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Neutrino masses and mixing angles in a realistic string-inspired model
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Department of Physics and Astronomy, University of Southampton, Southampton, SO17 1BJ, United Kingdom

~Received 9 October 2000; published 4 April 2001!

We analyze a supersymmetric string-inspired model of all fermion masses and mixing angles based on the
Pati-SalamSU(4)3SU(2)L3SU(2)R gauge group supplemented by aU(1)X flavor symmetry. The model
involves third family Yukawa unification and predicts the top quark mass and the ratio of the vacuum expec-
tation values tanb. The model also provides a successful description of the CKM matrix and predicts the
masses of the down and strange quarks. However, our main focus is on the neutrino masses and MNS mixing
angles, and we show how the recent atmospheric neutrino mixing observed by Super-Kamiokande and the
MSW solution to the solar neutrino problem lead to important information about the flavor structure of the
model near the string scale. We show how single right-handed neutrino dominance may be implemented by the
use of ‘‘Clebsch zeros,’’ leading to the LMA MSW solution, corresponding to bimaximal mixing. The LOW
MSW and SMA MSW solutions are also discussed.
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I. INTRODUCTION

The problem of understanding the quark and lep
masses and mixing angles represents one of the major
solved questions of the standard model. Recently additio
information on the fermion mass spectrum has come fr
the measurement of the atmospheric neutrino masses
mixing angles by Super-Kamiokande@1#. The most recent
data disfavors mixing involving a sterile neutrino, and find
good fit fornm→nt mixing with sin2(2u23).0.88 and a mass
square splittingDm23

2 in the 1.5–531023 eV2 range at 90%
C.L. @2#. Super-Kamiokande has also provided additio
support for solar neutrino mixing. The most recent Sup
Kamiokande data do not show a significant day-night asy
metry and show an energy independent neutrino spectr
thus it also disfavors the sterile neutrino mixing hypothes
the just-so vacuum oscillation hypothesis, and the small m
ing angle ~SMA! Mikheyev-Smirnov-Wolfenstein~MSW!
@3# solution @4#. The preferred solution at the present tim
seems to be the large mixing angle~LMA ! MSW solution,
although a similar solution with a low mass splitting~LOW!
solution is also possible. A typical point in the LMA MSW
region is sin2(2u12)'0.75 andDm12

2 '2.531025 eV2 @5#.
If one accepts the recent data as evidence for neut

masses and mixing angles, then the obvious question is
these can be accommodated in the standard model or on
its supersymmetric extensions. The simplest possibility
account for the smallness of the neutrino masses is the
saw mechanism@6# in which one introduces right-hande
neutrinos which acquire very large Majorana masses a
super-heavy mass scale. When one integrates out the r
handed neutrinos the ‘‘normal sized’’ Dirac Yukawa co
plings, which connect the left-handed to the right-hand
neutrinos, are transformed into very small couplings wh
generate very light effective left-handed physical Majora
neutrino masses. Given the seesaw mechanism, it is na
to expect that the spectrum of the neutrino masses will
hierarchical, since the Dirac Yukawa couplings in t
charged fermion sector are observed to be hierarchical, a
they are related to the Dirac neutrino Yukawa couplin
0556-2821/2001/63~9!/095004~20!/$20.00 63 0950
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then they should also be hierarchical, leading to hierarch
light Majorana masses.1

Having assumed the seesaw mechanism and a hierarc
neutrino mass spectrum, the next question is how such la
~almost maximal! lepton mixing angles such asu23 could
emerge. There are several possibilities that have been
gested in the literature. One possibility is that it happens a
result of the off-diagonal 23 entries in the left-handed Ma
rana matrix being large and the determinant of the 23 s
matrix being accidentally small, leading to a neutrino ma
hierarchy with large neutrino mixing angles@8#. Another
possibility is that the neutrino mixing angles start out sm
at some high energy scale and then get magnified by re
malization group~RG! running down to low energies@9#. A
third possibility is that the off-diagonal elements of the le
handed neutrino Majorana matrix are large, but the 23 s
determinant of the matrix is small for a physical reason,
would be the case if a single right-handed neutrino w
providing the dominant contribution to the 23 sub-mat
@10–12#. We shall refer to these three approaches as the
cidental, the magnification and the single right-handed n
trino dominance~SRHND! mechanisms, respectively. As w
shall see, in the model under consideration, only the SRH
mechanism provides a successful description of the at
spheric neutrino data, and the results in this paper will r
on this mechanism.

A promising approach to understanding the fermion m
spectrum is within the framework of supersymmet
~SUSY! unified theories. Within the framework of such the
ries the quark and lepton masses and mixing angles bec
related to each other, and it begins to be possible to un
stand the spectrum. The simplest grand unified theory~GUT!
is SU(5) but this theory in its minimal version does n
contain any right-handed neutrinos. Nevertheless, th
right-handed neutrinos may be added, and in this theory

1However, this is not guaranteed due to the unknown structur
the heavy Majorana matrix, and for example an inverted neutr
mass hierarchy could result although this relies on some n
hierarchical couplings in the Dirac Yukawa matrix@7#.
©2001 The American Physical Society04-1
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possible to have a large 23 element2 on the Dirac neutrino
Yukawa matrix without introducing a large 23 element in
any of the charged fermion Yukawa matrices. The probl
of maintaining a 23 neutrino mass hierarchy in these mod
may be solved for example by assuming SRHND@13#. An-
other possibility within the framework ofSU(5) is to main-
tain all the off-diagonal elements to be small, but require
22 and 32 elements of the Dirac neutrino Yukawa matrix
be equal and the second right-handed neutrino to be do
nant, in which case SRHND again leads to a large 23 n
trino mixing angle with hierarchical neutrino masses@14#.
However, the drawback ofSU(5) is that it does not predic
any right-handed neutrinos, which must be added as an
terthought.

From the point of view of neutrino masses, the most na
ral GUTs are those likeSO(10) that naturally predict right-
handed neutrinos. However, within the framework
SO(10) the quark masses and mixing angles are relate
the lepton masses and mixing angles, and the existenc
large neutrino mixing angles is not expected in the minim
versions of the theory in which the Higgs doublets are in o
~or two! 108 @ten dimensional representations ofSO(10)]
and each matter family is in a16. Nevertheless, various pos
sibilities have been proposed inSO(10) in order to accoun
for the large neutrino mixing angles. Within the framewo
of minimal SO(10) with third family Yukawa unification, it
has been suggested that if two operators with different C
sch coefficients contribute with similar strength, then, with
suitable choice of phases, in the case of the lepton Yuk
matrices one may have large numerical 23 elements, w
add up to give a large lepton mixing angle, while for t
quarks the 23 elements can be small due to approxim
cancellation of the two contributing operators@15#. This is an
example of the accidental mechanism mentioned abo
where in addition one requires the quark mixing angles to
small by accident, although it remains to be seen if the LM
MSW solution can be understood in this framework. Movi
away from minimalSO(10), one may invoke a non-minima
Higgs sector in which one Higgs doublet arises from a10
and one from a16, and in this framework it is possible t
understand atmospheric neutrino mixing@16#. Alternatively,
one may invoke a non-minimal matter sector in which pa
of a quark and lepton family arise from a16 and other parts
from a 10, and in these models one may account for atm
spheric and solar neutrinos via an inverted mass hiera
mechanism@17#.

In the present paper we shall discuss neutrino masses
mixing angles in a particular string-inspiredminimal model
based on the Pati-SalamSU(4)3SU(2)L3SU(2)R ~422!
group @18#. As in SO(10) the presence of the gauge
SU(2)R predicts the existence of three right-handed neu
nos. However, unlikeSO(10), there is no Higgs doublet
triplet splitting problem since in the minimal model bo
Higgs doublets are contained in a (1,2,2) representat

2We use the left-right~LR! convention for Yukawa matrices in
this paper.
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Moreover, since the left-handed quarks and leptons are in
(4,2,1) and the right-handed quarks and leptons in
(4,1,2) representations, the model also leads to third fam
Yukawa unification as in minimalSO(10). Although the
Pati-Salam gauge group is not unified at the field the
level, it readily emerges from string constructions either
the perturbative fermionic constructions@19# or in the more
recent type I string constructions@20#, unlike SO(10) which
typically requires large Higgs representations which do
arise from the simplest string constructions. The question
fermion masses and mixing angles in the string-inspired P
Salam model has already been discussed for the cas
charged fermions@21,22# and later for the case of neutrino
@23#. For the neutrino study@23# it was assumed that th
heavy Majorana neutrino mass matrix was proportional
the unit matrix, and only small neutrino mixing angles we
considered. Later on, aU(1)X family symmetry was added
to the model, in order to understand the horizontal hier
chies, although in this case the neutrino spectrum was
analyzed at all@24#.

The purpose of the present paper is to discuss neut
masses and mixing angles in the string-inspired Pati-Sa
model supplemented by aU(1)X flavor symmetry. The
model involves third family Yukawa unification and predic
the top quark mass and the ratio of the vacuum expecta
values tanb, as we recently discussed in Ref.@25#. It is al-
ready known that the model can provide a successful
scription of the Cabibbo-Kobayashi-Maskawa~CKM! matrix
and predicts the down and strange quark masses, altho
our present analysis differs from that presented previou
@24# partly due to recent refinements in third family Yukaw
unification @25#, but mainly as a result of recent Supe
Kamiokande data which has important implications for t
flavor structure of the model. In fact our main focus here
on the neutrino masses and mixing angles which were
previously discussed at all in this framework. We assum
minimal version of the model, and avoid the use of the
cidental cancellation mechanism, which in any case has
ficulties in accounting for bi-maximal neutrino mixing. W
also show that the mixing angle magnification mechani
can only provide limited increases in the mixing angles, d
to the fact that the unified third family Yukawa coupling
only approximately equal to 0.7@25# and is therefore too
small to have a dramatic effect. Instead, we rely on
SRHND mechanism, and we show how this mechanism m
be implemented in the 422 model by appropriate use of
erators with ‘‘Clebsch zeros’’ resulting in a natural explan
tion for atmospheric neutrinos via a hierarchical mass sp
trum. We specifically focus on the LMA MSW solution i
the text, with the LOW and SMA MSW solutions relegate
to Appendixes.

The layout of the remainder of the paper is as follows.
Sec. II we briefly review the seesaw mechanism in the m
mal supersymmetric standard model~MSSM! @26# with
right-handed neutrinos. In Sec. III we introduce the strin
inspired Pati-Salam model, and in Sec. IV we introduce
Abelian anomalous gaugeU(1)X family symmetry into the
model, and show how horizontal Yukawa hierarchies may
generated. In Sec. V we describe our operator approac
4-2
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fermion masses, including the heavy Majorana neutr
masses. Section VI contains the main results of the pape
this section we show how a particular choice ofU(1)X fam-
ily charges and operators with certain Clebsch coefficie
can lead to a successful description of quark and lep
masses and mixing angles, and in particular describe at
spheric and solar neutrinos via SRHND. SRHND is review
in Appendix B. Although the neutrino masses and mixi
angles correspond to the usual LMA MSW solution, in A
pendix D we show how a modification of the heavy Maj
rana mass matrix can lead to a large mixing angle MS
solution with a LOW mass splitting. In Appendix E w
present a different choice ofU(1)X charges and operator
which can lead to the SMA MSW solution.

II. MSSM WITH RIGHT-HANDED NEUTRINOS

The superpotential of the MSSM with right-handed ne
trinos is given by

W5WMSSM1W nc ~1!

