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Neutrino masses and mixing angles in a realistic string-inspired model
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We analyze a supersymmetric string-inspired model of all fermion masses and mixing angles based on the
Pati-SalamSU(4) X SU(2), X SU(2)g gauge group supplemented byg1)y flavor symmetry. The model
involves third family Yukawa unification and predicts the top quark mass and the ratio of the vacuum expec-
tation values ta. The model also provides a successful description of the CKM matrix and predicts the
masses of the down and strange quarks. However, our main focus is on the neutrino masses and MNS mixing
angles, and we show how the recent atmospheric neutrino mixing observed by Super-Kamiokande and the
MSW solution to the solar neutrino problem lead to important information about the flavor structure of the
model near the string scale. We show how single right-handed neutrino dominance may be implemented by the
use of “Clebsch zeros,” leading to the LMA MSW solution, corresponding to bimaximal mixing. The LOW
MSW and SMA MSW solutions are also discussed.
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[. INTRODUCTION then they should also be hierarchical, leading to hierarchical
light Majorana masse's.

The problem of understanding the quark and lepton Having assumed the seesaw mechanism and a hierarchical
masses and mixing angles represents one of the major uneutrino mass spectrum, the next question is how such large
solved questions of the standard model. Recently additiondalmost maximal lepton mixing angles such ag,; could
information on the fermion mass spectrum has come frongemerge. There are several possibilities that have been sug-
the measurement of the atmospheric neutrino masses a@gsted in the literature. One possibility is that it happens as a
mixing ang|es by Super-Kamiokand&]. The most recent result of the Off-diagonal 23 entries in the left-handed MajO-
data disfavors mixing involving a sterile neutrino, and finds afana matrix being large and the determinant of the 23 sub-
good fit for v,,— v, mixing with sirf(26,5) >0.88 and a mass maitrix belng accidentally s_mall, I.egdmg to a neutrino mass
square splitting&m§3in the 1.5-5¢10 3 eV range at 90% hierarchy with large neutrino mixing anglé§]. Another

C.L. [2]. Super-Kamiokande has also provided additionaIpOSSibi”ty is that the neutrino mixing angles start out small

support for solar neutrino mixing. The most recent Super-at some high energy scale and then get magnified by renor-

. L i malization group(RG) running down to low energig®]. A
Kamiokande data do not shqw a significant day—nlght aSYMinird possibility is that the off-diagonal elements of the left-
metry and show an energy independent neutrino spectrum;

. . . . N Myanded neutrino Majorana matrix are large, but the 23 sub-
thus it also disfavors the sterile neutrino mixing hypothesisyaterminant of the matrix is small for a physical reason, as

Fhejust-so vacuum (_)scillation hypothesis, and the small miXyould be the case if a single right-handed neutrino were
ing angle (SMA) Mikheyev-Smirnov-WolfensteinMSW)  providing the dominant contribution to the 23 sub-matrix
[3] solution[4]. The preferred solution at the present time[10-12. We shall refer to these three approaches as the ac-
seems to be the large mixing angdleMA) MSW solution,  cidental, the magnification and the single right-handed neu-
although a similar solution with a low mass splittifigOW)  trino dominancd SRHND) mechanisms, respectively. As we
solution is also possible. A typical point in the LMA MSW shall see, in the model under consideration, only the SRHND
region is sik(26;,)~0.75 andAm3,~2.5x 10 ° eV? [5]. mechanism provides a successful description of the atmo-
If one accepts the recent data as evidence for neutrinspheric neutrino data, and the results in this paper will rely
masses and mixing angles, then the obvious question is ho@n this mechanism.
these can be accommodated in the standard model or one of A promising approach to understanding the fermion mass
its supersymmetric extensions. The simplest possibility tPectrum is within the framework of supersymmetric
account for the smallness of the neutrino masses is the se€2USY) unified theories. Within the framework of such theo-
saw mechanisni6] in which one introduces right-handed fies the quark and lepton masses and mixing angles become
neutrinos which acquire very large Majorana masses at gelated to each other, and_ it begins to be p_ossmle to under-
super-heavy mass scale. When one integrates out the rigrtand the spectrum. The simplest grand unified theGtyT)
handed neutrinos the “normal sized” Dirac Yukawa cou-i$ SU(5) but this theory in its minimal version does not
plings, which connect the left-handed to the right-handedontain any right-handed neutrinos. Nevertheless, three
neutrinos, are transformed into very small couplings whichfight-handed neutrinos may be added, and in this theory it is
generate very light effective left-handed physical Majorana
neutrino masses. Given the seesaw mechanism, it is natural
to expect that the spectrum of the neutrino masses will be 'However, this is not guaranteed due to the unknown structure of
hierarchical, since the Dirac Yukawa couplings in thethe heavy Majorana matrix, and for example an inverted neutrino
charged fermion sector are observed to be hierarchical, andiifiass hierarchy could result although this relies on some non-
they are related to the Dirac neutrino Yukawa couplings hierarchical couplings in the Dirac Yukawa matfix].
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possible to have a large 23 elenfenh the Dirac neutrino  Moreover, since the left-handed quarks and leptons are in the
Yukawa matrix without introducing a large 23 element into (4,2,1) and the right-handed quarks and leptons in the
any of the charged fermion Yukawa matrices. The problen{4,1,2) representations, the model also leads to third family
of maintaining a 23 neutrino mass hierarchy in these model¥ukawa unification as in minimaSQ(10). Although the
may be solved for example by assuming SRHNI3]. An- Pati-Salam gauge group is not unified at the field theory
other possibility within the framework dU(5) is to main-  level, it readily emerges from string constructions either in
tain all the off-diagonal elements to be small, but require thehe perturbative fermionic constructiofi9] or in the more

22 and 32 elements of the Dirac neutrino Yukawa matrix torecent type | string constructiof0], unlike SO(10) which

be equal and the second right-handed neutrino to be domiypically requires large Higgs representations which do not
nant, in which case SRHND again leads to a large 23 newarise from the simplest string constructions. The question of
trino mixing angle with hierarchical neutrino masdds}]. fermion masses and mixing angles in the string-inspired Pati-
However, the drawback @ U(5) is that it does not predict Salam model has already been discussed for the case of

any right-handed neutrinos, which must be added as an agharged fermion$21,22 and later for the case of neutrinos
terthought. [23]. For the neutrino study23] it was assumed that the

From the point of view of neutrino masses, the most natu!1€avy Majorana neutrino mass matrix was proportional to

ral GUTs are those lik&O(10) that naturally predict right- the u_nit matrix, and only small ngutrino mixing angles were
handed neutrinos. However, within the framework Ofcon5|dered. Later on, &(1)x family symmetry was added

SO(10) the quark masses and mixing angles are related tto the model, in order to understand the horizontal hierar-

- . 8Pies, although in this case the neutrino spectrum was not
the lepton masses and mixing angles, and the existence Ohalvzed at al[24]
large neutrino mixing angles is not expected in the minimaf =Y : . : :
versions of the theory in which the Higgs doublets are in one The purpose pf the present paper IS to d_|scuss neutrino
, . . . masses and mixing angles in the string-inspired Pati-Salam
(or two) 10’ [ten dimensional representations $(10)] del | d b fl h
and each matter family is in B6. Nevertheless, various pos- model supplemented by 8(1)x avor symmetry. T ©
sibilities have been proposed é()(lO) in ordér to account model involves third family Yukawa unification and predicts
! Propo: o the top quark mass and the ratio of the vacuum expectation
for the large neutrino mixing angles. Within the framework

o X X 4 -~ Tvalues tap, as we recently discussed in RE25]. It is al-
E;;n;)nég]r?lsmsjO(égt)e\éiwm;:]ilg(:v\flin;")ér\;(altjcl)(?swv?it?]né?f?z:g)rﬂy CI;{Ie ready known that the model can provide a successful de-
sch coeﬁ'c'e?l?s contribute with s'pm'lar strenath. then. with ascription of the Cabibbo-Kobayashi-Maskay@KM) matrix

. icie lbute with simi gth, ' WIN 3504 predicts the down and strange quark masses, although
suitable choice of phases, in the case of the lepton YukawF2

matrices one mav have large numerical 23 elements. whic ur present analysis differs from that presented previously
add ub to aive aylar el ?on mixing anale. while f(;r the 4] partly due to recent refinements in third family Yukawa
plog ge lep g angie, unification [25], but mainly as a result of recent Super-

g;r?cr:l((esllattri]oen%? tk?:aenn?viné(s)n(t:ﬁgugr? Som2Ea?@un?§]tqrﬁgﬁ)£0;r']matﬁamiokande data which has important implications for the
gop ) flavor structure of the model. In fact our main focus here is

example of the accidental mechanism mentioned above

; o ! - on the neutrino masses and mixing angles which were not
where in addition one requires the quark mixing angles to bepreviously discussed at all in this framework. We assume a

small by ac_cident, although it femf’?“”s to be seen if the I‘MAminimaI version of the model, and avoid the use of the ac-
M\SW fsromtﬁri]nicrinlge uln(;:l ers:]oorc:]m ti:I\? fLame:V%rkr'nmi?r\]m:gcidental cancellation mechanism, which in any case has dif-
away fro alSQ(10), one may invoke a non- A ficulties in accounting for bi-maximal neutrino mixing. We

Higgs sector in which one Higgs doublet arises fromGa also show that the mixing angle magnification mechanism

ang onte f;jomt a6, ﬁnd. n thlts.fram(.evyork IEAII? postslblle to can only provide limited increases in the mixing angles, due
understand atmospheric neutrino mixifigg]. Alternatively, 4 yhe fact that the unified third family Yukawa coupling is
one may invoke a non-minimal matter sector in which parts

. . only approximately equal to 0.f25] and is therefore too
of a quark and lepton family arise froml and other parts small to have a dramatic effect. Instead, we rely on the

from 210, and in these models one may account for atmogpNp mechanism, and we show how this mechanism may
spheric and solar neutrinos via an inverted mass hierarchy, implemented in the 422 model by appropriate use of op-
melch?]msn[l?]. hall di . erators with “Clebsch zeros” resulting in a natural explana-
In the present paper we shall discuss neutrino masses aRdn for atmospheric neutrinos via a hierarchical mass spec-
mixing angles in a particular string-inspirexdinimal model trum. We specifically focus on the LMA MSW solution in

based on the Pati-Sala®U(4)X SU(2), X SU(2)r (422 e text, with the LOW and SMA MSW solutions relegated
group [18]. As in SO(10) the presence of the gauged Appendixes.

