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High energy photon-neutrino elastic scattering
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The one-loop helicity amplitudes for the elastic scattering processgn→gn in the standard model are
computed at high center-of-mass energies. A general decomposition of the amplitudes is utilized to investigate
the validity of some of the key features of our results. In the center of mass, whereAs52v, the cross section
grows roughly asv6 to near the threshold forW-boson production,As5mW . Although suppressed at low
energies, we find that the elastic cross section exceeds the cross section forgn→ggn whenAs.13 GeV. We
demonstrate that the scattered photons are circularly polarized and the net value of the polarization is nonzero.
Astrophysical implications of high energy photon-neutrino scattering are discussed.
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I. INTRODUCTION

The scattering processgn→gn has been studied in th
past using the four-Fermi theory@1#, vector boson theories
@2,3#, the standard model@4,5#, and model-independent pa
rametrizations@6#. At low energies,v!me , wherev is the
energy of the photon in the center of mass andme is the mass
of the electron, the cross section for the elastic scatte
gn→gn is exceedingly small@5#. As it is shown in the Ref.
@7#, the cross section for the inelastic processgn→ggn is
much larger than that of the elastic scatteringgn→gn.
However, with increasingv, the elastic cross section eve
tually exceeds the inelastic cross section. Here, we show
the crossover occurs atv;7 GeV.

Our explicit calculations, performed for high energi
with massless electron neutrinos, show that the scale
gn→gn scattering is set bymW . In fact, the cross section i
effectively independent of the electron mass,me ~except near
forward and backward directions!. Furthermore, since the
weak interaction violates parity, we find a large circular p
larization of the scattered photons.

In the next section, we utilize a decomposition of t
elastic amplitudeA(s,t,u) to obtain the general properties o
and restrictions on the helicity amplitudesAl1l2

(s,t,u).
Section III contains the numerical results for the compl
one-loop helicity dependent differential and total cross s
tions. This is followed by a discussion of the production
circularly polarized photons in high energygn→gn colli-
sions, and an estimate of the temperature at which, du
the thermal evolution of the universe, photons and neutri
decoupled.

II. THE gn\gn ELASTIC AMPLITUDE

The Lorentz-invariant amplitude for the processgn
→gn can be expressed as@8#
0556-2821/2001/63~9!/093001~8!/$20.00 63 0930
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A~s,t,u!5ū~p2!gm~11g5!u~p1!Mmab~«1!a~«2* !b ,
~2.1!

where«1 and«2* are the polarization vectors for the incom
ing and outgoing photons, respectively, and the Mandels
variabless, t, and u are defined bys52(p11k1)2, t5
2(p12p2)2, andu52(p12k2)2. Here, the four-momenta
of the incoming neutrino and photon arep1 andk1 , respec-
tively, with p2 and k2 denoting the corresponding outgoin
momenta. The tensorMmab can be expressed in terms o
four linearly independent, gauge invariant tensorsTmab

( i ) , i
51,...,4 @8,9#

Mmab5M1~s,t,u!Tmab
~1! 1M2~s,t,u!Tmab

~2!

1M3~s,t,u!Tmab
~3! 1M4~s,t,u!Tmab

~4! . ~2.2!

To facilitate the inclusion of the Bose symmetry, which r
quires the invariance of the amplitude under the exchang
the incoming and outgoing photons, we use four tens
Tmab

( i ) which have a definite symmetry under this exchan
For our choice,Tmab

(1) is symmetric, whileTmab
(2) , Tmab

(3) , and
Tmab

(4) are antisymmetric. As a consequence, Bose symm
requires the following relations between the four scalar fu
tions Mi(s,t,u), i 51,...,4:

M1~s,t,u!5M1~u,t,s!, ~2.3!

Mj~s,t,u!52Mj~u,t,s!, j 52,3,4. ~2.4!

In the center-of-mass with massless neutrinos, the c
tractions of the tensorsTmab

( i ) with the neutrino factorjm

5ū(p2)gm(11g5)u(p1) and polarization vectors («1)a and
(«2* )b , result in the following helicity basis@8#:
©2001 The American Physical Society01-1
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Tmab
~1! jm~«1!a~«2* !b52s cos~u/2!@ t~l11l212l1l2!

14sl1l2#, ~2.5!

