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Inflation and nonequilibrium thermodynamics for the fluctuations in the infrared sector
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In the framework of inflationary cosmology I study some aspects of nonequilibrium thermodynamics for the
matter field fluctuations. The thermodynamic analysis is developed for de Sitter and power-law expansions of
the universe. In both cases, I find that the heat capacity is negative leading respectively, to exponential and
superexponential growth for the number of states in the infrared sector for de Sitter and power-law expansions
of the universe. The spectrum for the matter field fluctuations can be understood from the background effective
temperature at the horizon entry.
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Since inflation stretches microscopic scales into as
nomical ones, it suggests that the density perturbations w
provide the seeds for galaxy formation might have origina
as microscopic quantum fluctuations@1,2#.

A promising approach towards a better understanding
these phenomena is the paradigm of stochastic inflation.
most widely accepted approach assumes that the inflatio
phase is driven by a quantum scalar fieldw with a potential
V(w). Within this perspective, stochastic inflation propos
to describe the dynamics of this quantum field on the basi
a splitting ofw into homogeneous and inhomogeneous co
ponents. Usually the homogeneous component is interpr
as a classical field that arises from a coarse-grained ave
over a volume larger than the horizon volume, and plays
role of a global order parameter@3#. All information on
scales smaller than this volume, such as the density fluc
tions, is contained in the inhomogeneous component. Du
inflation vacuum fluctuations on scales less than the Hub
radius are magnified into classical perturbations in the sc
fields on scales larger than the Hubble radius. The primor
perturbations arise solely from the zero-point fluctuations
the quantized fields. Although the region which ultimate
expanded to become the observed universe may have
tained excitations above the vacuum, these excitations w
not have any significant effect on the present state of
universe because a sufficiently large amount of the infla
would have redshifted these excitations to immeasura
long wavelengths. The zero-point fluctuations, on the ot
hand, have arbitrarily small wavelengths, indeed they
most significant at very small length scales. The zero-po
fluctuations are imperceptible because of their short wa
lengths, but the process of inflation can stretch these wa
lengths to macroscopic and eventually to astronomical
mensions. Hence, the density perturbations should
responsible for the large scale structure formation in the u
verse.

In this paper I am interested in the study of the termo
namical properties of matter field fluctuations in the infrar
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~IR! sector. Some thermodynamical researchs were de
oped recently in the framework of the density topology
the spacetime foam@4# and the quantum structure of Schwa
schild black holes@5#. During inflation this sector varies th
number of degrees of freedom. This is an unstable se
which describes the universe on a scale much larger than
observable universe. A natural consequence of this appro
is the self-reproduction of universes and the return to a g
bal stationary picture. For inflation the simplest assumpt
is that there are two scales: a long-time, long-scale associ
with the vacuum energy dynamics, and the short-time, sh
distance scale associated with a random force compon
The Hubble time 1/H, separates the two regimes.

The dynamics of a scalar field minimally coupled to
classical gravitational one is described by the Lagrangian

L~w,w ,m!52A2gF R

16p
1

1

2
gmnw ,mw ,n1V~w!G , ~1!

whereR is the scalar curvaturegmn are the components o
the metric tensor~with m,n50,1,2,3).

The equation that describes the fluctuations during
inflationary phase is@6,7#

f̈2
1

a2
¹2f13Hcḟ1V9~fc!f50, ~2!

whereV9(fc)[]2V(w)/]w2ufc
. Here, the semiclassical ap

proachw(xW ,t)5fc(t)1f(xW ,t) was taken into account to de
scribe the quantum fluctuationsf(xW ,t), with ^0uwu0&
5fc(t) and ^0ufu0&50. Here, u0& denotes the vacuum
state. Furthermore,Hc(fc)5ȧ/a is the Hubble paramete
anda is the scale factor of the universe. During inflation, t
universe is acceleratedä.0 and the inflation ends whenä
;0. Equation~2! describes the matter field fluctuations~up
to nonlinear terms inf), on a globally homogeneous an
isotropic background spacetime described by a Friedma
Robertson-Walker metric

ds252dt21a2~ t !dx2. ~3!

Equation ~2! can be simplified by means of the mapf
5e23/2*Hcdtx
©2001 The American Physical Society01-1
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ẍ2a22@k0
2~ t !2k2#x50, ~4!

where

k0
2~ t !5a2F9

4
Hc

21
3

2
Ḣc2V9@fc~ t !#G ~5!

is the time-dependent wave number that separates the i
red and the ultraviolet sectors, which describe the two
evants scales during inflation. Sincek̇0(t).0, during infla-
tion new and new modes enters in the infrared sector s
that in this sector the frequencyvk holds

vk
2~ t !52a22@k0

2~ t !2k2#,0. ~6!

As in previous works@7,8# one can write the redefined matt
field fluctuations in the infrared sector by means of a Fou
expansion which selects the long wavelengths modesxk

5eikW•xWjk(t) ~for k!k0)

xcg5
1

~2p!3/2E d3k u~ek02k!@akxk1a†xk* #. ~7!