SU(2)r predicts the existence of three right-handed neutri-- e |ayout of the remainder of the paper is as follows. In
nos. However, unlikeS(10), there is no Higgs doublet- gec | e briefly review the seesaw mechanism in the mini-
triplet splitting problem since in the minimal model both supersymmetric standard mod@lSSM) [26] with
Higgs doublets are contained in a (1,2,2) representationgnhhanded neutrinos. In Sec. Ill we introduce the string-
inspired Pati-Salam model, and in Sec. IV we introduce an
Abelian anomalous gaudéd(1)y family symmetry into the
2We use the left-righ{LR) convention for Yukawa matrices in model, and show how horizontal Yukawa hierarchies may be
this paper. generated. In Sec. V we describe our operator approach to
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fermion masses, including the heavy Majorana neutrino N
masses. Section VI contains the main results of the paper. In Ln= —E(NNC)( NC
this section we show how a particular choicelifl)y fam-

ily charges and operators with certain Clebsch coefficientsyherem, r=\,v,. Thus, after the heavi® fields are inte-
can lead to a successful description of quark and leptograted out, the light left-handed neutrindiseffectively ac-
masses and mixing angles, and in particular describe atm@uire a small mass given by

spheric and solar neutrinos via SRHND. SRHND is reviewed
in Appendix B. Although the neutrino masses and mixing
angles correspond to the usual LMA MSW solution, in Ap- Finally, the diagonalization ofn, | ,

pendix D we show how a modification of the heavy Majo- N NE

rana mass matrix can lead to a large mixing angle MSW Tm, T =diagm, ,m,,,m,), 9
solution with a LOW mass splitting. In Appendix E we
present a different choice df(1)yx charges and operators
which can lead to the SMA MSW solution.

0
mLR) YHe (7

.
Mg Mgr

_ “1. T
my =M gMgrM . ®

allows the determination of the masses of the physical neu-
trinos m,, and enables the physical neutrino statés
=(vq,v,,v3) to be related to the neutrino gauge fiels
=(ve,v,,v,) by N’=TNN.

Taking into account the above conventions, we now pro-
The superpotential of the MSSM with right-handed neu-ceed to give expressions for the CKM matfix7] (VM)

II. MSSM WITH RIGHT-HANDED NEUTRINOS

trinos is given by and the corresponding lepton analogue, the Maki-Nakawaga-
Sakata(MNS) matrix [28] (VMNS). Their definitions derive
W=Wussmt W,ec (1)  from the charged current interactidns
Wussnv=aa(Au) agUghu—da(Xg) agdghy - %WZEU VAP W p— — %W;\I’U,'y'“‘PLVCKM\PD,
—la(Ne)aegha+ hyhy 2 (10)
We=Ia(N,) ag¥ghy+ 3 va(M g 3 g = g =
AN ) A+ 2 VA(MRRIABVE 3 _EWM‘I’EYMPL‘I'NH_EWM‘I’E'WPLVMNS‘I’NI
whereA,B=1, . ..,3 arefamily indices,u®, d° €° and (11)
are the right-hande&U(2),_ singlet superfieldsg=(u,d) o
andl=(v,e) are theSU(2), quark and lepton doublets, and Which imply
h, (hg) is the up(down) Higgs boson doublet. The Dirac VCKM_ Turdt  \/MNS_TepNt (12)

neutrino coupling and the heavy Majorana mass for the right-
handed neutrinos are denoted by and Mgg respectively. | \hat follows we will assume that the matrices in Et2)
When tfge neutral components of the two MSSM Higgsyre reaft Thus, we will writeVMNS in terms of three rotation
bosonsh, 4 acquire their vacuum expectation valu®EVs)  atrices

vp1 (tanB=v,/v,~40-50) the superpotential in Eql)

generates the following sum of mass terms: VMNS=R,R,3R1» (13

Lype=—UNuw,)U=D(Agv1)D—E(Nev1)E°+H.cC. given by
(4)

1 0 0 Ci3 0 sq3
£N: _N()\sz)Nc_%NCMRRNC+ H.c. (5) R23: 0 C23 523 s R13: 0 1 0 y

. . 0 _523 C23 _Sl3 O C13
where the uppercase letters now denote the fermionic com-
ponents of the superfields W, for example,u contains c s, 0
(U,T)=(U, ,0,) andu® contains [U°,U)=(U% ,U%). The e
Yukawa matrices in Eq(4) can be diagonalized by bi- Rip=| —S12 €12 0 (14)
unitary transformation$ and T defined by 0 0 1

T“*)\US”T=)\(J, Td*)\deT:)\é, Te*)\eSeszé. where syg= Sinfag and cag= cosbg refer to the lepton

(6) mixing angles between th& and B generations. Using Eq.
(14) in Eq. (13) gives
Thus the physicalprimed statesUf, are related to the
gauge eigenstatddr | by U;=S"Ug andU =T"U_, etc.
In this model, the left-handed neutrino masses are generatedthe four component fermion field¥ are given byW.=(F,

via the seesaw mechanig®] by the terms in Eq(5) which —ig?F*) for F=U,D,E and ¥ y=(N,—ig?N*) for the neutri-
can be re-arranged into a<2 block matrix in the following  nos.
way: “We shall not address the question®P violation in this paper.
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C12C13
VMNS_

$128237 C12C23513

It is also practical to have expressions for thg angles in
terms of theVMNS entries. Inverting Eq(15) we find that

Ve

Vi3
SiNO13=Veg, SiNfyg=———c, SN =
13 e3 23 \/1_—\/23 12 \/1_—\/23

—S12C237 C12523513
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S12C13 S13
C12C23— 515523813 S23C13 (15
—C128237 512C23513  C23C13
T
W=FAF°h+\,Shh+ AsS(HH—M2)+\yHHD
_ HH
+NGHHD + FO\Fo (20)

¢

where S denotes a gauge singlet superfield, itigs are real

(16) dimensionless parameters ahtl,~My~10'® GeV. Addi-
tionally, M ,~10'® GeV denotes the VEV of extra matter
Finally we note that while the above expressions werehat has been integrated out from the model at high erfergy.
derived in the context of three neutrino species, the analysias a result of the superpotential terms involving the singlet
of the experimental results assumed only two; thus a direcg, the Higgs fields develop VEVEH)=(H,)~My and

comparison of mixing angles is not exactly valid. (H)=(H,)~My which lead to the symmetry breaking

Il THE PATI-SALAM MODEL SU(4)®SU(2)L®SU(2)R—>SU(3)C®SU(2)L®U(l)(Y. )
21
Here we briefly summarize the parts of the Pati-Salam _ _
model [18] that are relevant for our analysis. For a moreThe singletSitself also naturally develops a small VEV of
complete discussion see Réfl9]. The SM fermions, to- the order of the SUSY breaking scd29] so that thex,S

gether with the right-handed neutrinos, are conveniently acterm in Eq.(20) gives an effectivex parameter of the correct

commodated in the followind=(4,2,1) andF°=(4,1,2)
representations:

u u u v d® d® d° e
Fa=ld d d e » Fe=|u® ue ue »¢| -
A B
(17)

The MSSM Higgs bosons fields are contained In

=(1,2,2):
hy g
"l on

whereas the heavy Higgs bosor$=(4,1,2) and H
=(4,1,2) are denoted by:

(18)

. He Hg Hg He Hqg Hg Hg He

H=\h, A, A, A, | P75 H Hy H H T
(19

In addition to the Higgs fields in Eq$18),(19) the model

also involves ar5U(4) sextet fieldD=(6,1,1)=(D3,D3).
The superpotential of the minimal 422 model is

_\JMNS __\/MNS _\/MNS
5Vez—V12 » Veg=Vi3 ~andV , 3=Vz3">.

order of magnitude. Under EqR1) the Higgs fieldh in Eq.

(18) splits into the familiar MSSM doublets, andhy whose
neutral components subsequently develop weak scale VEVs
(h%=v, and (h)=v, with tan8=v,/v,. The neutrino
fields »° acquire a large massMgr~\'(HH)/M,
~10"* GeV through the non-renormalizable term W
which, together with the Dirae®- v interaction(proportional

to A(h0)), gives rise to a X2 matrix that generates, via a
seesaw mechanisff], a suppressed mass for the left-handed
neutrino states. ThB field does not develop a VEV but the

termsHHD andHHD combine the color triplet parts a,
H andD into acceptable GUT scale mass terf9].

IV. ABELIAN FLAVOR SYMMETRY

The pattern of fermion masses and mixing angles is one
of the fundamental problems in particle physics that has not
yet been understood. The importance of this unsolved puzzle
is demonstrated by the numerous works published in the lit-
erature over the past yeaisee Refs[30-3€ for a “short”
list). In the standard mode(SM) the quark and lepton
masses and the CKM matrix are input parameters fixed by
laboratory experiments. Surprisingly, however, their values,
though unconstrained ana priori arbitrary, do display a

5The full model involves four gauge singlet fields that have
renormalizable interactions given by, F°H¢ and\3¢¢d¢p. When
one of the¢ fields acquires a large VEY¢)=M , the mentioned
interactions generate, after thg fields are integrated out via a
seesaw type mechanism, the last non-renormalizable term in Eg.
(20).
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certain degree of organization. The fermion masses are 3
highly hierarchical and the CKM matrix can be described inSU(3)2U(1)yx: Az= Z (2XqA+ Xye +Xqge) (29
terms of the small Wolfenstein expansion parameter A=l AR
~|V14~0.22[37]. These results suggest that a broken flavor
symmetry might be playing an important role in the setting
of the structure of the Yukawa matrices.

In this work we will assume that the “vertical” gauge
group is supplemented by an additiot&]1)y “horizontal” 3
flavor symmetry that constrains the nature of the_couplingsu(l)gu(l)x; A= 2 ( P X C+ xdc+x. +2Xe°
of quarks and leptons to SM singlet fieldsand 6. The .
family symmetry, however, is broken at some high energy X+ X, (26)

scaleV,>My by the VEVs of theéd, 0 fields which under

3
SU(2)2U(1)y: A2=A21 (3Xq, + X )+ Xn + X, (29

the U(1)x group have chargeX,= —1 andX,=+1. As a 3
consequence of the(1)x symmetry breaking, the low en- y(1),u(1)2: E —2X c+X —X2 +%%)
ergy effective theory includes Dirac interactions between the A= A Ca
F andF°¢ fields of the following form:
0 \PaB <9> PaB +xﬁu_xﬁd (27
FAFCBh(M—) —FaFg h( ) ~FAFghePas (22
4

For example A; corresponds to the anomalous term gener-
Pas ated by the Feynman diagram that has t80(3) gluons
) ~FaFghePas and oneJ(1)y gauge boson attached to the triangle vertices.
(23) We note that the first three anomalidg, A,, andA; are
linear in the trace of the charges, i.ﬁf,=2§:1XfA, wheref

wherep,g is the modulus of the sum of tHe(1)x charges s any of theg,u®,d",|,e¢ fields; thus they constrain only the
of the Fa, Fg and h fields, i.e., pag=|Xasl=|X¢,+ Xee  family independentFI) part of theU(1)y charges. On the