Tmab
~2! jm~«1!a~«2* !b5st cos~u/2!~l12l2!, ~2.6!

Tmab
~3! jm~«1!a~«2* !b5st cos~u/2!~12l1l2!, ~2.7!

Tmab
~4! jm~«1!a~«2* !b528

s2u

t
cos~u/2!l1l2 , ~2.8!

whereu is the angle between the incoming neutrino, which
moving in the1z direction, and the outgoing neutrino,l1
561 is the helicity of the incoming photon, andl2561 is
the helicity of the outgoing photon. Of these contractio
Eq. ~2.6! is antisymmetric under the exchange ofl1 andl2 .
The other three, Eqs.~2.5!, ~2.7!, and ~2.8!, are symmetric
under this exchange. The imposition of time reversal inva
ance, which implies the symmetry of the amplitude under
exchange ofl1 and l2 , means that the T-violating part o
the helicity basis, Eq.~2.6!, must be excluded.

Using Eqs.~2.1!, ~2.2!, ~2.5!, ~2.7!, and~2.8!, the helicity
amplitudesAl1l2

(s,t,u) can be written as

A11~s,t,u!52s cos~u/2!F2uM1~s,t,u!

24
su

t
M4~s,t,u!G , ~2.9!

A22~s,t,u!52s cos~u/2!F22sM1~s,t,u!

24
su

t
M4~s,t,u!G , ~2.10!

A12~s,t,u!52s cos~u/2!F ~s2u!M1~s,t,u!

1tM3~s,t,u!14
su

t
M4~s,t,u!G ,

~2.11!

A21~s,t,u!5A12~s,t,u!, ~2.12!

where t52 1
2 s(12z), u52 1

2 s(11z), z5cosu, and we
have assumed time reversal symmetry and, therefore, o
ted M2(s,t,u). Notice that Eq. ~2.12! is the result of
T-invariance, not Bose symmetry.

To include the requirements of Bose symmetry, Eqs.~2.3!
and ~2.4!, and also to exhibit the conservation of angu
momentum in the expressions for the helicity amplitud
Eqs. ~2.9!–~2.11!, we define the following two independen
scalar functions:

F~s,t,u!54M1~s,t,u!28
s

t
M4~s,t,u!, ~2.13!
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s

,

i-
e

it-

r
,

G~s,t,u!5M3~s,t,u!22
u

t
M1~s,t,u!14

su

t2 M4~s,t,u!.

~2.14!

The interchange ofs andu in Eqs.~2.13! and~2.14!, together
with the Bose symmetry requirements of Eqs.~2.3! and~2.4!,
result in the following relations:

F~u,t,s!54M1~s,t,u!18
u

t
M4~s,t,u!, ~2.15!

G~u,t,s!52M3~s,t,u!22
s

t
M1~s,t,u!

24
su

t2
M4~s,t,u!. ~2.16!

Using Eqs.~2.13!–~2.16! in Eqs. ~2.9!–~2.11! results in the
following general expressions for the helicity amplitudes:

A11~s,t,u!5sucos~u/2!F~s,t,u!, ~2.17!

A22~s,t,u!52s2 cos~u/2!F~u,t,s!, ~2.18!

A12~s,t,u!5st cos~u/2!@G~s,t,u!2G~u,t,s!#. ~2.19!

In order to ensure the conservation of angular momentum
Eqs. ~2.17!–~2.19!, it is necessary to require that the fun
tionsF(s,t,u), F(u,t,s), and@G(s,t,u)2G(u,t,s)# be non-
singular in the limitu→0 ~backward scattering!. In addition,
the function@G(s,t,u)2G(u,t,s)# must also be nonsingula
in the limit t→0 ~forward scattering!.

From Eqs.~2.17!–~2.19!, it is clear that the interchange o
s andu, results in the following relation:

Al1l2
~s,t,u!5A2l12l2

~u,t,s!, ~2.20!

where, under this interchange, the factors cos(u/2)
5sA2u/s becomesuA2s/u52sA2u/s52s cos(u/2).

