PHYSICAL REVIEW D, VOLUME 63, 103510

Essentials ofk-essence

C. Armendariz-Picon and V. Mukhanov
Ludwig Maximilians Universita Sektion Physik, 80333 Mahen, Germany

Paul J. Steinhardt
Department of Physics, Princeton University, Princeton, New Jersey 08540
(Received 23 June 2000; published 24 April 2p01

We recently introduced the concept dt-essence” as a dynamical solution for explaining naturally why the
universe has entered an epoch of accelerated expansion at a late stage of its evolution. The solution avoids
fine-tuning of parameters and anthropic arguments. Insteadsence is based on the idea of a dynamical
attractor solution which causes it to act as a cosmological constant only at the onset of matter domination.
Consequentlyk-essence overtakes the matter density and induces cosmic acceleration at about the present
epoch. In this paper, we present the basic theokregsence and dynamical attractors based on evolving scalar
fields with nonlinear kinetic energy terms in the action. We present guidelines for constructing concrete
examples and show that there are two classes of solutions, one in which cosmic acceleration continues forever
and one in which the acceleration has finite duration.
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[. INTRODUCTION can only overtake the matter density and induce cosmic ac-
celeration after the matter has dominated the universe for
A concordance of cosmological observatidr of large- some period, at about the present epoch. And, of course,
scale structure, the cosmic microwave background anisotiuman evolution is linked to matter domination because the
ropy and type IA supernovas at deep redshift suggests thérmation of planets, stars, galaxies and large-scale structure
the matter density of the universe comprises about one-thirdnly occurs during this period. A further property of
of the critical value expected for a flat universe. The missingk-essence is that, because of the dynamical attractor behav-
two-thirds is due to an exotic dark energy component withior, cosmic evolution is insensitive to initial conditions.
negative pressure that causes the Hubble expansion to accel-The existence of attractor solutions is reminiscent of quin-
erate today. One candidate for such a component is a cosmgessence models based on evolving scalar fields with expo-
logical constant 4) or vacuum density. Another possibility nential [4] “tracker” [5,6] potentials. In these models, an
is a dynamical component whose energy density and spatigktractor solution causes the energy density in the scalar field

distribution evolve with time, as is the case for quintessencgy track the equation of state of the dominant energy compo-
[2] or, as explored herein, fdressencg3].

ponent have a tiny energy densft(meV)] compared to can begin with the most natural possibility, equipartition ini-

the naive e>_<pectation based on_quantum field theory an(_j Wht)(al conditions.(For the case of vacuum energy or cosmo-
does cosmic acceleration begin at such a late stage in tf]e '

evolution of the universe. Most dark energy candidasesh ogical cgnstant, the vacuum energy must be_ s_et 120 o_rders
as the cosmological constantequire extraordinary fine- of magnitude less than the initial matter-radiation dengsity.

tuning of the initial energy density to a value 100 orders ofHowe\{er, a? IEn%has th?tf'eléj tra_ct:ks agy_ edquatlon of _state, '}
magnitude or more smaller than the initial matter-energ)f:anno overtake the matter density and induce cosmic accel-

density. Proponents of anthropic mod&H often pose the eration. Indeed, for a purely exponential potential, the field

problem as the following: why should the acceleration begirpever overtakes the matter density and dominates the uni-

shortly after structure forms in the universe and sentient beverse. Hence, this is an unacceptable candidate for the dark

ings evolve? If the dark energy component consists O]Cejnergydct;)mponer::]. n tra(;ker T?ﬁels’ tthe;_ ﬁroltslemt IIS gd
vacuum density A) or quintessencég2] in the forms that ressed because the curvature of the potential ulimately dips

have been discussed in the literature to date, the answer 18 & cr_itically small value once the field passes a particular
either pure coincidence or the anthropic principle. value Q such that the field becomes frozen and begins to

The purpose of introducing_essence iS to provide a dy_ act I|ke a CosmologIEil constant. The Value Of the pOtentIal
namical explanation which does not require the fine-tuningenergy density a@=Q determines when quintessence over-
of initial conditions or mass parameters and which is decidtakes the matter density and cosmic acceleration begins. The
edly non-anthropic. In this scenario, cosmic acceleration andverall scale of the potential must be finely adjusted in order
human evolution are related because both phenomena ai@r the component to overtake the matter density at the
linked to the onset of matter domination. Tkkessence com- present epoch. So while tracker models allow equipartition
ponent has the property that it only behaves as a negativiaitial conditions, they require the same fine-tuning as mod-
pressure component after matter-radiation equality, so that &ls with cosmological constant.
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The distinctive feature of th&-essence models we con- standardnon-lineay kinetic energy terms. In string and su-
sider is thak-essence only tracks the equation of state of thepergravity theories, non-standard kinetic terms appear ge-
background during the radiation-dominated epoch. A tracknerically in the effective action describing the massless
ing solution during the matter-dominated epoch is physicallyscalar degrees of freedom. Normally, the non-linear terms
forbidden. Instead, at the onset of matter domination, th%re ignored because they are presumed to be small and irrel-
k-essence field energy densitydrops several orders of mag- evant. This is a reasonable expectation since the Hubble ex-
nitude as the field approaches a new attractor solution ipansion damps the kinetic energy density over time. How-
which it acts as a cosmological constant with presgua®-  ever, one case in which the non-linear terms cannot be
proximately equal to-e. That is, the equation of state&/  ignored is if there is an attractor solution which forces the
=ple, is nearly—1. Thek-essence energy density catchesnon-linear terms to remain non-negligible. This is precisely
up and overtakes the matter density, typically severdislO what is being considered here. Hence, we wish to emphasize
of years after matter domination, driving the universe into athat k-essence models are constructed from building blocks
period of cosmic acceleration. As it overtakes the energyhat are common to most quantum field theories and, then,
density of the universe, it begins to approach yet anotheitilize dynamical attractor behavidwhich often arises in
attractor solution which, depending on the details, may cormodels with non-linear kinetic energio produce novel cos-
respond to an accelerating universe witk< —1/3 or a de-  mological models.
celerating or even dust-like solution with 1/3<w<=0. In Restricting our attention to a single field, the action ge-
this scenario, we observe cosmic acceleration today becaugerically may be expressegerhaps after conformal trans-
the time for human evolution and the time flessence to  formation and field redefinitionas
overtake the matter density are both severa&lslof years
due to independent but predictive dynamical reasons. R