+X;,|. Thus Eq(22) holds if X,g>0 whereas Eq(23) holds  other handA] is quadratic in theX charges; thus it generally
if Xog<<0. The non-renormalizable terms in Eq82),(23)  constrains the FI and family dependefiD) part of the
might originate from interactions between theand 4 fields  U(1)x charges.
with additional exotic vector matter with mabst,>M y that In this paper we will assume that the cancellation of
lead to “spaghetti” diagrams as discussed in R&B].” In  anomalies results from the Green-Schw#@&) mechanism
summary, the equations above show that, in the context of E89]. This is possible if the\;, A,, andA; anomalies are in
U(1)x symmetry, the observed hierarchy in the fermionthe ratio A;:A,:A;=K3:k,:k; where thek; are the Kac-
masses and mixing angles might be the result of the flavoMoody levels of theSU(3), SU(2), and U(1)y gauge
charges carried by the fields of the 422 model which act tgroups that determine the boundary conditions for the gauge
suppress the Yukawa couplings by sompower. couplings at the string scalggks: g3k, :g%k,. Hence, using
The introduction of theJ (1) symmetry provides a way the canonical GUT normalization for the gauge couplings
to relate the various flavor parameters of the model, thu§that successfully predicts {i#,)=3/8 [40]], anomalies can
making it more predictive. However, one should be carefulbe canceled if we require that
Generally theU(1)x group is potentially dangerous since it
can introduce, through triangle diagrams, mixed anomalies As=A,=3A,. (28
with the SM gauge groupln the last part of this section we
review the constraints imposed ohcharges of the fields of As a consequence of the two constraints implicit in &),
our model enforced by the requirement of anomaly cancellathe set of solutions for th¥ charges appearing in Eq24)—
tion [32]. (26) is given by[32]
The mixed anomalies that we shall consider’are

§|Q|
< |~

PaB
FAFEh(M—a) HFAth(

’In this work we will assume that the VEVs of thfields ( 6)
=(0)=V, and the mass of the extra vector fields, are related in
such a way thaV,/M ,=e=0.22. Xq= 2 XqA=X+ u, Xge= 2 Xge=y+uv,

8The cancellation of anomalies requires the vanishing of the trace A=1 A=1 A
Tr(TYT° T%)=0 where T2 are any of the group generators
which stand at the three gauge boson vertices of the triangle dia- th= +z+(u+v),
grams.

SWe will not include the analysis of thU(l)X or of the gravita- 3
tional anomaly because they depend exclusively on SM singlet x .= E X c—x+ 2u (29)
fields.

095004-5



S. F. KING AND M. OLIVEIRA PHYSICAL REVIEW D 63 095004

wherex,y,z,u,v are free parameters. However, not all theplings of the up-down-lepton Yukawa matrices might origi-
solutions in Eqs(29) are valid afterA;=0 is enforced. In nate from non-renormalizable operators involving the inter-
fact, as we said before, generalyj constrains both the FI action between the fermions and the heavy Higgs bosons that
and FD charges obJ(1)x. By this we mean that, if we break the GUT symmetrj42,43. o

conveniently write the charge of tHg field fo as a sum of In the Pati-Salam model, we will have in mind operators

a Fl partX; plus a FD partXf’A, e, X, = %Xf+xf’A, then of the following form[24]:

A;=0 is a complicated equation on af, Xf’A, andXp , HIE\ " g\ Pae W\ 7\ P
Xp, charges. However, it is easy to see that, if all the left- F,FEh| — | |—| , FaFgh| —| || .
; o) (Mg M\z, My

2
handed fields and if all the right-handed fields have the same

H I\ ! v H (32)
FD charges, i.e.X, =X, and XUZ_XdE\_XeX’ as is the
case of the 422 model, thekj =0 is an equation on the FI  The jdea is that when the and ¢ fields develop their VEVs
charges only: such operators reduce to effective Yukawa couplings with

small coefficients. For example, §,, F5, andh carry a
chargeX,:2=0, X,:<2:=2, andX,=0 underU(1)yx symmetry,

then Eq.(32) (with n=1) generates the following terms:

AL =3(X5—2X o+ Xgo— X+ X2+ 38X} —3Xh )=0.
(30)

Thus, a simple solution to all the anomaly constraints is

given by Eq.(29) with u=v=0. Finally, we must add that (XgUouShd+X4dodSh+ Xee,e5h3+ x, v, v5h]) 5e€?

since the Pati-Salam model unifies all the left- and right- (33
handed quark and lepton fields in tRéF°® multiplets, and

the MSSM Higgs fields,, hy in theh Higgs bi-doublet, we  \yhere 5= (H)(H)/M2 ande=(6)/M , are small dimension-
must also have<=y andz=0. Thus, anomaly cancellation |ogg parameter®, u,,d,,e,,v, are the charm, strange,

in the 422 model via the GS mechanism is possible if the,,,on. muon neutrino superfields, ard (f=u,d,e,v) are
traces of tr;dJ(l)x chgrges of thé& andF* fields are equal,  cjepsch factors that depend on the group theoretical contrac-
l'e'!XF:zAzleAEEAzleCA:XFC' tions between the fields in E¢32) [21,22. In Table XIV
(Appendix A we present a complete list of ad} values that
V. OPERATOR APPROACH TO FERMION MASSES result fromn=1 operators in the 422 modg4] normalized

b

In the simplest formulation of the 422 model extended by Y
a U(1)x horizontal symmetry all the Yukawa couplings
originate from a single matrix. The Abelidi(1)x symme-
try introduced in the previous section mainly serves one pur-
pose: it establishes a hierarchy between the flavor dependelitis interesting to point out that different operators imply
couplings. Thus, it provides no precise or predictive infor-zero Clebsch coefficients for different’s. For example,
mation about the relationships between the different Yukawélass-I operators are rather special since okatl only one
coupling matrices. As a result, all the SM fermions of ais non-zero(and significantly large The Class-Il operators
given family have identical Yukawa couplings at the unifi- havex,=x,=0 while Class-Ill havexq=x.=0. Addition-
cation scale. Naturally, when the fermion masses run frondlly Class-IV operators have,=x4=0 and Class-V have
theMy to theM scale they lead to quark and lepton masseste=x,=0. Finally Class-VI operators have alf’s different
that are incompatible with the experimental data. from zero. The variety of the operator Clebsch coefficients is

The idea of Yukawa unification, though unsuccessful into be welcome since, as we will see, they open the possibility
its most simpler form, is not, however, a complete failure. Asof avoiding the disastrous fermion mass predictions charac-
a matter of fact, it turns out that third family Yukawa unifi- teristic of the minimal 422 model with a unified renormaliz-
cation works rather well. It is well known that the GUT able interaction.

X2+ X5+ X2+ x2=4. (34)

boundary condition for the Yukawa couplings, Finally we shall mention the origin of the heavy Majorana
neutrino mass matrix. Generalllzr results from non-
M(M3)=NAp(Mx) =N AMx) =\, (My), (31)  renormalizable operators of the fofm

leads to a large pole top quark mass predictdp~175

GeV and tag~m;/m,. On the other hand, the first and 10, analogy with theM , parameter, thé/,, scale represents the
second family fermion masses can be predicted if specighass of extra matter that has been integrated out from our rfiadel
relations between the “vertical” intra-generation Yukawa thjs case at an energy slightly above the unification $aleh that
couplings aMy hold. For example, the Georgi-Jarlsk@8) 5= (H)(H)/M2=0.22.

[41] relation between the muon and strange Yukawa cou- liGenerally theM, scales involved in the DiraEF and Majo-
plings X ,~ 3\ successfully reproduces the low energy ex-ranaF°F¢ interactions in Eq(32) and Eq.(35) respectively need
perimentalmg/m,~1 mass ratio. In the context of GUT not necessarily be identicB4]. In this work, however, for the sake
theories the appearance of numerical factors relating the cowf simplicity we will assume they are equal.
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TABLE |. Experimental (input) values of quark and lepton

T\ N
FXF%(E) ﬁ (i) qAB_)MX<&) vavgoNeias masses used in this papesee main text for full explanation on
My M\Z/ My My adopted notation
(35

_ my(1 GeV)=4.7 MeV (1.35-6.75) MeV
wheregag=|Xpe+Xge+ o ando=2X,,. Three important my(Mg)=1.21 GeV (1.15—1.35) GeV
differences distinguish Eq35) from Eq.(32). First, we note M~ 175 GeV (170-180) GeV
that while Eq.(32) allows for renormalizable operatongl,zg
as given by Eq.(35 is always the result of non- mgy(1 GeV)~6.0 MeV (4-12) MeV
renormalizable operators. Second, we note that the combina- ~ my(m )~ 160 MeV (100—230) MeV
tion of theHH fields in Eq.(35) introduces an additional free my(M,) = 4.15 GeV (4.0—4.4) GeV
parametewr that may be fixed at our convenience. Third, we
observe that while Eq:32) is able to generate precise rela- M,=0.511 MeV me(M ) = 0.496 MeV
tionships between the up-down-lepton Yukawa couplings M ,=105.7 MeV m,(M,)=104.6 MeV
(via Clebsch factops Eq. (35 is an expression that con- M ,=1777.0 MeV m.(M,)=1772.8 MeV

strains only the hierarchy &l g [via theU(1)x symmetry;
as a result, it is less predictive.

We now turn to the neutrino experimental data. The re-
VI. NEUTRINO MASSES AND MIXING ANGLES sults from the Super-Kamiokande Collaboratidn2] indi-

) ) ) ) cate that the atmospheric neutrino anomaly can be under-
In this section we show how tHg(1)x horizontal family  ¢i50d in terms ofv,— v, oscillations with

symmetry of Sec. IV can be combined with the operator
approach of Sec. V to give predictions for the fermion Sir?(26,5)>0.88, 1.5<10 3 eV2<Am3,<5x10 °eV?
masses and mixing angles in the 422 model. In particular we (39
are interested in the predictions for the neutrino masses ar‘Lﬂ 90% confidence level. On the other hand, the LMA MSW

mixing angles for the LMA MSW solution to the solar neu- lution to th | : fici t t
trino problem. The LOW and the SMA MSW solutions are solution to the solar neutrino deficit suggests 1%

discussed in Appendixes C and D. We start by listing in Sir(26,,)~0.75, Am§2~2.5>< 10 e\, (39
Table | the quark and charged lepton experimental data used ) ) o _ _
in our analysis? Assuming that the neutrino spectrum is hierarchical, i.e.,

2 _ 2 2 2 2 _ 2 2 2
We usedm,(1 GeV), my(1 GeV) to denote the running Am23_|mv3_mv2|~mv3 andAm12_|mv2_mvl ~m;,_, the
masses of the up and down quark®at 1 GeV;*m,(M,),  values in Eqs(38),(39) give
m¢(M.),my(My) the running masses of the charm, strange . _
and bottom quarks at their pole mass&s.61.6 GeV, M, Sin(629)>0.57, m, ~0.05¢V,
=4.8 GeV); M, the top pole mass; andl , , (M, ,) the . _ _
well-known pole(running charged lepton anassesM. We con- Sin612)~0.50, m,,~0.005 ev. (40

verted the above pole masses to running masses using theie |atest results from the CHOOZ experiment also show
expressions in Ref46] with that, over the interestingm2, range suggested by the Super-