We can use Eq.~2.20! as a check of our calculation. T
do this, we must express the helicity amplitudes as functi
of s andu such that these functions remain well defined af
the interchanges↔u. A certain amount of care must b
exercised when performing a numerical check of Eq.~2.20!,
because it is convenient to use the fact thats.0 andu,0
when calculatingAl1l2

(s,t,u). The interchange ofs and u

would seem to move the numerical calculation into the
gion s,0 andu.0 in order to make the comparison. How
ever, no additional calculation is required if one rememb
that each of the diagrams of Fig. 1 has a counterpart in wh
the photons are interchanged. If a particular scalar contr
tion to one of the direct diagrams isf (s,u) the corresponding
crossed diagram will contributef (u,s). When it is assumed
that s.0 andu,0, the result is a functionf 1(s,u) for the
direct diagram and a different functionf 2(u,s) for the
crossed diagram. The functionf 1(x,y) is not defined when
its first variable is negative and its second positive, wh
f 2(x,y) is not defined when its first variable is positive an
1-2
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its second is negative. Since thes↔u interchange essentiall
exchanges the direct and crossed contributions, we can

F~s,u!5u~s!u~2u! f 1~s,u!1u~2s!u~u! f 2~s,u!
~2.21!

for the direct contribution and

F~u,s!5u~u!u~2s! f 1~u,s!1u~2u!u~s! f 2~u,s!
~2.22!

for the crossed contribution. Clearly,F(s,u) andF(u,s) are
well defined for boths.0, u,0 ands,0, u.0.

III. DIFFERENTIAL AND TOTAL CROSS SECTIONS

We calculated the diagrams of Fig. 1 in a nonlinearRj

gauge such that the coupling between the photon, theW bo-
son and the Goldstone boson vanishes@5,10,11#. Using alge-
braic manipulation softwareSCHOONSCHIP@12# and FORM

@13#, the diagrams were decomposed in terms of sc
n-point functions@14,15#, and then checked numerically wit
theFORTRAN codesLOOP @16# andFF @17#. In addition, using
Eqs. ~2.21! and ~2.22!, we demonstrated that our numeric
calculations for the helicity amplitudes, satisfy Eqs.~2.12!
and ~2.20!. To simplify the calculations, we assumed th
s,t,u@me

2. Several of the scalarn-point functions depended
upon ln(me) or ln2(me). However, it turns out that every dia
gram of the Fig. 1 is independent of theme . Due to the
assumptions,t,u@me

2, in general, we do not expect that o
results be reliable near the forward and the backward di
tions, wheret→0 andu→0, respectively.

To study the degree of reliability, and also as a par
check of our calculated helicity nonflip amplitudes near
forward direction, we use the optical theorem, which rela
the imaginary part of the nonflip amplitude for elastic sc

FIG. 1. Diagrams for the processgne→gne are shown. Dia-
gram ~d! gives a vanishing contribution. For each of~a!, ~b!, ~c!
there is also a diagram with the photons interchanged.
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tering in the forward direction to the total cross section
the processgn→W1e2 as

2
1

s
Im All~u50!5sl . ~3.1!

Here,l is the helicity of the photon, andsl represents the
total cross section for a photon of given helicityl, after
summation over the helicities of theW boson and the elec
tron. Our explicit calculation gives

s152&GFaFAl~s,me
2,mW

2 !

s S 11
mW

2

s D S 112
mW

2

s D
1

mW
6

s3 l ~s,mW
2 ,me

2!2
mW

2

s S 12
mW

4

s2 D l ~s,me
2,mW

2 !G ,

~3.2!

s252&GFaFAl~s,me
2,mW

2 !

s S 12
mW

2

s D S 122
mW

2

s D
1

mW
2

s S 12
mW

2

s D 2

l ~s,mW
2 ,me

2!

1
mW

2

s S 12
mW

2

s D 2

l ~s,me
2,mW

2 !G , ~3.3!

where

l~x,y,z!5x21y21z222xy22xz22yz, ~3.4!

l ~x,y,z!5 lnS x2y1z1Al~x,y,z!

x2y1z2Al~x,y,z!
D . ~3.5!

We retain the electron mass in the functionsl(s,mW
2 ,me

2),
l (s,mW

2 ,me
2), and l (s,me

2,mW
2 ) to ensure that the cross se

tions vanish at thresholdAs5mW1me . In the coefficients of
these functions, we have dropped powers ofme

2/mW
2 . The

spin averaged cross section (s11s2)/2 agrees with the re-
sult previously obtained by Seckel@18#.

