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B\fK and B\fXs in the heavy quark limit
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We studyB→fK andB→fXs decays in the heavy quark limit using perturbative QCD. The next leading
order corrections introduce substantial modifications to the naive factorization results~more than 50%!. The
branching ratioBr(B→fK) is predicted to be in the range@F1

B→K(mf
2 )/0.33#2(3.224.5)31026 that is within

the ones allowed region from the central value of 6.231026 measured by CLEO Collaboration, but outside
the ones allowed region from the central value of 17.231026 measured by BELLE Collaboration for
reasonableF1

B→K . For the semi-inclusive decayB→fXs we also include initial bound state effects in the
heavy quark limit that decreases the branching ratio by about 10%.Br(B→fXs) is predicted to be in the range
(4.826.6)31025.

DOI: 10.1103/PhysRevD.63.094004 PACS number~s!: 13.25.Hw, 12.38.Bx
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Recently CLEO and BELLE have measured the pengu
induced DS51 hadronic B decays with Br(B2→fK)

5(6.422.122.0
12.510.531026), Br(B̄0→fK̄0)5(5.922.920.9

14.011.131026)
from CLEO @1#, and Br(B2→fK2)5(1.7220.5420.18

10.6710.18

31025) from BELLE Collaboration@2#. Although the cen-
tral values do not agree with each other, they are consis
at the 2s level. The branching ratios will soon be determin
with better precisions at CLEO, BABAR, and BELLE Co
laborations. These decay modes are particularly interes
in the standard model, as they are purely due to peng
amplitudes to leading order@3,4# and therefore are sensitiv
to new physics at the loop level@5#. The neutral decay mod
also provides a model independent measurement for on
the Kobayashi-Maskawa~KM ! unitarity triangle parameter
sin 2b. The related semi-inclusive decay modeB→fXs is
also purely due to penguin amplitude@3,6# and is sensitive to
new physics at the loop level. The branching ratio for t
decay, although not measured at present, will be measure
the near future atB factories. The above exclusive and sem
inclusive decays have been studied theoretically before w
large errors@3,4,6# that both the CLEO and BELLE measur
ments can be accommodated.

Previous calculations for the branching ratiosBr(B
→fK) and Br(B→fXs) are based on naive factorizatio
calculations. In these calculations, nonfactorization effe
cannot be calculated and are usually parametrized by an
fective color number that is treated as a free parame
There are also uncertainties related to gluon virtuality in
penguin diagrams and the dependence of the renormaliza
scale. To have a better understanding of these decays,
necessary to carry out calculations in such a way that
problems mentioned and other potential problems can
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dealt with. It has recently been shown that it is indeed p
sible in the heavy quark limit to handle most of the proble
mentioned in relation toB to two light mesons from QCD
calculations@7,8#. Several decays have been studied with
teresting results@9,10#. In this paper we will follow the
method developed in Ref.@8# to carry out calculations for the
branching ratios forB→fK andB→fXs .

The effective Hamiltonian for charmlessB decays with
DS51 is given by

He f f5
GF

A2
H VubVus* S c1O11c2O21(

i 53

11

ciOi D
1VcbVcs* (

i 53

11

ciOiJ . ~1!

HereOi are quark and gluon operators and are given by

O15~ s̄aub!V2A~ ūbba!V2A , ~2!

O25~ s̄aua!V2A~ ūbbb!V2A ,

O3(5)5~ s̄aba!V2A(
q8

~ q̄b8qb8 !V2(1)A ,

O4(6)5~ s̄abb!V2A(
q8

~ q̄b8qa8 !V2(1)A ,

O7(9)5
3

2
~ s̄aba!V2A(

q8
eq8~ q̄b8qb8 !V1(2)A ,
©2001 The American Physical Society04-1
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O8(10)5
3

2
~ s̄abb!V2A(

q8
eq8~ q̄b8qa8 !V1(2)A ,

O115
gs

8p2 mbs̄asmnGmn
a

la
ab

2
~11g5!bb ,

where (V6A)(V6A)5gm(16g5)gm(16g5), q85u,d,s,
c,b, eq8 is the electric charge number ofq8 quark,la is the
color SU~3! Gell-Mann matrix,a and b are color indices,
andGmn is the gluon field strength.