The experimental data in Table | constrain the parameters
Finally the CKM matrix atQ =M was fixed by* of our model at low energy. However, the GUT symmetry is

broken at an energiy~10'® GeV. Thus, before we start
V1 =0.2215, |V,4=0.040, |V14=0.0035. (37)  our analysis we should correct the fermion masses and mix-
o _ ing angles for the radiative corrections that result from the
It is important to note that, in fact, not all the parametersrynning of the renormalization group equatioiRGES be-
above were taken as input. Indeéd~175 GeV is a pre- tween theQ=M, and Q=My scales. The implementation
diction that results from third family Yukawa unificatiog of the RGEs, the decoupling of SUSY particles and the
=Ap=A\, at the GUT scale. Moreover, as we will see, ourpoundary conditions is a complicated subject whose detailed
model is also able to predict the masses of the down angescription is beyond the scope of this work. Here we will
charm quarks; thus their values listed above should be take@my mention that we used 2-loop RGEs in the gauge and
merely as a guide and/or convenient initial estimates. Yukawa couplings and refer the interested reader to [R&f.
where the issue of Yukawa unification in the 422 model is
discussed. As a result of the running of the RGES, subject to

12The numbers inside the curly brackets indicate the experimentdhird family Yukawa unification aMy, the low energy input

ranges according to Rei45]. values for the fermion masses in Table | effectively constrain
13All running masses are given in the modified minimal subtrac-the eigenvalues of the Yukawa couplingsQat My . These
tion (MS) scheme. are presented in Table II.
“The experimental ranges ar§V;,=0.2191t0 0.226, |V, At this point it is convenient to re-write the data in Table
=0.037 t0 0.043 an¢VV,4 =0.002 to 0.00945]. Il in terms of the Wolfensteif37] expansion parameter
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TABLE IlI. Values of the Yukawa couplings and CKM entries at the unification scilg)(that result
from the running of the low energinput) data of Table | between the relevant low energy scaleshagd

Mo(My)=4.738<10° ¢ Ne(My)=1.529< 103 M(My)=0.677
Na(My)~3.208< 104 As(My)~9.612x10 3 Ap(My)=0.677
Ne(My)=1.490< 104 A, (My)=3.154x10"? A A(My)=0.677

=0.22~|V,, (see Table Ill. The expressions in Table Il we will assume that the onlly=1 operator inM rg is placed
neatly summarize the hierarchy of the quark and chargedn the 33 entry. All other entries dfl g result fromn=2
lepton sectors a1y that we aim to reproduce and predict. operators?

It is now time to specify the structure of the LMA model =~ We can see from Eqg41),(42) that the structure of the
in more detail. We start by indicating the nature of then-  Yukawa and Majorana matrices can be decomposed into a
)renormalizable operators responsible for the structure of thévertical” § component and a “horizontal’e component.
Dirac and neutrino Majorana matrices: Thus we write :

(M)ae~ (AN ae(N)ag,  (MgrRlae~(MARIAB(M&R) AB-

HH 43

v The hierarchies ok € andM g are fixed by the choice of the

U(1)x charges. Using the results of R¢11], we can write
9 \Pas the most general form of the unified ) g Matrix in the 422
: (—) (4)  model, constrained by the absence of anomalies, in terms of

only four independent parametexs , X, Ypi, andfpg:l6

eXe, T XFi‘ eXe, T XFZ\ elXF)|

(MgrRrIag: | FSF5+FRFS ﬁ—k ﬁiqw (42 Xe +X: Xe +X X,
RR)AB: 3F3Trale M\Z, M, M, e eXmtXeel Xe tXEel X (44)

el Xl el Xl 1

The first term in Eq(41) is renormalizable; thus it implies ) .
third family Yukawa unification aMy. The second term, From the equation above it is easy to see that the values of

which we shall assume to be present fB#33, on the Xr,, Xge, Xp, andXge are closely related to the large neu-
other hand, is a sum of non-renormalizablegperators. For thgino 6,5 angle, the second family Yukawa couplings, the
sake of simplicity we will consider that tHdH/M\Z, part of CKM angle, and the masses of the lightest fermions respec-
Mg that lies outside the square brackets in E4l) has tively. In the first row of Table IV we list our choices for the
non-trivial gauge contractions with tHeyFgh fields nextto X parameters which we will, from now on, refer told$1)y

it, thereby generating the Clebsch factors in Table XAp-  charges. In the second rows we indicate the values of the
pendix A). On the other hand, thedH/M2)*?factors inside ~ physical (anomaly freg¢ U(1)x=U(1)grp+U(1)g charges

the square brackets will form gauge singlet terms that will beof the fields of our model. In the third and fourth rows we list
responsible for the appearance of highepowers in the the values of the family dependeftraceless and family
entries of\ 5. The Mg matrix, as given by Eq(42), de-  independent(unphysical charges that sum up to give
pends only on non-renormalizable operators because gau§&1)x-

invariance demands that every combinationF&F°¢ fields We note that théJ(1)x andU(1)x charges are “equiva-

must be paired with at least a coupletfi fields. However, lent” in the sense that they determine equal family structures
for the Yukawa and neutrino Majorana matricés.

TABLE lIl. Values of the Yukawa couplings and CKM entries
at the unification scale, as in Table Il, expanded in powers of the

Wolfenstein parametex=0.22. I5We note that these assumptions about the nature of the Majorana
matrix are unique to the LMA MSW solution. The SMA MSW and
Au(My) =280%7 A(My) =\%282 Ae(My) =\0-257 LOW solutions discussed in Appendixes C and D are characterized
Ag(My) ~A5313 No(My)~ 23068 Ap(My) =£0257 by a Majorana matrix filled witm=1 operators only.
No(My) = \5820 N (My) =222 N(My) =\0257 “In [11] these charges were called8,y, 8. Roughly, this cor-
responds to choosing a basis of charges that)haa? XFg:Xh
Vi Mx)[=N09%8 VoM [ =022 [Vig(My) [ =238 =0.

"However, only theU(1)y symmetry is anomaly free.
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TABLE IV. List of U(1) flavor charges that determine the fam-
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TABLE VI. Numerical values of the order-h,A parameters

ily structure of the Yukawa and neutrino Majorana matrices of thethat parametrize the Yukawa and neutrino Majorana matrices in

LMA model. The first set, indicated by (1), refers to the values

of the X parameters that determine the hierarchy\ 6fin Eq. (44).
The second setU(1)x=U(1)gp+U(1)g, corresponds to the

anomaly free physical flavor charges of the model. The third set

U(1)gp indicates the charges of the family dependéraceless
component oU(1)y andU(1)g, refers to the family independent
component olU(1)y.

Xe, Xe, Xe, Xee Xeg Xee Xoo Xu  Xg
U(1)x 1 0 0 4 2 0 0 0 O
Ulx % 8§ 8 % § -¢ 0 3§ -3%
U(1)ro % _% _% 2 0 -2 % 2 -2
ULe 6 & & & & & —3 —§ &

The charges in Table IV fix the structure of\ € andM g
to be

. (45

Comparing\ € above with the hierarchy of the Yukawa cou-
plings listed in Table Il we see that th&(1)y symmetry(by

Eqgs.(47),(48).

—1.285 1.000 1.00
a=| 1.000 —1.420 1.00
—1.000 1.000 0.67
0.000 0.700 1.01
a’=| 0.000 0.782 0.705
0.000 —1.000 0.00
0.907 0.000 0.00
a’=| 1.000 0.000 0.00§
1.000 0.000 0.00
1.071 0.733 0.65
A=| 0.733 1.072 0.562
0.653 0.576 1.00

entries in the charged lepton and quark Yukawa matrices
which are not welcome. In order to overcome this we shall

assume that although a renormalizable operator in the 23
position is allowed by théJ(1)x symmetry, it is forbidden

by some unspecified string symmetry which however allows

a 23 operator containing one factor dfiid). We shall fur-
ther select a 23 operator which will involve a Clebsch factor

itself) cannot explain the pattern of all fermion masses andf zero for the charged lepton and quark entries, with only its
mixing angles. For example, although the symmetry allows @eutrino component having a non-zero contribution, thereby
large 23 entry suitable for generating large 23 mixing fromgenerating a large 23 mixing from the neutrino sector, with

the neutrino Yukawa matrix, it also allows similarly large 23

TABLE V. Approximate structure of the Yukawa and neutrino
Majorana matrices resulting from Eqgl7),(48) when the numeri-
cal effect of the Clebsch and of the ordeg]A parameters is ne-
glected.

B £ Fe\ NE NS N
M(My~| 8t FE€ 0 |~ N A
B £E 1 Mot
s & e IS
N(My)~| 0t 8 & |~ N> N3 A2
5 8¢ 1 A A% 1
58 5 e A6 At A2
A(My)~| 8¢* 8 & |~ N> \® \?
5 85€ 1 AN 1
PR - N D G G
M(My~| 8t € 5|~ N A
St £E 1 MOt
58 58 5t A% AT NS
MraMy)~| 0% 0" 6 |[~[ N7 N° 23
st 8¢ 1 A A% 1

only small 23 mixing in the charged lepton and quark sectors

arising from operators containing higher powers BfH)",
with n>1.18

The existence of such operators with “Clebsch zeros” is
clearly crucial for the success of our approach.

