e2/ls55000 in the Hartree approximation at zero conduct
ity; cf., Fig. 3. In this case fluctuations of the magnetic field a
dominated by sub-Hubble modes, and the growth of^A2& stops by
backreaction effects. Note that^ds2& is also amplified with smaller
growth rate relative to that of̂A2&.
10351
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~2! to estimate the growth of conductivitysc requires
non-perturbative, non-equilibrium quantum field theory tec
niques; hence it is extremely difficult.

~3! Accurate estimates of the final magnetic field requi
the conductivity in three phases—during inflation, during t
initial resonance phase and during thermalization, each
which is dominated by different physics.

The growth ofsc in the QED case has been studied
detail @39#. Since this is not appropriate for energies near
grand unified theory~GUT! scale, we can only draw broa
lessons: the conductivity grows exponentially but is also s
tially inhomogeneous.

This is related to the fact that while the plasma is
average charge neutral, there will be fluctuations in
charge density which act as stochastic sources of magn
fields; see@17#. Given the problems described above we ta
a phenomenological approach to the growth of conductiv

Since we are interested in large scales, we neglect
spatial variation ofsc and model its growth as

sc5s f tanh@c~x2x0!#, ~3.14!

wheres f is the final value of conductivity, andc controls the
growth rate ofsc ; x is the dimensionless conformal time an
x0 is the onset of preheating. We therefore assume thasc
50 during inflation. As noted in@38# if sc.e2s2 at the
onset of preheating, then the resonance inAk never begins
~Fig. 5!.

s f andc determine the strength of conductivity. Figure
shows the evolution of a cosmologicalAk mode for three
pairs (s f ,c). The value s̃ f[s f /@Alss(t i)#51 is used,
wheres(t i) is the value of thes field at the beginning of its
oscillations.

The four-potential in the finite-sc case obeys the equatio

Ak91~k212e2a2s2!Ak52scaAk8 , ~3.15!

which shows how the conductivity acts to damp the re
nance when we neglect the spatial dependence ofsc . Figure
3 shows how the preheating resonance competes with
damping due to conductivity. If the growth ofsc is too rapid

-

FIG. 5. The maximum variancêA2& as a function of the con-

ductivity parametersc ands̃ f appearing in Eq.~3.14!. As c ands̃ f

increase the period and degree to which preheating can am
^A2& decreases rapidly.
5-5
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~largec), the resonant growth ofAk is stalled. However, for
relatively slow growth ofsc ~roughly more than 10s oscil-
lations! Ak can grow almost to itssc50 maximum.

Once backreaction causes the resonance to end the
nothing to compensate the damping effects of the finite c
ductivity andAk begins to decay exponentially. In the lim
sc→` the solution of Eq.~3.15! is obviously Ak5const,
which corresponds toBk}a22, the ratio of magnetic field
energy density to incoherent radiation energy density
fixed.

To estimater at the start of the radiation dominated pha
is therefore a subtle issue because one must know not
the growth of conductivity during the initial preheatin
phase, but also how the conductivity grows during therm
ization and hows decays by the Born process to comple
reheating. If the conductivity is high during the preheatin
the magnetic fields will exhibit exponential suppression d
ing which sc increases from zero to the final value,s f ,
which means that the gains of preheating will be washed
and lost.

When the conductivity term is much smaller than t
2e2a2s2Ak term in Eq.~3.15! during preheating, the evolu
tion of magnetic fields is the same as the case of the n
conductivity in preheating phase. However when the rig
hand side ~RHS! of Eq. ~3.15! becomes of order the
2e2a2s2Ak term after preheating, the magnetic field beg
to be exponentially suppressed.

Although theAk freeze when the LHS of Eq.~3.15! be-
comes negligible relative to the conductivity term, the ga
obtained in preheating are not generally preserved due to
rapid decay of magnetic fields before the freeze ofAk . How-
ever, the Born decay ofs before thermalization can alter th
strength of the 2e2a2s2Ak term, which may alter the abov
estimates. In addition to this, we need to know the evolut
of conductivity during thermalization for a complete stud
although it is difficult and few studies of thermalization aft
preheating exist; see, e.g.,@40#.

