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Effect of spin on the quantum entropy of black holes
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By using the Newman-Penrose formalism and 't Hooft brick wall model, the quantum entropies of the
Kerr-Newman black hole due to the Dirac and electromagnetic fields are calculated and the effects of the spins
of the photons and Dirac particles on the entropies are investigated. It is shown that the entropies depend only
on the square of the spins of the particles and the contribution of the spins is dependent on the rotation of the
black hole, except that different fields obey different statistics.
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[. INTRODUCTION even if we consider both leading and subleading corrections

Since Bekenstein and Hawking found that black hole en{31]. However, the question whether or not the result is valid
tropy is proportional to the event horizon area by comparindor stationary axisymmetric black holes, say the Kerr and the
black hole physics with thermodynamics and from the dis-Kerr-Newman black holes, still remains open.
covery of black hole evaporatiofl—3], much effort has On the other hand, L[32] studied the entropy of the
been devoted to the study of the statistical origin of blackDirac field in the Reissner-Nordstro black hole by the
hole entropy[4—27]. 't Hooft [4] proposed a “brick wall” BWM and he declared that the entropy depends on the linear
model(BWM) in which he argued that black hole entropy is term of the spins of the particles. However, the expressions
identified with the statistical-mechanical entropy arisingPresented in the Ref32] are only valid for each component
from a thermal bath of quantum fields propagating outside?f the Dirac field. The total entropy of the black hole due to
the horizon. In order to eliminate the divergence which apthe Dirac field does not include linear spins terms because
pears due to the infinite growth of the density of states closéhe entropy should be the sum of the four components of the
to the event horizon, 't Hooft introduces a “brick wall” fields and then the terms for the spins cancel each other. Liu
cutoff: a fixed boundar®,;, near the event horizon within the and Zhad33] calculated the entropy of the Dirac field in the
quantum field does not propagate and the Dirichlet boundarﬁe”'Newman black hole but they did not consider the sub-
condition was imposed on the boundary, i.e., the wave funcleading terms. How do the quantum entropy relate to the
tion ¢=0 for r=r(3;,). The BWM has been successfully spins of the Dirac particles also is an interesting question and
used in studies of statistical-mechanical entropy arising fronshould be studied deeply.
scalar fields for static black holdg,11,16,22 and the sta- The purpose of this paper is to investigate effects of the
tionary axisymmetric black holg23,24. spins of the photons and Dirac particles on the statistical

For the electromagnetic field case Kapa8] studied en- entropy by deducing expressions of the statistical-
tropy in Rindler space and found an unexpected surface terfiechanical entropy arising from the electromagnetic and the
which Corresponds to partide paths beginning and ending aﬁ)irac fields in the four-dimensional Kerr-Newman black
the event horizon. This term gives a negative contribution tdoles. The paper is organized as follows. In Sec. II, the Dirac
the entropy of the system and is large enough to make théeld equations are decoupled by introducing the Newman-
total entropy negative at the equilibrium temperature. HowPenrose formalism and then the quantum entropy of the
ever, lellici and Morett[zg] proved that the surface term is Kerr-Newman black hole due to the Dirac field is calculated
gauge dependent in the four-dimensional case and therefoRy using 't Hooft's BWM. In Sec. Ill, we deduce an expres-
can be discarded. Cognola and Leck20] studied the sion of the statistical-mechanical entropy of the Kerr-
statistical-mechanical entropy in Reissner-Nordstrolack ~ Newman black hole arising from the electromagnetic field by
hole spacetime. They showed that there is no such surfadsing the same method as in Sec. Il. The last section is de-
term by applying the BWM, and they found that the leadingvoted to discussions and conclusions.
term of the entropy for the electromagnetic fields is exactly
twice the one for a massless scalar field. The result can be

. . . Il. STATISTICAL-MECHANICAL ENTROPY
extended to the general static spherical static black holes