In general, we shall show that by a suitable choice of
non-renormalizable operators, which determinexfi¢'ver-
tical” structure of\;, we can obtain a successful description
of all quark and lepton masses and mixing angles. For ex-
ample, let us considex® and MgR given by the following
operator matrices:

ORLO"V 07+0'° 09+0'

)\§~ OG-FO”K OW+O/H OI+O/W

OR+ "V OM+0'K 1

8Note that in the Pati-Salam model the 23 entry in the neutrino
Dirac Yukawa matrix is associated with the 23 entries in the quark
Yukawa matrices, unlike i5U(5), for example, where it is asso-
ciated with the 32 entry in the down quark Yukawa matrix, which
may of course be large since it does not contribute to the CKM
matrix. Also note that in the presence of phases it is possible to
obtain small quark mixing angles by canceling two large entries.
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O O O TABLE VII. Numerical values for the entries of the Yukawa
(NusNd e N,) and neutrino MajoranaM grg) Mmatrices at the uni-
S
Mgr™ 0 o0 o0 (46) fication scaleMy (Mggis given in GeV mass units
0O 01
7.034<1076%  4.079<10°* 4.324x1073
where O, O’ and 0" aren=1, n=2 anc_j(very smal) n A (My)=| 3.991x10°5  1.466x 102 0.000
_3; opferators rr]espectlve’“ﬁ/\fl_lvh_er;a nU|s. defged :12 Ezé3?) 3528¢10°5 —3.748¢ 103 0.677
Erc‘] (zz)e;\/fst & powers oFiH)". Using Eqs.(45),(46) in ~2331x10°* —4.079<104 8.648x10°3
' Ag(My)=| 4.609<10°* —8.827x10°° 2.157x10 2
xRa;18e®  xja0e’  xda;s6€ —-8.246<10°%  1.506x10 2 0.677
G w [ _ —4 -3 o
xRagdet  xMag,0¢? ass Ao(My)=[ 9.219<10 3.015x< 10 —6.472¢<10
—6.184<10 % 1.501x10°2 0.677
0 xRal,6%® x{aj,6%€? 7.034<10°%  2.401x10°%  7.710x10°2
| 0 xMay,e?e?  xWajs? A (My)=| 2.993<10°°  2.932x10°® 0.440
—5 _ —3
0 X;<aé25262 0 3.528x 10 2.811x 10 0.677 )
Von 3.991x10° 5.652x10° 1.040x 10
xiand'e 0 5.652¢10° 1.706<10"  1.866x 1012
+ XKaN 6(364 O (47) MRR(MX): ' ' '
Feal 1.040< 10"  1.866x10'2 3.090x 10**
Xy ays6°e* 0
A116€® A,6€®  Ajzbet _ _ _ _
Mgrr(Mx) AoS®  AonSet  Asadel V is too small to correctly predict the neutrino mass ratio
MM 21067 M0€ " Mg30€ (48 m, /m, ~\'®required by Eq(40). These approximate pre-
4 2 Lo .
RRITXIS | Agi0€”  Agpde”  Asgg dictions can be further improved because Table V does not

include the numerical effects of the operator Clebsches and
of the order-1a,A factors.

The success of our modéh the SM sectordepends on
the ability to find suitable solutions for the's in Eq. (47)
which simultaneously can account for all the hierarchies in
Table Ill. Generally we will require that 0.5
<|aag|,|angl;|aagl<2.0 for all A,B=1,2,3. At first, it
looks that such a solution is trivial since Eg7) depends on
16 parameteréd while the expressions in Table Ill are a set
of 9 constraintgon the first and second family Yukawa cou-
plings and CKM entries However, we should not forget that
O>0'>0" and that the CKM matrix constrains only the
12, 13 and 23 entries of;. As a consequence, we find that

where the subscridtstands for any of the,d,e,v indices,
x? is the Clebsch of th& operator of thef-type fermion,
and thea’s (A’s) are order-1f-independent YukawéMajo-
rang parameters that parametrizg (M gg). The first matrix
on the right-hand side of Eq47) contains the leading
=1 operators giving contributions of ordér while the sec-
ond and third matrices contain time=2 andn=3 operators
which give contributions of ordes? and 6% and provide the
leading contributions in the cases where thel operators
involve Clebsch zeros.

The effective matrices resulting from Eqel7),(48) are

approximately given in Table V. This table shows an inter-
esting structure for the Yukawa matrices. We find that
~N8& Ne~N* and A g~Ne~N®, Ng~\,~\3. Furthermore,
the CKM matrix hagVq)~\, |Vod~\2, [Vig~\3. Com-
paring these approximate results with the data in Table lll w
see that only the\y, A, couplings need substantigbne
N-powel corrections. On the other hand, the neutrino secto
described by, andM gy in Table V is clearly dominated by
the right-handed tau neutrino and predicts, )i~ (\,)2
which according to Eq(B18) successfully generates a large

the parameters in Table I
Az A a1~ Nges

14

S,

are mainly sensitive to
an independent combination of
11,831,830 <Ny, Ao and aj—Vip, Ay Vas,
@13 V13, which allows two predictions to be made; and

H ” ! ! ! !
Ns. Thus we fitted the ayy,a;q,87;,85,81,,853,813

dependencd of \; to the A, N, Ny Ac

and Vi,,V,3,Vy3

experimental constraints in Table IIl. The results are shown

in Table V122

Thus, using Eq(47) with the a’s of Table VI and the

0., solar neutrino angle. However, the subdominant pertur-

bation tom | in Eqg. (8) resulting from\ , andMgg in Table

20we note thatags is fixed by quadruple Yukawa unification at

My, i€, \(=Ap=N, =\, .

1%The n=3 operators can, to a very good approximation, be ne- 2!Fixing all othera’s to be +1.
glected. Their inclusion here serves only to fill the 11,21,31 entries ?’The values of theA parameters in Eq48) are not constrained
by the experimental data; thus we chose them to be “arbitrary”

of the A, , Yukawa matrices, thereby ensuritigr example that
the up quark is given a very small mass.

numbers in the 08A,5<2.0 range.
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Clebsch factors of Table XI\(Appendix A we get the nu- TABLE VIIl. Values for the entries of the Yukawa
merical results for\¢(My) shown in Table VII. In Table (Ay.\a:\e.),) and neutrino MajoranaMge) matrices at the uni-
VIl we present the results of Table VII expanded in powersfication scaleMy as given in Table VIl but expanded in powers of

of 6=e=A=0.22.

8= e=\=0.22[note Mrr(My)33=3.090< 10** GeV].

We can analyze the effect of the operator Clebsch coeffi=

cients by comparing Table V against Table VIIl. We see that NT 836 )\SIHE T\ 3595
the OW operatof® in the 22 entry of\; split (\g)a A (My)~| N80 (4300 @
=(Ne)22~ A% in Table V into |(Ag)2 =A3* and (\¢)2o NBTTL 3690 0257
=\233in Table VIII, thus allowing for a proper GJ ratio 5524 L5154 3137
A, INs~3 at My. Similarly, the operators in the 12 block ) - A
have allowed for a more appropriaig /\. Yukawa ratio. Na(My)~ | NS08 —)3124 )28
Numerically we have the following predictions for the light- —\4690  \2771 )\ 0257
est eigenvalues of the down-Yukawa matrix Mt : A4 _\5714 (3666 1622
=>4 and = \30% 4.616 2.313 1.808
s . Ne(My)~| A\ A -\
The effect of the Clebsch factors also modified the neu- e 4850 2771~ 0257
trino Yukawa matrix\ ,(My) in Table V. As a result of the —AT A AT
O' operator in the 23 position of;, which has a large, ATB30 \398 )\ 1693
=2 Clebsch coefficient, we are now able to predict a large A, (My)~| NOE8O  )\3852  )\0542
0,3 atmospheric neutrino mixing angle. Indeed using Eg. NB771 3880 0257
(B3) we can roughly estimate that t@yy~0.44/0.68=0.65, 8.955 . 7.205 - 5281
implying sirf(26,5) ~0.83. Mg(My) A A A
It is interesting to check that, andM rgin Table VIII do Mo Ms NT:205 \4.954  )\3375
lead to am; | matrix dominated by the right-handed tau neu- A R L]

trino. (For convenience the mechanism of SRHND is re
viewed in Appendix B. As a result of the small mixing
angles oM gRit is convenient to work in a basis whekégg

is diagonal. Furthermore, it is practical to séala, such
that the 23 and 33 entries aré .3~ (\,)33~1, and ap-
proximate the normalized entries @emijintegern powers.

=M scales(see Appendix Cwe find that the Yukawa and
neutrino Majorana matrices at low energy are given by Table
IX.

Thus using Thus, inserting the results of Table IX into E§) and Eq.
0.0 75 35 <15 (12 we get the mass matrix for the left-handed neutrinos
A 0 0 ATZONTT A m,, and theVMNS mixing matrix shown in Table X. The
Mgr~| O 220 0 . Mg~ AES \35 1 predictions for th_e neutrino masses and squared mass split-
0 0o 1 N65 \35 1 tings are shown in Table XI. In Table XII we examine how
(49

TABLE IX. Numerical values for the entries of the Yukawa
(Ny Mg, Ne,\,) and neutrino MajoranaM rg) Matrices at theQ
=My scale Mggis given in GeV mass units

in Eq. (8) gives

)\3.0+ )\2.0+ )\6.0)\1.5+ )\2.0+ )\5.0)\1.5+ )\2.0_'_ )\5.0

my~| AFSHNZOENSD 14 N204\40 14 \204 )\ 40 1.478<10°° 8920<107*  5.058<1073
A5 N204 )50 14 )\204\40 143204 )\40 M(My)=|8.484x10°° 3.143x10°® —3.553x10 °
(50) 4.687<10°° —5.015¢103 0.905
where the firssecond and thifdterm in each entry corre- —4.605<10"* —9.389<10 ¢ 1.175¢10°?
sponds to the thirdsecond and firgtfamily neutrino contri- Ag(My)=| 9.379x10°% —1.79510 2 3.124x10 2
bution »{ (v, andvg) coming fromMgg. Clearly Eq.(50) —1.05710°%  1.934x10°2 0.862
shows that even though, in this casé,i_s the heaviest right- 15265104 3.445¢10°% 6.611x 10 2
handed neutrino, it nevertheless dominates the 23 block, and 8.832¢10-* 2931102 —5446¢10-2
that the sub-dominant contribution fronf, induces\? per- Ne(Mz)=| & L . '
turbations inmy_that are compatible with the,, /m, mass —4.626<10°"  1.196x10 0.522
ratio. 6.110<10°°% 2271x10°® 6.339x10°2
Using the MSSM RGEs adapted and properly extended to \ (m,)=| 2.699<10°° 2.737x10* 0.394
tﬁke i_nttc]J er\]ccodun(;[ the pr_esencbe and success'i\\/lle dec((j)upling of 20911X10°5 —2.428<10°3 0.562
the right-handed neutrinos between tig=My and Q 30810 5651x1F 9.981x 1010
Mgrr(M;)=| 5.651x10° 1.707x10'" 1.807x 10"
ZWhich has Clebsch coefficientg'= — 3xY' . 9.981x 10" 1.807x10** 2.879x10M