WMSSM5qA~lu!ABuB
c hu2qA~ld!ABdB

c hd

2 l A~le!ABeB
c hd1mhuhd ~2!

W nc5 l A~ln!ABnB
c hu1 1

2 nA
c ~MRR!ABnB

c ~3!

whereA,B51, . . . ,3 arefamily indices,uc, dc, ec and nc

are the right-handedSU(2)L singlet superfields,q5(u,d)
and l 5(n,e) are theSU(2)L quark and lepton doublets, an
hu (hd) is the up~down! Higgs boson doublet. The Dira
neutrino coupling and the heavy Majorana mass for the rig
handed neutrinos are denoted byln and MRR respectively.
When the neutral components of the two MSSM Hig
bosonshu,d

0 acquire their vacuum expectation values~VEVs!
v2,1 (tanb5v2 /v1;40–50) the superpotential in Eq.~1!
generates the following sum of mass terms:

LU,D,E52U~luv2!Uc2D~ldv1!Dc2E~lev1!Ec1H.c.
~4!

LN52N~lnv2!Nc2 1
2 NcMRRNc1H.c. ~5!

where the uppercase letters now denote the fermionic c
ponents of the superfields inW; for example,u contains
(U,ũ)[(UL ,ũL) and uc contains (Uc,ũc)[(UR* ,ũR* ). The
Yukawa matrices in Eq.~4! can be diagonalized by bi
unitary transformationsS andT defined by

Tu* luSuT5lu8 , Td* ldSdT5ld8 , Te* leS
eT5le8 .

~6!

Thus the physical~primed! statesUR,L8 are related to the
gauge eigenstatesUR,L by UR85SuUR and UL85TuUL , etc.
In this model, the left-handed neutrino masses are gener
via the seesaw mechanism@6# by the terms in Eq.~5! which
can be re-arranged into a 232 block matrix in the following
way:
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LN52
1

2
~NNc!S 0 mLR

mLR
T MRR

D S N

NcD 1H.c. ~7!

wheremLR5lnv2. Thus, after the heavyNc fields are inte-
grated out, the light left-handed neutrinosN effectively ac-
quire a small mass given by

mLL5mLRMRR
21mLR

T . ~8!

Finally, the diagonalization ofmLL ,

TN* mLLTL
N†5diag~mn1

,mn2
,mn3

!, ~9!

allows the determination of the masses of the physical n
trinos mnA

and enables the physical neutrino statesN8

5(n1 ,n2 ,n3) to be related to the neutrino gauge fieldsN
5(ne ,nm ,nt) by N85TNN.

Taking into account the above conventions, we now p
ceed to give expressions for the CKM matrix@27# (VCKM)
and the corresponding lepton analogue, the Maki-Nakawa
Sakata~MNS! matrix @28# (VMNS). Their definitions derive
from the charged current interactions3

2
g

A2
Wm

1C̄UgmPLCD→2
g

A2
Wm

1CU8g
mPLVCKMCD8

~10!

2
g

A2
Wm

2C̄EgmPLCN→2
g

A2
Wm

2C̄E8g
mPLVMNSCN8

~11!

which imply

VCKM5TuTd†, VMNS5TeTN†. ~12!

In what follows we will assume that the matrices in Eq.~12!
are real.4 Thus, we will writeVMNS in terms of three rotation
matrices

VMNS5R23R13R12 ~13!

given by

R235S 1 0 0

0 c23 s23

0 2s23 c23

D , R135S c13 0 s13

0 1 0

2s13 0 c13

D ,

R125S c12 s12 0

2s12 c12 0

0 0 1
D ~14!

where sAB5 sinuAB and cAB5 cosuAB refer to the lepton
mixing angles between theA and B generations. Using Eq
~14! in Eq. ~13! gives

3The four component fermion fieldsC are given byCF5(F,
2 is2Fc* ) for F5U,D,E and CN5(N,2 is2N* ) for the neutri-
nos.

4We shall not address the question ofCP violation in this paper.
4-3
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VMNS5S c12c13 s12c13 s13

2s12c232c12s23s13 c12c232s12s23s13 s23c13

s12s232c12c23s13 2c12s232s12c23s13 c23c13

D . ~15!
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It is also practical to have expressions for theuAB angles in
terms of theVMNS entries. Inverting Eq.~15! we find that5

sinu135Ve3 , sinu235
Vm3

A12Ve3
2

, sinu125
Ve2

A12Ve3
2

.

~16!

Finally we note that while the above expressions w
derived in the context of three neutrino species, the anal
of the experimental results assumed only two; thus a di
comparison of mixing angles is not exactly valid.

III. THE PATI-SALAM MODEL

Here we briefly summarize the parts of the Pati-Sal
model @18# that are relevant for our analysis. For a mo
complete discussion see Ref.@19#. The SM fermions, to-
gether with the right-handed neutrinos, are conveniently
commodated in the followingF5(4,2,1) andFc5(4̄,1,2̄)
representations:

FA5S u u u n

d d d eD
A

, FB
c 5S dc dc dc ec

uc uc uc ncD
B

.

~17!

The MSSM Higgs bosons fields are contained inh
5(1,2̄,2):

h5S hd
2 hu

0

hd
0 hu

1D ~18!

whereas the heavy Higgs bosonsH̄5(4̄,1,2̄) and H
5(4,1,2) are denoted by:

H̄5S H̄d H̄d H̄d H̄e

H̄u H̄u H̄u H̄n
D , H5S Hd Hd Hd He

Hu Hu Hu HnD .

~19!

In addition to the Higgs fields in Eqs.~18!,~19! the model
also involves anSU(4) sextet fieldD5(6,1,1)5(D3 ,D3

c).
The superpotential of the minimal 422 model is

5Ve25V12
MNS, Ve35V13

MNS andVm35V23
MNS.
09500
e
is
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W5FlFch1lhShh1lSS~H̄H2MH
2 !1lHHHD

1l H̄H̄H̄D1Fcl8Fc
HH

Mf
~20!

whereS denotes a gauge singlet superfield, thel ’s are real
dimensionless parameters andMH;MX;1016 GeV. Addi-
tionally, Mf;1018 GeV denotes the VEV of extra matte
that has been integrated out from the model at high ener6

As a result of the superpotential terms involving the sing
S, the Higgs fields develop VEVŝH&5^Hn&;MX and

^H̄&5^H̄n&;MX which lead to the symmetry breaking

SU~4! ^ SU~2!L ^ SU~2!R→SU~3!c^ SU~2!L ^ U~1!Y .
~21!

The singletS itself also naturally develops a small VEV o
the order of the SUSY breaking scale@29# so that thelhS
term in Eq.~20! gives an effectivem parameter of the correc
order of magnitude. Under Eq.~21! the Higgs fieldh in Eq.
~18! splits into the familiar MSSM doubletshu andhd whose
neutral components subsequently develop weak scale V
^hu

0&5v2 and ^hd
0&5v1 with tanb5v2 /v1. The neutrino

fields nc acquire a large massMRR;l8^HH&/Mf
;1014 GeV through the non-renormalizable term inW
which, together with the Diracnc-n interaction~proportional
to l^hu

0&), gives rise to a 232 matrix that generates, via
seesaw mechanism@6#, a suppressed mass for the left-hand
neutrino states. TheD field does not develop a VEV but th
termsHHD andH̄H̄D combine the color triplet parts ofH,
H̄ andD into acceptable GUT scale mass terms@19#.

IV. ABELIAN FLAVOR SYMMETRY

The pattern of fermion masses and mixing angles is
of the fundamental problems in particle physics that has
yet been understood. The importance of this unsolved pu
is demonstrated by the numerous works published in the
erature over the past years~see Refs.@30–36# for a ‘‘short’’
list!. In the standard model~SM! the quark and lepton
masses and the CKM matrix are input parameters fixed
laboratory experiments. Surprisingly, however, their valu
though unconstrained anda priori arbitrary, do display a

6The full model involves four gauge singlet fieldsf that have
renormalizable interactions given bylfFcHf andl3fff. When
one of thef fields acquires a large VEV̂f&5Mf the mentioned
interactions generate, after thef fields are integrated out via a
seesaw type mechanism, the last non-renormalizable term in
~20!.
4-4
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certain degree of organization. The fermion masses
highly hierarchical and the CKM matrix can be described
terms of the small Wolfenstein expansion parameterl
;uV12u;0.22@37#. These results suggest that a broken fla
symmetry might be playing an important role in the setti
of the structure of the Yukawa matrices.

In this work we will assume that the ‘‘vertical’’ gaug
group is supplemented by an additionalU(1)X ‘‘horizontal’’
flavor symmetry that constrains the nature of the coupli
of quarks and leptons to SM singlet fieldsu and ū. The
family symmetry, however, is broken at some high ene
scaleVu.MX by the VEVs of theu, ū fields which under
the U(1)X group have chargesXu521 andXū511. As a
consequence of theU(1)X symmetry breaking, the low en
ergy effective theory includes Dirac interactions between
F andFc fields of the following form:

FAFB
c hS u

M u
D pAB

→FAFB
c hS ^u&

M u
D pAB

;FAFB
c hepAB ~22!

FAFB
c hS ū

M u
D pAB

→FAFB
c hS ^ū&

M u
D pAB

;FAFB
c hepAB

~23!

wherepAB is the modulus of the sum of theU(1)X charges
of the FA , FB

c and h fields, i.e., pAB5uXABu5uXFA
1XF

B
c

1Xhu. Thus Eq.~22! holds if XAB.0 whereas Eq.~23! holds
if XAB,0. The non-renormalizable terms in Eqs.~22!,~23!
might originate from interactions between theF andu fields
with additional exotic vector matter with massM u.MX that
lead to ‘‘spaghetti’’ diagrams as discussed in Ref.@38#.7 In
summary, the equations above show that, in the context
U(1)X symmetry, the observed hierarchy in the fermi
masses and mixing angles might be the result of the fla
charges carried by the fields of the 422 model which ac
suppress the Yukawa couplings by somee power.

The introduction of theU(1)X symmetry provides a way
to relate the various flavor parameters of the model, t
making it more predictive. However, one should be care
Generally theU(1)X group is potentially dangerous since
can introduce, through triangle diagrams, mixed anoma
with the SM gauge group.8 In the last part of this section w
review the constraints imposed onX charges of the fields o
our model enforced by the requirement of anomaly cance
tion @32#.

The mixed anomalies that we shall consider are9

7In this work we will assume that the VEVs of theu fields ^u&
5^ū&5Vu and the mass of the extra vector fieldsM u are related in
such a way thatVu /M u5e50.22.

8The cancellation of anomalies requires the vanishing of the tr
Tr(Ta$Tb,Tc%)50 where Ta,b,c are any of the group generato
which stand at the three gauge boson vertices of the triangle
grams.

9We will not include the analysis of theU(1)X
3 or of the gravita-

tional anomaly because they depend exclusively on SM sin
fields.
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SU~3!2U~1!X : A35 (
A51

3

~2XqA
1Xu

A
c 1Xd

A
c ! ~24!

SU~2!2U~1!X : A25 (
A51

3

~3XqA
1Xl A

!1Xhu
1Xhd

~25!

U~1!Y
2U~1!X : A15 (

A51

3 S13XqA
1

8

3
Xu

A
c1

2

3
Xd

A
c1XlA

12Xe
A
c D

1Xhu
1Xhd

~26!