Both cross sections approach the same constant w
As@mW . Sincel (s,mW

2 ,me
2); ln(mW

2/me
2), each cross section

contains a ln(me
2) term, which our numerical calculation o

All(s,u) will not obtain in the forward direction due to th
assumptions,t,u@me

2. Nevertheless, we can use the optic
theorem to check the high energy behavior of our amplitu
because the ln(mW

2 /me
2) terms in s1 and s2 depend very

differently onmW
2 /s; (mW

2 /s)3 versusmW
2 /s. Indeed, forAs

*200 GeV, and l511, our calculations for the
2Im A11(u50)/s ands1 are in good agreement with Eq
~3.1!, while for l521, the cross sections2 is almost a
factor of two larger than the quantity2Im A22(u 5 0) /s.
However, at higher energies, we find an excellent agreem
with Eq. ~3.1! for both l561 helicities.

Before leaving the subject of the behavior of the nonfl
forward helicity amplitudes, it is worth noting that the exa
1-3



u-

fo

t-
the

for

our

lcu-

to
hat
hen
ere
ns

tion
ch
at-
any

tial

fo

ALI ABBASABADI, ALBERTO DEVOTO, AND WAYNE W. REPKO PHYSICAL REVIEW D 63 093001
value of the forward helicity amplitudeAll(s) can be ob-
tained using the dispersion relation

All~s!5
s2

p E
~mW1me!2

` ds8

s8 S sl~s8!

s82s
1

s̄l~s8!

s81s D , ~3.6!

where s̄l(s) is the cross section in the channelgn̄
→W2e1. It is not difficult to show thats̄l(s)5s2l(s), in
which case we have

All~s!5
s2

p E
~mW1me!2

` ds8

s8 S sl~s8!

s82s
1

s2l~s8!

s81s D .

~3.7!

This expression obeys the symmetry relation~2.20! special-
ized to the forward directiont50,

All~s!5A2l2l~2s!. ~3.8!

To leading order ins, the dispersion integral can be eval
ated and gives

A11~s!5A22~s!

5
&GFas2

pmW
2 F2

3
lnS mW

2

me
2 D 1

1

2G , ~3.9!

in agreement with the low energy result of Ref.@5#. Details
will be presented elsewhere.

In Figs. 2 and 3 we show the differential cross sections
elastic scattering using

dsl1l2

dz
5

1

32ps
uAl1l2

u2, ~3.10!

FIG. 2. The helicity dependent differential cross sections
gn→gn are shown forAs520 GeV. The solid line isds22 /dz,
the dashed line isds11 /dz, and the dotted line isds12 /dz
5ds21 /dz.
09300
r

where,l1 andl2 are the helicities of the incoming and ou
going photons, respectively. Figures 2 and 3 illustrate
identity of the amplitudesA12 andA21 , as required by Eq.
~2.12!. They also show the vanishing of the amplitudes
backward scattering,u5p. However, they do not exhibit the
vanishing of theA12 or A21 in the forward direction,u
50. As we stated earlier we do not, in general, expect
results be reliable near the forward (t→0) and backward
(u→0) directions on a scale;me

2. In our calculations, we
have, for instance, replaced factors such ast/(t2me

2) with 1.
This situation is analogous to that encountered when ca
lating the amplitudes for quark1gluon→quark1photon@19#,
where the existence of the kinematic zeros proportionalt
in the forward direction is obscured by the assumption t
the quarks are massless. A similar phenomenon occurs w
calculating photon-photon scattering in massless QED. Th
certain amplitudes involving spacelike longitudinal photo
fail vanish ask2→0 because factors such ask2/(k21m2)
become 1 in the limitm2→0 @20#.

The total cross sections, for helicitiesl1 and l2 , are
given by

sl1l2
5

1

32ps E21

1

dzuAl1l2
u2, ~3.11!

and are plotted in Fig. 4. Shown in dots is the cross sec
for helicity flip scattering, which can be seen to be mu
smaller than the cross sections for the helicity nonflip sc
tering. This feature seems not to be a consequence of
symmetry, but it is reminiscent of the low energy case (As
!me), where the helicity flip amplitudes vanish@5#. In Fig.
5, we show the total cross section for an unpolarized ini
photon

sgn→gn5
1

2
~s221s111s121s21!. ~3.12!