24\, ag— (N,) ap/k with k=3[ (N,) o5+ (N,) 53] =%
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TABLE X. Predicted values for the left-handed neutrino mass TABLE Xll. Running of the neutrino mixing angles at the uni-
matrix m_ (M) in units of m | (M;)33=23.954<10 % eV and for  ficationQ=My, the right-handed tau neutrino ma@s=M vy andZ

the MNS neutrino mixing matrixNS(M.). boson mas€ =M, energy scales.
4.792<1072 1.007x10° ! 3.458<10 2 Q=My~3%x10* GeV
rn-L(M;) _ 1007>< 10—1 4610>< 10—1 5659( 10— 1 Sin 012: 0541 Sin923: 0578 Sin013: - 0080
M - = i = i =
M (Mz)33 3.458¢10-2 5.659¢ 10" 1 Sin?(26,,) =0.828 Sirf(26,5) = 0.890 sif(26,2) =0.025
0.8290  0.5532 —0.081 Q=M, ~3x10" GeV
VMNS(ML) = | —0.3948  0.6827 0.6149 s?n 61,=0.543 .S|n023:O.590 elnelaz —0.082
Sin?(26;,) =0.832 Sif(26,5) =0.908 sif(26,5) =0.027
0.3961 —0.4774 0.7843
Q=M;
Sin 012: 0555 Sint923= 0617 Sin013: - 0082
Sin?(26,,) =0.853 sif(26,3) =0.943 sif(26,5) =0.027

the neutrino mixing angles evolve between the unification
Q=My~3x10%GeV, the right-handed tau neutrino mass
Q=M, ~3X 10" GeV and theM; scale. We see that the fers from that presented previously partly due to the recent
effect of the radiative corrections has increased the magniefinements in third family Yukawa unificatiof25], but
tude of sind;,, siné,; and sind;; by 2.5%, 6.4% and 2.4% mainly due to the recent data from Super-Kamiokande which
respectively. These corrections agree with the results fountnply that the 23 operator should be allowed by thél )y
in Ref.[48]. Finally, we present in Table Xl the predictions family symmetry. We have therefore extended our previous
for the down and strange quark masses. analysis to the atmospheric and solar neutrino masses and
We would like to conclude this section by noting that the mixing angles, and showed that all three MSW solutions to
predictions for the neutrino parameters, in particular for thehe solar neutrino data may be accommodated, namely the
neutrinoAmZ, squared mass splitting, should be taken careLMA MSW region discussed in the main text as well as the
fully. Generally we expect at least 20&heoretical errors in ~ LOW MSW and the SMA MSW regions discussed in the
the quoted values which, for example, arise from our inabil-/APpendixes.

ity to fix order-1 factors in the entries &fl xp(My). The approach to neutrino masses and mixing ang!es fol-
lowed here makes use of the SRHND mechari$@+17 in

which one of the right-handed neutrin@e v<) gives the
VIl. CONCLUSION dominant contribution to the 23 block of the light effective

We have discussed a theory of all fermion massed/ajorana matrix. This mechanism avoids reliance on acci-
and mixing angles based on a particular string-inspiredj,em.al cancelletions, and does not rely on excessive magni-
minimal model based on the Pati-Salam groupf|cat|on of.m|xmg angles, although.a mild enhancement was
SU(4)x SU(2), X SU(2)g [18] supplemented by a gauged observed in the nur_nencal re_sults in agreement with that_ ob-
U(1)x family symmetry. We argued that this gauge groupse_rved |n[4_8]. Crucial to th_e implementation of _SRHND in
preserves the attractive features®®(10) such as predict- this model is the assumption that the renormalizable 23 op-
ing three right-handed neutrinos and Yukawa unification,erator is forbidden by unspecified string selection rules, and
while avoiding the doublet-triplet splitting problem. Al- the leading 23 operator containsHkl) and involves
though it is not a unified gauge group at the field theory"Clebsch zeros,” which give a zero contribution to the
level, it naturally arises from string constructions and so incharged lepton and quark Yukawa matrices, but a non-zero
principle may be fully unified with gravity. contribution to the neutrino Yukawa matrix, thereby allow-

Earlier work in collaboration with one of U24] had al-  ing smallV, but large 23 mixing in the lepton sector.
ready shown that the model can provide a successful descrip- The analysis in this paper is essentially “bottom up.” A
tion of the charged fermion masses and the CKM matrixparticular choice ofu(1)x family symmetry charges was
The use of thaJ(1)y family symmetry to provide the hori- used to give the horizontal mass splittings, and the vertical
zontal mass splittings combined with the Clebsch factorgnass splittings were achieved by particular choices of opera-
arising from the Hg)n insertion in the operators has already tors c_orrespondlng to different Clebsch factors in the leading
been shown to provide a powerful approach to the fermiorfontributions to each entry of the Yukawa matrix. It would

mass spectrum in this modi24]. The present analysis dif- be very nice to understend these cnoices from the point of
view of a “top-down” string construction, such as the type |

string construction which has recently led to the Pati-Salam

TABLE XI. Predicted values for the left-handed neutrino
massesm, . and squared mass splitingsmi,=|mZ —m? |, _
AmZ=|m2. —m? . 2t TABLE XIll. Predictions for the runningMS masses of the

% s down (my) and strange rfiy) quarks atQ=1 GeV andQ=Mg,

m =484x108eV m. =5.79x10 3eV m. =5.39x10 2 eV respectively M indicates the strange pole quark mass
41 ’ V2 ' V3 '

Am?,=3.35x10 °eV? Am3,=2.87x10 °eV? mg(1 GeV)=4.9 MeV ms(M¢) =156 MeV
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TABLE XIV. List of Clebsch factors resulting from all possible case of the diagonal dominated right-handed neutrino mass

n=1 operators, as given by E(B2), in the Pati-Salam model. matrix Mrg. Third family single right-handed neutrino
dominance[10-17 is a mechanism that can explain the
Class o X Xd Xe Xy large atmosphericé,z) and the solar LMA MSW §,,) neu-

I oN 20000 0.0000 0.0000 0.0000 trino mixing angles and a smafl;3. SRHND relies on the
I ©E  0.0000 2.0000 0.0000 0.0000 possibility that the neutrino mass matrimy, ) is dominated
I o' 0.0000 0.0000 2.0000 0.0000 by contributions coming solely from a single right-handed
I o' 0.0000 0.0000 0.0000 2.0000 neutrino (for examplevS.) In this scheme a maximad,,
I oM 0.0000 1.4142 1.4142 0.0000  angle arises when the tau right-handed neutrinoouples to
1 O‘; 0.0000 0.8944 1.7889 0.0000  the left-handed muor, and tau neutrinov, with equal
I OW 0.0000 1.6000 1.2000 0.0000 strength. Similarly, ifv; couples tove and tov,, with com-
”': gv g'gggg 8'88(2)2 718332?)0 Ofgggz paraple strength, the_ﬂlz 'is Iargg. The role. of t.he(sub'—
o ' ' ' ' dominan} muon neutrino is also important since it provides
1| @ 0.8944 0.0000 0.0000 1.7889 . . . .
small perturbations to the | matrix (which otherwise has

11 oK 1.6000 0.0000 0.0000 1.2000 . .
M 07 0.6325 0.0000 0.0000 —1.8974 one heavy and two massless eigensjatimis leading to a

v OJ 0.0000 0.0000 1.7889 0.8944 neutrino mass Splitting\m§2=|m,2,2—m12,1| Compatible with

\Y 09 0.0000 0.0000 1.4142 1.4142 experiment.

v o"  0.0000 0.0000 —1.4142 1.4142 The seesaw formula for the left-handed neutrino matrix in
v O’ 0.0000 0.0000 0.8944 1.7889 Eq. (32) depends explicitly orMgg. Although Mgg might

v OF 14142 14142 0.0000 0.0000  have a non-trivial structure, we find instructive to start our

v o 14142 1.4142 0.0000 0.0000  analysis by considering the very simple casevbfr given
\ ob 1.7889 0.8944 0.0000 0.0000 by

V. ©0° 08944 17889  0.0000  0.0000
vi  O" 08000 04000  0.8000  1.6000 Mgg~diagM,*,M, M, 1)~diag0,0M, ") (BD)
Vi O' 04000 08000  1.6000  0.8000
Vi 0° 07155 1.4311 1.0733 0.5367  which effectively corresponds to taking, ,M, >M, . Re-

VI ot 1.4311 0.7155 0.5367 1.0733 . . . 5
VI 0T 05657 0.2828 0.2828 0.5657 placing Eq.(B1) in Eq. (8) we find that

\ oY 0.2828 0.5657 0.5657 0.2828

_ 2 1, T 1T
VI OX 05657 0.2828 —0.8485 —1.6971 My =v3N Mg, ~AMggA
VI 0Y 02828 0.5657 —1.6971 —0.8485 2 b
VI O 04472 —0.4472 1.3416 —1.3416 13 Mgtz Mighag
VI 0° 06325 —06325 —1.2649 1.2649 JVEY I W VS A P W ©2)
VI OB 10000 —1.0000 —1.0000 1.0000 v , |
VI 0% 11314 -1.1314 —0.8485 0.8485 Mshsg Aashss A3

\i oP 1.1314 1.1314 0.8485 0.8485
\ ok 1.0000 1.0000 1.0000 1.0000

VI 0 06325 0.6325 1.2649 12649 The my matrix above is easily diagonalized by the
VI OC  0.4472 0.4472 —1.3416 —1.3416 matrice$® R,3,R;3,R;» in Eq. (14) with rotation angles
given by
gauge group with three chiral famili¢20]. We believe that IRy A3

U Sp3= —  Cpg=—, A2=NZ 422

only by a combination of top-down and bottom-up ap- >23~ "p 28T A 33T A23,

proachegsuch as that presented hevéll a completely suc-

cessful string theory of fermion masses and mixing angles N A

emerge. We have shown that the recent discovery of neutrino g - ~13 . _ T
. . . . . 13 B 13 B’

mass by Super-Kamiokande provides precious information

about the flavor structure of such a future string theory.

B2=N\3;+ o3+ \1s, (B3)

which successively act om,; as follows:
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APPENDIX A It is also convenient to define the following primed matrices:
A list of Clebsch factors is given in Table XIV.

APPENDIX B ] ) ) ) S )
29N this appendix we will use the following simplified notation:

In this appendix we summarize the theory behind SRHNDm, g=\ ,v,=\v,~\.
and review the analytic results presented in R&2] for the 26Note thatR,, for m,, in Eq. (B2) is undetermined.
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"

m{ =RyM Ros, M{ =R Ryz, M =Rpm R,  my inEq.(B8) up to terms of ordeO(M, *). Thus the new
(BS)  primed matricesn/, andm/, are given by

which, form, | as in Eq.(B2), are explicitly given by

N, 0
Ma 0 AiA ° A
L m,~M} 0 0 O
m~M,f 0 1 0], ° 2
MA 0 A2 NA 0 A
) CZ D2
00 0 AS P Map Maae
mﬁLEmE/LMM;Sl 0 0 0]. (B6) . c? c* cCc%p?
0 0 BZ +M vy )\IZK ﬁ A2 (Bg)
D? c?p? D*
We can see from E(B3) that if A23=N33, then a maxi- sz Az Az
mal 6,5=45° angle results. Moreover, if;3<\»3,\ 33, then
013 is small. Although SRHND, in the limiting case of Eq.
(B1), is successful in predicting a maximal atmospheric neu-
trino angle, it fails to account for a viable neutrino spectrum. 000
Indeed, from Eq(B6), we see that the two lightest neutrinos m/ ~M;}0 0 O
are masslessm, =m, =0. Moreover, the solar neutrino : 0 0 B2
angle 61, is undetermined. These two problems can be . ss o3
solved by allowing the right-handed muon neutrinf to E> CE° F°E
play a sub-dominant and perturbative role in the structure of A’B? A’B AB?
m_. in Eq. (B2). C2E3 C* C2?F2
We now turn to the more realist model in whibhgg can +M1 — (B10)
: 2| AB A AB
be approximated 1y
F2E3 C2F2 F4
Mgg~diagM,*,M,* M, 1) ~diagOM, M, 1. AB? AB B’
(B7)
Using Eq.(B7) in Eq. (8) we find that where
N3 Nihas Aiahas 2 e han (611
m|_,_~M;3l Nihos A3z Azahas o heenes Tt
Nihzz Aaahaz N33
N2 Aies ek D2=N3ahgat Aok 3 (B12)
12 121722 12V 32
+M;21 Nhz A Aphm:|. (BS) 5 .
Nrhas Aok 2 E®=N12(N331 N23) = N1a(Aaahaot Aok 23)
12h32 A3 32 (B13)