The coefficientsci are the Wilson coefficients that hav
been calculated in different schemes@3,11#. In this paper we
will use, consistently, the naive dimensional reducti
~NDR! scheme. The values ofci at m'mb GeV with the
next-to-leading order~NLO! QCD corrections are given b
@11#

c1520.185, c251.082, c350.014,

c4520.035, c550.009, c6520.041,

c7520.002aem, c850.054aem, c9521.292aem,

c10520.263aem, c11520.143.

Here aem51/137 is the electromagnetic fine structure co
stant.

The exclusiveB\fK decay

In decay, amplitude can be expanded according to the
small numbersas and LQCD /mb in the problem. In the
heavyb quark limit, the decay amplitude due to a particu
operator can be represented in the form@8#

^fKuOuB&5^fKuOuB& f act

3F11( r nas
n1O~LQCD /mb!G , ~3!

where^fKuOuB& f act indicates the naive factorization resu
The parameterLQCD'0.3 GeV is the strong interactio
scale. The second and third terms in the square bracket
dicate higher orderas andLQCD /mb corrections to the ma
trix elements. Including the next-leading order correctio
and using information from Ref.@10#, we have the decay
amplitude forB→fK in the heavy-quark limit as,

A~B→fK !5
GF

A2
C^fus̄gmsu0&^Kus̄gmbuB&,

C5VubVus* @a3
u1a4

u1a5
u2 1

2 ~a7
u1a9

u1a10
u !1a10a

u #

VcbVcs* @a3
c1a4

c1a5
c2 1

2 ~a7
c1a9

c1a10
c !1a10a

c !]. ~4!
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We will use the notation

^fus̄gmbu0&5mf f fem
f

and

^Kus̄gmbuB&5F1
B→K~q2!~pB

m1pK
m!1@F0

B→K~q2!

2F1
B→K~q2!#~mB

22mK
2 !qm/q2.

The coefficientsai
u,c are given by

a3
u5a3

c5c31
c4

N
1

as

4p

CF

N
c4Ff ,

a4
p5c41

c3

N
1

as

4p

CF

N H c3@Ff1Gf~ss!1Gf~sb!#

1c1Gf~sp!1~c41c6!(
f 5u

b

Gf~sf !1c11Gf,11J ,

a5
u5a5

c5c51
c6

N
1

as

4p

CF

N
c6~2Ff212!,

a7
u5a7

c5c71
c8

N
1

as

4p

CF

N
c8~2Ff212!,

a9
u5a9

c5c91
c10

N
1

as

4p

CF

N
c10Ff ,

a10
u 5a10

c 5c101
c9

N
1

as

4p

CF

N
c9Ff ,

a10a
p 5

as

4p

CF

N H ~c81c10!
3

2 (
f 5u

b

efGf~sf !

1c9

3

2
@esGf~ss!1ebGf~sb!#J , ~5!

where p takes the valuesu and c, N53 is the number of
color, CF5(N221)/2N, and sf5mf

2/mb
2 . The other items

are given by

Gf~s!5
2

3
2

4

3
ln

m

mb
14E

0

1

dxff~x!

3E
0

1

du u~12u!ln@s2u~12u!~12x!#, ~6!

Gf,1152E
0

1

dx
2

12x
ff~x!,
4-2



il

lcu
ld
hr
en

o

l
a

s
.
is

y

g

on
se

ters.
e
y

the
ing

ts

nge

tor
ere
tion

5
al-
d
e of
To

la-
bly
nts
orm
r
re-
ise

-

state

um-

as

B→fK AND B→fXs IN THE HEAVY QUARK LIMIT PHYSICAL REVIEW D 63 094004
Ff5212 ln
m

mb
2181 f f

I 1 f f
II ,

f f
I 5E

0

1

dx g~x!ff~x!,

g~x!53
122x

12x
ln x23ip,

f f
II 5

4p2

N

f K f B

F1
B→K~0!mB

2E0

1

dz
fB~z!

z

3E
0

1

dx
fK~x!

x E
0

1

dy
ff~y!

y
.