r FIG. 3. Same as Fig. 2 withAs5200 GeV.
1-4
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FIG. 4. The helicity dependent total cross se
tions for gn→gn are shown. The solid line is
s22 , the dashed line iss11 , and the dotted line
is s125s21 .
o-

ro

g is
hen
he
ion.

nal
n

This figure illustrates the roughlys3 behavior of the total
cross section to near the threshold for theW-boson produc-
tion. A fit to the points in Fig. 5, forme!v!mW , yields

sgn→gn56.7310233S v

me
D 6

pb, ~3.13!

wherev5As/2 is the energy of a photon~or a neutrino!. In
the Ref.@21#, it is shown that the cross section for the pr
cessgn→ggn, in the range of energiesme!v!mW , can
be written as

sgn→ggn51.74310216S v

me
D 2

pb. ~3.14!

Comparison of Eq.~3.13! with Eq. ~3.14! shows that the two
cross sections are equal forv51.273104me or As
513 GeV. Therefore, at sufficiently high energies, the p
cessgn→gn dominates the processgn→ggn.
09300
-

IV. DISCUSSION AND CONCLUSIONS

As shown above, the cross section for elastic scatterin
larger than the cross section for the inelastic scattering w
As*13 GeV. Since the weak interaction violates parity, t
final photons in both processes acquire circular polarizat
In the case of inelastic scattering, it is shown in Refs.@7# and
@21# that the circular polarization is of order 20230 % for
center of mass energies less than 100me .

To assess the degree of circular polarization of the fi
photon in the elastic scattering, we define the polarizatioP
as

P5
s221s122s212s11

s221s121s211s11
, ~4.1!

or, sinces125s21!s22 ,

P.
s222s11

s221s11
. ~4.2!
FIG. 5. The total cross sectionsgn→gn for
unpolarized photons is shown.
1-5
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In Fig. 6, we have plotted the polarizationP as a function of
the center-of-mass energyAs. As is clear from this graph
for a wide range of energies above 1 GeV, the polarizatio
of order 20230 %, while for energies around 200 GeV it ca
reach over 60%. To findP for center-of-mass energiesAs
!2me , we can use the helicity amplitudes in Eq.~4! of Ref.
@5#, to obtainP5 1

3 .
The angular dependence of the the final photon’s po

ization can be obtained fromP(z) defined as

P~z!5
ds22 /dz1ds12 /dz2ds21 /dz2ds11 /dz

ds22 /dz1ds12 /dz1ds21 /dz1ds11 /dz
~4.3!

or, sinceds12 /dz5ds21 /dz,

P~z!5
ds22 /dz2ds11 /dz

ds22 /dz12ds12 /dz1ds11 /dz
. ~4.4!

The polarizationP(z) is plotted in Fig. 7 as a function ofz
5cosu. In this figure, the solid line is effectively unchange
for the range of center-of-mass energies 1 GeV&As
&30 GeV. The dashed curve shows that the forward am
tudesA11(s) andA22(s) are not equal above the thresho
for W production. This is consistent with the dispersion
lation ~3.7!. Also included in this figure is the polarizatio
for the caseAs!2me , which is based on Eq.~5! of Ref. @5#
@P(z)52P(u)#.

It is worth noting that both thes3 behavior of the elastic
cross section and the angular dependence ofP(z) obtained in
the low energy limit@5# persist to energies of ordermW .
This means that a low energy effective interaction of
form @22#

Leff5
1

8p

g2a

mW
4 ATlr

n Tlr
g , ~4.5!

whereTlr
n and Tlr

g are the symmetrical energy-momentu
tensors of the neutrino and the photon, gives an accu
description of elastic scattering to quite high energies.

FIG. 6. The circular polarizationP of the final photon in the
processgn→gn, as defined in Eq.~4.1!, is shown. ForAs!2me

@5#, P is 1
3.
09300
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Finally, to investigate the importance of the reactiongn
→gn in cosmology, we definesn by

sn5
1

nnct
, ~4.6!

wherenn is the neutrino number density~number of neutri-
nos per unit volume!, c is the speed of light, andt is the
expansion time of the universe. Takingnn556 cm23 and t
5153109 yr, we find the present value ofsn to be

sn51.263106 pb. ~4.7!