In conclusion, in the absence of conductivity, either t
magnetic field is resonantly amplified on super-Hub
scales or it has ak3 spectrum and is too small on cosmolog
cal scales.

When conductivity is included one introduces seve
model-dependent parameters into the problem which imp
on the viability of preheating as a significant source of m
netic fields. The effect of resonance is typically washed
by the growth of conductivity, while the final size of mag
netic fields depends on details of the Born decay process
the evolution of conductivity after preheating. To answ
which case applies is model dependent and beyond the s
of the current paper.

IV. GEOMETRIC MAGNETIZATION

Turner and Widrow@11# found that the most efficient wa
to produce magnetic fields is to breakU(1) gauge invariance
as well as conformal invariance, via the Lagrangian
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L5
R

16pG
2

1

4
FmnFmn2

b

2
RAmAm2

g

2
RmnAmAn1Linflaton,

~4.1!

where b,g are real constants. These terms were found
give rise, for apparently reasonable values of the consta
during inflation, to fields corresponding to the required va
r;1028 today @11#. Variations of the action~4.1! with re-
spect toAm andFmn yield the following equations of motion

¹mFmn2bRAn2gRn
mAm50, ~4.2!

]mFnl1]lFmn1]nFlm50. ~4.3!

Writing these equations in terms of magnetic and elec
fields and eliminating the electric field, we obtain@11#

~a2B!92¹2~a2B!1u~h!a2B50, ~4.4!

with

u~h!56b
a9

a
1gH a9

a
1S a8

a D 2J . ~4.5!

Expanding the magnetic field in Fourier components
a2B5*e2 ik•xB kd

3k, each mode satisfies the followin
equation:

Bk91@k21u~h!#Bk50. ~4.6!

Hereafter we setg50 and leaveb as a free parameter, in
which caseu reduces tou56ba9/a56ba2R. When the
system is dominated by the inflaton field,f, the scalar cur-
vature is

R5
8p

mpl
2 F4V~f!2

f82

a2 G , ~4.7!

where V(f) is the inflaton potential. During inflationR
slowly decreases. Whenb is negative, the magnetic field
fluctuations exhibit super-adiabatic amplification due to
so-called negative coupling instability, as studied in the n
minimally coupled case in Refs.@47,48#. This enhancemen
is most relevant during inflation.

A. Magnetic amplification during inflation

Let us study the evolution of magnetic fluctuations duri
inflation. Wheng50, the solutions for Eq.~4.6! are ex-
pressed as combinations of the Hankel functionsHn

(J)

(J51,2) @47#:

Bk5c1AhHn
(2)~kh!1c2AhHn

(1)~kh!, ~4.8!

wherec1 andc2 are constants, and the ordern of the Hankel
functions is given by

n25
1

4
212b. ~4.9!
5-6
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The choice of c15Ap/2 and c250 corresponds to the
Bunch-Davies vacuum. In the long wavelength limit,kh
→0, Hn

(2,1)(kh) approaches the values

Hn
(2,1)~kh!→6

i

p
G~n!S kh

2 D 2n

, ~4.10!

whereG(n) is the gamma function. In inflation, conforma
time can approximately be written ash'21/(aH), and
long waveBk modes exhibit exponential growth,

B k}an21/25a(A1248b21)/2, ~4.11!

for negative values ofb. In this case the energy density
the kth mode of the magnetic field evolves as

rB}uB ku2/a45aA1248b25, ~4.12!

which means that the ratio,r 5rB /rg , increasesduring in-
flation whenb,0. This makes it possible to reach the val
r;1028 required to explain the existence of current galac
magnetic fields@11#.

Large negative values ofb lead to extremely strong am
plification of magnetic fields. Whenb521/6, Bk}a and
rB}a22, which corresponds to the minimally coupled sca
field case. Compared with the standard adiabatic resultrB
}a24 with b50, the energy density decreases more slow
due to superadiabatic amplification.