Heref i(x) are meson wave functions. In this paper we w
take the following forms for them@9#:

fB~x!5NBx2~12x!2 expF2
mB

2x2

2vB
2 G ,

fK,f~x!56x~12x!, ~7!

where NB is a normalization factor satisfying*0
1dxfB(x)

51. Fitting variousB decay data,vB is determined to be 0.4
GeV.

The above results are from genuine leading QCD ca
lation in the heavy quark limit. The number of color shou
not be treated as an effective number, but has to be t
from QCD. The results are renormalization scale indep
dent. The problem associated with the gluon virtualityk2

5(12x)mB
2 in the naive factorization calculation is als

meaningfully treated by convoluting thex dependence with
the meson wave functions in the functionsG(s,x). Also
leading nonfactorizable is included~by the term proportiona
to f f

II ). There are still uncertainties in the calculation, such
the form of the wave functions and the unknownB→K tran-
sition form factorF1

B→K(q2). However using wave function
obtained by fitting other data, the errors can be reduced
any case calculations based on the method used here
more solid ground compared with previous calculations.

The decay rate can be easily obtained and is given b

G~B→fK !5
GF

2

32p
uCu2f f

2 F1
B→K~mf

2 !2mB
3lKf

3/2 , ~8!

wherel i j 5(12mi
2/mB

22mj
2/mB

2)224mi
2mj

2/mB
4 .

In our numerical calculations we will use the followin
values for the relevant parameters@12#: mb54.8 GeV, mc
51.4 GeV, Vus50.2196, Vcb50.0395, Vub /Vcb50.085,
f f50.233 GeV,f K50.158 GeV, andf B5(180620) MeV.
We keep the phaseg to be a free parameter. The results
the branching ratios are not sensitive to light quark mas
We obtain the branching ratios forB→fK to be
09400
l
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Br~B2→fK2!5S F1
B→K~mf

2 !

0.33 D 2

~3.824.1!31026,

Br~B̄0→fK̄0!5S F
1
B→K(mf

2 )

0.33
D 2

~3.623.9!31026.

~9!

We have checked sensitivities on some of the parame
The branching ratios are insensitive to the phase anglg
because terms proportional toe2 ig are suppressed b
uVubVus* /VcbVcs* u which is about 1/50. The error onVcb is
about 5% that leads to an uncertainty of about 10% for
branching ratios. Including this uncertainty, the branch
ratios are given in the range of (3.424.5)31026 and (3.2
24.3)31026 for B2→K2f and B̄0→K̄0f, respectively.
We find that the NLO corrections to the matrix elemen
~terms proportional toas in ai) to be significant. Without
such NLO corrections, the branching ratios are in the ra
of @F1

B→K(mf
2 )/0.33#2(2.122.8)31026. The nonfactoriz-

able contributions~terms proportional tof f
II ) tend to reduce

the branching ratios at a few percent level. The form fac
F1

B→K is the least-known parameter in the calculations. Th
are several calculations for this parameter. Lattice calcula
gives 0.2760.11 @13#, Bauer-Stech-Wirdel~BSW! model
gives 0.38 @14#, while light-cone calculation gives 0.3
60.05 @15#. Using the average central value from these c
culations, F1

B→K(0)50.33, one finds that the predicte
branching ratios are closer to the averaged central valu
the measurements from CLEO than that from BELLE.
reach the CLEO central values,F1

B→K needs to be around
0.42 that is on the high value side from theoretical calcu
tions, while to reach BELLE central value an unreasona
large value 0.72 forF1

B→K is needed. Precise measureme
of these modes may provide a good measurement of the f
factor F1

B→K . If a better understanding of the form facto
F1

B→K can be obtained from other experimental measu
ments and from theoretical calculations in the future, prec
measurement ofB→fK may provide us with important in-
formation about new physics beyond the SM.

The semi-inclusiveB\fXs decay

We will follow the procedures for semi-inclusive B de
cays described in Ref.@16# to studyB→fXs . The final state
Xs can be divided into two parts,Xs5Xs81X. HereXs8 can
be viewed as containing a perturbatively produceds quark
and some nonperturbatively produced state nonstrange
that are not related to thes and s̄ forming thef. X is the
nonperturbatively produced state containing no strange n
ber but associated with thes ands̄ forming thef. Neglecting
color octet contribution and summing over allXs8 , the decay
width for each of the helicity statel of f(l), at the leading
order with light quark masses set to zero, can be written
4-3
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Gl~B→fXs!5
1

2
GF

2 uC̃u2E d3k

~2p!3

d4q

~2p!42pd~q2!E d4x eiq•x
•^Bub̄gm~12g5!g•qgn~12g5!