The k-essence models which we have found rely on dy- S¢:f d4x\/—_g{ — E+p(<p,X)}, (1)
namical attractor properties of scalar fields with non-linear
kinetic energy terms in the action, models which are unfa- )
miliar to most particle physicists and cosmologists. Some ofvhere we use units such thatr&/3=1 and
the concepts were first introduced to develop an alternative
inflationary model known ak-inflation [8]. Chibaet al.[9]
have discussed kinetic-energy driven quintessence, but in a
different context which does entail dynamical attractors and

the resolution of the cosmic coincidenpe problem. In thiSThe Lagrangiarp depends on the specific particle theory
paper, we present a thorough, pedagogical study of dynamh’wodel. In this paper, we consider only factorizable

ca}I attractor bghawor and the_ appllca.tlon to present—.day Coi'agran gians of the form
mic acceleration. The paper is organized as follows: In Sec.
Il we derive the basic equations describing the dynamics of a _

universe filled by matter, radiation akeessence. In Sec. lll, p=K(e)p(X), ()]

we classify the possible attractor solutions keessence. In

some cases, the attractor solution causessence to mimic  where we assume th#t(¢)>0.

the equation of state of the background energy density; we [agrangians of this type are general enough to accommo-
refer to this as dracker solution. In other case&-essence date slow-roll, power-law and pole-like inflation, and they
mimics a cosmological constant, quintessence or dust, withalso appear rather naturally in the effective action of string
out depending on the presence of any additional cosmic er{heory. For small X, one can havep(X)=constX

ergy density. In Sec. IV, we show how these principlgs can, O(X?). Ignoring quadratic and higher order terms, the
be used to control how-essence travels through a series Oftheory correspondéafter field redefinition to an ordinary

attractor solutions as the universe evolves beginning fronyqar field with some potential. Normally, higher order ki-
general initial conditions. In particular, we show how paic energy terms are ignored under the assumption that
k-essence can transform automatically into an effective COSpey are small, but the attractor solutions considered here
mological constant at the onset of matter domination, as i§cure that the non-linear terms remain non-negligible
desired to explain naturally the present-day cosmic aCceler"ilhroughout cosmic history. The scalar field for which these

tion. In Sec. V, we show how to utilize these concepts topjgner order kinetic terms play an essential role we call, for
design model Lagrangians. We explore two illustrative X previty, k-essence.

amples. In one case, the future evolutiorka#ssence causes 1’ gescribe the behavior of the scalar field it is conve-

the universe to accelerate forever. In the other caséon iy yse a perfect fluid analogy. The role of the pressure

k-essence ultimately approaches an equation of state COIRs hlaved by the Lagrangiamitself. while the eneray densit
sponding to pressureless dust, and the universe returns tols‘f"ziv)e/n by)[/8] grangiam ' gy y

decelerating phase.

1 2
x=§(v¢) . (2

II. BASICS OF k-ESSENCE e=K(e)[2Xpx(X)—p(X)] (4)

The attractor behavior required for avoiding the cosmic _
coincidence problem can be obtained in models with non- =K(¢)e(X), (5)
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where ...y denotes a partial derivative with respectXo

The ratio of pressure to energy density, which we call, for
brevity, thek-essence equation of state,

P

- =—=2=, (6)

€ 2Xpx—p

does not depend on the functidd(¢). For a “standard”
kinetic term,p=1X, in the case when there is no potential, the
equation of state i, =1. However, for a general choice of

p it is easy to get any value af, . Notice thatw,<—1 does y
not imply necessarily the instability of the fluid with respect
to small wavelength perturbations. Tleéective“speed of
sound,” cg, which determines the propagation of perturba-
tions in thek-essence component|i$0] FIG. 1. A sample functiorg(y). Boldface letters denote the
corresponding attractors; their positions are given orytaes. The
, Px B X tangent to the curve at a radiation tracker, suclRagoes through
Cs=——==, (7)  4yg/3, whereas the tangent to the curve at the de Sitter [Sogates

through the origin.

and it can be positive for any, . For instance, the effective -
speed of sound, defined to be the coefficient of the We will consider functiong(X) that increase monotoni-
momentum-squared term in the perturbation equation for théally with X. They should satisfy further restrictions, which
scalar field, is always equal to 1 for quintessence model&llow from the requirements of positivity of the energy den-
with canonical kinetic energy, while the equation of state Sity,
can be rather arbitrary here.

We want to study the evolution of a universe filled by ‘e=2Xpx—p>0, (12)
k-essencdlabeled in the equations below lky and matter
radiation(labeled bymin cases where we refer generically to and stability of thek-essence background§>0, implying
the dominant matter-radiation component, be it dust-like or
radiation, or byd or r if we refer specifically to the dust-like
or radiation component, respectivelyThere is increasing
evidence that the total energy density of the universe is equal For desiani del d visualizi traints. it i
to the critical value[1,11] and, hence, we will consider a flat or designing modeils and visualizing constraints, 1t 1

universe only. In that case the equation for the scale factor helpful to re-expresp as ng(Y)_/lB/’z and consider it as a
takes the form function of the new variablg=X""<. The pressure of the

k-essence component is, therefore,

‘€ x=2Xp xx+ P x>0. (12)

H2=N2=¢ +¢ , 8
m © p=K(e)g(y)y; (13)
where an overdot denotes a derivative with respect to physi-
cal timet and we introduced the number effoldings, N the equation of state and the effective sound speed are, cor-
=loga. This equation has to be supplemented with equationsespondingly,
for e, andgy . These are the energy conservation equations

for each componerjt p g (g—g'y)
Wkmo =T o CéZT (14)
de; & yg gy

and the restrictions, Eq¢ll) and(12), take the very simple

wherew; is the equation of state for the appropriate matterform
radiation ork-essence component. Considering a homoge-

neous fieldp and substituting the expression for the energy ~ ~ 1.
density (4) into the appropriate equatiof®) for k-essence, €=-9'>0, €Ex=3Y 9">0, (15
one gets
_ where the primes denote a derivative with respegt fthese
dX € K V2x conditions just mean thag should be a decreasing convex
aN~ T 3(1+Wk)+U?T ' (10 fynction of y=X"%2_ A generic function which satisfies

€
X these restriction is shown in Fig. 1. Taking into account that

where wy is given by Eq.(6), c=sgnd¢/dN) and the H=\g;;=Vem+ex and e=K(@)e(y)=—Kg'(y) one
Hubble constant is given by EE). can rewrite Eq(10) in terms of the new variables as
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K e where we restrict ourselves to the most interesting case of
ry)+o—~/—
2K32 N g0t

d 3[w -1
y_= M , (16)  positive o on the branch of positive. To close the system

a2 T of equations for the two unknown variablgsand e, /&4,
we use the equation
where
d(ek/etor) €k gy
r(y)=( — gg' 1/2y(1+w )= iw (17) dN _3gt0t 1- 1ot [Win—=wWi(Y)], (21
= )= —
8 2\/5 V=g’

which immediately follows from Eq(9). If y,, is a solution
is a function which, as we will see later, is critical for the Of Ed- (18), theny(N)=yn=const, satisfies Eq$20) and
attractor properties df-essence. (21), provided
&k
IIl. CLASSIFICATION OF TRACKER AND ATTRACTOR rz(ym)z(s—) <1, (22
SOLUTIONS ot m

The attractor solutions fok-essence can be divided into Where the inequality is simply the physical constraint that
two classes. In one clask;essence mimics the equation of ex<g,: (@ssuming positive energy densitiesandep,)). If
state of the matter-radiation component in the universe. We(Ym) > 1, a tracker solutiory(N) =y, is physically forbid-
refer to these asrackersbecause the cosmic evolution of den.
k-essence follows the track of another energy component.