For b,1, super-Hubble magnetic fluctuations exhib
enormous amplification during inflation, i.e.,r 5rB /rg}ac

with c>6, which conflicts with observations unless the
initial values at the start of inflation were extraordinar
small.

Whenb is positive, magnetic fields are exponentially su
pressed during inflation. For 0,b,1/48, which corresponds
to 0,n,1/2, Bk andrB evolve as

B k}a2(A1248b21)/2, rB}a2A1248b23. ~4.13!

Whenb.1/48 ~i.e., complexn), we find

B k}a21/2, rB}a25, ~4.14!

in which case the evolution of magnetic fields is independ
of the strength ofb.

We plot in Fig. 6 the evolution of a super-HubbleBk
mode forb50,20.01,10 for the inflaton potential,

V~f!5
1

2
m2f2. ~4.15!

Whenb50, Bk is constant~i.e., Bk}a22) from Eq. ~4.13!,
as is confirmed in Fig. 6. For negativeb, Bk exhibits an
exponential increase as estimated by Eq.~4.11!. An impor-
tant point to note is that the rapid growth of magnetic fie
may affect the evolution of background quantities, an eff
we do not include.

In Ref. @48#, it was found that exponential growth of sc
lar field fluctuations makes the inflationary period termin
earlier, in the context of a non-minimally coupled sca
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field. Exponential growth of large scale magnetic fields w
also stimulate the enhancement of super-Hubble metric
turbations, which may lead to deviations from the sca
invariant Harrison-Zel’dovich spectra. This is expected to
strong for b&21 in analogy with non-minimally coupled
scalar field case@48#. A complete analysis including backre
action and metric perturbations is now in progress.

B. Preheating phase

The inflationary period corresponds to 0,mt&20 in Fig.
6, after which time the system enters the reheating sta
During reheating, the scale factor evolves asa}t2/3}h2 in
the massive inflaton potential~4.15!. From Eqs.~4.8! and
~4.10!, we have that Bk}a(11A1248b)/4 and rB

}a(A1248b27)/2 for negativeb in the long-wave limitkh
→0. SimilarlyB k}a1/4 andrB}a27/2 whenb.1/48. How-
ever, this corresponds to an estimate of the frequencu
}h22}t22/3, which only provides information about the av
erage amplitude of the scalar curvature.

In actual fact the scalar curvature oscillates due to
oscillating inflaton condensate, which can lead to efficie
enhancement of field fluctuations@49–51#. We find in Fig. 6
that Bk begins to grow formt*20 in the case ofb510 in
spite of the inflationary suppression. This is the geome
preheating stage whereBk grows quasi-exponentially, in
which case the above naive estimate neglecting the osc
tions of the scalar curvature cannot be applied. In the n
minimally coupled multi-field case, the growth of scalar fie
fluctuations during preheating is only relevant foruju*1
@49,50#.

Let us analytically study the evolution of magnetic fie
fluctuations during preheating. Making use of the time av

aged relation,̂ 1
2 ḟ2&T5^V(f)&T , with the potential~4.15!,

the evolution of the inflaton condensate is described by

FIG. 6. The evolution of a super-HubbleBk mode during infla-
tion and preheating forb50,20.01,10 in the massive chaotic in
flationary model. We choose the initial value of inflaton asf
53mpl , which corresponds to 60e foldings before the end of in-
flation. The inflationary period continues untilmt;20, after which
the system enters the reheating stage. WhileBk is exponentially
suppressed during inflation for positiveb, negativeb leads to su-
peradiabatic amplification.
5-7
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f5
mpl

A3pmt
sinmt, ~4.16!

where we choose the time when the oscillation starts
mt051/4 @3#. Then the scalar curvature~4.7! is, approxi-
mately,

R'
4

3t2
~123 cos 2mt!. ~4.17!