OF THE KERR-NEWMAN BLACK HOLE DUE
TO THE DIRAC FIELD

*Email address: jliing@hunnu.edu.cn We now try to find an expression of the statistical-
"Email address: mylan@ustc.edu.cn mechanical entropy due to the quantum Dirac fields in the
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Kerr-Newman black hole. We first express the decoupled
Dirac equation in Newman-Penrose formalism, then we seek
the total number of modes with energy less tlamand after _ —,
that we calculate a free energy. The statistical-mechanical O Qi P ecig =0, (2.9
entropy of the black hole is obtained by variation of the free
energy with respect to the inverse temperature and settinghere \2, is the mass of the particle which will be set to
B=B- S _ _ zero in this paper for simplicity, and the mati, , is de-

In Boyer-Lindquist coordinates, the metric of the Kerr- 4.4 a5
Newman black hol¢34,35 is described by

i A ~C’ —
O'AB,P;i+|,U,Og SCrBr—O,

A—a?sir? 0 asin? 6(r2+a’—A) oo m
g’[t:_—a gt == ’ UAB’Z_ i i (26)
s ¢ 3 J2Im n
3
0 =1 9pp=3, When we let
PO _ e i(Et-mg) pl_ —i(Et-mg)
(r?+a?2-Aa’sirf 6\ pi Vi
Upo= s Sirf 6, (2.2 _ . _
QO: $2187|(Et7m¢), le _pl’bzzefl(Etfmw),
with
(E=const m=cons} 2.7
S=r?+a?cos 0, A=(r—r.)(r—r_), (2.2
with
wherer ., =M = \M?—Q?—a?, andr, , M, Q, anda repre-
sent the radius of the event horizon, the mass, the charge, _ _ .
and the angular momentum per unit mass of the black hole, Y11= R-12(1) 0 -172(0), 127 R1/2(1) 0 1 172(0),
respectively.
In order to express the Dirac equation in the spacetime  #21=Ri1/2(1)O_1/5(0), #11=R_1/5(r)0 1 1/5(6),
(2.1) in the Newman-Penrose formalism, we take covariant
components of the null tetrad vectors as . ) .
we get the following decoupled Dirac equatidi36]:
1 .
l“:K(A’ —%, 0, —aAsir ), DoAD LR 1) =N2R, (1),
1 . ADI DoR_ 1) =N2R_15(T),
— L1510 1 172(0) +N20 ;1 6) =0,
mﬂz—i[iasinﬁ, 0, -3, —i(r®+a?sind], ) ,
V2 LipL1® 1 0) N0 _10)=0, (29
— P oo o with
m,=——=[—iasing, 0, —%, i(rc+a%siné].
V2
d iK r—m
29 Da= gt 5t 5
The nonvanishing spin-coefficients can then be written as
(36,37 .
pr— 1% B |Kle2 r—m
1 p cotd iap?sing "Tar A NTA
P Tiacose’ P~ 22 T 2
J
— — =—+K,+
iappsing p?pA £n a6 Kz+ncotd,
T= — , = ,
2 2
J
— LI=——K,+ncotd, 2.1
pp(r—M) — n= g R2 (2.10
’y:M'FT, a=77'—,8. (24)
whereK;=(r?>+a?)E—maandK,=aE sin—msin 6. The
The Dirac equation in a curved spacetime is given by Egs. (2.9 can be explicitly expressed as
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d’R, dR, KZ—2isKy(r—M) 1
M) i —\2 = -4 =
A a2 +3(r—M) ar +| 2s+4isrE+ A AN |Rs=0|s +2 ,
2 dR, K2 2isKy(r—M) 1
S b (r=—M)— i o2 T \2R= S
A a2 +(r M)dr +| +4isrE+ A A N |Rs=0 (s 2),
d?0, do, o m? 2smcosé — ) 1
+cotd——+| 2maE—aE? sir? §— — +2asEcosf+ ——————s—scot“0+\“|O,=0 | s=+ =],
d6g? do sir? 6 sir? 6 2
d?0, do, n . 2 2smcosé PR 1
> tcotd——+ 2maE—a%E? sir? §— — +2asEcosf+ ————+s—s°cot“0+\“|0O,=0|s=—=|;
de de sir? 0 Sir? 9 2
(2.1)

here and hereaftes= + ; represents the spin of the Dirac particles. For explicit calculation of the free energy we adopt the
following WKB approximation. We now rewrite the mode functions as