The mean number of collisions between a photon and r
neutrinos@23# is of ordersgn→gn /sn . From Fig. 5 and Eq.
~4.7! we find that, regardless of the center-of-mass ene
sgn→gn /sn&1027. Therefore, the processgn→gn effec-
tively ceased to occur early in the evolution of the univer

To estimate the time~or the temperature! at which the
decoupling of photons and neutrinos in the processgn
→gn took place, we must determine when the value of
ratio sgn→gn /sn is of order 1,

sgn→gn /sn;1. ~4.8!

To do this, consider the products(pg ,pn)vgn , where
s(pg ,pn) is the cross section for the scattering of a phot
of momentumpW g with a neutrino of momentumpW n , andvgn

is the magnitude of their relative velocity. We define t
average value of this product by

^s~pg ,pn!vgn!5
*dngdnns~pg ,pn!vgn

*dng ,dnn
, ~4.9!

where

dng5
1

~2p!3

2d3pg

eEg /T21
, ~4.10!

FIG. 7. The circular polarizationP(z) of the final photon in the
processgn→gn, as defined in Eq.~4.4!, is shown. The solid and
the dashed lines are polarization for the center of mass energie
20 and 200 GeV, respectively, while the dotted line is forAs
!2me , which is taken from Ref.@5#.
1-6
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dnn5
1

~2p!3

d3pn

eEn /T11
. ~4.11!

Here,Eg andEn are the energies of the photon and neutrin
respectively, and the factor 2 in Eq.~4.10! is due to the
number of helicity states of the photon. After performing t
integration in the denominator of Eq.~4.9!, we obtain

^s~pg ,pn!vgn&5
1

ngnn
E dngdnns~pg ,pn!vgn ,

~4.12!

whereng andnn , the number densities for the photons a
neutrinos, respectively, are

ng5
1

~2p!3 E 2d3pg

eEg /T21
5

2z~3!T3

p2 , ~4.13!

nn5
1

~2p!3 E d3pn

eEn /T11
5

3z~3!T3

4p2 . ~4.14!

Using the invariance ofs(pg ,pn)vgnEgEn , the product
s(pg ,pn)vgn can be expressed in terms of the cross sec
sc.m. in the center-of-mass as

s~pg ,pn!vgn5sc.m.

2Ec.m.
2

EgEn
, ~4.15!

wheresc.m.5sgn→gn is given by Eq.~3.13! with v5Ec.m..
The center-of-mass energyEc.m. for a photon~or a neutrino!
in terms ofEg , En , andugn , the angle betweenpW g andpW n ,
is

Ec.m.5AEgEn sin~ugn/2!. ~4.16!

Therefore, Eqs.~3.13!, ~4.15!, and~4.16! give

s~pg ,pn!vgn56.7310233
2Eg

3En
3

me
6 sin8~ugn/2!pb.

~4.17!

Using this result in Eq.~4.12! and performing the integra
tion, we find

^s~pg ,pn!vgn&56.7310233
124
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p12

@z~3!#2

T6

me
6 pb.

~4.18!
c.

s.,
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,

n

The average number of collisions that a photon ma
with neutrinos through the processgn→gn during the time
t is

Ng5^s~pg ,pn!vgn&nnt. ~4.19!

Similarly, the average number of collisions that a neutri
makes with photons through the processgn→gn during the
time t is

Nn5^s~pg ,pn!vgn&ngt. ~4.20!

For the duration time, we take an expansion time, which
given by @24#

t5
231020

T2 s, ~4.21!

whereT is the temperature in Kelvin. To estimate the tem
perature at which the thermal decoupling of the photons
neutrinos took place, we use the criterion

max@Ng ,Nn#;1. ~4.22!

It is clear from Eqs.~4.13! and~4.14! thatng.nn , and from
Eqs. ~4.19! and ~4.20! that Ng,Nn . Therefore, Eq.~4.22!
gives

Nn;1. ~4.23!

Using Eqs.~4.21!, ~4.13!, ~4.18!, and~4.20!, we find

Nn52.5310292T7. ~4.24!

Thus, from Eq.~4.23! we find the decoupling temperatur
T;1.231013K, or T;1 GeV. This translates into an expan
sion time of about 1.431026 s. The temperatureT;1 GeV
corresponds to a center-of-mass energyAs;2 GeV, which is
well within the range of validity of Eq.~3.13!.
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