Although R oscillates, its amplitude decreases ast22 due to
the cosmic expansion which means that parametric re
nance soon becomes ineffective ifubu is small. Substituting
Eq. ~4.17! into Eq. ~4.6! and introducing a new scalar fiel
B̄k5a1/2Bk , B̄k satisfies the well-known Mathieu equation8

d2B̄k

dz2
1~Ak22q cos 2z!B̄k50, ~4.18!

where, forb.0,

Ak5
2

3
q1

k2

m2a2
, q5

3b

p2 t̄ 2
, ~4.19!

and, forb,0,

Ak52
2

3
q1

k2

m2a2
, q5

3ubu

p2 t̄ 2
.

~4.20!

Here z5mt, and t̄ 5mt/(2p) naively corresponds to th
number of oscillations executed by the inflaton at timet.

In the context of standard preheating with the effect
potential, V(f,x)5 1

2 m2f21 1
2 g2f2x2, the relation ofAk

andq for thex field is written asAk52q1k2/(m2a2) @3#. In
this casex particle production is inefficient unless the initi
q is much larger than unity. In contrast, the resonance ban
broader in the present model@50#.

Therefore parametric resonance takes place for sm
initial values ofq. In spite of this, since the resonance ba
is narrow forq&1, we typically require the coupling,ubu
*1, for relevant growth ofBk ~see Fig. 7 where we show
Floquet indices for positiveb).9 When ubu*1, fluctuations
grow asB̄k;emkmt, whose growth rate gets gradually larg
with ubu. For ubu@1, however, the final variance of mag
netic fields will be suppressed as studied in, e.g., Ref.@50#.

When b is positive, long-waveBk modes are exponen
tially suppressed during inflation. Hence it is rather diffic
to produce sufficient large scale magnetic fields even w
b@1. On sub-Hubble scales, however, the inflationary s

8We neglect the (ȧ/2a)22ä/2a term which appears in the paren
theses of Eq.~4.18!, which can be justified forubu*1.

9When ubu51, the initial value ofq is estimated to beqi'4.9

with t̄ i51/4.
10351
s

o-

is

er

t
n
-

pression ofBk is weak relative to super-Hubble modes a
magnetic fields are excited during preheating. Hence the fi
magnetic variancêA2& is dominated by sub-Hubble mode
For negative values ofb with b&21, the growth ofBk can
be strong but is typically dominated by the growth duri
inflation. When 21&b,0, the production of magnetic
fields is weak during preheating, while they are amplified
the preceding inflationary phase as found in Fig. 6.

C. Effects of the growth of conductivity

Now let us consider the ratior 5rB /rg on some comov-
ing scale in the presence of the preheating phase. As
reheating process proceeds, the effect of the conduc
plasma is expected to be important@11#. This effect appears
as a friction-like term in the equation ofBk :

Bk91@k21u~h!#Bk52scaBk8 ~4.21!

wheresc is the conductivity of the plasma. If the conductiv
ity is very high, we findBk;constant, which implies that the
energy density of magnetic fields decreases asrB;a24.

We assume that the effect of the conductivity begins
dominate at some temperature,Tc(&Tr), where Tr is the
reheating temperature. At the first Hubble crossing dur
inflation, the ratio ofrB to the total energy density,rT , is
approximately estimated asrB /rT'(M /mpl)

4, whereM4 is
the energy scale of inflation. For negativeb, one obtains the
following ratio on the comoving length scalel neglecting
the parametric amplification of magnetic fields during p
heating@11#:

r'1026(a25)S M

mpl
D 4a/3S Tr

mpl
D (113a)/3

3S Tc

mpl
D 24(11a)/3S l

MpcD
a25

, ~4.22!

FIG. 7. The time-averaged Floquet chart for the geometric m
netization mechanism during preheating. Since the problem isnot
scalar-factor independent, exact Floquet theory cannot be used—
expansion causes the weakening of the resonance bands bu
removes the stability bands so that all modes are amplified for
ficiently largeb. It is clear that asb is increased, the super-Hubbl
modesk!1 are the ones that grow first. The negative coupling c
b,0, which is much stronger, is not shown.
5-8
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wherea[A1248b. For example, whenb521/2, r u1 Mpc
reaches;1028 for M51017 GeV, Tr51017 GeV, andTc
51017 GeV, in which case seed magnetic fields can be p
duced without the need for the galactic dynamo mechani
When 21&b,0, since parametric excitation of magnet
fields is irrelevant, the estimation ofr in Eq. ~4.22! is hardly
modified due to the existence of the preheating phase.