The second class of attractors consists of cases where A. When are trackers attractors?
k-essence is drawn towards an equation of state which is

different from matter or radiation. These attractors are im'triv-ireﬁ ftl)r;iit:\ug;/vgtet:\ag;\grljeﬁ:rzj;abiﬁesogléﬂc;cfo\;vlg? 2;3”’
portant in the limits wheré-essence is either a negligibly ’ y

small or an overwhelming large fraction of the total energydevlatlorls from the tracker solution. SUDSHIULIEN) = Yrm

density. The types of attractors available at any given mo-;g;y a;éls)k/‘g:;tl(.N):.(‘?klgtot)mzf(.sklsmt) into Eqs.
ment in cosmic history depend on whether the universe ié an and linearizing, we obtain

rad|at|_on or matter domlnated. For a_II types of attractors, ddy 3 [Wlym—11[ , 8(er/e100)
there is an associated basin of attraction, a set of initial con- aN" 2 o YT | (23
ditions which evolve towards the attractor. Mm Fm
In the presence of a matter backgrouddst or radiatiop ds(er fer)
component with constant equation of statg, Eq.(16) can €/ ot ,
P ‘ o e = =312 (1= P2 Wiy Y, 24

have tracking solutions for which theessence equation of dN
state equalsv,,. To reveal when it can happen and to find

these solutions explicitly we just need to note that if suchwhere the indexm denotes evaluation of the appropriate
solutions exist, they have to be generically of the formquantities at the tracker poingt, and (ey/e0)m has been

y(N)=y,,=const, wherey,, satisfies the equation replaced by ?(y,) according to Eq(22). Differentiating Eq.
(23) with respect toN and using Eq(24), one obtains the
g following closed equation fody:
Wi(Ym)=— o =Wpy. (18 ,
= d 3 d 9
T '?+Eu—maé%+Euf¢@u+mﬁm§wmﬁw=a
Substituting this ansatz into EGL6) and noting that the ratio (25)

exleor Should stay constant during the tracking stage, we

see thaty(N)=yp can be a solution of Eq(16), only if  HerecZ is the squared “speed of sound” &fessence at the

K(¢)=constk? and, therefore, for simplicity, we consider tracker point and we took into account thak(y ) =Wy

from now on only scalar fields with Lagrangian Equation (25) is a second order differential equation with
constant coefficients and has two exponential solutions. It is

_9(y) easy to see that fdw,,|<1 both solutions decay if

L (19

>

¢y cZ>w,. (26)
It is worth noting that this kind of dependence on a scalar. P SR 1,2 }
field occurs in the string tree-level effective action when eX_Therefore, sinces=(g—g'y)/g’y", any tracker can be eas

pressed in the Einstein frani&2—14. In this case, Eq(16) ily made an attractor by arranging a small second derivative

of g at the tracker point.

simplifies to As important examples, let us consider the two most in-
d 3 q teresting cases, namely, trackers in the presence of radiation
a_2 M[r(y)— A /i} (20)  (labeledr in the equations beloyand cold mattetlabeledD
dN 2 iy Etot) for “dust”).
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B. Radiation trackers

For radiation trackersy,,=w,=1/3 and Eq.18), which
defines the location of the radiation trackesg,€vy,), re-
duces to

Y9 (Yr)=—39(yy)- (27)
The ratio of the energy densities is given by
k| _.2 _ , 2
— | =rily)=-29"(yny; (28)
€tot

r

and radiation trackers exist only if, at the poigtssatisfying
Eq. (27), r?(y,)<1. These trackers are stable attractors onl
if g”(y,)<—49g'(y,)/y,. Radiation trackers are always lo-
cated in the region wherg>0 (positive pressupe corre-
sponding toy<yp in Fig. 1. For a giverg(y), there can be

more than one radiation tracker. For each of them, the geo-

metrical way of finding the value of corresponding to the

tracker is given in Fig. 1. These trackers can have differeng.

values ofr2(y,) = (ey/eo1)r - Numerically, a likely range for
r2(y) is 107 1-10 2. This is also the range we wish to have
in order that cosmic acceleration begin at roughly the prese
epoch. We label the radiation tracker with the desired valu
of r?(ygr) asR, and a second possible radiation tracker with
a different value of %(y,) (the one closest tgp) asr(?) in
Fig. 1. If r?(y,) is much smaller than 1T, the energy den-
sity falls so much at the onset of matter dominatibafore it
freezes at a constant va)uthat it would not yet have over-
taken the matter density today.rif(y,) is much greater than
101, then the contribution ok-essence to the total energy
density would change the expansion rate in the early un
verse and adversely affect the predictions of primordial nu
cleosynthesis. The current constraintsréfy,) from nucleo-
synthesis vary from 49%il6] to 20%[17], depending on how
the observations are weighted.

C. Dust trackers

Thek-essence field can also track the dusg € 0) in the
(cold) matter-dominated universe. Since the pressure is pr
portional tog(y) and is zero for dust, it must be that

9(yp) =0, (29)
at the dust attractor poiny=yp. An additional condition
for the existence of the dust tracker is thdyy)<1 [see
discussion following Eq(22)]. In this case the ratio of en-
ergy densities at the dust tracker is given by

|

If a dust tracker exists, then it is always an attractor, since th
stability condition, Eq(26), just means here that the “speed
of sound” of k-essence should be positive. Note that for th
monotonically decreasing convex functiogsinder consid-
eration only a maximum of one dust attractor can etsse
Fig. 1) sinceg has only one zero. It is very important to point

€k

Etot

2 9 ’ 2
) =r (yD)=—§g (Yp)Yp - (30
D

g)ressure is proportional tg(y). This simple condition is
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out that one can easily avoid a dust tracker by considering
functionsg such thatr?(yp)=— 29’ (yp)y53>1 atyp.