U~1!YU~1!X
2 : A1852F (

A51

3

~XqA

2 22Xu
A
c

2
1Xd

A
c

2
2Xl A

2 1Xe
A
c

2
!

1Xhu

2 2Xhd

2 G . ~27!

For example,A3 corresponds to the anomalous term gen
ated by the Feynman diagram that has twoSU(3) gluons
and oneU(1)X gauge boson attached to the triangle vertic
We note that the first three anomaliesA3 , A2, and A1 are
linear in the trace of the charges, i.e.,Xf5(A51

3 Xf A
, wheref

is any of theq,uc,dc,l ,ec fields; thus they constrain only th
family independent~FI! part of theU(1)X charges. On the
other hand,A18 is quadratic in theX charges; thus it generally
constrains the FI and family dependent~FD! part of the
U(1)X charges.

In this paper we will assume that the cancellation
anomalies results from the Green-Schwartz~GS! mechanism
@39#. This is possible if theA3 , A2, andA1 anomalies are in
the ratio A3 :A2 :A15k3 :k2 :k1 where theki are the Kac-
Moody levels of theSU(3), SU(2), and U(1)Y gauge
groups that determine the boundary conditions for the ga
couplings at the string scaleg3

2k3 :g2
2k2 :g1

2k1. Hence, using
the canonical GUT normalization for the gauge couplin
@that successfully predicts sin2(uW)53/8 @40##, anomalies can
be canceled if we require that

A35A25 5
3 A1 . ~28!

As a consequence of the two constraints implicit in Eq.~28!,
the set of solutions for theX charges appearing in Eqs.~24!–
~26! is given by@32#

Xec5 (
A51

3

Xe
A
c 5x, Xl5 (

A51

3

Xl A
5y, Xhu

52z,

Xq5 (
A51

3

XqA
5x1u, Xdc5 (

A51

3

Xd
A
c 5y1v,

Xhd
51z1~u1v !,

Xuc5 (
A51

3

Xu
A
c 5x12u ~29!

e

ia-
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wherex,y,z,u,v are free parameters. However, not all t
solutions in Eqs.~29! are valid afterA1850 is enforced. In
fact, as we said before, generallyA18 constrains both the F
and FD charges ofU(1)X . By this we mean that, if we
conveniently write the charge of thef A field Xf A

as a sum of

a FI partXf plus a FD partXf A
8 , i.e., Xf A

5 1
3 Xf1Xf A

8 , then

A1850 is a complicated equation on allXf , Xf A
8 , andXhu

,

Xhd
charges. However, it is easy to see that, if all the le

handed fields and if all the right-handed fields have the sa
FD charges, i.e.,XqA

8 5Xl A
8 and Xu

A
c8 5Xd

A
c8 5Xe

A
c8 , as is the

case of the 422 model, thenA1850 is an equation on the F
charges only:

A185 2
3 ~Xq

222Xuc
2

1Xdc
2

2Xl
21Xec

2
13Xhu

2 23Xhd

2 !50.

~30!

Thus, a simple solution to all the anomaly constraints
given by Eq.~29! with u5v50. Finally, we must add tha
since the Pati-Salam model unifies all the left- and rig
handed quark and lepton fields in theF/Fc multiplets, and
the MSSM Higgs fieldshu , hd in theh Higgs bi-doublet, we
must also havex5y and z50. Thus, anomaly cancellatio
in the 422 model via the GS mechanism is possible if
traces of theU(1)X charges of theF andFc fields are equal,
i.e., XF5(A51

3 XFA
[(A51

3 XF
A
c 5XFc.

V. OPERATOR APPROACH TO FERMION MASSES

In the simplest formulation of the 422 model extended
a U(1)X horizontal symmetry all the Yukawa coupling
originate from a single matrix. The AbelianU(1)X symme-
try introduced in the previous section mainly serves one p
pose: it establishes a hierarchy between the flavor depen
couplings. Thus, it provides no precise or predictive inf
mation about the relationships between the different Yuka
coupling matrices. As a result, all the SM fermions of
given family have identical Yukawa couplings at the uni
cation scale. Naturally, when the fermion masses run fr
theMX to theMZ scale they lead to quark and lepton mas
that are incompatible with the experimental data.

The idea of Yukawa unification, though unsuccessful
its most simpler form, is not, however, a complete failure.
a matter of fact, it turns out that third family Yukawa unifi
cation works rather well. It is well known that the GU
boundary condition for the Yukawa couplings,

l t~MX!5lb~MX!5lt~MX!5lnt
~MX!, ~31!

leads to a large pole top quark mass predictionMt;175
GeV and tanb;mt /mb . On the other hand, the first an
second family fermion masses can be predicted if spe
relations between the ‘‘vertical’’ intra-generation Yukaw
couplings atMX hold. For example, the Georgi-Jarlskog~GJ!
@41# relation between the muon and strange Yukawa c
plings lm;3ls successfully reproduces the low energy e
perimentalms /mm;1 mass ratio. In the context of GUT
theories the appearance of numerical factors relating the
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plings of the up-down-lepton Yukawa matrices might orig
nate from non-renormalizable operators involving the int
action between the fermions and the heavy Higgs bosons
break the GUT symmetry@42,43#.

In the Pati-Salam model, we will have in mind operato
of the following form @24#:

FAFB
c hS HH̄

MV
2 D nS u

M u
D pAB

, FAFB
c hS HH̄

MV
2 D nS ū

M u
D pAB

.

~32!

The idea is that when theH andu fields develop their VEVs
such operators reduce to effective Yukawa couplings w
small coefficients. For example, ifF2 , F2

c , and h carry a
chargeXF2

50, XF
2
c52, andXh50 underU(1)X symmetry,

then Eq.~32! ~with n51) generates the following terms:

~xuu2u2
chu

01xdd2d2
chd

01xee2e2
chd

01xnn2n2
chu

0!de2

~33!

whered5^H&^H̄&/MV
2 ande5^u&/M u are small dimension-

less parameters,10 u2 ,d2 ,e2 ,n2 are the charm, strange
muon, muon neutrino superfields, andxf ( f 5u,d,e,n) are
Clebsch factors that depend on the group theoretical cont
tions between the fields in Eq.~32! @21,22#. In Table XIV
~Appendix A! we present a complete list of allxf values that
result fromn51 operators in the 422 model@24# normalized
by

xu
21xd

21xe
21xn

254. ~34!

It is interesting to point out that different operators imp
zero Clebsch coefficients for differentxf ’s. For example,
Class-I operators are rather special since of allxf ’s only one
is non-zero~and significantly large!. The Class-II operators
havexu5xn50 while Class-III havexd5xe50. Addition-
ally Class-IV operators havexu5xd50 and Class-V have
xe5xn50. Finally Class-VI operators have allxf ’s different
from zero. The variety of the operator Clebsch coefficients
to be welcome since, as we will see, they open the possib
of avoiding the disastrous fermion mass predictions cha
teristic of the minimal 422 model with a unified renormali
able interaction.

Finally we shall mention the origin of the heavy Majoran
neutrino mass matrix. GenerallyMRR results from non-
renormalizable operators of the form11

10In analogy with theM u parameter, theMV scale represents th
mass of extra matter that has been integrated out from our mode~in
this case at an energy slightly above the unification scale! such that

d5^H&^H̄&/MV
250.22.

11Generally theM u scales involved in the DiracFcF and Majo-
ranaFcFc interactions in Eq.~32! and Eq.~35! respectively need
not necessarily be identical@44#. In this work, however, for the sake
of simplicity we will assume they are equal.
4-6
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FA
c FB

c S HH

Mf
D S HH̄

MV
2 D nS u

M u
D qAB

→MXS MX

Mf
D nA

c nB
c dneqAB

~35!

whereqAB5uXF
A
c 1XF

B
c 1su ands52XH . Three important

differences distinguish Eq.~35! from Eq.~32!. First, we note
that while Eq.~32! allows for renormalizable operators,MRR
as given by Eq. ~35! is always the result of non
renormalizable operators. Second, we note that the comb
tion of theHH fields in Eq.~35! introduces an additional fre
parameters that may be fixed at our convenience. Third, w
observe that while Eq.~32! is able to generate precise rel
tionships between the up-down-lepton Yukawa couplin
~via Clebsch factors!, Eq. ~35! is an expression that con
strains only the hierarchy ofMRR @via theU(1)X symmetry#;
as a result, it is less predictive.

VI. NEUTRINO MASSES AND MIXING ANGLES

In this section we show how theU(1)X horizontal family
symmetry of Sec. IV can be combined with the opera
approach of Sec. V to give predictions for the fermi
masses and mixing angles in the 422 model. In particular
are interested in the predictions for the neutrino masses
mixing angles for the LMA MSW solution to the solar ne
trino problem. The LOW and the SMA MSW solutions a
discussed in Appendixes C and D. We start by listing
Table I the quark and charged lepton experimental data u
in our analysis.12

We usedmu(1 GeV), md(1 GeV) to denote the running
masses of the up and down quarks atQ51 GeV;13 mc(Mc),
ms(Mc),mb(Mb) the running masses of the charm, stran
and bottom quarks at their pole masses (Mc51.6 GeV, Mb
54.8 GeV); Mt the top pole mass; andMe,m,t (me,m,t) the
well-known pole~running! charged lepton masses. We co
verted the above pole masses to running masses using
expressions in Ref.@46# with

as~MZ!50.120, ae
21~MZ!5127.8. ~36!

Finally the CKM matrix atQ5MZ was fixed by14

uV12u50.2215, uV23u50.040, uV13u50.0035. ~37!

It is important to note that, in fact, not all the paramete
above were taken as input. Indeed,Mt;175 GeV is a pre-
diction that results from third family Yukawa unificationl t
5lb5lt at the GUT scale. Moreover, as we will see, o
model is also able to predict the masses of the down
charm quarks; thus their values listed above should be ta
merely as a guide and/or convenient initial estimates.

12The numbers inside the curly brackets indicate the experime
ranges according to Ref.@45#.

13All running masses are given in the modified minimal subtr
tion (MS) scheme.

14The experimental ranges areuV12u50.219 to 0.226, uV23u
50.037 to 0.043 anduV13u50.002 to 0.005@45#.
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We now turn to the neutrino experimental data. The
sults from the Super-Kamiokande Collaboration@1,2# indi-
cate that the atmospheric neutrino anomaly can be un
stood in terms ofnm↔nt oscillations with

sin2~2u23!.0.88, 1.531023 eV2,Dm23
2 ,531023 eV2

~38!

at 90% confidence level. On the other hand, the LMA MS
solution to the solar neutrino deficit suggests that@5#

sin2~2u12!;0.75, Dm12
2 ;2.531025 eV2. ~39!

Assuming that the neutrino spectrum is hierarchical, i
Dm23

2 5umn3

2 2mn2

2 u;mn3

2 andDm12
2 5umn2

2 2mn1

2 u;mn2

2 , the

values in Eqs.~38!,~39! give

sin~u23!.0.57, mn3
;0.05 eV,

sin~u12!;0.50, mn2
;0.005 eV. ~4

The latest results from the CHOOZ experiment also sh
that, over the interestingDm23

2 range suggested by the Supe
Kamiokande data, sin2(2u13),0.10 at 90% C.L.@47#.