Rapa(r)=Ruyp(r)e
0.1/ 0)=0 . 0)e (2.12

and suppose that the amplitud@s ;,,(r) and® . ,,,(6) are slowly varying functions:

1 dR.yp 1 d%R.p 5
= d— <|kr|v = 2 |kr| )
Reap r w1 dr
1 dO.y, 1 d?8.y,
= — | <k |=————|<lk® (2.13
0., O O.qp dr

Thus, from Egs(2.8) and(2.11) we obtain

[(r’+a?)E-ma]® 1 2

Y1 K[ E,mkg(0),r,60]°=

( 2maE—aE? sir? 60—

+_
A2 A si? 9
) 2smcosé ) 1
—Kke(0)?+2saEcos§+ ————+s—s?cof | | s=— =], (2.19
sir? 6 2
[(r’+a?)E—-mal® 1 _ 2
: ki JE,m,kq(8),r,0]>= + —| 2maE—a%E?sir? 6—
P12t ked s(0),r,0] A2 A 20
5 2smcosé ) 1
—k¢(0)%+2saEcosf+ ————+s—s?cof 0| |s=+=], (2.19
sir? 0 2
[(r’+a?)E—-mal® 1 _ 2
: ko [E,m,kg(8),r,0]%= + —| 2maE—a%E?sir? 6—
thor: Kadl s(6),r,6] A2 A S0
5 2smcosé ) 1
—ke(0)?+2saEcosf+ —————s—s?cof | | s=— =], (2.16
sir? 6 2
[(r’+a?)E—-mal®> 1 _ 2
- kKod E,m,Kg(6),1,0]%= + —| 2maE—a’E?sir? 6—
thoot Kod s(6),r,0] A2 A R
5 2smcosé ) 1
—kg(0)%>+2saEcosf+ —————s—s?cof 4| | s=+ = |. (2.17
sir? 6 2
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Therefore, for each componen; of the Dirac field the
number of modes witle, m, andk, takes the fornj38]

PHYSICAL REVIEW D 63 084028

distanceh from the event horizom .. There is also an in-
frared cutoffy;; =0 atr=L with L>r .

It is known that “a physical space” must be dragged by
the gravitational field with an azimuth angular velocfdy,
in the stationary axisymmetric space-tifi39]. Apparently, a
quantum Dirac field in thermal equilibrium at temperature
1/8 in the Kerr-Newman black hole must be dragged too.
Therefore, it is rational to assume that the Dirac field is ro-
here we introduce the 't Hooft brick-wall boundary condi- tating with angular velocity),= Q) near the event horizon.
tion. In this model the Dirac filed wave functions are cut off For such an equilibrium ensemble of states of the Dirac field,
outside the horizon, i.e;;=0 atX, which stays at a small the free energy can be expressed as

1 L
nij[E’mlks(a)]: ;f dafrH+hdrkij[E,m,ks(0),r’0];
(2.18

Bszde'dpgf dn(E,m,p,)In[1+e F(E=2om)]

=Jdmfdp,,j dn(E+Qom,m,p,)In(1+e )