Given that we assumed SRHND by tl€ neutrino, it fol-
lows that the contributions to the 23 block of | in Eq. F2=Ngoh 3o+ Nooh og+ Aok 13 (B14)
(B8) arising from the terms proportional IM;; dominate

over the ones proportional WI;:.ZS Clearly, the rotations

Ry, Ry parametrized by the angles in E®3) diagonalize The_ diagonalization Of the 12 bIo_ck ofi, in Eq. (Bl_O) is
achieved by &, matrix parametrized by the following;,

rotation angle:

2/Note that although Eq(B7) still looks very simple, it can, in
many cases, provide a good qualitative description of the physics

3 2
involving the heaviest neutrinos. IndeedMfzy is diagonal domi- 312:E—: ClZZL_ (B15)
nated and ifng, is highly hierarchical, then the limiting case of Eq. JVE®+B?C* JVE®+B?C*

(B7) applies.
28N ote that this does not necessarily imply tMaI31 is larger than
M,jzl since the Yukawa couplings must also be taken into accountThus we find
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0 0 O
m~M, 0 0 0
0 0 B?
0 0 0
0 ES+B%2C* F?|E®+B?C*
M A’B*? AB?
F2JE®+B*C* F*
AB? B?

(B16)

It is interesting to note that th&;, rotation has not only
diagonalized the 12 block afi; but also put zeros in the
13,31 entries ofn", . The reason is becausq, displays a
special structure. Indeed, their elements obey

sz (M1 (M) (M )13 EP

120 = ” ” ” 2
Ciz (M) (M )1 (M )23 BC
(B17)
Explicitly t;,=tané,, is given by
N1 A3a+ A3 —Nig(Nashaat Aoohoe) Mgy

127 TN
(Aghaz—Naohpd) VASH NS+ AT; M2z

(B18)

From Eq.(B18) we see that, although, generally depends

PHYSICAL REVIEW D63 095004

dx
1672 dtu=[3TrU+Tr N+3U+D—G"]\, (C1
2dha_ _ad
16m°—-=[3Tr D+Tr E+3D+U—G"]\q (C2
dx
16772d—te=[3Tr D+Tr E+3E+N—G®]\, (C3
d\,
1672 dt=[3TrU+TrN+3N+E—GV])\V (C4
wheret= In(Q),
26 16
U=\, G“=%g§+3g§+§g§,
14 16
D=Ng\], Gd=%gf+3g§+§g§,
(CH
18
E=Mehl, G°=71507+303,
1 v 6 2 2
N=\\,, G :E91+392’

and TU=U,;+U,,+ Uz, etc. The general idea behind the
process of decoupling the right-handed neutrirfos the
“step” approximation is that a Feynman diagram that in-
cludes a specific flavor of a right-handed neutrirfg, with
massM, , in an internal line only makes a contribution to

the RGEs in Eqs(C1)—(C4) for energieQ bigger tharv "

Thus, the procedure depends on properly adaptind\tpe-
rameter in Eq(C5). We shall now make this statement more

on the second and third family neutrino Yukawa couplings Précise. Let us assume that the neutrino Majo.ran.a matrix
if \43is much bigger than the other Yukawa couplings, thenMrr i diagonalized by the following transformation:

t1o~N12/N2s. This means that thé, angle is set not by the
dominant neutrino couplings, but by the sub—dominabt
neutrino couplings to the, andv,, neutrinos. Thus while a
large atmospheric neutrino mixing anglg; can be achieved
by requiringA .3~ \ 33, a large MSW solar neutrino angtg,
results from\ ;,~\,,. Moreover, Eqs(B3) and(B18) show

that bi-maximalé,5, 6,, mixing can be achieved with a small
0,3 angle as long as 13\ 3,\33. The neutrino mass spec-

n

trum can be read frorm'| in Eq. (B16). We find a massless

neutrino statem, =0, plus a light state with mass),,
~\3J/M,, and a heavy neutrino with mass, ~\34/M,,..

APPENDIX C

S"TMgeS" =Mpg=diagM, M, M, ).  (C6)

Then, the decoupling of the right-handed neutrinos in Egs.
(C1)—(C4) can be accounted by replaciigin Eq. (C5) by
N, given by

N=xAT=\,8°s"\ T\, 805 T\ =N, (C7)

where®(Q) is a energy dependent diagonal matrix defined
by

0(Q)=diag#(Q—M,).6(Q—M,.),6(Q—M, )
(c8)

with 8(x)=0 for x<0 and#(x)=1 for x>0.

In this appendix we briefly review some technical issues The second issue that we would like to address concerns
related to the presence of the right-handed neutrinos. Firsthe effect of a largeX,),; coupling on third family Yukawa
we show how the decoupling of the neutrinos affect the oneunification and, as a consequence, for example, on the pre-

loop RGEs for the Yukawa couplings in the MSSM¢
model:

diction for the top quark mass. We claim that the effect is
small. To see why let us assume that the only large Yukawa
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couplings in Eqs.(C1)—(C4) are A;=(\y)33, Ap=(Ng)33; large 6,5 angle can be generated radiatively from a small tree
N =(N\e)33 and)\yT=()\V)33, Noz=(N,)23. In this limit, the  level 6,5 at My . This mechanism, of amplifying,, radia-
RGEs simplify to tively, as been studied for example in R€f8,9]. However,

in these works, and as can be seen from @413, the am-

, A\ 5 2 o ) " plification is only efficient if at least the , Yukawa coupling
16" = M(BA{+Ap TN, + 55— GY) (C9 s large (about 2 or 3. In our model, since we demanded
top-bottom-tau Yukawa unification, the value of the third

i, family Yukawa coupling is rather small~0.7); thus the
16772W=)\b(6)\§+ N2+n2-GY) (C100  sir(26,9 is stable under radiative corrections.

2d T 2 2 2
167 T =N(ANZ+3N+NS —G®) (C1) APPENDIX D

In this appendix we show that is easy to convert the re-

dxn, sults of the LMA MSW solution found in the main body of

1672 g "=\, (4N% +ANS+ NP+ N2-GY). this paper into results for the LOW solution which is also
t i T (12 characterized by maximak.— v, oscillations but smaller

AmZ, [49,50:

From Eqgs.(C10),(C11 we see that the presence of the;
coupling does not affect the RGEs &f, .. Moreover, the
effect of A,z on the RGE of\; is small (1/8-12%). The

only RGE that is significantly affected by, is the RGE of we showed in Appendix B, in the SRHND approach, the

A, . However, sm(_:e the correct pred|ct|or? for the heawestandg23 neutrino mixing angles come “solely” from the neu-
left-handed neutrinom, ~0.05 eV requires thatM,,  trino Yukawa matrix. On the other hand, the neutrino mass
>10" GevV, the)\ﬁ and )\§3 terms in Eqs(C9),(C12 are  spectrum depends on the hierarchies\gpfand Mgg. Thus,

only present in a rather short energy range, i.e., betwee@s 0ng as we keep within thze SRHND scenario, we can

10" GeV< Q< My~ 10" GeV. As a consequence the pres- changeM iy, to fit the LOW Am3, solution without that im-

ence or absence of the neutrino Yukawa couplings, as far &ying a significant change if;, and 6.

third family Yukawa unification is concerned, is not Letus consider a LOW model with the sarg1)y fla-

important?® vor charges and the same operator matrix Xeras in the
Finally we find interesting to comment on the radiative LMA model, given by Table IV and Eq(47), but with a

corrections to the neutrino atmospheric mixing anggbe- ~ Mgg Matrix with the following structure:

tween the GUT and th®1, scales. It is well known9] that

LOW: sir?(26;)~1, Ami,~10 "eV? (D1

The reason why we can adapt the LMA results is because, as

8 6 4
the running of sik(26,3) can be understood from the follow- Ane” Ape” Agge
ing evolution equation: MreMx) [ Aye® Bope®  Agge? (D2)
Mgrr(Mx)33 A3le4 A3252 Ags
1672 1 d sir?(26,,)
m SIN?(265,3) dt Comparing Eq.(D2) with Eq. (48) we see that these two
) ) equations differ only by their “vertical’§ componenfwe
(M) 33— (M) assumed that EqD2) hasM 3z~ 1] and by the numerical

- _ 2_y2
=—2(\2-)\2)

(C13 factor B,,=1.821#1.072=A,,. We note that the removal

the & factor in the 22 entry oMz and the increase of the
_ _ B,,>A,, coefficient act to decreasiem?,.
which displays a resonance peak &t ()sz~(mL.)2, when The Majorana matrisM g(M ;) and the neutrino Yukawa
(my )23 is small. Generally, it is possible that( )35 starts matrix A ,(M) in the LOW model resulting fronM g(M x)

at Q=My bigger than fn )2, but as a result of the third i, £q (D2) and the Yukawa matrices (M) given by
family Yukawa radiative effects, to be driven to smaller val- Table VII [recall that we takQLOW(MX) :)\LMA(MX)] are

e S f f
ues faster thamnfy | )z, As aresult, even if the initial values g, in Table XV. In Table XVI we present the predicted
of (m_ )33 and (M, )s at My are different, they may at

3 e values for the left-handed neutrino matrix and the MNS ma-
some point become comparable. If this is the case, then @iy in the LOW model. The results for the neutrino masses
in the LOW model are given in Table XVII. Finally in Table
XVIII we show the values of the neutrino mixing angles.

[(ML) 33— (ML) 20]?+4(my )3

2Numerically we found that when(,),s is allowed to take val-
ues comparable with\(,) 33 the prediction for the top quark mass APPENDIX E
roughly decreased by 1 GeV, the value of gadecreased by 0.5
and the value of the unified third family Yukawa coupling at the  In this appendix we briefly present a model that explores
unification scale decreased by 0.015. the possibility of a SMA MSW solution to the solar neutrino
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TABLE XV. Numerical values for the entries of the neutrino TABLE XX. Approximate structure of the Yukawa and neutrino
Yukawa (A,) and Majoranall xg) matrices at th&@ =M, scale in ~ Majorana matrices in the SMA model resulting from E@Gs5),(E6)
the LOW model Mggis given in GeV mass units when the numerical effect of the Clebsch and of¢h@ parameters
is neglected.