D. de Sitter attractors

We have noted thdt-essence can have attractor solutions
which are not trackers in that they do not mimic matter or
radiation. These attractor solutions play an important role in
two extreme cases, namely, when the energy density of mat-
ter or radiation is either much bigger or much smaller than
the energy density df-essence. In this subsection, we study
the case when the background is dominated by matter radia-
tion andk-essence is an insignificant componente,,. In
this case, ifg(y) satisfies some simple propertidsessence

yhas an attractor solution in which it behaves like a cosmo-

logical constant\{y,— —1). We refer to this solution as the

de Sitter attractoflabeledS).

Our purpose is to construct models in whiclessence has
positive pressure, radiation tracker soluti®) during the
adiation-dominated phase and approaches a state with nega-

a

ive pressure shortly after the onset of the matter-dominated
phase. At the very least, it is necessary tip@at) be positive
fPr some range o and negative for another range since the

generically sufficient to produce a de Sitter attractor solution:
Sinceg’ must be negativithe positive energy condition, Eqg.
(15)], it follows thatg must have a unique zergg , the only
dust attractor possible. Furthermogyy) is positive fory
<Yyp, a range which must include the radiation tracker,
=yr. Fory>yp, the pressure«g) and, correspondingly,
w,=—g/yg’ are negative. From this observation, combined

i\_/vith the stability conditior{ g”">0; see Eq(15)], it follows

that the derivative of (y) [see definition(17)],

r,____g”y (w—1
k
must be negative foy>y. Sincer(y) is positive aty

=yp and has a negative derivative fg>yp, generically
(providedr’ does not approach zero too rapidify) should

), (31)

Qanish at some point=ys>Yyp and then become negative.

As immediately follows from the definition of [see Eq.
(17], the equation of state dfessence ag=yg (point Sin
Fig. 1 corresponds to a cosmological term;(ys)=—1.
Hence, we see that de Sitter attractors exist for a very wide
class ofg(y) and are a generic feature kfessence models.
In the absence of mattey(N)=ys=const is not a solu-
tion of the equations of motion. However, when matter
strongly dominates oveeessenced, /;,;<<1), there exists
a solution in the vicinity of this poin{.Formally, in the limit
e leior—0, Y(N)—yg is an exact solution of Eq$20) and
(21).] Settingw,,=w,=—1 in Eq.(23) it can be also veri-
fied that this is a stable attractor. For a finite, but very small
Fatio ey ler<<1, the approximate solution, corresponding to
w= —1, is located in the vicinity of/s and has the form

e

ER (NYocex 3(1+w)N] (32)

€tot
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and It is possible to have othdeattractors with positive pres-
sure aty<yp [the closest one tgp is denoted byk(?) in
Fig. 1], but they will prove to be irrelevant in our scenario.

1/2
y(N)~yg+ i(N)) .33

(3+w)r'(ys) (Stot
IV. COSMIC EVOLUTION AND ATTRACTOR

As shown below, if at any moment of time, /&, lies SOLUTIONS

below the basin of attraction of the tracker solutions, — qhqe g possible attractors faressence have been iden-
k-essence will be driven first to the de Sitter attractor anqified it is easy to understand the evolution of tageld as a
stay in its vicinity as long as, /&1 is sufficiently small. We ;206 from one attractor solution to another as different
will utilize this property at the transition from the radiation- phases of cosmic evolution proceed. For both the radiation-
to the matter-dominated phase. and matter-dominated phases, there are several possible con-
figurations of relevant attractor solutions. In this section, we
E. k-attractors systematically classify the attractor configurations for each

Whereas the de Sitter attractors are important whefhase and their consequences for cosmic evolution.
k-essence is an insignificant contribution to the total energy
density, thek-attractors arise whekressence is the dominant A. Radiation domination
energy component. In the absence of mattgr/§,,,=1),
the functiony(N)=y,=const, wherey, satisfies the equa-
tion

We assume thaj(y) has been chosen so that there exists
an attractor solution R) at y=yg such that r?(yg)
=g /eyq IS in the range 1-10 %, roughly equipartition con-
r(yo=1, (34) ditions. This energy ratio leads most naturally to a matter-
dominated epoch that lasts a few?Hof years and cosmic

is a solution of Eq/(20), while Eq.(21) is satisfied identi- ~acceleration beginning at about the present epoch. Depend-
cally. This solution describes a power-law expanding uniing on the form ofr“(y), which is determined bg(y) in the

verse[8,10]. The equation of state can be easily obtained-agrangian, there will be additional attractors during the ra-
from Egs.(17) and (34), diation epoch. Whethey is drawn to the correct attractgg

depends on initial conditions and the other attractors. Ideally,
202 1 we wanty =yg to 'hlave t.h'e largest basin qf attraction so that
1+ Wy (y)) = —=— ——— =const, (35)  Most initial conditions join onto the desired cosmic track.
3 - g{(yﬁ The combination of cosmologically relevant attractors during
the radiation-dominated phase can be one of three types:
and the scale factor is (A;)) R, S and no other attractors ays>y>yg. This
occurs only if the functiorr (y) decreases foyr<y<ys.
213(1+wy) — 4/ —gLy2I2 Conversely, ifr(y) increases somewhere in the range
aer 2RI = VA, (36) >Yygr, then it inevitably leads to the appearance of an dktra
L ) ) ) _and/orr-attractor aty>yg. Let us prove it.
If —gyyi/2>1, the solution describes power law inflation, |t the function r(y) increases within some interval, it
which is an attractor of the system provided thaty,) <0.  means that the derivative’(y) is positive there. On the
The eX|st.ence of &-attractor depends mainly on the form giper hand, as it follows from E¢31), r’(y) is positive only
of the functionr(y). A k-attractor corresponds iy, ) —1 it w,>1. Sincew,(yr)=1/3, W, (ys)=—1 andw,(y)>1
(i.e., the limit where the energy density is totally dominatedggmewhere in the intervglk<y<yp , there must be another
giils(';sszsaﬁrgﬁt:?agg) r;?:a(l, ';r:%o]) i&ef:rtﬁggeml?sqdetsgea point y within this interval, wherew,(y)=1/3. If r(y)<1,
Ys ' this point is a radiation tracker different froR with a dif-

k-attractor somewhere between them<y,<ys, simply ) > — iy
because (y) is a continuous function. ferent value ofr<(y). If re(y)>1, theny is not a tracker at