:_ﬁf dedpoJ n(E+QOm,m,p0)dE

efE+1
n(E)
:_BJ’ eBE+1dE’ (2.19
with
n(E)=ZS fdmf dks(a)fnij[E+Qom,m,ks(a)], (2.20
where the functiom(E) presents the total number of modes with energy less Ehan
It is interesting to note that Eq&2.14—(2.17) can be rewritten as
2
N _grrg(p(p 2 g’[z(p ks( 6)2 m S ngpqp cosd
kp=\/ ——— 5| (E-mQ)"+| gyu— — T == :
gttg<p<p_gt(p g‘D‘P Yoo g(p(p oY) SIrT2 0
s s vz 1
+— 1—9—‘9_“D)col2 6— —(1—2aEcosb) <s=——>, (2.21
900 Qg SIN? 6 90 2
— 2
_grrg<p<p 2 gtch ks( 0)2 m S g(p(p COSH
kiz= \/ = 5| (E=mQ)*+| g = = ="
Gt9ee— Oty Yeo/| 900 \Ngg,  ggpsin? o
1/2
s? s 1
+ — 1—9—“’_*" cof 6— —(1—2aEcosb) s=+ =, (2.22
9o QpgSI? 0 00 2
2
N _grrg<p<p 2 gtzgp ks( 0)2 m S Vgtpqo coséd
ko= \/ ——— 5| (E-mQ)+| gy— — === :
gttg(pqo_gtgo g‘P‘P Yoo g(p(p oY) S|n2 0
32 g(P‘P S 1/2 1
+—|1- —*—|cof 6+ —(1+2aE cosb) s=— =], (2.23
9o Qg SI? 6 06 2
— 2
_grrg<p<p 2 gtch ks( 0)2 m S g(p(p COSH
ko= \| | (E=mQ)*+ | gy = =
Ot9pe— Oty Yeo/| 900 \Ngg,  ggpsin’ o
2 Oos S 1/2 1
+ —| 1- —2%—|cot 6+ —(1+ 2aE cosb) s=+=]|. (2.29
900 QpgSI? 0 00 2
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In the above equations functidd=—g,,/g,, and its value on the event horizon is equaklq . Thus, we have

nll(E)=%f dofr;hdrfdmf dke(6) ky E+Qom,m,k(6)]

1 e dry—g
:Efdefr h 2 g 5 5 2[E2+
) Ot — %) 1+—W (©~9%)

g‘P‘P gttg<p<p_ g'[2<p
9pe2(0-0p)?
gttg<p<p_ gt(p

1 = dry—g 3E 95
”3_f dHJ 2 Es"‘? [ a—
m r.+h gt2<p g(P‘PZ(Q,QO)Z
Qu— o || 1+ ————%
g(P(P gttg<p<p_gt(p
s’ Jog
- 1_—
Yoo Qgg SIN? 0

} 312

s ( Os
_ 1_—
90 Qgg SIN? 6

s
)col2 60— —(1—2aEcos#)
Yoo

Yoe2(0-0p)2
x| 1+ ——

2 ] ) (2.2H
gttg<p<p_ g'[(p

S
)cot2 60— —(1—2aE cos#)
Yoo

1 L

n21(E)=;J cmfr +holrf de k() Ky E+Qom,m.ky(6)]
1 r dry—

~57) 9" ; 2[E2+

m r4+h o, Jee2(0-0)2

Qg | 1t %

9o¢ gttgga(p_gt‘p

Yee2(0-0g)2
X| 1+ —

Ot — g_w

gﬁo)

2
s s
( 1- &) cof 6+ g—(1+ 2aE cosb)
00

] 3/2

gttgw_gt2<p Yoo geesmz 0
1 'e dl’\/—g 3 3E gt2<p
m ryth 9, Jpp2(0-0,)2 9pe
O~ || 1+ ———
Yoo 9t9¢e— Jte
Yoo2(2-0g2 || S? s
x(1+—w - ) —(1—9—“’.“’)00'@ 6+ — (14 2aE cos6) ] (2.26
gttg(pcp_gt¢ Y00 gg93|n2 6 Yoo

n.,(E) takes same form as,;4(E) but with different value, so doas,,(E) with n,;(E). In above calculations the integrations
of the m andk,(6) are taken only over the value for which the square rodtgfE + 2 om, m,kg( 6)]? exists.
Insertingn;; (E) listed above into Eq(2.20 we get

N(E)=n411(E) + Ny E) + Ny (E) + Ny E)

4 ‘ dry— 3E :
:3_j dQJE < 2[E3+7(gtt_%>
r ry+h gIZ‘P g‘P‘PZ(Q—Qo)Z
Qu— 5 || 1+ ———%
g‘P‘P gttg<p<p_gt<p

Jpe20-0p2 || 2
x(1+L°;> —(1— g"’_‘p )cotze
gtlg(p(p_gttp 9oo g(ggsn"lza

} : (2.27)
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We should note that although there are terms ahds? in 7A 7
each component of the modes; , the total number of the SDz—HZ— 720
modes only depend on quadratic tersfssince all linear 96me

terms ofs counteracts each other.