In contrast, forb&21, it is expected that preheating wi
lead to the increase ofr. In this case, however,r u1Mpc is
typically much greater than unity even in the absence
preheating because 1026(a25)@1 in Eq. ~4.22!.10 Although r
is further increased corresponding to the amplification ofBk
during preheating, this case will be ruled out by obser
tions.

Let us consider the caseb*1 where the excitation o
magnetic fields by resonance is expected. In this case
analytic estimate ofr neglecting the contribution during pre
heating is

r'102130S M

mpl
D S Tr

mpl
D 1/3S Tc

mpl
D 24/3S l

MpcD
25

. ~4.23!

As a result of the strong inflationary suppression,r is re-
stricted to be very small. For example, forM51016 GeV,
Tr51015 GeV, andTc51015 GeV, r u1 Mpc5102129. During
preheating, theBk fluctuation exhibits exponential increas
which makesr larger than estimated in Eq.~4.23!. For ex-
ample, whenb510, Bk is amplified about 105 times ~see
Fig. 6!, and the ratio increases tor u1 Mpc;102120. However,
the amplification during preheating in the positiveb case is
typically insufficient to explain the large-scale seed magn
fields even forb@1.

We conclude that with regard to the geometric magn
zation mechanism, the ratior 5rB /rT is mainly determined
by the inflationary phase, despite the fact that magnetic fie
can be amplified during preheating. While we have stud
this in the massive inflaton model, we expect similar resu
in other inflationary models. For example, in the quartic
flaton potential the frequencyu depends explicitly on the
scale factor and we cannot reduce the problem to one
Minkowski space, as we did in Sec. III.

V. MAGNETIC FIELD AMPLIFICATION DUE TO LARGE
METRIC PERTURBATIONS

Since the FLRW metric is conformally flat—i.e., th
Weyl tensor vanishes—magnetic fields are not produced
to the cosmic expansion. During preheating, however, sc
metric perturbations can grow exponentially on both sup
Hubble and sub-Hubble scales@34,45#.

This growth of metric perturbations means that the spa
time may no longer be well described by a conformally fl
background metric. If the metric perturbations remain sm
this breaking of conformal invariance is small~as measured
by the curvature invariantCabmnCabmn) and the production

10For example, forb521, M51016 GeV, Tr51015 GeV, and
Tc51015 GeV, we findr u1 Mpc;1037, which is clearly excessive.
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of photons is very suppressed. Once the metric perturbat
at a certain scale become large, however, this is no lon
true and the production of magnetic fields can be expec
This was discussed by Calzetta and Kandus@52# in the con-
text of structure formation and suggested in the context
preheating in@19#. Here we follow the recent analysis o
Maroto @20#.

The line element for a flat FLRW model with scalar me
ric perturbations in the conformal Newtonian or longitudin
gauge is@53,54#

ds25a2~h!@2~112F!dh21~122F!d i j dxidxj #.
~5.1!

We consider the following two-field model in the presence
magnetic fields:

L5
R

16pG
2

1

4
FmnFmn2

1

2
~¹f!22

1

4
lf42

1

2
~¹x!2

2
1

2
g2f2x2, ~5.2!

where x is a scalar field coupled to inflaton,f. Then the
magnetic field satisfies the Maxwell equation,¹mFmn50,
i.e.,

]

]xm
@A2ggmagnb~]aAb2]bAa!#50. ~5.3!

Using the relations A2g5a4(122F),g0052a22(1
22F),gii 5a22(112F) in the perturbed metric~5.1!, Eq.
~5.3! yields, forn5 i ,

]

]h
@~122F!~] iA02]0Ai !#1

]

]xj
@~112F!~] jAi2] iAj !#

50. ~5.4!

Adopting the Coulomb gauge conditionA050,] iAi50, one
finds that

Ai92¹2Ai52F8Ai814F¹2Ai12
]F

]xj S ]Ai

]xj
2

]Aj

]xi D .