Thus, the coarse-grained fieldxcg describes the matter fiel
fluctuations on the infrared sector. Here,e!1 is a dimen-
sionless parameter andak

† ,ak are the creation and destructio
operators with the algebra@ak

† ,ak8
†

#5@ak ,ak8#50 and

@ak ,ak8
†

#5d(k2k8). The quantum to classical transition o
the matter field fluctuations in the infrared sector is w
known @7,9–11#. The fieldxcg can be considered as classic
when the time dependent modes of this sector holds the
dition uIm@jk(t)#/Re@jk(t)#u IR!1.

The problem of the increasing number of degrees of fr
dom for the matter field fluctuations in the infrared sector
the context of thermodynamics is not well studied. To ma
a thermodynamic description for the fluctuations in the inf
red sector we can introduce the partition functionZ(b)

Z~b!.E
0

ek0 d3k

~2p!3
e2bvk(t)

5E
vk50

vek0
dvkr~vk!e

2bvk, ~8!

whereb21 plays the role of the background ‘‘temperature
and vk is the relevant frequency given by Eq.~6!. Further-
more, I denote the squared frequency with the cut off wa
numberek0 by vek0

2 52a22@k0
2(12e2)#. Here, e is a di-

mensionless parameter given byk/k0!1. In the framework
of stochastic inflation the background is well represented
the ultraviolet sector, wherevk

2.0. In the semiclassica
limit the frequencyvk plays the role of the energy for eac
mode with wave numberk. We are interested in the infrare
sector. In this sector the wave numbers are very small w
respect tok0 (k!k0), and the frequencyvk is imaginary
pure (vk56 iuvku). As we will see later, the parameterb is
also imaginary pure and thus the argument of the expone
08730
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in Eq. ~8! remains real. The functionr(vk) gives the density
of states with frequencyvk on the infrared sector

r~vk!5
1

~2p!3 Ud3k

dvk
U5 k2

2p2 U dk

dvk
U, ~9!

where ud3k/dvku is the Jacobian of the transformation, s
that

Udvk

dk U5 @k0
21a2vk

2#1/2

a2uvku
, ~10!

whereuvku5@vkvk* #1/2 and the asterisk denotes the compl
conjugate. The density of states with frequencyvk is given
by

r~vk!5
1

2p2
@k0

21a2~ t !vk
2#1/2uvkua2~ t !. ~11!

The thermodynamics for systems with exponentially grow
of density of states was first considered by Hagedorn in
framework of the hadron mass spectrum in bootstrap mo
@12,13#. Energy added to a system can go either into incre
ing the energy of existing states or into creating new sta
In the case of the matter field fluctuations in the infrar
sector new states are created from the ultraviolet sector.

The ‘‘temperature’’ and the heat capacity are given by

b5U ] ln@r#

]vk
I

k5ek0

, ~12!

CV52b2F ]2ln@r#

]vk
2 G21U

k5ek0

. ~13!

The condition that the density of states rises superexpon
tially is precisely that the second derivative in Eq.~13! be
positive, andCV thus be negative. Systems with negati
heat capacities are thermodynamically unstable. They
placed in contact with a heat bath and will experience r
away heating or cooling. If the density of states grows ex
nentially, an inflow of energy at the Hagedorn temperat
goes entirely into producing new states, leaving the temp
ture constant. If the density of states grows superexpon
tially, the process is similar, but the production of new sta
is so copious that an inflow of energy actually drives t
temperature down. To simplify the notation, in the followin
I will denotevek0

asv. For inflationary models one obtain
in the infrared sector

CV5
2m4~v2m21m412v4!

v4~m21v2!4
, ~14!

wherem25k0
2/a2. Furthermore, the inverse of the effectiv

temperature is
1-2
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b.7 i
m2

uvu~m21v2!
. ~15!

In the case we are studying, the ‘‘thermal bath’’ is describ
by the ultraviolet sector, but it is not trully thermalized.
the framework of supercooled inflation,b21 it is not a true
temperature. Thus, it is imaginary pure. Furthermore, the
rameterb describes the environment of the infrared sect
here characterized by the ultraviolet sector. The quantum
ture of the matter field fluctuations in the ultraviolet sector
another motivation for the parameterb to be imaginary pure.

Furthermore, the heat capacity gives information ab
the evolution of the infrared sector, which is an unsta
sector. If CV.0, the system distributes its energy in th
existent states. The inverse situation describes a sys
which increments very rapidly the number of states.

Thermodynamics for a de Sitter expansion. As a first ex-
ample I will consider a scale factora;eH0t, whereH0 is the
Hubble parameter. For a de Sitter expansion this paramet
constant. In a de Sitter expansionm25n2H0

2, wheren25 9
4

2m2/H0
2. The density of states is given by

r~vk!.
1

2p2
uvku@n2H0

21vk
2#1/2e3H0t. ~16!