In particular, we are interested in the case where there &l but sincer(yg)=—1, there must exist a point in the
no dust attractor becaus€yp)>1, and yet there is a de intervalys>y,>y wherer(y,)=1, which corresponds to a
Sitter attractor withr(ys)=0. In this case, not only must k-attractor. Thatis, either there is a an extra radiation tracker
there exist &-attractor at somgp<y«<Ys, but we know  Or there is an extr&-attractor.
that it hasnegative pressurésince g(yy)<0], is stable For models of type (A wherer?(y) is monotonically
[sincew,<1; see Eq(31)] and is theunique kattractor with ~ decreasing, a dust tracker solution wittyp) <r(yg) is in-
negative pressurésincer’ is monotonically decreasing in evitable andk-essence will be attracted immediately to it
this y interval. after matter-radiation equality, a situation we are trying to

Note also that this negative-pressikattractor only ex- avoid in order to explain the present-day cosmic accelera-
ists if there is no dust tracker solution, thatfi¢yp)>1. If  tion. The modeip(X)=—1+X falls in the above category;
there is a dust trackdrr (yp)<<1], then, since’(y)<0 for  with a field redefinition, the action can be recast into the
y>yp, there is no pointy=y.>yp wherer(y)=1 and, model of a field with canonical kinetic energy rolling down
hence, there is nk-attractor atyp<y<ys. an exponential potential4], an example which is well
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&
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FIG. 3. Phase diagram of a model of the type)(Buring the

dominated epoch. Phase lines flow in the direction shown by theadiation-dominated phase. In the relevant region of the diagram all

arrows, dashed horizontal lines determineytto®ordinate of attrac-

trajectories can be traced back to a common origin. Some of the

tor solutions and boldface labels the corresponding attractor pointghase trajectories converge to the radiation traékewhile others,

The dotted line shows the points wherg/ e, =r2(y).

after approaching the de Sitter poBytfinally reach theK -attractor.
The saddle poink “separates” both types of trajectories.

known to track in both the radiation- and matter-dominated

epochs.
(B,) R, S, K plus possibly other attractors &<y .

horizontal[see Eq(10)]. The form ofr(y) also gives a clue
about the equation of statg (y): in the region where(y) is

This situation takes place when there is no dust tracker s@n increasing function of we havew,(y)>1 and where it

lution [r(yp)>1] the case considered in our first papal.
(C) R, S (no K attractoy and at least one additional

decreasew,(y)<1. Hence, as noted previously(y) is
what mainly determines the structure of the phase diagram.

attractorr(?) ork(?). This case occurs whenever there is a As clearly seen in the figures in all cases, if tgeld is

dust tracker solutior{r(yp)<<1)] with the property that
r(yp)>r(ygr) or, in other words, £, /t)p>(ex/€tot)R-

initially located near thdR-tracker, it converges to it. There-
fore, the basin of attraction is non-zero in all three cases. The

Even though there exists a dust tracker solution, we will@ttraction region includes equipartition initial conditions, the
show it is nevertheless possible to have a finite period offost natural possibility.

cosmic acceleration at the present epoch befeessence

For (A,), Fig. 2, theR-attractor has the largest basin of

reaches the dust tracker solution in the future. For this t@ttraction, the complete phase plane. If one starts, for in-

occur, the functionr(y) must increase somewhere in the
interval yr<y<yp. This is precisely the case considered
above[see discussion of case (4) where we argued that
there must be an extra and/ork-attractor in the interval
Yp<y<Ygr. Furthermore, the attractor closest yg must
haver(y,)>r(yp)>r(ygr); otherwise, we could find an-
other attractor in the interval,,,<y<Yy,, as can be shown
by repeating the argument presented undefoh this inter-
val. If r(y, )>r(yp)>r(ygr), this second tracker has a
larger fraction ofk-essence.

A phase diagram of the system of E¢80),(21) describ-
ing the global evolution of th&-field during radiation domi-
nation is shown in Figs. 2, 3 and 4 for each of caseg (A

(B,;) and (G) respectively. Phase trajectories cannot cross

the lines wheres| /e, is equal to O or 1, and, hence, their

tangents are horizontal there. The position of the radiation

tracker R is fixed by the intersection of thg=yg line
(dashed ling and ther?(y) curve (dotted ling. If r2(y) is

stance, at £, /eor);=exp(—30)(ex/e1o)r, then thek-field
rapidly reaches the vicinity of the de Sitter polBiind joins
the attractor connecting this point to tRetracker.

Cases (B) and (G) have limited basins of attraction, and
so are not as favorable from the point of view of initial
conditions. If the energy density of thkefield is much
smaller than the value at thietracker, thek-field travels first
to the vicinity of the S-attractor, where it meets the phase
trajectory that connects it to thi€-attractor[case (B)] or
ther-attractor{case (G)]. In either situation, the field never

2y

1

bigger than 1 at the intersection point, the tracker does not
exist. Notice that the phase trajectories go in the direction of
increasing (decreasing ey /e for w(y)<1/3 [wy(y)
>1/3] and, therefore, their tangents are horizontal at the
points wherew,(y)=1/3. On the other hand, phase trajecto-
ries evolve in the direction of increasiridecreasingy for

el g1 <r?*(Y)[ex/ew>r%(y)] and at the points where FIG. 4. Phase diagram of a model of the typg)(@uring ra-
these phase lines cross the cumfgy) their tangents are diation domination, with same notation as in Fig. 3.

y

R A
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FIG. 5. Phase diagram of a model of type4jAduring the
matter-dominated epoch. All trajectories have a common origin and FIG. 6. Phase diagram of a model of typeq(Bduring the
all of them finally reach thé& -tracker. Trajectories which “skim”  matter-dominated epoch. All trajectories have a common origin and
the linegy/e,0~0 reach this attractor after going through a nearly all of them finally reach thé-tracker. Trajectories which “skim”
de Sitter stagéthe S-attractoy. the linee, /ey, =0 reach this attractor after going through a nearly
de Sitter stage.

reaches theR-tracker. Although the latter two cases have ] ) o )
smaller basins of attraction than case Y fonly cases (B the phgse diagram of Fig. 5, when th_e radiation-dominated
and (C) can produce cosmic acceleration today. One car¢Poch is OVGVK'?SSGHCG approgches ﬂ_rst Mttrac'_[or;_ {if-
simply assume that the initial value of thefield lies some-  térwards, when its energy density has increased significantly,
where in the basin of attraction, a reasonable possibility. Art moves to thek -attractor(a state with negative pressure but
alternative is to introduce additional dependence in the Wik>—1). If wi(yx)<—1/3, the expansion rate accelerates
Lagrangian, as for instance=g(y,¢)/ye?, whereg(y,¢)  for the indefinite future; if-1/3<w,(yx) <0, the expansion
—g;(y) at high energies is smaller than some,) and 'até de_celerates._ E_|ther way, the matter-radl_atlon density is
g(y,e)—g,(y) at relatively low energiesd is bigger than increasingly negligible compared teessence in the far fu-
¢o), such thag;(y) has an (4) set of attractors and,(y) ture. _ _

has a (B)/(C,) set of attractors. Note that the exact value of In the second case (B therg is a dust tracker soluthn. If
o is not important at all; we only have to be sure that the(¢k/€to)p<1, k-essence contributes only a small fraction of
transition from one regime to the other happens before equfhe total energy density at this attractor, and it approaches
partition. Although modifying the Lagrangian may seemthis attractor almost immediately after matter-radiation

more complicated, it has the advantage that it removes nearfduality. This is not desirable since th&ressence cannot
altogether dependence on initial conditions. ominate today or cause cosmic acceleration. However, if