~5.5!

The effect of metric perturbations appears at second orde
the RHS of Eq.~5.5!. In Fourier space this leads to convo
lutions of the form*d3k8Fk8

8 Ak2k8
8 , which lead to mode-

mode coupling.
However, if we assume thatF is only dependent on time

on scales larger than some cosmological scalelc52p/kc
@20#, each Fourier component ofAi satisfies the simple equa
tion

Ak91k2Ak52F8Ak824k2FAk , ~5.6!

where the coupling between the metric potential on sma
scales (k.kc) and the magnetic fields is ignored. Note th
5-9
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one cannot simply assumeF5F(t) on all scales since the
the Weyl tensor vanishes identically and no photons are
duced.

Treating the full problem is complicated due to the fa
that the last term on the RHS of Eq.~5.5! does not vanish;
hence the various components ofAj are coupled. While the
precise analysis including these fully nonlinear effects
very complicated, we can still estimate the amplitude
magnetic fields produced during preheating by using
~5.6!.

Introducing a new field,Ãk5(12F)Ak , to eliminate the
Ak8 term in Eq.~5.6!, one finds

Ãk91k2Ãk5F9Ãk , ~5.7!

where we have neglected the last term in Eq.~5.6! which is
not important on large scales. Before the start of preheat
the F9Ãk term is negligible andÃk is described by the fol-
lowing positive-frequency solution

Ãk
( i )'

1

A2k
e2 ikh. ~5.8!

One finds the solution for Eq.~5.7! in integral form@55#:

Ãk~h!5Ãk
( i )1

1

kEh i

h
F9Ãk~h8!sink~h2h8!dh8. ~5.9!

The energy density in the magnetic field can be expresse

rB5~k/a!4ubku2, ~5.10!

where the Bogolyubov coefficients,bk , are approximately
@20#

bk52 i E
h i

h
Ãk

( i )F9Ãk~h!dh. ~5.11!

Substituting Eq.~5.9! for Eq. ~5.11! with Eq. ~5.8! and as-
suming thatF8 vanishes before and after preheating@i.e.,
F8(t i)50 andF8(t f)50 where the subscripti andf denote
the values at the beginning and end of preheating, res
tively#, one easily finds that the next order term in Eq.~5.9!
gives an important contribution tobk , yielding @20#

bk'2
i

2kEh i

h f
~F8!2dh, ~5.12!

where we considered the super-Hubble modes:kh!1. Com-
bining Eqs.~2.6!, ~5.10!, and~5.12!, we obtain the amplitude
of magnetic fields as

uBku'
k

a2Eh i

h f
~F8!2dh. ~5.13!

In order to analyze the evolution of the magnetic fields, i
convenient to rewrite Eq.~5.13! using the dimensionles
conformal time,x5Alaif ih, as
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uBku5S ai

a D S k

aDAlf iE
xi

xf S dF

dx D 2

dx. ~5.14!

At the decoupling epoch where the coherence scale co
sponds to (k/a)dec;10233 GeV, the amplitude of magnetic
fields can be estimated by

uBk
decu/~1 G!'1022

ai

adec
E

xi

xf S dF

dx D 2

dx, ~5.15!

where we used the valueAlf i;1012 GeV. The ratioai /adec
depends on the reheating temperature,TR . If the energy of
inflaton at the end of inflation were instantaneously tra
ferred to radiation, the reheating temperature would beTR
;1015 GeV, which yieldsai /adec;Tdec/TR;10225. Note
that the ratioai /adecbecomes larger for lower reheating tem
perature.

Primordial seed magnetic fields for the galactic dyna
mechanism are in the regions ofuBk

decu510225 G ;10215 G.
In the single field case in which large-scale metric pertur
tions are hardly amplified during preheating, it was fou
that magnetic fields estimated by Eq.~5.15! are below the
values required for the galactic dynamo in the realistic val
of ai /adec @20#.