From Eq.~12! one obtains the inverse of the effective tem
perature for a de Sitter expansion

b.7 i
1

nH0e2A12e2
.7

i

nH0e2
, ~17!

which is imaginary pure and does not depends on time. F
thermore, the heat capacity is@see Eq.~13!#

CV.
2~212e423e2!

~e2nH0!4~12e2!2
.22~bb* !2. ~18!

Note that the heat capacity is negative but constant. T
means that, as we put energy into the infrared secto
greater and greater proportion of it is employed in the ex
nential production of new states rather than in increasing
energy of already existing states.

Thermodynamics for a power-law expansion. Now we
consider the case where the scale factor evolves asa;tp. In
this case the Hubble parameter isHc5p/t and the effective
squared mass parameter becomes@7#

m2~ t !5t22@ 9
4 p22 15

2 p12#. ~19!

The density of statesr(vk) is

r~vk!.
uvku

2p2
@K2t221vk

2#t3p, ~20!

whereK5A 9
4 p22 15

3 p12. Inflation holds whenK.0, i.e.,
for p.3.04. Hence, the inverse of the effective temperat
of the infrared sector is@see Eq.~12!#
08730
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b.7 i
t

Ke2A12e2
.7

it

Ke2
. ~21!

Furthermore, the heat capacity is obtained from Eq.~13!

CV5
2~212e423e2!t4

~Ke2!4~12e2!2
.22~bb* !2. ~22!

The expression~22! for CV becomes more and more negati
with time, due to the unstability of the infrared sector duri
inflation. As was demonstrated in a previous work@7#, in a
power-law expansion for the universe the inflaton poten
suppresses the dispersion of the quantum fluctuations
power-law expansion for the universe. This result coincid
with the quantum field prediction and could be responsi
for the very rapidly decreasing of the heat capacityCV .

General comments. If ( bb* )21/2 is the zero mode tem
perature~or background temperature!, the squared infrared
matter field fluctuations when the horizon entry will be

^fcg
2 & IR.

e6

6p2~bb* !3/2
@jk50~ t !#2u t5t

*
, ~23!

wheret* is the time when the horizon entry andjk50(t) is
the solution for the zero mode equation of motionj̈0
2(e2/bb* )j050, so that the amplitude for primordia
power density perturbations should be a function of the ba
ground temperature. In other words, ifPfcg

(t* )5udku2 is the
power spectrum for the matter field fluctuations, such t
^fcg

2 & IR5*0
ek0(dk/k)Pfcg

, hence the density perturbation

can be written asudku5A(t* ) kn (n53/2), which agree
with the best-fit slope of Cosmic Background Explor
~COBE! data:n51.260.3. A best approximation could b
obtained from the exact solution for the equation for t
modes:j̈k1@k2/a22e2/(bb* )#jk50.

To summarize, note that in the cases developed here—
Sitter and power-law expanding universes—the heat capa
is negative. This is because the density of states in the in
red sector grows exponentially or superexponentially dur
inflation. Hence, the increasing rate of states in the infra
sector is more copious than the inflow of energy in this s
tor. Rather an increasing energy density, an increasing
uCVu ~for CV,0), gives a superproduction of the number
degrees of freedom in the infrared sector. The interesting
is that in the both cases here studied one obtainsm2(bb* )
.e2 andCV.22(bb* )2. The main difference founded in
the examples here studied is that the heat capacity in
power-law expansion model decreases very rapidly.
course, the mechanism for this suppression must be un
stood from the thermodynamic analogy due to systems w
imaginary temperatures and those with negative heat cap
ties occur in different contexts@4,14–16#, but their thermo-
dynamic behavior has a common physical basis. The im
nary nature ofb can be a consequence of the quantum nat
of the matter field fluctuations in the infrared’s environme
~i.e., of the ultraviolet sector!. The temporal dependence fo
b andCV in the power-law expansion is due to the intera
1-3
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tion of the inflation field, which manifests itself in the equ
tion of motion ~4! for the quantum fluctuations through th
time-dependent mass parameterm(t)[k0 /a;t21. This ef-
fect generates—for a power-law expanding universe—a
perexponential increasing for the number of degrees of f
dom ~i.e., the number of states! in the infrared sector, rathe
a exponential increasing of states founded in a de Sitter
panding universe due tob andCV remain constant. So, in
power-law expanding universe the production of new sta
is so copious that an inflow of energy actually drives t
y

-
.

t.

ys

08730
u-
e-

x-

s

background temperature (bb* )21/2 down asymptotically to
zero, meanwhile in a de Sitter expansion the inflow of ene
go entirely into producing new states, leaving the ba
ground temperature constant.

Finally, super Hubble matter field fluctuations with neg
tive heat capacity during inflation describes exponential
superexponential growth of the number of states, which
characteristic of nonequilibrium thermodynamical system
It shows that a more dynamical approach to the statist
mechanics of inflation might be necessary.
ky,

.
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