2
Taking the integration of the in Eq. (2.27) for the case Xf del Godee {‘9 g" 349" dinf
e

_+_ _
gr2 2 dr or

Qo=Qy we have

rr

4 3 14 L
n(E)=—(ﬁ) Jda[\/gwgw[ﬁ%—cu,a)lnﬁ

4ar

_Z_W(LM+L%)_@(1%)Z
] BN\ Gas I Qg Y folar gy, r
r

+

2
25°E [ By Yee Xlné-l-S—J de| v ( —&)
k) / _ e 96690| 1 ;
T (477)fd6 gwgw(l Qgg SIN? 0 € 6 o QgoSIT 0
cot 9 L % cot’ ¢ Iné (2.3
X 900 Inﬁ, (228 g(ﬂi €

M

Substituting the metri€2.1) into Eq. (2.31) and then taking

the integrations of thed we find that the statistical-

mechanical entropy of the Kerr-Newman black hole due to
99" 399" dinf the Dirac field is given by

with

C(r.6)= or2 +2 ar or
< 7 Ay 1 3Q?
o (i&g% =S &g“’) °“2\4grez 45| " a2
BuVElGas I Gy, Ir
2, .2
r<+a a A
2956 7 [ 96| |? (2.29 x| 1+ ;r arctar(r— In—)
folor\ge,/]’ ' + + €

r’ +a? a
1- arctan —
ar r

+ +

A
In:, (2.32

2
s
+ J—
wheref=—0g;(gu— 91p2/9q)- 6
Substituting Eq(2.28 into Eq.(2.19 and then taking the

integration overE we find the total free energy 3 . o .
whereAy=4m(r7. +a°) is the area of the event horizon.

=7

B Bn
BF= 16x360

3
F) lIl. STATISTICAL-MECHANICAL ENTROPY OF THE
KERR-NEWMAN BLACK HOLE DUE TO THE
ELECTROMAGNETIC FIELD

rr

1 99 L
Xj d@[ \/ggggw(ﬁ ﬁ—r—C(r,G)InH)

s [ B
‘ﬁ(?) J a0

cot 9
X

e

We now use the same procedure to study statistical-
mechanical entropy due to quantum electromagnetic fields in
Joa (S the Kerr-Newman black hole. In the Newman-Penrose for-

9oe9e| 1~ Gy Sir 6 malism, the antisymmetric Maxwell tensér,, is replaced
o0 by the complex scalarg; [37]. Substituting spin coefficients

L into Maxwell equationsF| =0 andF%’=0, and then

I (230 letting

M

M+

uv;yl

Do= =R, 1(r)O (e (E-Mme),
In order to simplify the expression we sét=2¢%/15 and
A?=Le/h as we did in Refs[22] and [16] [where &

ry+h - ; i )
:fr+ /grrdr~2 h/(o')grr/&l")rJr is the proper distance q)2: Z;’ZZZR—l(r)®—1( 6)e—l(Et—m<p)'
from the horizon ta¥,,, € is the ultraviolet cutoff, and\ is P
the infrared cutoff [9,21]]. Using the formula S (3.0

= B2(9F/dB) and noting that the area of the event horizon is

given by A= [de[d68{Vgses.}r,, We obtain the follow-  after some calculations we obtain the decoupled equations
ing expression of the entropy: [36]
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(AD;DI—2iEr)R,1(r)=AR,(r), (AD{Dy+2iEr)R_1(r)=AR_y(r),

(LIL,+2aECc0s0)0 ,1(0)=—N\O,1(0), (LoLI1—2aEc0osd)® ;(6)=—\O_4(6), (3.2
where functionsD,,, Dﬁ, Ly, and[ﬂ are defined by Eq2.10. The Eq.(3.2) can be explicitly shown as
d’R d KI 2isKy(r—Mm
A dr23+4(r—M)d—R:s+ 23+4ier+f—$—)\}Rs:O (s=+1),
d?R, , KZ  2isKy(r—M)
A—drz + +4ler+X_—A —A|[Rs=0 (s=-1),
d?04 do, en m? 2smcosé )
+cotd—— +| 2maE—a’E? sirf §— —— +2asEcosf+ ———— —s—s?cofh+\ |0,=0 (s=+1),
d6? do sir? 6 sir? 6
d?04 de, o m? 2smcosé —
10 +cot0d—0+ 2maE—a’E?sir? §— _n29+2asEcosa+Ta+s—s cot“0+N\ |®,=0 (s=—1),
Si Si
(3.3