In the two-field case with a self-coupling inflaton, we ca
expect the growth of metric perturbations due to the
hancement of field perturbations, which stimulates
growth of magnetic fluctuations through gravitational sc
tering. Decomposing the scalar fields aswJ(t,x)→wJ(t)
1dwJ(t,x), the Fourier transformed, perturbed Einste
equations are

df̈k13Hdḟk1F k2

a2
13l~f21^df2&!

1g2~x21^dx2&!Gdfk

54ḟḞk12~f̈13Hḟ !Fk22g2fxdxk , ~5.16!

dẍk13Hdẋk1F k2

a2
1g2~f21^df2&!Gdxk

54ẋḞk12~ ẍ13Hẋ !Fk22g2fxdfk ,

~5.17!

Ḟk1HFk54pG~ḟdfk1ẋdxk!. ~5.18!

As long asdxk fluctuations in low momentum modes are n
strongly suppressed during inflation~i.e., g2/l,10) and are
excited during preheating, this leads to the growth ofFk and
dfk on large scales, as is found in numerical simulations
Eqs. ~5.18! and ~5.16!. Neglecting metric perturbations o
the RHS of Eq.~5.17! which are small during inflation, we
find the following analytic solution:

dxk5a21@c1AhHn
(2)~kh!1c2AhHn

(1)~kh!#, ~5.19!
5-10
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with @34#

n25
9

4
2

g2f2

H2
'

9

4
2

3g2

2pl S mpl

f D 2

, ~5.20!

since H2'2plf4/3. In the center of the first resonanc
band, g2/l52, n2 is negative only whenf,2/A3p
;0.7mpl , which means that the exponential suppression
be avoided during most of inflation. In this case large-sc
metric perturbations are significantly amplified during t
preheating phase.

In Fig. 8 we plot the evolution ofFk , dxk , dxk , and
M (x)[*xi

x (dF/dx)2dx for g2/l52 during inflation and

preheating for a cosmological mode. We include second
der field and metric backreaction effects as spatial avera
for background equations~see Refs.@43,46,56# for details!,
and choose initial values for the scalar fields at the star
inflation to bef(0)54mpl andx(0)51023mpl . Metric per-
turbations begin to grow during preheating afterdxk grows
to or orderdfk , which results in the final amplitude of orde
F;0.1, clearly in conflict with observations of the CMB.

In spite of this, it is worth investigating this case in ord
to understand how the growth of metric perturbations affe
the evolution of magnetic fields. The M (xf)
5*xi

xf(dF/dx)2dx term on the RHS of Eq.~5.15! becomes of

order 0.01~see Fig. 8!, and the resulting magnetic field a
decoupling is then estimated to beuBk

decu/(1 G)
'1024ai /adec. Whenai /adec*10221 which corresponds to
the reheating temperature,TR&1011 GeV, magnetic fields
exceed the value,uBk

decu;10225 G, which is required to seed
the galactic dynamo.

With the increase ofg2/l, the inflationary suppression fo
long wavedxk modes begin to be significant. For examp
in the center of the second resonance band,g2/l58, the
suppression is relevant forf&1.3mpl . In the Hartree ap-
proximation, the enhancement of super-Hubble metric p
turbations during preheating was found to be weak

FIG. 8. The time evolution ofFk , dxk , dfk , and M (x)
[*xi

x (dF/dx)2dx for g2/l52 during inflation and preheating for
cosmological mode. In this case, the enhancement of metric pe
bations leads to the production of magnetic fields due to the br
ing of conformal flatness of the background metric.
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g2/l*8 due to the suppressedx fluctuation at the end of
inflation @43#, which means that magnetic field fluctuation
are hardly enhanced by large-scale metric perturbations.

However, since sub-Hubbledxk fluctuations are free from
strong inflationary suppression and exhibit parametric am
fication during preheating, metric preheating is typically vi
on sub-Hubble scales@56#. Then the mode-mode couplin
between small-scale metric and large-scale magnetic fiel
Eq. ~5.5! may lead to the production of magnetic fluctu
tions. In this case analytic estimations by Eq.~5.13! can no
longer be applied, and we have to solve the complica
nonlinear equation~5.5! directly. Whether magnetic fields
can be sufficiently amplified by the growth of small-sca
metric perturbations is uncertain at present. We leave to
ture work for the precise analysis of this issue.