(ex/ero)p=r(yp)—1 or (e,/e4)p>1, there can be a pe-
riod of cosmic acceleration before tkdield reaches the dust
attractor since it can first approach t&eattractor and remain
We have shown that it is possible to choose a wide ranggnere for a finite time; see Fig. 6. Ultimately, though, the
of models and initial conditions for which thefield con- acceleration is temporary; thefield proceeds to the dust
verges to theR-tracker during the radiation-dominated ep- tracker, the expansion of the universe begins to decelerate,
och. The goal is to produce a scenario in whiekssence and the ordinary anttold) dark matter density approaches a
overtakes the matter density and induces cosmic acceleratigixed, finite fraction of the total energy. We refer to the sce-
today. Yet the contribution ok-essence to the total energy nario as a “late dust tracker” because the dust attractor is
density must not spoil big bang nucleosynthesis or dominatgeached long after matter-domination has begun.
over the matter density at the end of the radiation-dominated Taking into account that(yp) is near unity or greater for

epoch(see Sec. llIB. To satisfy these conditions, it typi- poth cases (4 and (B;), we obtain, from Eqs(17) and

B. Matter domination

cally suffices if theR-tracker satisfies (37),
(ex/eo)r=T(yr)=a=10"2-10"". (37 ay? 9
RFR 7 -3_10-2
In this subsection, we study the evolution as the universe g()y% = 16% 5X(107°-107. (38)

enters the matter-dominated epoch andktfield is forced to

leave the radiation tracker. In a dust dominated epoch th ; : P

relevant attractors can appear in the following two possiblee_v (i can /glz(:] (;nIE;rZ% rrne if&;lth@D(yR Yp)=<9(yr)

sets: (A) S, K and (B) S, D. = T YrOR ' ' '
In both cases successkikessence models are possible. In

case (4A), which was discussed in our earlier paf@}, there YR

3
R 2~ -3_10-2
is no dust tracker solutiofr (yp)>1]. Therefore, as seen in Yb = 16“ 2X(107°-107%) (39
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and

g—?s%z6x(10‘4—10‘3). (40)

Or

Since e,=—g'/¢? and |g'(ys)|<|g’(yp)|, we conclude

that after radiation domination, when tkdield reaches the

vicinity of the S-attractor, the ratio of energy densities in

k-essence and dust cannot exceeg/ey <a?/16=6 : :

X (10°%-10"%). This is the nadir of k-essence; once yR Y o~ y

k-essence approaches tBattractor, its contribution to the ¢

cosmic density increases again until it becomes comparable FIG. 7. A simple toy model fog(y) consisting of two linear

to the matter density. In case A the k-field will evolve  pieces meeting at the “crossing poiny; . Hereyg andyy, are the

further to theK-attractor and thé&-essence energy will in- radiation and the dust attractor values, and the derivatives adf

creasingly dominate over the matter density. In casg),(B these points argg andgp, , respectively.

the k-field approaches thé-tracker where the ratio of

k-essence to the matter density approaches some fixed posiRd the remaining prerequisites needed to ensure a successful

tive value. scenario are then reduced to simple restrictions on the de-
The statements above are generic and do not depend sigvative of g at two separate values gf

nificantly on the concrete model as long as it satisfies the (i) At yg, r3=—2g'(yr)yg=10 2-10"1.

simple criteria formulated above. Let us stress that the only (i) At y, either r%= —9Y%9’(YD)/8>1 or 1—r§,=1

“small” parameter used is the ratie( /&) g, Which has to +9y%g’(yD)/8<1.

2 1 . ;. .

be of the order of 10°~10"", a very natural range for these  The first condition in(ii) corresponds to cases where there
models and one that satisfies constraints of big bang nuclegs no dust attractor, and the second condition to cases where
synthesigsee Sec. Il B. For this range, the present moment there is a dust attractor with a small matter k@ssence
is approximately the earliest possible time when cosmic aCenergy density ratio.
celeration could occur. N o A straightforward way of constructing a function with

Finally note that, during the transition from the radiation giyen derivatives at two points is to glue two linear functions
trackerR to the de Sitter attractd®, the equation of state of \yith the required slopes, as shown in Fig. 7. Observe that if
k-essence has to take values bigger than 1, and hence they) is linear around the radiation point, the attractor re-
dominant energy condition,>|py is violated during a cer-  guirement(41) is automatically satisfied. In order to have a
tain finite time interval. This violation implies th&tessence finjte ¢2, it suffices to introduce small quadratic corrections
energy can travel with superluminal speedlS]. Thus, per- 5 the glued linear functions. We implement this procedure
fectly Lorentz-invariant theories containing non-standard Ki-, pild a toy model expressed in terms of artificial param-
netic terms seem to allow the presence of superlummaéters(from the point of view of fundamental physicthat

speeds, as already pointed ouf 10,18 can be simply related to Fig. 7 and our earlier discussion of
attractor solutions. One should appreciate that, for this peda-
V. CONSTRUCTING MODELS gogical purpose, we have ‘“overparametrized” the

problem—the outcome is rather insensitive to most param-
In previous sections, we have presented a general theoredters as long as they obey certain simple general conditions.
ical treatment of the attractor behaviorleBssence fields in S|mp|er forms with fewer parameters are Certain]y possib]e_
a cosmological background. We have emphasized the prop- | et 9ggue(y) be any smooth function constructed by glu-
erties needed to formulate models which will lead naturallying the two linear pieces of Fig. 7. The functiapg e de-
to cosmic acceleration at the present epoch. In this sectiofyends ory and hasy, k. Yo andg), as parameters where

we discuss how to apply the general principles to construcy, andy,, are the radiation and the dust attractor values and

illustrative toy models. ot : / /
. . , the derivatives ofg at these points argr and g; respec-
Let us summarize the conditions we have derived fortively. Our toy model corresponds to

building viable Lagrangians. First, we must satisfy the gen-
eral positive energy and stability conditions in E#5). If g
takes positive and negative values, they already suffice to _ y

guarantee generically the existence of a radiation ppint 9(Y)=0guey)| 1 ?yp) (42)
where w(ygr)=1/3, a unique dust poinyp where w(yp) P