The experimental data in Table I constrain the parame
of our model at low energy. However, the GUT symmetry
broken at an energyMX;1016 GeV. Thus, before we star
our analysis we should correct the fermion masses and m
ing angles for the radiative corrections that result from
running of the renormalization group equations~RGEs! be-
tween theQ5MZ and Q5MX scales. The implementatio
of the RGEs, the decoupling of SUSY particles and t
boundary conditions is a complicated subject whose deta
description is beyond the scope of this work. Here we w
only mention that we used 2-loop RGEs in the gauge a
Yukawa couplings and refer the interested reader to Ref.@25#
where the issue of Yukawa unification in the 422 model
discussed. As a result of the running of the RGEs, subjec
third family Yukawa unification atMX , the low energy input
values for the fermion masses in Table I effectively constr
the eigenvalues of the Yukawa couplings atQ5MX . These
are presented in Table II.

At this point it is convenient to re-write the data in Tab
II in terms of the Wolfenstein@37# expansion parameterl

al

-

TABLE I. Experimental ~input! values of quark and lepton
masses used in this paper~see main text for full explanation on
adopted notation!.

mu(1 GeV)54.7 MeV (1.35 – 6.75) MeV
mc(Mc)51.21 GeV (1.15– 1.35) GeV

Mt; 175 GeV (170– 180) GeV

md(1 GeV);6.0 MeV (4 – 12) MeV
ms(Ms);160 MeV (100– 230) MeV
mb(Mb)54.15 GeV (4.0– 4.4) GeV

Me50.511 MeV me(Me)50.496 MeV
Mm5105.7 MeV mm(Mm)5104.6 MeV
M t51777.0 MeV mt(M t)51772.8 MeV
4-7
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TABLE II. Values of the Yukawa couplings and CKM entries at the unification scale (MX) that result
from the running of the low energy~input! data of Table I between the relevant low energy scales andMX .

lu(MX)54.73831026 lc(MX)51.52931023 l t(MX)50.677
ld(MX);3.20831024 ls(MX);9.61231023 lb(MX)50.677
le(MX)51.49031024 lm(MX)53.15431022 lt(MX)50.677

uV12(MX)u50.2215 uV23(MX)u50.032 uV13(MX)u50.0028
I
ge
.
el

th
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t

b
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e
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ized
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50.22;uV12u ~see Table III!. The expressions in Table II
neatly summarize the hierarchy of the quark and char
lepton sectors atMX that we aim to reproduce and predict

It is now time to specify the structure of the LMA mod
in more detail. We start by indicating the nature of the~non-
!renormalizable operators responsible for the structure of
Dirac and neutrino Majorana matrices:

lAB: F3F3
ch1FAFB

c h
HH̄

MV
2

3F11S HH̄

MV
2 D 1S HH̄

MV
2 D 2

1•••G S u

M u
D pAB

~41!

~MRR!AB: H F3
cF3

c1FA
c FB

c FHH̄

MV
2

1•••G J HH

Mf
S u

M u
D qAB

. ~42!

The first term in Eq.~41! is renormalizable; thus it implies
third family Yukawa unification atMX . The second term
which we shall assume to be present forABÞ33, on the
other hand, is a sum of non-renormalizable operators. For
sake of simplicity we will consider that theHH̄/MV

2 part of
lAB that lies outside the square brackets in Eq.~41! has
non-trivial gauge contractions with theFAFB

c h fields next to
it, thereby generating the Clebsch factors in Table XIV~Ap-
pendix A!. On the other hand, the (HH̄/MV

2)1,2 factors inside
the square brackets will form gauge singlet terms that will
responsible for the appearance of higherd powers in the
entries oflAB . The MRR matrix, as given by Eq.~42!, de-
pends only on non-renormalizable operators because g
invariance demands that every combination ofFcFc fields
must be paired with at least a couple ofHH fields. However,

TABLE III. Values of the Yukawa couplings and CKM entrie
at the unification scale, as in Table II, expanded in powers of
Wolfenstein parameterl50.22.

lu(MX)5l8.097 lc(MX)5l4.282 l t(MX)5l0.257

ld(MX);l5.313 ls(MX);l3.068 lb(MX)5l0.257

le(MX)5l5.820 lm(MX)5l2.283 lt(MX)5l0.257

uV12(MX)u5l0.996 uV23(MX)u5l2.273 uV13(MX)u5l3.882
09500
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we will assume that the onlyn51 operator inMRR is placed
on the 33 entry. All other entries ofMRR result fromn52
operators.15

We can see from Eqs.~41!,~42! that the structure of the
Yukawa and Majorana matrices can be decomposed in
‘‘vertical’’ d component and a ‘‘horizontal’’e component.
Thus we write :

~l f !AB;~ld!AB~le!AB , ~MRR!AB;~MRR
d !AB~MRR

e !AB .
~43!

The hierarchies ofle andMRR
e are fixed by the choice of the

U(1)X charges. Using the results of Ref.@11#, we can write
the most general form of the unified (le)AB matrix in the 422
model, constrained by the absence of anomalies, in term
only four independent parametersX̄F1

, X̄F2
, X̄F

1
c, andX̄F

2
c:16

le5S e uX̄F1
1X̄F1

cu e uX̄F1
1X̄F2

cu e uX̄F1
u

e uX̄F2
1X̄F1

cu e uX̄F2
1X̄F2

cu e uX̄F2
u

e uX̄F1
cu e uX̄F2

cu 1
D . ~44!

From the equation above it is easy to see that the value
X̄F2

, X̄F
2
c, X̄F1

and X̄F
1
c are closely related to the large ne

trino u23 angle, the second family Yukawa couplings, theV12
CKM angle, and the masses of the lightest fermions resp
tively. In the first row of Table IV we list our choices for th
X̄ parameters which we will, from now on, refer to asU(1)X̄
charges. In the second rows we indicate the values of
physical ~anomaly free! U(1)X5U(1)FD1U(1)FI charges
of the fields of our model. In the third and fourth rows we li
the values of the family dependent~traceless! and family
independent~unphysical! charges that sum up to giv
U(1)X .

We note that theU(1)X̄ andU(1)X charges are ‘‘equiva-
lent’’ in the sense that they determine equal family structu
for the Yukawa and neutrino Majorana matrices.17

15We note that these assumptions about the nature of the Majo
matrix are unique to the LMA MSW solution. The SMA MSW an
LOW solutions discussed in Appendixes C and D are character
by a Majorana matrix filled withn51 operators only.

16In @11# these charges were calleda,b,g,d. Roughly, this cor-

responds to choosing a basis of charges that hasX̄F3
5X̄F

3
c5X̄h

50.
17However, only theU(1)X symmetry is anomaly free.

e
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The charges in Table IV fix thee structure ofle andMRR
e

to be

le;S e5 e3 e

e4 e2 1

e4 e2 1
D , MRR

e ;S e8 e6 e4

e6 e4 e2

e4 e2 1
D . ~45!

Comparingle above with the hierarchy of the Yukawa co
plings listed in Table III we see that theU(1)X symmetry~by
itself! cannot explain the pattern of all fermion masses a
mixing angles. For example, although the symmetry allow
large 23 entry suitable for generating large 23 mixing fro
the neutrino Yukawa matrix, it also allows similarly large 2

TABLE IV. List of U(1) flavor charges that determine the fam
ily structure of the Yukawa and neutrino Majorana matrices of
LMA model. The first set, indicated byU(1)X̄ , refers to the values

of the X̄ parameters that determine the hierarchy ofle in Eq. ~44!.
The second set,U(1)X5U(1)FD1U(1)FI , corresponds to the
anomaly free physical flavor charges of the model. The third
U(1)FD indicates the charges of the family dependent~traceless!
component ofU(1)X andU(1)FI refers to the family independen
component ofU(1)X .

XF1
XF2

XF3
XF

1
c XF

2
c XF

3
c Xh XH XH̄

U(1)X̄ 1 0 0 4 2 0 0 0 0

U(1)X
11
6

5
6

5
6

19
6

7
6 2

5
6 0 5

6 2
5
6

U(1)FD
2
3 2

1
3 2

1
3 2 0 22 7

3 2 22

U(1)FI
7
6

7
6

7
6

7
6

7
6

7
6 2

7
3 2

7
6

7
6

TABLE V. Approximate structure of the Yukawa and neutrin
Majorana matrices resulting from Eqs.~47!,~48! when the numeri-
cal effect of the Clebsch and of the order-1a,A parameters is ne
glected.

lu~MX!;Sd3e5 d2e3 d2e

d3e4 d2e2 0

d3e4 d2e2 1
D;Sl8 l5 l3

l7 l4 0

l7 l4 1
D

ld~MX!;Sde5 d2e3 d2e

de4 de2 d2

de4 de2 1
D;Sl6 l5 l3

l5 l3 l2

l5 l3 1
D

le~MX!;Sde5 de3 de

de4 de2 d2

de4 de2 1
D;Sl6 l4 l2

l5 l3 l2

l5 l3 1
D

ln~MX!;Sd3e5 de3 de

d3e4 d2e2 d

d3e4 d2e2 1
D;Sl8 l4 l2

l7 l4 l

l7 l4 1
D

MRR~MX!;Sde8 de6 de4

de6 de4 de2

de4 de2 1
D;Sl9 l7 l5

l7 l5 l3

l5 l3 1
D

09500
d
a

entries in the charged lepton and quark Yukawa matri
which are not welcome. In order to overcome this we sh
assume that although a renormalizable operator in the
position is allowed by theU(1)X symmetry, it is forbidden
by some unspecified string symmetry which however allo
a 23 operator containing one factor of (HH̄). We shall fur-
ther select a 23 operator which will involve a Clebsch fac
of zero for the charged lepton and quark entries, with only
neutrino component having a non-zero contribution, there
generating a large 23 mixing from the neutrino sector, w
only small 23 mixing in the charged lepton and quark sect
arising from operators containing higher powers of (HH̄)n,
with n.1.18

The existence of such operators with ‘‘Clebsch zeros’’
clearly crucial for the success of our approach.

In general, we shall show that by a suitable choice
non-renormalizable operators, which determine theld ‘‘ver-
tical’’ structure ofl f , we can obtain a successful descriptio
of all quark and lepton masses and mixing angles. For
ample, let us considerld and MRR

d given by the following
operator matrices:

ld;S O R1O 9V O J1O 8Q O g1O 8 f

O G1O 9K O W1O 8H O I1O 8W

O R1O 9V O M1O 8K 1
D ,

18Note that in the Pati-Salam model the 23 entry in the neutr
Dirac Yukawa matrix is associated with the 23 entries in the qu
Yukawa matrices, unlike inSU(5), for example, where it is asso
ciated with the 32 entry in the down quark Yukawa matrix, whi
may of course be large since it does not contribute to the C
matrix. Also note that in the presence of phases it is possible
obtain small quark mixing angles by canceling two large entries

e

t

TABLE VI. Numerical values of the order-1a,A parameters
that parametrize the Yukawa and neutrino Majorana matrices
Eqs.~47!,~48!.

a5S21.285 1.000 1.000

1.000 21.420 1.000

21.000 1.000 0.677
D

a85S 0.000 0.700 1.015

0.000 0.782 0.705

0.000 21.000 0.000
D

a95S 0.907 0.000 0.000

1.000 0.000 0.000

1.000 0.000 0.000
D

A5S 1.071 0.733 0.653

0.733 1.072 0.567

0.653 0.576 1.000
D

4-9
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MRR
d ;S O O O

O O O
O O 1

D ~46!

whereO, O 8 and O 9 are n51, n52 and ~very small! n
53 operators respectively19 wheren is defined in Eq.~32!

and refers to the powers of (HH̄)n. Using Eqs.~45!,~46! in
Eq. ~43! gives

l f~MX!5S xf
Ra11de5 xf

Ja12de3 xf
ga13de2

xf
Ga21de4 xf

Wa22de2 xf
I a23d

xf
Ra31de4 xf

Ma32de2 a33
D

1S 0 xf
Qa128 d2e3 xf

fa138 d2e2

0 xf
Ha228 d2e2 xf

Wa238 d2

0 xf
Ka328 d2e2 0

D
1S xf

Va119 d3e5 0 0

xf
Ka219 d3e4 0 0

xf
Va239 d3e4 0 0

D ~47!