We should also note that parametric excitation of su
Hubble dxk modes will stimulate the growth of large-sca
dfk andFk modes. The Hartree approximation misses t
rescattering effect@57,58#, which is expected to be importan
once fluctuations begin to be amplified significantly. In fa
it was recently found that rescattering can lead to the am
fication of super-Hubble metric perturbations even forg2/l
*8 in one-dimensional lattice simulations@59#. It is un-
known whether this holds true forg2/l@1, which will be
clarified by fully nonlinear three-dimensional calculations

It is certainly of interest to find parameter regions whi
satisfy both the CMB constraints and produce sufficie
large-scale seed magnetic fields. Although we have restri
ourselves in the chaotic inflationary scenario, the ra
ai /adec and the energy scale of inflation are mode
dependent. It is encouraging that we can test inflation
models by the magnetic fields produced, together with CM
and primordial black hole over-production constraints dur
preheating@60,56#.

VI. CONCLUSIONS

In this paper we have considered the amplification
~hyper-!magnetic fields during inflation and preheating. T
conformal invariance of the standard Maxwell equations a
the conformal flatness of the FLRW background leave
observed cosmic magnetic fields as a major mystery. In o
to overcome such obstacles, we have considered three
cific mechanisms:

~1! Couple the magnetic field to a coherently oscillati
scalar field which induces resonant growth of the magn
field. In the presence of plasma effects, parametric amp
cation of magnetic fields is typically counteracted by t
growth of conductivity. This competition is model depende
and the final outcome depends sensitively on the conduc
ity during inflation, the resonance and thermalization pha
~see Figs. 3 and 5!.

~2! Break conformal invariance of Maxwell’s equation
through non-renormalizable couplings to the curvature s
asRAmAm. When the corresponding coupling constant,b, is
negative, strong amplification of the magnetic field occu
during inflation. As a result it is a promising mechanis
though some fine-tuning may be required not to ov
produce the magnetic fields by the end of preheating.

r-
k-
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positiveb the produced field is too weak to be relevant ev
with the resonance from preheating.

~3! Break the conformal flatness of the background m
ric. During metric preheating super-Hubble metric perturb
tions grow exponentially. The resulting growth of the We
tensor leads to amplification of the magnetic field, whi
while it is generic, is a complex, mode-mode, coupling pro
lem.

It is certainly of interest to consider issues such as
non-equilibrium aspects of the problem and a detailed mo
of, e.g., the GUT gauge group and couplings between
relevant gauge fields and the curvature/other fields, which
leave to future work.
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APPENDIX: MAGNETIC FIELDS WITH RFµnF µn

INTERACTIONS

The 1-loop QED result in curved space includes terms
the form RFmnFmn together with similar terms involving
tt.

a

tt.

s.
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Rmn and Rmnab . These are more complex to treat as res
nance systems because of periodic divergences. To illus
this we consider the Lagrangian

L5
R

16pG
2

1

4 S 11b
R

me
2D FmnFmn1Linflaton, ~A1!

whereb is a constant.11

The equation of motion for the Fourier modes ofAm are

Aik9 1k2Aik1
b

me
21bR

R8Aik8 50. ~A2!

In the limit of R@me
2 ~the one appropriate for the early un

verse@11#!, the coefficient ofAik8 becomesR8/R and is in-
dependent ofb.

SinceR oscillates through zero@see, e.g., Eq.~4.17!#, the
equation is not amenable to simple numerical analysis
this regard it is similar to the evolution equation for th
potentialF in the single, oscillating, scalar field case@2#. As
discussed at the end of@34#, the periodic singularities do no
forbid resonance bands. In the case of negativeb the possi-
bility of efficient amplification during inflation exists due t
the negative coupling instability.

11The coefficientb was calculated in@61# using perturbation
theory inR/me

2 . However, as pointed out in@11#, this result is not
applicable in the early universe andb is left as an arbitrary constant
,

t,
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