whereK; andK; possess the same value as that of the Dirac field. Taking the WKB approximation we kndyy, theor
@y andk_ ) for @, possesses the same form, which can be expressed as

r’+a?)E-mal® 1 2
L ) | 2maE—aE? sir? 60—

kJ E,m,kg(6),r,0]2= +—
JEmky(6).r,0] e A —=
’ 2smcosé 5
—kg(0)%+2saEcosf+ ————— +s—s?cof §
Sir? 6
(s=+1 for &, ands=—1 for ®,). (3.9
Therefore, for each component of the electromagnetic field the number of modeR isith
1 L
nS(E)=—f deJ er dmj dks(6) kd E+Qom,m,kg(60)]
™ ry+h
1 e dry—g ) gi,
~ [ aof / | oo g S
o r++h g'[2<p g(P(PZ(Q*QO)Z g(qu
O~ || 1+ ———
9ee gttg(p(p_gt(p
Joo? ) 2 3/2
Q-Qp) S S
x( 1+ W—Z) —( 1-— ﬂ) cof 6— — (1+2aE cosé) ]
Uttlee— Uy / [ 900 g4eSINF o Py
1 e drV—g , 3E 9%,
L[ / e g T
m ry+h gt2<p g<P<P2(Q_Qo)2 g(p(p
w— || 1t
g‘P‘P gttg<p<p_gt<p
Ope2(0-0y)2 || S? s
x( 1+ W—"Z) — 1—9# cof 6— —(1+2aEcosé) | | . (3.5
9tt9ee— Ot/ [ 900 ggesSir? 0 900

The integrations of then andky( ) are taken only over the value for which the square rodtﬁoéxists. Therefore, the total
number of modes of the electromagnetic field wils given by
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N(E)=n,1(E)+n_4(E)

_ 2 fdefrE
3w r++h|:

dry—g

2 Joe2(0-0,)2
(gtt_ %)(1—1——%’ 0
g‘P‘P

g’[tg<ptp_gt2<p
3E 2
X[E3+7 gtt—%)(l—i—
g‘P‘P

2

ng(n—no)z)
2
gttg<p<p_ gtzp

]. (3.6)

X

32(1_ﬂ

— cot’d
900 gagsinzﬂ)

The linear terms of the spimare also eliminated in the total

number of the modes. Carrying out the integration ofrtire
Eq. (3.6) for the case)y= (), we obtain

2 3 199"
n(E):E(f_:_) f da[ \/ggggqoq,l:ﬁ%_c(r,e)lnﬁ

LL

+

2
-

944SIr? 6

cot 0
X

Yoo 39

IL
Ny

+

whereC(r, 6) is given by Eq.(2.29.

Substituting Eq(3.7) into the formula of the free energy

n(E)
BFI—BJeﬁ_l,

(3.9

and then taking the integration overwe find

-1
PF=15x32

149" L
X J de[ \/ggggw(ﬁ &—r—C(I’,G)mH)

s [ B
‘ﬂ?ﬂ“
cot 9
X
Joe

BH)3
B

M

— g
g(iﬂgqmp( 1- i)

9pgSire 6

Inﬁ, (39)

My

from which we obtain the statistical-mechanical entropy
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Ay 1 3’9" 399" ainf
SM_24/7T€2 - E) d@[ ng}ﬁg(P(P (9["2 E or ar
J2r(3 o, L s
B\f\Ges I Qe O
2 d 2 A &
_ M(_ 9_) n S
folor gy e 6
xfdb’ a1 J,, |COEO A
Goodee g(,,ﬁ,sin2 6] Yoo €
N
(3.10

By using the metriq2.1) and Eq.(3.10 and then taking

the integrations of thé@ we finally find the following expres-

sion for the statistical-mechanical entropy of the Kerr-
Newman black hole due to the electromagnetic field

SN (e
M 48me? 45

3Q? r2 +a? a
X 1——2 1+ - arctan —
4re ar, Iy

r? +a? a
1- arctan —
ar r

+ +

.