MRR~MX!

MRR~MX!33
5S A11de8 A12de6 A13de4

A21de6 A22de4 A23de2

A31de4 A32de2 A33
D ~48!

where the subscriptf stands for any of theu,d,e,n indices,
xf

O is the Clebsch of theO operator of thef-type fermion,
and thea’s (A’s! are order-1f-independent Yukawa~Majo-
rana! parameters that parametrizel f (MRR). The first matrix
on the right-hand side of Eq.~47! contains the leadingn
51 operators giving contributions of orderd, while the sec-
ond and third matrices contain then52 andn53 operators
which give contributions of orderd2 andd3 and provide the
leading contributions in the cases where then51 operators
involve Clebsch zeros.

The effective matrices resulting from Eqs.~47!,~48! are
approximately given in Table V. This table shows an int
esting structure for the Yukawa matrices. We find thatlu
;l8, lc;l4 and ld;le;l6, ls;lm;l3. Furthermore,
the CKM matrix hasuV12u;l, uV23u;l2, uV13u;l3. Com-
paring these approximate results with the data in Table III
see that only theld , lm couplings need substantial~one
l-power! corrections. On the other hand, the neutrino sec
described byln andMRR in Table V is clearly dominated by
the right-handed tau neutrino and predicts (ln)12;(ln)22
which according to Eq.~B18! successfully generates a larg
u12 solar neutrino angle. However, the subdominant per
bation tomLL in Eq. ~8! resulting fromln andMRR in Table

19The n53 operators can, to a very good approximation, be
glected. Their inclusion here serves only to fill the 11,21,31 ent
of the lu,n Yukawa matrices, thereby ensuring~for example! that
the up quark is given a very small mass.
09500
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e
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V is too small to correctly predict the neutrino mass ra
mn2

/mn3
;l1.5 required by Eq.~40!. These approximate pre

dictions can be further improved because Table V does
include the numerical effects of the operator Clebsches
of the order-1a,A factors.

The success of our model~in the SM sector! depends on
the ability to find suitable solutions for thea’s in Eq. ~47!
which simultaneously can account for all the hierarchies
Table III. Generally we will require that 0.5
,uaABu,uaAB8 u,uaAB9 u,2.0 for all A,B51,2,3. At first, it
looks that such a solution is trivial since Eq.~47! depends on
16 parameters,20 while the expressions in Table III are a s
of 9 constraints~on the first and second family Yukawa cou
plings and CKM entries!. However, we should not forget tha
O@O 8@O 9 and that the CKM matrix constrains only th
12, 13 and 23 entries ofl f . As a consequence, we find th
the parameters in Table III are mainly sensitive
a22↔ls,m , a11↔ld,e , an independent combination o
(a119 ,a219 ,a319 )↔lu , a228 ↔lc and a128 ↔V12, a238 ↔V23,
a138 ↔V13, which allows two predictions to be made:ld and
ls . Thus we fitted the a22,a11,a119 ,a228 ,a128 ,a238 ,a138
dependence21 of l f to the lm ,le ,lu ,lc and V12,V23,V13
experimental constraints in Table III. The results are sho
in Table VI.22

Thus, using Eq.~47! with the a’s of Table VI and the

-
s

20We note thata33 is fixed by quadruple Yukawa unification a
MX , i.e., l t5lb5lt5lnt

.
21Fixing all othera’s to be61.
22The values of theA parameters in Eq.~48! are not constrained

by the experimental data; thus we chose them to be ‘‘arbitra
numbers in the 0.5,AAB,2.0 range.

TABLE VII. Numerical values for the entries of the Yukaw
(lu ,ld ,le ,ln) and neutrino Majorana (MRR) matrices at the uni-
fication scaleMX (MRR is given in GeV mass units!.

lu~MX!5S7.03431026 4.07931024 4.32431023

3.99131025 1.46631023 0.000

3.52831025 23.74831023 0.677
D

ld~MX!5S 22.33131024 24.07931024 8.64831023

4.60931024 28.82731023 2.15731022

28.24631024 1.50631022 0.677
D

le~MX!5S 21.74831024 3.88431023 8.57431022

9.21931024 3.01531022 26.47231022

26.18431024 1.50131022 0.677
D

ln~MX!5S 7.03431026 2.40131023 7.71031022

2.99331025 2.93231023 0.440

3.52831025 22.81131023 0.677
D

MRR~MX!5S 3.9913108 5.6523109 1.04031011

5.6523109 1.70631011 1.86631012

1.04031011 1.86631012 3.09031014D
4-10
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Clebsch factors of Table XIV~Appendix A! we get the nu-
merical results forl f(MX) shown in Table VII. In Table
VIII we present the results of Table VII expanded in powe
of d5e5l50.22.

We can analyze the effect of the operator Clebsch coe
cients by comparing Table V against Table VIII. We see t
the O W operator23 in the 22 entry of l f split (ld)22
5(le)22;l3 in Table V into u(ld)22u5l3.124 and (le)22
5l2.313 in Table VIII, thus allowing for a proper GJ ratio
lm /ls;3 at MX . Similarly, the operators in the 12 bloc
have allowed for a more appropriateld /le Yukawa ratio.
Numerically we have the following predictions for the ligh
est eigenvalues of the down-Yukawa matrix atMX : ld

5l5.469 andls5l3.087.
The effect of the Clebsch factors also modified the n

trino Yukawa matrixln(MX) in Table V. As a result of the
O I operator in the 23 position ofl f , which has a largexn

I

52 Clebsch coefficient, we are now able to predict a la
u23 atmospheric neutrino mixing angle. Indeed using E
~B3! we can roughly estimate that tanu23;0.44/0.6850.65,
implying sin2(2u23);0.83.

It is interesting to check thatln andMRR in Table VIII do
lead to amLL matrix dominated by the right-handed tau ne
trino. ~For convenience the mechanism of SRHND is
viewed in Appendix B.! As a result of the small mixing
angles ofMRR it is convenient to work in a basis whereMRR
is diagonal. Furthermore, it is practical to scale24 ln such
that the 23 and 33 entries are (ln)23;(ln)33;1, and ap-
proximate the normalized entries to~semi-!integerl powers.
Thus using

MRR;S l9.0 0 0

0 l5.0 0

0 0 1
D , mRL;S l7.5 l3.5 l1.5

l6.5 l3.5 1

l6.5 l3.5 1
D
~49!

in Eq. ~8! gives

mLL;Sl3.01l2.01l6.0 l1.51l2.01l5.0l1.51l2.01l5.0

l1.51l2.01l5.0 11l2.01l4.0 11l2.01l4.0

l1.51l2.01l5.0 11l2.01l4.0 11l2.01l4.0
D
~50!

where the first~second and third! term in each entry corre
sponds to the third~second and first! family neutrino contri-
bution nt

c (nm
c andne

c) coming fromMRR. Clearly Eq.~50!
shows that even though, in this case,nt

c is the heaviest right-
handed neutrino, it nevertheless dominates the 23 block,
that the sub-dominant contribution fromnm

c inducesl2 per-
turbations inmLL that are compatible with themn2

/mn3
mass

ratio.
Using the MSSM RGEs adapted and properly extende

take into account the presence and successive decouplin
the right-handed neutrinos between theQ5MX and Q

23Which has Clebsch coefficientsxe
W523xd

W .
24(ln)AB→(ln)AB /k with k5

1
2 @(ln)231(ln)33#5l0.384.
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5MZ scales~see Appendix C! we find that the Yukawa and
neutrino Majorana matrices at low energy are given by Ta
IX.

Thus, inserting the results of Table IX into Eq.~8! and Eq.
~12! we get the mass matrix for the left-handed neutrin
mLL and theVMNS mixing matrix shown in Table X. The
predictions for the neutrino masses and squared mass s
tings are shown in Table XI. In Table XII we examine ho

TABLE VIII. Values for the entries of the Yukawa
(lu ,ld ,le ,ln) and neutrino Majorana (MRR) matrices at the uni-
fication scaleMX as given in Table VII but expanded in powers
d5e5l50.22 @noteMRR(MX)3353.09031014 GeV].

lu~MX!;Sl7.836 l5.154 l3.595

l6.690 l4.309 0

l6.771 2l3.690 l0.257
D

ld~MX!;S 2l5.524 2l5.154 l3.137

l5.074 2l3.124 l2.534

2l4.690 l2.771 l0.257
D

le~MX!;S 2l5.714 l3.666 l1.622

l4.616 l2.313 2l1.808

2l4.880 l2.771 l0.257
D

ln~MX!;S l7.836 l3.984 l1.693

l6.880 l3.852 l0.542

l6.771 2l3.880 l0.257
D

MRR~MX!

MRR~MX!33
;S l8.955 l7.205 l5.281

l7.205 l4.954 l3.375

l5.281 l3.375 1
D

TABLE IX. Numerical values for the entries of the Yukaw
(lu ,ld ,le ,ln) and neutrino Majorana (MRR) matrices at theQ
5MZ scale (MRR is given in GeV mass units!.

lu~MZ!5S1.47831025 8.92031024 5.05831023

8.48431025 3.14331023 23.55331023

4.68731025 25.01531023 0.905
D

ld~MZ!5S 24.60531024 29.38931024 1.17531022

9.37931024 21.79531022 3.12431022

21.05731023 1.93431022 0.862
D

le~MZ!5S 21.52631024 3.44531023 6.61131022

8.83231024 2.93131022 25.44631022

24.62631024 1.19631022 0.522
D

ln~MZ!5S 6.11031026 2.27131023 6.33931022

2.69931025 2.73731023 0.394

2.91131025 22.42831023 0.562
D

MRR~MZ!5S 3.9873108 5.6513109 9.98131010

5.6513109 1.70731011 1.80731012

9.98131010 1.80731012 2.87931014
D

4-11
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the neutrino mixing angles evolve between the unificat
Q5MX;331016 GeV, the right-handed tau neutrino ma
Q5M n3

;331014 GeV and theMZ scale. We see that th
effect of the radiative corrections has increased the ma
tude of sinu12, sinu23 and sinu13 by 2.5%, 6.4% and 2.4%
respectively. These corrections agree with the results fo
in Ref. @48#. Finally, we present in Table XIII the prediction
for the down and strange quark masses.

We would like to conclude this section by noting that t
predictions for the neutrino parameters, in particular for
neutrinoDm12

2 squared mass splitting, should be taken ca
fully. Generally we expect at least 20%~theoretical! errors in
the quoted values which, for example, arise from our ina
ity to fix order-1 factors in the entries ofMRR(MX).