6.120x10°% 2.271x10°° 6.368<10°2

4 8 6 3

A (My)=|2.710¢10°5  2.736<10°2 0.396 Fe  F oS\ N AT N

29251075 —2.429x10°3 0.565 MNMy~| &€ &€ 0 |~[2° A 0

2.848<10° 4.036<10'° 7.218<10' s Fé 1 ICHED S |

4 6 5 3

| 4036101 2.071x10%2 1.287x 101 g€ ot o€\ NS N\

Mre(M2)= PRI AN IS
7.218< 10" 1.287x 102 4.551x 10 (M)~ ~

5 &€ 1 D S|

TABLE XVI. Predicted values for the left-handed neutrino mass MMy ~| 86 8 & |~[\* N3 \?

matrix m_ (M) in units of m_| (M5)3=3.567<10 % eV and for 58 sE 1 MO 1
i i ix/MNS, i

the MNS neutrino mixing matri/"">(M;) in the LOW model. $S P& & ARG

6 4
1.334x10°2 7.342x10°2 9.957x 102 NMy~| € &€ 5 |~ A At

6 3
MMz [ 0401072 4.694¢10° 6.776<10°1 Fe o 1) W N1
m (M2)33 S & &8 NS )\3)

S S 8¢ N )\3)
3

9.957x10°2 6.776x10°* 1 \ c
0.8291  0.5559 —0.059 MeeMy)~| € € € ~[A° A* )
3 2
VMNS(M,)=| —0.3955 06586  0.6402 € & 1/ W N1
0.3952 —0.5072 0.7659

anomaly. Although the SMA region is disfavored by the lat-
TABLE XVII. Predicted values for the left-handed neutrino est results from the Super-Kamiokande experiment, the SMA
massesm,, . and squared mass splittingsm,=|m; —m. [, golution is not completely ruled odt. The SMA solution
Am3zz=|m> —m? | in the LOW model. data indicatd49]

=7.29x10° =3.54x10"* =5, 2 :
M, =7-29<10°7 eV m,,=3.54¢1077eV M, =5.25<10T eV guA: si?(26,)~1.6x10°%,  AmZ,~5x 1076 eV2,
Am2,=1.25<10 " eV? Am3;=2.76x10 °eV? (ED)

In analogy with the LMA model we start by recalling that
TABLE XVIII. Running of the neutrino mixing angles at the the Yukawa and the neutrino Majorana matrices in the SMA
unification Q=My, the right-handed tau neutrino ma€s=M,, model can be decomposed into a “verticay’ component

andZ boson mas€) =M energy scales in the LOW model. and a “horizontal” e component given by
Q=My~3x10"°GeV Ne)an (NO) aa( N M ~(M? YE
sin 6;,=0.543 sinf,3=0.607 sing;3= —0.056 (A)as~(Aas(M)ng:  (Mrr)as™ (Mar)asl RR)QBEZ)
sif(26;,) =0.832 sifi(26,9=0.931  sif{(26,9=0.013 The U(1)x charges of the SMA given in Table XIX fix
Q=M, ~5x10“GeV the “horizontal” structure ofA € andM g in the SMA model
sin 6,,=0.545 SiNfys=0.617 sing;s= —0.058 to be
sir?(26,,) =0.836 sif(26,5) = 0.943 sif(26,5)=0.013
Q=M S P 2 e & &
— Wiz
sin 6,,=0.557 sing,5=0.641 sing 5= —0.060 | € @ 1|, Mg e e €
sir(26,,) =0.856 sif(26,5) =0.968 sif(26,2) =0.014 S o2 1 S 21

(E3)

TABLE XIX. List of the U(1)x charges that determine the fam-
ily structure of the Yukawa and neutrino Majorana matrices in theOn the other hand, the “vertical” structure af andM 3y is
SMA model. given by the following operator matrices:

1

XF XF2 XF3 XF; XF; XFg Xh XH Xq

U(1l)x 2 0 0 3 2 0 0O O 0 $statistically, the SMA solution can still describe the neutrino
data with a probability of 349%49].
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TABLE XXI. Numerical values of the order-t,C parameters

PHYSICAL REVIEW D 63 095004

TABLE XXIII. Numerical values for the entries of the Yukawa

that parametrize the Yukawa and neutrino Majorana matrices of\,,\q,\¢,\,) @and neutrino MajoranaM gg) matrices at theQ

Egs.(E5),(E6) in the SMA model.

=My scale in the SMA modelNlgR is given in GeV mass units

—1.403
1.000
1.000

0.000
0.000
0.000

Cc=

Cr

—1.131 0.000

1.000
1.000
1.069
0.533
0.799

—1.656
—1.563

—0.807

1.000
1.854

1.000

0.000
0.000
0.533 0.79
1.054 0.75
0.753 1.00

1.00

1.00
0.68
1.00

0.70

0.00
0.00
0.00
0.00

—2.323x10°°
3.409< 104
2.125<10°4

—3.155¢10™ 4
4.130<10°2
4.162<10°°

—2.846x10°4

4.090<10°3

2.619x10°3

—7.251x10°®
1.464<10 4
1.341x10*

N(Mg)=

Aa(Mz)=

Ae(Mz)=

)\V(MZ):

OG+ONK OR+O'O OH+O/a

)\‘Sw OG+O"V OW+O’H Ol‘l‘O,W

OM+O"V OQ+O'T

As a result of Egqs(E3),(E4) the Yukawa and the neutrino

1

1.176x 10"
2.629x 10t
8.034x 102

Mgr(Mz)=

3.837x10°*

—3.228x10°3

1.767x10° 3
—2.734x10°3
—2.256x10 2

1.053<10°2

—1.032x10°3
2.923< 1072
1.257x10° 2

3.290x10 4
—2.961x10°3
1.387x 10 2
2.629< 101
2.370x 102
3.409x 103

1.644x10°?
—3.588x10°°
0.907
8.864x 10 3
3.088x 10 2
0.864
6.511x10 3
—5.322x10°?
0.526
1.481x10?
0.399
0.572
8.034x 102
3.409x 103
9.197x 10'

. M3e~1.

(E4)

Majorana matrices in EqE2) can be written as

TABLE XXIV. Predicted values for the left-handed neutrino

mass matrixm; (M) in units of m_ (Mz)33=2.893<10 3 eV
and for the MNS neutrino mixing matrix™NS(M) in the SMA

model.

TABLE XXII. Numerical values for the entries of the Yukawa

(NysAg, e, A,) and neutrino MajoranaM gg) matrices at the uni-

2.741x10 2
8.239x 10 !
1
0.0407
0.736

0.675

ficgtion scaleMy in the SMA model Mgg is given in GeV mass m(My) 7.530¢ 10:: 2.284¢ 10:i
units). 2 | 22841072 8.151x10
MMz | 5 241102 8239<10°
—9.935<10 ¢ 1.880x10 % 1.183x10 2 09990  0.0192
M(My=| 1.603<10°% —1.511x103 0.000 VMNS(ML)=| —0.0430  0.6753
1.603<10 4  1.325<10°° 0.682 00133 —0.7373
—1.423x10°% —1.365x107% 7.572x10°°
Ag(My)=| 2.095<107° —1.128<10°% 2.149<10 2
3.313x10°%  6.626x10 4 0.682
—2.846K10°% —1.024x10°° 8.518<10°3
Mo(My)=| 4.190x10°%  3.006x10°%2 —6.447x10 2
3.313x10°%  1.572x10°? 0.683
—7.451x10°% 3.760<10°%  1.704x10°?
N(My)=| 1.603<10°*  —3.023x10°° 0.440 TABLE XXV. Predicted values for the left-handed neutrino
1.603<10°%  1.638<10°2 0.682 massesm,, , and squared mass splittingsm?,=|m? —m? |,
117710 2.664<10"  8.261x 102 Amjz=|mZ —m? | in the SMA model.
Mer(My)= | 2:664<10" 2.398<10° 3.541x10° m, =3.07<10 % eV m, =2.27x10°% eV m, =5.03x102 eV
8.261x 10 3.541x 10" 9.708x 10

Am?,=5.15x10 ® eV?

Am3,=2.52<10" % eV?
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TABLE XXVI. Running of the neutrino mixing angles at the

unification Q=M y, the right-handed tau neutrino maQs= M.,
andZ boson mas§) =M energy scales in the SMA model.

Q=My~3%x10* GeV
Sinf;,=2.17x 102 Sin6,;=0.703  sing,3=3.87x 10 2
Sir?(26,,) =1.87X 102 sirf(26,5) =1.000 sif(26,5)=5.97x10"3

Q=M, ~9x10" GeV
Sinf,,=2.12x 102 Sin,;=0.713  sing,3=3.94x 10 2
Sir?(26,,) =1.80< 103 sir?(26,5)=1.000 sik(26,5)=6.19<x10 3

Q=M;
sin6;,=1.92x10 2 Sin6,;=0.737  sing;3=4.07x 10?2
Sinf(26,,) =1.48x10°° sirf(26,5) =0.993 sir(26,5) =6.60x 1073

PHYSICAL REVIEW D63 095004

TABLE XXVII. Predictions for the runninglS masses of the
down (my) and strangerf) quarks atQ=1 GeV andQ=Mg re-
spectively in the SMA modelN] indicates the strange pole quark
mass.

my(1 GeV)=7.6 MeV my(My) = 193 MeV

X?011565 X$C125€4 X|f'|013562
G 3 W 2 |
X{'Cp10€”  Xi Conle€ X:Co30
)\f(MX): '{A 21 f “22 fv23
Xf C315€3 X?C32562 C33

(ES
0 xPci,0%*  xic)6%€?
+ 0 xfchd?€?  x{'ches?
Tar 2 2
0 Xjchd% 0
K 5
Xf Clléef
+| x/ch8%€

V. 3
xych,8%€

0 0
0 0
0 0

C11€6 01265 C13€3

MrrRMx) _ Cpe® Cpe® Cpae?
Moo M) e (E6)

RR(Mx)s3 Caze® Cape®  Cag

In the rest of this appendix we apply the same systematic
approach used in the main part of the paper for the LMA
solution to the SMA model. The approximate structure of the
effective matrices resulting from Eq&D5),(E6) is given in
Table XX. In Table XXI we give the values of the,C
parameters appearing in Eq&5),(E6). In Table XXII we
present the exact numerical values of the Yukawa and Ma-
jorana matrices at the unification scale and in Table XXIlII
the values of the same matrices at e scale. In Table
XXIV we present the predicted values for the left-handed
neutrino mass and for the MNS mixing matrices. The predic-
tions for masses of the physical neutrinos in the SMA model
are listed in Table XXV and in Table XXVI we give the
predictions for the neutrino mixing angles at several energy
scales. Finally, in Table XXVII we show the predictions for
the masses of the down and strange quarks in the SMA
model.
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