3b~x!uB&•(
X

^0us̄~0!gm~12g5!s~0!uf~l!1X&^f~l!1Xus̄~x!gn~12g5!s~x!u0&,

~10!
s
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where the parameterC̃ is related to the Wilson coefficient
ci . In the vacuum-saturation approximation,

(
X

^0us̄~0!gm~12g5!s~0!uf~l!1X&

3^f~l!1Xus̄~x!gn~12g5!s~x!u0&

'^0us̄~0!gm~12g5!s~0!uf~l!&

3^f~l!us̄~x!gn~12g5!s~x!u0&. ~11!

In this approximation the color octet contributions are a
tomatically neglected. We will work with this approximatio
to estimate the branching ratio forB→fXs . This approxi-
mation is consistent with the assumption made in the pr
ous section if color octet is neglected. If one cuts thef
momentum to be above 2 GeV or so, the contributions
dominated by the effective two-body decayb→fs. In this
caseC̃ is similar toC but with f f

II set to be zero. In principle
terms proportional tof f

II also contribute. However this con
tribution is small and can be neglected. This is because
in the semi-inclusive decay onlyf in the final state is speci
fied. When the constraint of havingK in the final state is
relaxed, the term corresponding tof f

II leads to a three-body
decay. Requiring the identified hadron in the final state to
hard limits the phase space@16# and results in a small con
tribution from f f

II compared with other contributions.
If the b quark mass is infinitively large,Br(B→fXs) is

equal to Br(b→fs). However due to the initialb quark
bound state effect there are corrections@17#. This correction
is included in the factor ^Bub̄(0)gm(12g5)g•qgn(1
2g5)b(x)uB&. Following the discussions in Ref.@17# we
obtain the 1/mb

2 correction factor,

G~B→fXs!'
GF

2 f f
2 mb

3

16p
uC̃u2S 11

7

6

mg
2

mb
22

53

6

mp
2

mb
2D ,

~12!

where

mg
25^Buh̄

1

2
gsGmnsmnhuB&,

mp
2 52^Buh̄DT

2huB&. ~13!

Here the fieldh is related tob by
09400
-

i-
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e

b~x!5e2 imbv•x$11 ig•DT/2mb1v•Dg•DT/4mb
2

2~g•DT!2/8mb
2%h~x!1O~1/mb

3!

1~ terms for antiquark!.

DT
m5Dm2vmv•D with v being the four velocity of theB

meson satisfyingv251 andDm5]m1 igsG
m(x).

Analysis of spectroscopy of heavy hadrons and QCD s
rule calculations give@18# mg

2'0.36 GeV2 and mp
2 '(0.3

20.54) GeV2. We will use mg
25mp

2 50.36 GeV2 for nu-
merical calculations. The initial state 1/mb

2 correction reduces
the branching ratio by about 10%. The branching ratio
B→fXs is predicted to be

Br~B→fXs!5~5.326.0!31025. ~14!

This prediction, as in the case for exclusive decays, is ins
sitive to the phase angleg. The NLO corrections enhance th
branching ratio significantly, similar to the exclusive dec
cases.

The expression for the semi-inclusive decay in Eq.~12!,
on the face of it, has fewer parameters~no dependence on
F1

B→K) compared with the exclusive branching ratios d
cussed earlier. One might think that the prediction
Br(B→fXs) is more certain compared with the exclusiv
cases. However, one should be careful about this becau
the calculation we have only included color singlet and
3S1 ss̄ bound state contribution. There may be other con
butions such as color octet and otherS and P wave states
from ss̄. These contributions are in general smaller than
contributions already considered. One cannot rule out
nificant enhancement at present. However, we can view
color singlet result as a leading contribution that gives
good order of magnitude estimate of the semi-inclusive
cay B→fXs .

In conclusion, we have studiedB→fK andB→fXs de-
cays in the heavy quark limit using perturbative QCD. W
found that the next leading order corrections introduce s
stantial modifications to the leading native factorization
sults ~more than 50%!. The branching ratioBr(B→fK) is
predicted to be in the range@F1

B→K(mf
2 )/0.33#2(3.224.5)

31026 which is within the ones allowed region from the
central value of 6.231026 measured by CLEO, but outsid
the ones allowed region from the central value of 17.
31026 measured by BELLE for reasonableF1

B→K . For the
semi-inclusive decayB→fXs we also included initial bound
4-4
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state effect in the heavy quark limit that decreases
branching ratio by about 10%.Br(B→fXs) is predicted to
be in the range (5.326.0)31025. Future experimental dat
will provide us with more information about these deca
of
cs

e
s,

L

09400
eand about the method based on QCD improved factoriza
approximation.
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