VII. CONCLUSION

We have discussed a theory of all fermion mas
and mixing angles based on a particular string-inspi
minimal model based on the Pati-Salam gro
SU(4)3SU(2)L3SU(2)R @18# supplemented by a gauge
U(1)X family symmetry. We argued that this gauge gro
preserves the attractive features ofSO(10) such as predict
ing three right-handed neutrinos and Yukawa unificati
while avoiding the doublet-triplet splitting problem. A
though it is not a unified gauge group at the field theo
level, it naturally arises from string constructions and so
principle may be fully unified with gravity.

Earlier work in collaboration with one of us@24# had al-
ready shown that the model can provide a successful des
tion of the charged fermion masses and the CKM mat
The use of theU(1)X family symmetry to provide the hori
zontal mass splittings combined with the Clebsch fact
arising from the (HH̄)n insertion in the operators has alrea
been shown to provide a powerful approach to the ferm
mass spectrum in this model@24#. The present analysis dif

TABLE X. Predicted values for the left-handed neutrino ma
matrix mLL(MZ) in units of mLL(MZ)3353.95431023 eV and for
the MNS neutrino mixing matrixVMNS(MZ).

mLL~MZ!

mLL~MZ!33
5S 4.79231022 1.00731021 3.45831022

1.00731021 4.61031021 5.65931021

3.45831022 5.65931021 1
D

VMNS~MZ!5S 0.8290 0.5532 20.0819

20.3948 0.6827 0.6149

0.3961 20.4774 0.7843
D

TABLE XI. Predicted values for the left-handed neutrin
massesmn1,2,3

and squared mass splittingsDm12
2 5umn2

2 2mn1

2 u,
Dm23

2 5umn3

2 2mn2

2 u.

mn1
54.8431028 eV mn2

55.7931023 eV mn3
55.3931022 eV

Dm12
2 53.3531025 eV2 Dm23

2 52.8731023 eV2
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fers from that presented previously partly due to the rec
refinements in third family Yukawa unification@25#, but
mainly due to the recent data from Super-Kamiokande wh
imply that the 23 operator should be allowed by theU(1)X
family symmetry. We have therefore extended our previo
analysis to the atmospheric and solar neutrino masses
mixing angles, and showed that all three MSW solutions
the solar neutrino data may be accommodated, namely
LMA MSW region discussed in the main text as well as t
LOW MSW and the SMA MSW regions discussed in th
Appendixes.

The approach to neutrino masses and mixing angles
lowed here makes use of the SRHND mechanism@10–12# in
which one of the right-handed neutrinos~the nt

c) gives the
dominant contribution to the 23 block of the light effectiv
Majorana matrix. This mechanism avoids reliance on ac
dental cancellations, and does not rely on excessive ma
fication of mixing angles, although a mild enhancement w
observed in the numerical results in agreement with that
served in@48#. Crucial to the implementation of SRHND in
this model is the assumption that the renormalizable 23
erator is forbidden by unspecified string selection rules, a
the leading 23 operator contains (HH̄) and involves
‘‘Clebsch zeros,’’ which give a zero contribution to th
charged lepton and quark Yukawa matrices, but a non-z
contribution to the neutrino Yukawa matrix, thereby allow
ing smallVcb but large 23 mixing in the lepton sector.

The analysis in this paper is essentially ‘‘bottom up.’’
particular choice ofU(1)X family symmetry charges wa
used to give the horizontal mass splittings, and the vert
mass splittings were achieved by particular choices of op
tors corresponding to different Clebsch factors in the lead
contributions to each entry of the Yukawa matrix. It wou
be very nice to understand these choices from the poin
view of a ‘‘top-down’’ string construction, such as the type
string construction which has recently led to the Pati-Sal

s TABLE XII. Running of the neutrino mixing angles at the un
ficationQ5MX , the right-handed tau neutrino massQ5M n3

andZ
boson massQ5MZ energy scales.

Q5MX;331016 GeV
sinu1250.541 sinu2350.578 sinu13520.080
sin2(2u12)50.828 sin2(2u23)50.890 sin2(2u13)50.025

Q5M n3
;331014 GeV

sinu1250.543 sinu2350.590 sinu13520.082
sin2(2u12)50.832 sin2(2u23)50.908 sin2(2u13)50.027

Q5MZ

sinu1250.555 sinu2350.617 sinu13520.082
sin2(2u12)50.853 sin2(2u23)50.943 sin2(2u13)50.027

TABLE XIII. Predictions for the runningMS masses of the
down (md) and strange (ms) quarks atQ51 GeV andQ5Ms ,
respectively (Ms indicates the strange pole quark mass!.

md(1 GeV)54.9 MeV ms(Ms)5156 MeV
4-12
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NEUTRINO MASSES AND MIXING ANGLES IN A . . . PHYSICAL REVIEW D63 095004
gauge group with three chiral families@20#. We believe that
only by a combination of top-down and bottom-up a
proaches~such as that presented here! will a completely suc-
cessful string theory of fermion masses and mixing ang
emerge. We have shown that the recent discovery of neut
mass by Super-Kamiokande provides precious informa
about the flavor structure of such a future string theory.
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APPENDIX A

A list of Clebsch factors is given in Table XIV.

APPENDIX B

In this appendix we summarize the theory behind SRH
and review the analytic results presented in Ref.@12# for the

TABLE XIV. List of Clebsch factors resulting from all possibl
n51 operators, as given by Eq.~32!, in the Pati-Salam model.

Class O xu xd xe xn

I O N 2.0000 0.0000 0.0000 0.0000
I O E 0.0000 2.0000 0.0000 0.0000
I O i 0.0000 0.0000 2.0000 0.0000
I O I 0.0000 0.0000 0.0000 2.0000

II O M 0.0000 1.4142 1.4142 0.0000
II O G 0.0000 0.8944 1.7889 0.0000
II O R 0.0000 1.6000 1.2000 0.0000
II O W 0.0000 0.6325 21.8974 0.0000

III O V 1.4142 0.0000 0.0000 1.4142
III O O 0.8944 0.0000 0.0000 1.7889
III O K 1.6000 0.0000 0.0000 1.2000
III O Z 0.6325 0.0000 0.0000 21.8974
IV O J 0.0000 0.0000 1.7889 0.8944
IV O g 0.0000 0.0000 1.4142 1.4142
IV O h 0.0000 0.0000 21.4142 1.4142
IV O j 0.0000 0.0000 0.8944 1.7889
V O F 1.4142 21.4142 0.0000 0.0000
V O a 1.4142 1.4142 0.0000 0.0000
V O b 1.7889 0.8944 0.0000 0.0000
V O c 0.8944 1.7889 0.0000 0.0000

VI O H 0.8000 0.4000 0.8000 1.6000
VI O f 0.4000 0.8000 1.6000 0.8000
VI O S 0.7155 1.4311 1.0733 0.5367
VI O L 1.4311 0.7155 0.5367 1.0733
VI O T 0.5657 0.2828 0.2828 0.5657
VI O U 0.2828 0.5657 0.5657 0.2828
VI O X 0.5657 0.2828 20.8485 21.6971
VI O Y 0.2828 0.5657 21.6971 20.8485
VI O D 0.4472 20.4472 1.3416 21.3416
VI O e 0.6325 20.6325 21.2649 1.2649
VI O B 1.0000 21.0000 21.0000 1.0000
VI O Q 1.1314 21.1314 20.8485 0.8485
VI O P 1.1314 1.1314 0.8485 0.8485
VI O A 1.0000 1.0000 1.0000 1.0000
VI O d 0.6325 0.6325 1.2649 1.2649
VI O C 0.4472 0.4472 21.3416 21.3416
09500
s
no
n

case of the diagonal dominated right-handed neutrino m
matrix MRR. Third family single right-handed neutrino
dominance@10–12# is a mechanism that can explain th
large atmospheric (u23) and the solar LMA MSW (u12) neu-
trino mixing angles and a smallu13. SRHND relies on the
possibility that the neutrino mass matrix (mLL) is dominated
by contributions coming solely from a single right-hand
neutrino ~for examplent

c .! In this scheme a maximalu23

angle arises when the tau right-handed neutrinont
c couples to

the left-handed muonnm and tau neutrinont with equal
strength. Similarly, ifnm

c couples tone and tonm with com-
parable strength, thenu12 is large. The role of the~sub-
dominant! muon neutrino is also important since it provid
small perturbations to themLL matrix ~which otherwise has
one heavy and two massless eigenstates!, thus leading to a
neutrino mass splittingDm12

2 5umn2

2 2mn1

2 u compatible with

experiment.
The seesaw formula for the left-handed neutrino matrix

Eq. ~32! depends explicitly onMRR. Although MRR might
have a non-trivial structure, we find instructive to start o
analysis by considering the very simple case ofMRR given
by

MRR
21;diag~M n1

21 ,M n2

21 ,M n3

21!;diag~0,0,M n3

21! ~B1!

which effectively corresponds to takingM n1
,M n2

@M n3
. Re-

placing Eq.~B1! in Eq. ~8! we find that25

mLL5v2
2lnMRR

21ln
T;lMRR

21lT

;M n3

21S l13
2 l13l23 l13l33

l13l23 l22
2 l23l33

l13l33 l23l33 l33
2 D . ~B2!

The mLL matrix above is easily diagonalized by th
matrices26 R23,R13,R12 in Eq. ~14! with rotation angles
given by

s235
l23

A
c235

l33

A
, A25l33

2 1l23
2 ,

s135
l13

B
c135

A

B
, B25l33

2 1l23
2 1l13

2 , ~B3!

which successively act onmLL as follows:

mLL- 5R12
† R13

† R23
† mLLR23R13R125diag~mn1

,mn2
,mn3

!.
~B4!

It is also convenient to define the following primed matrice

25In this appendix we will use the following simplified notation
mLR5lnv2[lv2;l.

26Note thatR12 for mLL in Eq. ~B2! is undetermined.
4-13
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mLL8 5R23
† mLLR23, mLL9 5R13

† mLL8 R13, mLL- 5R12
† mLL9 R12

~B5!

which, for mLL as in Eq.~B2!, are explicitly given by

mLL8 ;M n3

21S l13
2 0 l13A

0 1 0

l13A 0 A2
D ,

mLL9 [mLL- ;M n3

21S 0 0 0

0 0 0

0 0 B2
D . ~B6!

We can see from Eq.~B3! that if l235l33, then a maxi-
mal u23545° angle results. Moreover, ifl13!l23,l33, then
u13 is small. Although SRHND, in the limiting case of Eq
~B1!, is successful in predicting a maximal atmospheric n
trino angle, it fails to account for a viable neutrino spectru
Indeed, from Eq.~B6!, we see that the two lightest neutrino
are massless,mn1

5mn2
50. Moreover, the solar neutrin

angle u12 is undetermined. These two problems can
solved by allowing the right-handed muon neutrinonm

c to
play a sub-dominant and perturbative role in the structure
mLL in Eq. ~B2!.

We now turn to the more realist model in whichMRR can
be approximated by27

MRR
21;diag~M n1

21 ,M n2

21 ,M n3

21!;diag~0,M n2

21,M n3

21!.

~B7!

Using Eq.~B7! in Eq. ~8! we find that

mLL;M n3

21S l13
2 l13l23 l13l33

l13l23 l23
2 l23l33

l13l33 l23l33 l33
2

D
1M n2

21S l12
2 l12l22 l12l32

l12l22 l22
2 l22l32

l12l32 l22l32 l32
2

D . ~B8!