=0, and a unique de Sitter poipt wherew(yg)=—1. The

radiation point is an attractor §"(yg) is sufficiently small, ~The factorgg,e describes the function in Fig. 7 and the
factor in parentheses provides the quadratic corrections

, needed to have a positive speed of sound. It so happens that
9" (yp) < _49 (Yr) ’ (41)  the latter factor also shifts the de Sitter point frgm o, as
YR it would be for purely linear functions, to finitg although
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this is not crucial for our purpose. Fae1 the de Sitter 2 T
point is located ays~syp andg~ggye- 1 |
Once a general form fag is known, such as the example 0
above, one can study how the model parameters affect the
resulting cosmology. Our conclusion is that the predictions
of the toy model are relatively insensitive to the gluing func-
tion or to the particular values ofz, Yo, 9k, dp andys as
long as they satisfy certain simple relations. For instance,
what sets the values @&, andw, today? Do these depend
on the precise form of the interpolating function? We have
solved numerically the equations of motion for a wide range
of gluing functionsgg,e in Eq. (42). For a typical parameter
choice, the final value of), does not depend on the particu-
lar gluing function as long agg,e conforms closely enough
to Fig. 7.

The value of(), today does depend on the evolution of
elen. At early times the field is locked at the radiation
track,er,z and its fragtu_)nal energy den§|ty rat|o_ IS given byof k-essence will finally reachv,=0 in the far future; so,
~20rYR- Afte_r _rad|at|on—matter equality _the field canno_t ultimately, cosmic acceleration ceases and the expansion be-
follow the radiation tracker anymore and its energy density

q b | ord f itud i h gins to decelerate again. Nevertheless, it is still possible to
rops by several orders of magnitude usiley, reaches a  j,yq 4 finite period in which the equation of state is negative
minimum value at the timev, falls below zero. We shall

label this mini | “h th bscript “min.” Th and which includes the present epoch. It is worth noting that
abel this minimum value with the subscript "min.” The 1,465 without a dust attractor are more generic and natural,
energy density at this minimum is roughly given by

since they do not require a special tuning ¢fp) to a value
close but smaller than unity at the dust point. Below we
/ illustrate examples of both types.

(3) ~r§g—?. (43
min

'
-

log €/ €m

' ' | '
g A~ ® N

oF———— ==

125 10 75 5 2.5

log (1 +2)

-2.5

FIG. 8. The ratio ok-essence to matter energy density/e,,
vs 1+ z for a model with ak-attractor.

If r3<1, itis possible to have successful models3fis
sufficiently close to 1. In such a model the equation of state

A. Model without a dust attractor

Models that belong to the general clasg;Allustrated in

The position of the minimgnj in time only .depen.ds on theFig. 5 do not have dust attractor solutions becarsg,)

distance between the radiation and crossing ppirtyg. >1. Choosing the following values of the parameters,

As y.— YR increases from zero, the minimum is shifted from =0.1, gh=—5, yp=17, g,=—5x10"3 and  s?yp
— V.4, R™ [l - ) D™

matter-radiation equality to later times. After reaching the_ 135, we haver (yp)~1.2. Therefore, there has to be a

minimum, the field moves onto the de Sitter attractor ar]dK-ianationary attractor, which is located for our parameter

f];cinll-ge;()svgi?: 5:%)”;:{:5;82 iitsrt:uesiebdeshift. In (érudr?nr 0 choice aty, ~28. At theK -attractor k-essence has the equa-
Y, thate 9 tion of statew,(yx) = —0.43. The ratio of the energy densi-

ot ; - 2
the radiation epoch lies roughly between 10and 10 °. ties at theR-tracker in this model is € /e,1)g=0.1. The

. . . _ 6 .
Th(_en, ﬁklsm)m'” lies n tthle r?r?gehio"' 10 agd, prO\:.'dEd i results of the numerical calculations are presented in Figs. 8
Ye IS chosen appropriately, this hasssence dominating at. 5,4 g e see that during the radiation stdgessence

agggtct:r?st?;?r?tesngr?e:gthe{ir?ggmcgza?i%isthoefsgu?or;dr;ﬁne?elrlgmcmy reaches the radiation tracker, in particular, the oscil-
glthou h in a fairly natural range not very far frorrF: unit dtions of the equation of state in Fig. 9 aroundwi=1/3
9 y 9 y Y- decay exponentially rapidly. Thiefield has the same equa-

As dISCUSSGd'In Sec. IVB, there are two possible fUt.ure[ion of state as radiation until the moment when dust starts to
fates for the universe depending upon whether there is a

“late dust tracker” solution or not. By requiringzD>1 we '
avoid a dust tracker and, therefore, ensure thatktfield 05 !
approaches thie-attractor wherk-essence starts to dominate. 0.25 !

The equation of state dfessence at thieattractor depends 0 I

on the parametes. By increasings the equation of stater, Wi :

at the k-attractor approaches-1, and in the limits—oo, |
wi(yk)— —1. If w,<—1/3, the expansion rate of the uni- 05 |
verse accelerates forever. Using the maximal value ofithe -0.75 W
at the present epoch as allowed by supernova observations, :

say, s can be simply adjusted to ensure thatat the T TR A Y %
k-attractor is less than or comparable to this value. In this log (1 + 2)

case, the equation of state kfessence today will be less

than or equal tow,(yx), which is set bys, as described FIG. 9. The equation of stat@, vs 1+ z for a model with a
above. k-attractor.

-0.25
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FIG. 11. The equation of state, vs 1+z for a model with a
FIG. 10. The ratio ofk-essence to matter energy density, late dust tracker solution.
e len, vs 1+ z for a model with a late dust tracker solution. In this

type of modelw,—0 in the far future and the ratio étessence to tially decaying amplitude while the pressure approaches the
matter energy density approaches a constant. dust point, wherev,=0.

dominate. Around this time the energy densitykeéssence C. Simpler and more practical examples

suddenly drops by three orders of magnitude and the equa- The toy models presented thus far are all built on the
tion of state, after a very short period of increase, dropsinsatz shown in Fig. 7, which entails numerous parameters.
down tow,=—1, the value of the equation of state along thewe have pointed out that the large number of parameters is
S-attractor. After that, when the energy densitykefssence not a necessary feature. We have introduced this form for
becomes significantw, starts to increase towards the pedagogical purposes, since it enables one to study directly
K -attractor value;— 0.43. Since&(), is not yet unity, the cur- the relation between the attractor solutions and cosmic evo-
rent value is somewhere between teattractor value and  lution. Indeed, our analysis showed that the cosmological
—1; in this example, the value today=0) is w,=—0.69.  solution is relatively insensitive to most of the parameters