(3.11

A
In—.
€

S2
+ —
6

IV. DISCUSSION AND SUMMARY

The statistical entropies of the Kerr-Newman black hole
arising from the Dirac and electromagnetic fields are studied.
First, the null tetrad is introduced in order to decouple Dirac
and Maxwell equations. Then, from the decoupled equations
we find the total number of the modes of the fields by taking
the WKB approximation. Last, the free energies are worked
out and the expressions of the quantum entropies are pre-
sented by Eqs2.31) and(3.10 or explicitly by Egs.(2.32
and (3.11). Several special properties of the entropies are
listed in order.

(a) The entropies depend on the spins of the particles just
in quadratic terms? except different spin field obey different
statistics. We know from each component of the Dirac and
electromagnetic fieldg¢say, /1, or @) that the number of
modes for every component field contains both terms of the
sands?. However, the linear terms sfhave eliminated each
other when we sum up all components to get the total num-
ber of modes. Of course, if we study entropy for a single
component of the Dirac or electromagnetic fields the result
would include both the linear and quadratic terms of the
spins.

(b) The contribution of the spin to the entropies is depen-
dent on the rotation of the black hole or nonspherical
symmetry of the spacetimes. For the static spherical symmet-
ric black holes, such as the Reissner-Nordstr@and
the Schwarzschild black holes, we know from the following
limitation,
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_ r’ +a? a
lim|1— arctan —
a r

a—0 + +

that of the Schwarzschild black hol@7], i.e., Sscaparkerr
=Ay/48me’+ XIn (Al€). We learn from Eqgs(2.32), (3.12),
(4.2), and(4.3) that the contribution of the spins of the par-

that the contribution of the spins of the particles in the result tféegz;r?]éh;aofmntgjsp%/hgz tohfeﬂlf ee:; ebrlf ﬁll;\?v?#zg Obslzgisﬁ (fl : xactly

(2.32 af?d<3-“9 vanishes. T_he_ result ShOW.S that the spins o (d) For the static spherical symmetric black holes, such as
the particles affect the statistical-mechanical entropy of the, . Reissner-Nordsimo and the Schwarzschild black holes
black hole only if interaction between the spins of the par,o yantum entropies arising from the Dirac field are 7/2
ticles and the rotation of the black hole takes place for the;os that of the scalar field. and the entropy due to the
Kerr-Newman black hole. We aI‘Z’O know from the reSl"I'[Selectromagnetic field is exactly twice the one for a scalar
(2.31) and(3.10 that the term ofs” would be nonzero for  fie|q The properties can be easily found from E(a32
a static nonspherical symmetric black hole, such as then(313) and clauseb) listed above. For the electromag-
Schwarzschild b.IacI.< hole with a cosmic stn[@]: netic field the result agrees with that of Ref80,31 in

(c) The contribution of the spins of the particles to the hich the Maxwell equations are expressed in terms of a

quantum entropy of the Kerr black hole takes the same formy, e of scalar fields satisfying Klein-Gordon-like equa-
as that of the Kerr-Newman black hole. Equati¢2$82 and tiong. fying g

(3.1D show that the entropies of the Kerr black hole due to, ymmary, starting from the Dirac and electromagnetic
the Dirac and electromagnetic fields are, respectively, giveRe|ys the effects of the spins on the statistical-mechanical

=0, 4.1

by entropies of the Kerr-Newman, the Kerr, and the static black
holes are investigated. It is shown that the quantum entropies

Sbirac. Ker™ Z _AH +i é of the black holes depend on the spins of the particles just in
’ 2\ 48we® 45 quadratic term of the spins, and the contribution of the spins

5 2 of the photons and Dirac particles is dependent on the rota-

S r{L+a ’6 a ) A tion of the black hole and the nonspherical symmetry of the

+—=1- arctan —| |In—, (4.2 . . o
6 ar, r € spacetime since the terms for the spins in the entropy van-
ishes as the rotation of the black hole tends to zero and the
S ) Ay 1 A) spacetime becomes spherically symmetric.
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