Given that we assumed SRHND by thent
c neutrino, it fol-

lows that the contributions to the 23 block ofmLL in Eq.
~B8! arising from the terms proportional toM n3

21 dominate

over the ones proportional toM n2

21.28 Clearly, the rotations

R12, R13 parametrized by the angles in Eq.~B3! diagonalize

27Note that although Eq.~B7! still looks very simple, it can, in
many cases, provide a good qualitative description of the phy
involving the heaviest neutrinos. Indeed, ifMRR is diagonal domi-
nated and ifmRL is highly hierarchical, then the limiting case of E
~B7! applies.

28Note that this does not necessarily imply thatM n3

21 is larger than

M n2

21 since the Yukawa couplings must also be taken into acco
09500
-
.

e

f

mLL in Eq. ~B8! up to terms of orderO(M n2

21). Thus the new

primed matricesmLL8 andmLL9 are given by

mLL8 ;M n3

21S l13
2 0 l13A

0 0 0

l13A 0 A2
D

1M n2

21S l12
2

l12

C2

A
l12

D2

A

l12

C2

A

C4

A2

C2D2

A2

l12

D2

A

C2D2

A2

D4

A2

D ~B9!

mLL9 ;M n3

21S 0 0 0

0 0 0

0 0 B2
D

1M n2

21S E6

A2B2

C2E3

A2B

F2E3

AB2

C2E3

A2B

C4

A2

C2F2

AB

F2E3

AB2

C2F2

AB

F4

B2

D ~B10!

where

C25l22l332l32l23 ~B11!

D25l33l321l22l23 ~B12!

E35l12~l33
2 1l23

2 !2l13~l33l321l22l23!
~B13!

F25l33l321l22l231l12l13. ~B14!

The diagonalization of the 12 block ofmLL9 in Eq. ~B10! is
achieved by aR12 matrix parametrized by the followingu12
rotation angle:

s125
E3

AE61B2C4
, c125

BC2

AE61B2C4
. ~B15!

Thus we find

cs

t.
4-14
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mLL- ;M n3

21S 0 0 0

0 0 0

0 0 B2
D

1M n2

21S 0 0 0

0
E61B2C4

A2B2

F2AE61B2C4

AB2

0
F2AE61B2C4

AB2

F4

B2

D .

~B16!

It is interesting to note that theR12 rotation has not only
diagonalized the 12 block ofmLL9 but also put zeros in the
13,31 entries ofmLL- . The reason is becausemLL9 displays a
special structure. Indeed, their elements obey

t125
s12

c12
5

~mLL9 !12

~mLL9 !22

5
~mLL9 !11

~mLL9 !12

5
~mLL9 !13

~mLL9 !23

5
E3

BC2 .

~B17!

Explicitly t125tanu12 is given by

t125
l12~l33

2 1l23
2 !2l13~l33l321l22l23!

~l22l332l32l23!Al33
2 1l23

2 1l13
2

;
l12

l22
.

~B18!

From Eq.~B18! we see that, althought12 generally depends
on the second and third family neutrino Yukawa couplin
if l33 is much bigger than the other Yukawa couplings, th
t12;l12/l22. This means that theu12 angle is set not by the
dominant neutrino couplings, but by the sub-dominantnm

c

neutrino couplings to thene andnm neutrinos. Thus while a
large atmospheric neutrino mixing angleu23 can be achieved
by requiringl23;l33, a large MSW solar neutrino angleu12
results froml12;l22. Moreover, Eqs.~B3! and~B18! show
that bi-maximalu23,u12 mixing can be achieved with a sma
u13 angle as long asl13!l23,l33. The neutrino mass spec
trum can be read frommLL- in Eq. ~B16!. We find a massless
neutrino statemn1

50, plus a light state with massmn2

;l22
2 /M n2

and a heavy neutrino with massmn3
;l33

2 /M n3
.

APPENDIX C

In this appendix we briefly review some technical issu
related to the presence of the right-handed neutrinos. F
we show how the decoupling of the neutrinos affect the o
loop RGEs for the Yukawa couplings in the MSSM1nc

model:
09500
,
n

s
st,
-

16p2
dlu

dt
5@3Tr U1Tr N13U1D2Gu#lu ~C1!

16p2
dld

dt
5@3Tr D1Tr E13D1U2Gd#ld ~C2!

16p2
dle

dt
5@3Tr D1Tr E13E1N2Ge#le ~C3!

16p2
dln

dt
5@3Tr U1Tr N13N1E2Gn#ln ~C4!

wheret5 ln(Q),

U5lulu
† , Gu5

26

30
g1

213g2
21

16

3
g3

2 ,

D5ldld
† , Gd5

14

30
g1

213g2
21

16

3
g3

2 ,

~C5!

E5lele
† , Ge5

18

10
g1

213g2
2 ,

N5lnln
† , Gn5

6

10
g1

213g2
2 ,

and TrU5U111U221U33, etc. The general idea behind th
process of decoupling the right-handed neutrinos~in the
‘‘step’’ approximation! is that a Feynman diagram that in
cludes a specific flavor of a right-handed neutrinonA

c , with
massM nA

, in an internal line only makes a contribution t

the RGEs in Eqs.~C1!–~C4! for energiesQ bigger thanM nA
.

Thus, the procedure depends on properly adapting theN pa-
rameter in Eq.~C5!. We shall now make this statement mo
precise. Let us assume that the neutrino Majorana ma
MRR is diagonalized by the following transformation:

Snc†MRRSnc
5MRR8 5diag~M n1

,M n2
,M n3

!. ~C6!

Then, the decoupling of the right-handed neutrinos in E
~C1!–~C4! can be accounted by replacingN in Eq. ~C5! by
Nu given by

N5lnln
†5lnSnc

Snc†ln
†→lnSnc

QSnc†ln
†5Nu ~C7!

whereQ(Q) is a energy dependent diagonal matrix defin
by

Q~Q!5diag„u~Q2M n1
!,u~Q2M n2

!,u~Q2M n3
!…

~C8!

with u(x)50 for x,0 andu(x)51 for x.0.
The second issue that we would like to address conce

the effect of a large (ln)23 coupling on third family Yukawa
unification and, as a consequence, for example, on the
diction for the top quark mass. We claim that the effect
small. To see why let us assume that the only large Yuka
4-15
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couplings in Eqs.~C1!–~C4! are l t5(lu)33, lb5(ld)33,
lt5(le)33 andlnt

5(ln)33, l235(ln)23. In this limit, the
RGEs simplify to

16p2
dl t

dt
5l t~6l t

21lb
21lnt

2 1l23
2 2Gu! ~C9!

16p2
dlb

dt
5lb~6lb

21l t
21lt

22Gd! ~C10!

16p2
dlt

dt
5lt~4lt

213lb
21lnt

2 2Ge! ~C11!

16p2
dlnt

dt
5lnt

~4lnt

2 14l23
2 13l t

21lt
22Gn!.

~C12!

From Eqs.~C10!,~C11! we see that the presence of thel23
coupling does not affect the RGEs oflb,t . Moreover, the
effect of l23 on the RGE ofl t is small (1/8;12%). The
only RGE that is significantly affected byl23 is the RGE of
lnt

. However, since the correct prediction for the heavi

left-handed neutrinomn3
;0.05 eV requires thatM n3

.1013 GeV, thelnt

2 andl23
2 terms in Eqs.~C9!,~C12! are

only present in a rather short energy range, i.e., betw
1013 GeV,Q,MX;1016 GeV. As a consequence the pre
ence or absence of the neutrino Yukawa couplings, as fa
third family Yukawa unification is concerned, is no
important.29

Finally we find interesting to comment on the radiati
corrections to the neutrino atmospheric mixing angleu23 be-
tween the GUT and theMZ scales. It is well known@9# that
the running of sin2(2u23) can be understood from the follow
ing evolution equation:

16p2
1

sin2~2u23!

d sin2~2u23!

dt

522~lt
22lm

2 !
~mLL!33

2 2~mLL!22
2

@~mLL!332~mLL!22#
214~mLL!23

2
~C13!

which displays a resonance peak at (mLL)33;(mLL)22 when
(mLL)23 is small. Generally, it is possible that (mLL)33 starts
at Q5MX bigger than (mLL)22 but as a result of the third
family Yukawa radiative effects, to be driven to smaller va
ues faster than (mLL)22. As a result, even if the initial value
of (mLL)33 and (mLL)22 at MX are different, they may a
some point become comparable. If this is the case, the

29Numerically we found that when (ln)23 is allowed to take val-
ues comparable with (ln)33 the prediction for the top quark mas
roughly decreased by 1 GeV, the value of tanb decreased by 0.5
and the value of the unified third family Yukawa coupling at t
unification scale decreased by 0.015.
09500
t

n

as

a

largeu23 angle can be generated radiatively from a small t
level u23 at MX . This mechanism, of amplifyingu23 radia-
tively, as been studied for example in Refs.@8,9#. However,
in these works, and as can be seen from Eq.~C13!, the am-
plification is only efficient if at least thelt Yukawa coupling
is large ~about 2 or 3!. In our model, since we demande
top-bottom-tau Yukawa unification, the value of the thi
family Yukawa coupling is rather small (;0.7); thus the
sin2(2u23) is stable under radiative corrections.

APPENDIX D

In this appendix we show that is easy to convert the
sults of the LMA MSW solution found in the main body o
this paper into results for the LOW solution which is al
characterized by maximalne→nm oscillations but smaller
Dm12

2 @49,50#:

LOW : sin2~2u12!;1, Dm12
2 ;1027 eV2. ~D1!

The reason why we can adapt the LMA results is because
we showed in Appendix B, in the SRHND approach, theu12
andu23 neutrino mixing angles come ‘‘solely’’ from the neu
trino Yukawa matrix. On the other hand, the neutrino ma
spectrum depends on the hierarchies ofln andMRR. Thus,
as long as we keep within the SRHND scenario, we c
changeMRR to fit the LOW Dm12

2 solution without that im-
plying a significant change inu12 andu23.

Let us consider a LOW model with the sameU(1)X fla-
vor charges and the same operator matrix forl f as in the
LMA model, given by Table IV and Eq.~47!, but with a
MRR matrix with the following structure:

MRR~MX!

MRR~MX!33
5S A11e

8 A12e
6 A13e

4

A21e
6 B22e

4 A23e
2

A31e
4 A32e

2 A33
D . ~D2!

Comparing Eq.~D2! with Eq. ~48! we see that these two
equations differ only by their ‘‘vertical’’d component@we
assumed that Eq.~D2! has MRR

d ;1] and by the numerical
factor B2251.821Þ1.0725A22. We note that the remova
the d factor in the 22 entry ofMRR and the increase of the
B22.A22 coefficient act to decreaseDm12

2 .
The Majorana matrixMRR(MZ) and the neutrino Yukawa

matrix ln(MZ) in the LOW model resulting fromMRR(MX)
in Eq. ~D2! and the Yukawa matricesl f(MX) given by
Table VII @recall that we takel f

LOW(MX)5l f
LMA(MX)] are

shown in Table XV. In Table XVI we present the predicte
values for the left-handed neutrino matrix and the MNS m
trix in the LOW model. The results for the neutrino mass
in the LOW model are given in Table XVII. Finally in Table
XVIII we show the values of the neutrino mixing angles.