The energy density df-essence today i€,~0.65, and be- Provided they obey a few broad conditions.

cause we assumed a flat univer€g,=0.35. For complete- To emphasize the point, consider a model of the form
ness let us mention that we have defined “today=(Q) to B(X)= —b+ 2 I¥XNax), (44)

be the moment when the matter-radiation energy density ra-

tio is given by €,/ =4.307x 10 %/(Qyh?).
lois given by &:/emiosay= (©mh) whereh(aX) is some smooth function that can be expanded

in a power series iiX. This particular form is reminiscent of
a Born-Infeld action in whichh(aX) could represent higher
Taking ygr=11x10"3, gh=—34, yp=11, g5=—8 order corrections irX. (This choice of a square-root form is
x 10~ 2 ands?yp =56, we can construct a model with a “late not essential—simply an exampleAs a specific case, for
dust tracker,” corresponding to the phase diagram in Fig. 6b=—2.05 and X h(aX)=X—(aX)?+(aX)3-(aX)*
The parameters have been deliberately chosen to differ sigr (aX)®— (aX/2)® the Lagrangian defined by E¢4) satis-
nificantly from the ones in the model without dust attractorfies all constraints and produc€s,= 0.3 andw,= —0.8 to-
in order to illustrate that fine-tuning is not necessary. day if one choosea=10 *. This particular example has a
The late dust attractor is reached afteessence passes cosmic evolution similar to the one described in Sec. \ha
near the de Sitter attractor following matter-radiation equal-dust attractor We see that in this case, as with a wide range
ity. At the late dust trackere(/e,;)p=r?(yp)=0.88 and, of other functional forms, the conditidm>2 and the choice
correspondingly, £, /e4)p=7. Hence, the fractional contri- of the single parametex suffices to satisfy all of the condi-
bution of the matter density is small but remains finite in thetions of the multi-parameter toy models.
indefinite future. The ratio of energies at tiRetracker is
(ex/€1o1)r=8.3x10"3. The results of the numerical calcu-
lations are presented in Figs. 10 and 11. The evolution of the
k-field here is very similar to the one we described in the Introducing a dark energy component with negative pres-
previous case; the differences between both models occur atire has resolved many observational problems with the
small redshifts. The fraction of the critical energy density ofstandard cold dark matter model including the recent evi-
k-essence today is in this model alQp=0.65 and the equa- dence from supernova searches that the universe is undergo-
tion of statew, takes the value-0.4. The future evolution of ing cosmic acceleration. At the same time, the dark energy
the model with a late dust attractor is completely differentcomponent presents a profound challenge to cosmology and
from what we found in the previous one. Here the ratio of thefundamental physics. What is its composition and why has it
energy densities dé-essence and dust will continue growing become an important contribution to the energy density of
in the future only until it becomes approximately 7. After the universe only recently?
that it will start to oscillate around this value with exponen- The example ok-essence shows that it is possible to find

B. Model with a late dust attractor

VI. DISCUSSION
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a predictive, dynamical explanation that does not rely orics addresses a fundamental theoretical issue, the cosmic co-
coincidence or the anthropic principle. Unlike a cosmologi-incidence problem. An important question to consider is
cal constant or quintessence models of the past, the energyhether there are observational tests to distingkisesence
density today is not fixed by finely tuning the vacuum den-from alternative explanations. One notable feature of
sity or other model parameters. Rather, the energy densit¢essence models compared to the more general tracker quin-
today is forced to be comparable to the matter density todayessence model$,6] is that the equation of statg, is in-
because of the dynamical interaction betweenkiessence creasing at the present epoch. For quintessence scalar fields
field and the cosmological background. rolling down tracker potentials, the quintessence tracks the
Technically, thek-essence approach, at least in the ex-matter density \w=0) during most of the matter-dominated
amples we have constructed, relies on attractor propertiespoch, and only recently has begun to decrease towsrds
that naturally arise if the action contains terms that depend- — 1. Hence, measurements @w/dz for the dark energy
non-linearly on the gradients of theessence field. Non- would distinguish these two possibilities from one another
linear terms of this type appear in most models unifyingand from a cosmological constant. However, this test would
gravity with other particle forces, including supergravity andnot distinguishk-essence from more general quintessence
superstring models. In the past, these contributions havgodels that can also be tuned so thatis increasing today
been ignored for reasons of “simplicity.” The example of as well. A second feature déessence is the non-linear ki-
k-essence demonstrates that the effects of non-linear dynametic energy contribution. A consequence is that the effective
ics can be dramatic. In a cosmological setting, we havesound speed? is generically different from unity, whereas
shown how they can cause theessence field to transform ¢_=1 for a scalar field rolling down a potential. Depending
from a tracking background field during a radiation- on the model, the distinctive sound speed can have subtle or
dominated epoch into a an effective cosmological constant afignificant effects on the cosmic microwave background an-
the onset of matter-domination. This effect explains naturallyjsotropy. We will address these observational considerations
why cosmic acceleration could begin only at low tempera-n g forthcoming papef19].
tures, at roughly the present epoch. As regards the future of the universe, our work here offers
The non-linear dynamics is totally missed if the kinetic 3 new, perhaps pleasing possibility. In previous models with
energy terms are truncated at the lowest order contributiong, cosmological constant or quintessence, the acceleration of
Hence, the kinds of attractor effects discussed in this papehe universe continues forever and ordinary matter that com-
have gone unnoticed in most treatments of quantum fielghoses stars, planets and life as we know it becomes a rapidly
theory. This was one of the reasons for providing a detailedshrinking fraction of the energy density of the universe. In
pedagogical treatment for at least one class of modelghe “|ate dust tracker” scenario which we have introduced
Clearly, this is the tip of a broad arena of study. As anothehere, the acceleration is temporary and the matter density

possible application, it is interesting to note that a fundamengpproaches a fixed, finite fraction of the total.
tal problem of superstring models is to control the behavior

of the many moduli fields in the theory, which are coupled to
one another through non-linear kinetic energy terms. At the
linear level, the moduli appear to be free fields with a flat
potential, and so there is no guidance as to why, among all This work was supported in part by the “Sonderfors-
the possible limits of M theory, the low energy limit looks chungsbereich 375-95 flAstro-Teilchenphysik” der Deut-
like the standard model. Perhaps non-linear attractor behaschen Forschungsgemeinsché&it.A.P. and V.M) and by
ior constrains the evolution of moduli fields. Department of Energy grant DE-FG02-91ER40671
In this paper, we have focused on how non-linear dynam¢Princeton (P.J.S).
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