APPENDIX E

In this appendix we briefly present a model that explo
the possibility of a SMA MSW solution to the solar neutrin
4-16
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TABLE XV. Numerical values for the entries of the neutrin
Yukawa (ln) and Majorana (MRR) matrices at theQ5MZ scale in
the LOW model (MRR is given in GeV mass units!.

ln~MZ!5S6.12031026 2.27131023 6.36831022

2.71031025 2.73631023 0.396

2.92531025 22.42931023 0.565
D

MRR~MZ!5S 2.8483109 4.03631010 7.21831011

4.03631010 2.07131012 1.28731013

7.21831011 1.28731013 4.55131014D
TABLE XVI. Predicted values for the left-handed neutrino ma

matrix mLL(MZ) in units of mLL(MZ)3353.56731023 eV and for
the MNS neutrino mixing matrixVMNS(MZ) in the LOW model.

mLL~MZ!

mLL~MZ!33
5S 1.33431022 7.34231022 9.95731022

7.34231022 4.69431021 6.77631021

9.95731022 6.77631021 1
D

VMNS~MZ!5S 0.8291 0.5559 20.0597

20.3955 0.6586 0.6402

0.3952 20.5072 0.7659
D

TABLE XVII. Predicted values for the left-handed neutrin
massesmn1,2,3

and squared mass splittingsDm12
2 5umn2

2 2mn1

2 u,
Dm23

2 5umn3

2 2mn2

2 u in the LOW model.

mn1
57.2931029 eV mn2

53.5431024 eV mn3
55.2531022 eV

Dm12
2 51.2531027 eV2 Dm23

2 52.7631023 eV2

TABLE XVIII. Running of the neutrino mixing angles at th
unification Q5MX , the right-handed tau neutrino massQ5M n3

andZ boson massQ5MZ energy scales in the LOW model.

Q5MX;331016 GeV
sinu1250.543 sinu2350.607 sinu13520.056
sin2(2u12)50.832 sin2(2u23)50.931 sin2(2u13)50.013

Q5M n3
;531014 GeV

sinu1250.545 sinu2350.617 sinu13520.058
sin2(2u12)50.836 sin2(2u23)50.943 sin2(2u13)50.013

Q5MZ

sinu1250.557 sinu2350.641 sinu13520.060
sin2(2u12)50.856 sin2(2u23)50.968 sin2(2u13)50.014

TABLE XIX. List of the U(1)X̄ charges that determine the fam
ily structure of the Yukawa and neutrino Majorana matrices in
SMA model.

XF1
XF2

XF3
XF

1
c XF

2
c XF

3
c Xh XH XH̄

U(1)X̄ 2 0 0 3 2 0 0 0 0
09500
anomaly. Although the SMA region is disfavored by the la
est results from the Super-Kamiokande experiment, the S
solution is not completely ruled out.30 The SMA solution
data indicate@49#

SMA : sin2~2u12!;1.631023, Dm12
2 ;531026 eV2.

~E1!

In analogy with the LMA model we start by recalling tha
the Yukawa and the neutrino Majorana matrices in the SM
model can be decomposed into a ‘‘vertical’’d component
and a ‘‘horizontal’’ e component given by

~l f !AB;~ld!AB~le!AB , ~MRR!AB;~MRR
d !AB~MRR

e !AB .
~E2!

The U(1)X̄ charges of the SMA given in Table XIX fix
the ‘‘horizontal’’ structure ofle andMRR

e in the SMA model
to be

le;S e5 e4 e2

e3 e2 1

e3 e2 1
D , MRR

e ;S e6 e5 e3

e5 e4 e2

e3 e2 1
D .

~E3!

On the other hand, the ‘‘vertical’’ structure ofld andMRR
d is

given by the following operator matrices:

30Statistically, the SMA solution can still describe the neutri
data with a probability of 34%@49#.

e

TABLE XX. Approximate structure of the Yukawa and neutrin
Majorana matrices in the SMA model resulting from Eqs.~E5!,~E6!
when the numerical effect of the Clebsch and of thec,C parameters
is neglected.

lu~MX!;Sd3e5 d2e4 de2

d3e3 d2e2 0

d3e3 d2e2 1
D;Sl8 l6 l3

l6 l4 0

l6 l4 1
D

ld~MX!;Sde5 de4 de2

de3 de2 d2

de3 d2e2 1
D;Sl6 l5 l3

l4 l3 l2

l4 l4 1
D

le~MX!;Sde5 de4 de2

de3 de2 d2

de3 de2 1
D;Sl6 l5 l3

l4 l3 l2

l4 l3 1
D

ln~MX!;Sd3e5 d2e4 de2

d3e3 d2e2 d

d3e3 de2 1
D;Sl8 l6 l3

l6 l4 l

l6 l3 1
D

MRR~MX!;Se6 e5 e3

e5 e4 e2

e3 e2 1
D;Sl6 l5 l3

l5 l4 l2

l3 l2 1
D

4-17
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ld;S O G1O 9K O R1O 8O O H1O 8a

O G1O 9V O W1O 8H O I1O 8W

O M1O 9V O g1O 8T 1
D , MRR

d ;1.

~E4!

As a result of Eqs.~E3!,~E4! the Yukawa and the neutrin
Majorana matrices in Eq.~E2! can be written as

TABLE XXI. Numerical values of the order-1c,C parameters
that parametrize the Yukawa and neutrino Majorana matrice
Eqs.~E5!,~E6! in the SMA model.

c5S21.403 21.656 1.000

1.000 21.563 1.000

1.000 1.000 0.682
D

c85S 0.000 1.854 1.000

0.000 20.807 0.702

0.000 1.000 0.000
D

c95S 21.131 0.000 0.000

1.000 0.000 0.000

1.000 0.000 0.000
D

C5S 1.069 0.533 0.799

0.533 1.054 0.753

0.799 0.753 1.000
D

TABLE XXII. Numerical values for the entries of the Yukaw
(lu ,ld ,le ,ln) and neutrino Majorana (MRR) matrices at the uni-
fication scaleMX in the SMA model (MRR is given in GeV mass
units!.

lu~MX!5S29.93531026 1.88031024 1.18331022

1.60331024 21.51131023 0.000

1.60331024 1.32531023 0.682
D

ld~MX!5S 21.42331024 21.36531023 7.57231023

2.09531023 21.12831022 2.14931022

3.31331023 6.62631024 0.682
D

le~MX!5S 22.84631024 21.02431023 8.51831023

4.19031023 3.00631022 26.44731022

3.31331023 1.57231022 0.683
D

ln~MX!5S 27.45131026 3.76031024 1.70431022

1.60331024 23.02331023 0.440

1.60331024 1.63831022 0.682
D

MRR~MX!5S 1.17731011 2.66431011 8.26131012

2.66431011 2.39831012 3.54131013

8.26131012 3.54131013 9.70831014D

09500
of
TABLE XXIII. Numerical values for the entries of the Yukaw

(lu ,ld ,le ,ln) and neutrino Majorana (MRR) matrices at theQ
5MZ scale in the SMA model (MRR is given in GeV mass units!.

lu~MZ!5S22.32331025 3.83731024 1.64431022

3.40931024 23.22831023 23.58831023

2.12531024 1.76731023 0.907
D

ld~MZ!5S 23.15531024 22.73431023 8.86431023

4.13031023 22.25631022 3.08831022

4.16231023 1.05331023 0.864
D

le~MZ!5S 22.84631024 21.03231023 6.51131023

4.09031023 2.92331022 25.32231022

2.61931023 1.25731022 0.526
D

ln~MZ!5S 27.25131026 3.29031024 1.48131022

1.46431024 22.96131023 0.399

1.34131024 1.38731022 0.572
D

MRR~MZ!5S 1.17631011 2.62931011 8.03431012

2.62931011 2.37031012 3.40931013

8.03431012 3.40931013 9.19731014D

TABLE XXIV. Predicted values for the left-handed neutrin
mass matrixmLL(MZ) in units of mLL(MZ)3352.89331023 eV
and for the MNS neutrino mixing matrixVMNS(MZ) in the SMA
model.

mLL~MZ!

mLL~MZ!33
5S 7.53031024 2.28431022 2.74131022

2.28431022 8.15131021 8.23931021

2.74131022 8.23931021 1
D

VMNS~MZ!5S 0.9990 0.0192 0.0407

20.0430 0.6753 0.7363

20.0133 20.7373 0.6754
D

TABLE XXV. Predicted values for the left-handed neutrin
massesmn1,2,3

and squared mass splittingsDm12
2 5umn2

2 2mn1

2 u,
Dm23

2 5umn3

2 2mn2

2 u in the SMA model.

mn1
53.0731028 eV mn2

52.2731023 eV mn3
55.0331022 eV

Dm12
2 55.1531026 eV2 Dm23

2 52.5231023 eV2
4-18



atic
A

he

a-
III

ed
ic-
del

rgy
r
MA

e

k

NEUTRINO MASSES AND MIXING ANGLES IN A . . . PHYSICAL REVIEW D63 095004
l f~MX!5S xf
Gc11de5 xf

Rc12de4 xf
Hc13de2

xf
Gc21de3 xf

Wc22de2 xf
I c23d

xf
Mc31de3 xf

gc32de2 c33
D

~E5!

1S 0 xf
Oc128 d2e4 xf

ac138 d2e2

0 xf
Hc228 d2e2 xf

Wc238 d2

0 xf
Tc328 d2e2 0

D
1S xf

Kc119 d3e5 0 0

xf
Vc219 d3e3 0 0

xf
Vc319 d3e3 0 0

D

TABLE XXVI. Running of the neutrino mixing angles at th
unification Q5MX , the right-handed tau neutrino massQ5M n3

andZ boson massQ5MZ energy scales in the SMA model.

Q5MX;331016 GeV
sinu1252.1731022 sinu2350.703 sinu1353.8731022

sin2(2u12)51.8731023 sin2(2u23)51.000 sin2(2u13)55.9731023

Q5M n3
;931014 GeV

sinu1252.1231022 sinu2350.713 sinu1353.9431022

sin2(2u12)51.8031023 sin2(2u23)51.000 sin2(2u13)56.1931023

Q5MZ

sinu1251.9231022 sinu2350.737 sinu1354.0731022

sin2(2u12)51.4831023 sin2(2u23)50.993 sin2(2u13)56.6031023
c
d

ce
d

D

lk
n

ry
d

09500
MRR~MX!

MRR~MX!33
5S C11e

6 C12e
5 C13e

3

C21e
5 C22e

4 C23e
2

C31e
3 C32e

2 C33
D . ~E6!

In the rest of this appendix we apply the same system
approach used in the main part of the paper for the LM
solution to the SMA model. The approximate structure of t
effective matrices resulting from Eqs.~E5!,~E6! is given in
Table XX. In Table XXI we give the values of thec,C
parameters appearing in Eqs.~E5!,~E6!. In Table XXII we
present the exact numerical values of the Yukawa and M
jorana matrices at the unification scale and in Table XX
the values of the same matrices at theMZ scale. In Table
XXIV we present the predicted values for the left-hand
neutrino mass and for the MNS mixing matrices. The pred
tions for masses of the physical neutrinos in the SMA mo
are listed in Table XXV and in Table XXVI we give the
predictions for the neutrino mixing angles at several ene
scales. Finally, in Table XXVII we show the predictions fo
the masses of the down and strange quarks in the S
model.

TABLE XXVII. Predictions for the runningMS masses of the
down (md) and strange (ms) quarks atQ51 GeV andQ5Ms re-
spectively in the SMA model (Ms indicates the strange pole quar
mass!.

md(1 GeV)57.6 MeV ms(Ms)5193 MeV
r.
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