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We present a detailed discussion of the duality between dilaton gravity op &b open strings. The
correspondence between the two theories is established using their symmetries and field theoretical, thermo-
dynamic, and statistical arguments. We use the dual conformal field theory to describe two-dimensional black
holes. In particular, all the semiclassical features of the black holes, including the entropy, have a natural
interpretation in terms of the dual microscopic conformal dynamics. The previous results are discussed in the
general framework of the anti—de Sitter/conformal field theory dualities.
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. INTRODUCTION AdS, is infinite dimensional and is generated by a Virasoro
algebra. Moreover, there is some evidence that it can be re-
One of the most striking features of the anti—de Sitter/alized in terms of boundary fields describing deformations of
conformal field theorfAdS/CFT) correspondenckl] is the  the boundary of AdS[3-5]. These results seem to indicate
possibility of relating physical theories that appear com-that the conformal theory is actually a one-dimensional CFT,
pletely different at first sight. Although the meaning of the {hoygh the search for a viable candidate has not been suc-
AdS/CFT correspondence is yet to be fully clarified, we ex-cagsfy| yet(see Refs[3,4,7).
pect it will help shed Iight on fundamental issues of contem- 4 Jpove features have a strong impact on the study of

gime of Yang-Mills and string theories. &Wwo-dimensional gravity structurg¢41], i.e., black holes, by

) . . . eans of conformal field theory techniques. Previous at-
Lower-dimensional models are often used in theoretlca[:;m ts to calculate the statistical entropy of Adfack holes
physics as simplified models to investigating complex sys- P Py

tems. This approach allows us to formulate the problem unvere only partially SUCCESSf{IB—.S]. (A mism.atf:h of a factor
der investigation in a mathematically simpler context, yet‘/E between the thermodynamic and statistical entropy was
retain the crucial characteristics of the original model. Ap-found) Though the free energy of Ad®lack holes depends
plying this strategy to the AdS/CFT correspondence we arfuadratically on the Hawking temperatuf@2], a feature
led to investigate the lowest-dimensiondk 2, member of ~ Which is typical of two-dimensional CFTs, it has been shown
the AdSCFT,_; family. In this case the AdS/CFT conjec- that AdS black holes are completely characterized by the
ture states that gravity on Ad$s dual to a one-dimensional charges associated with the asymptotic symmetries o, AdS
conformal field theory living on the timelike boundary of [3,4]. These charges are defined on the timelike boundary of
AdS,. Widely investigated in the recent literature, the AdS,, suggesting that AdSblack holes admit a description
AdS,/CFT; correspondence has, however, revealed itselin terms of a one-dimensional conformal field theory.
much more puzzling than its higher dimensional counterparts In this paper we take a step forward in clarifying the
[2—-9]. Specific features of two-dimensional gravity and of meaning of the AdS/CFT duality in two dimensions. Starting
the conjectured CFT living on the boundary of Ad€n-  from the nonlinear sigma model description of two-
spire indeed to make the whole subject very difficult to anadimensional dilaton gravity10] we discuss in depth the du-
lyze. Classical two-dimensionédilaton) gravity is a confor-  ality between two-dimensional dilaton gravity on Ad&nd
mal theory itself. It can be formulated as a nonlinear sigmapen strings. We show that in the weak-coupling regime
model [10], which, at the classical level, is endowed with two-dimensional dilaton gravity on AgShas two different
conformal symmetry. So we would naively expect gravity ondegeneration limits which correspond to Neumann and Di-
AdS,; to be dual to awo-dimensionalCFT. However, it has richlet boundary conditions for the open string, respectively.
been shown that the conformal symmetry associated withwve put the modes of the gravitational theory on the bound-
ary in a one-to-one correspondence with the string modes
and explain the semiclassical properties of the AdS black
*Email address: cadoni@ca.infn.it hole—including the entropy—in terms of the dual CFT mi-
"Postal address: Massachusetts Institute of Technology, Marcoroscopic dynamics. Some results of this paper have been
Cavaglia6-408, 77 Massachusetts Avenue, Cambridge MA 02139-anticipated in a previous pap¢t3]. Here we extend and
4307. Email address: cavaglia@mitins.mit.edu complete those results, in particular we present a detailed and
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systematic discussion of the AGEFT duality and clarify P ¢ ,
the meaning of Dirichlet and Neumann boundary conditions. M=N(#)=9,,V*¢V"¢, N(¢)= [ do'V(¢').

We also speculate on the relevance of our results in the more €©)]
general framework of higher-dimensional AdS/CFT duali-
ties. On the classical orbiM is constant and proportional to the

The structure of the paper is as follows. In Secs. Il and IllArnowitt-Deser-MisneADM) mass of the systeffil7]. For
we briefly review the main features of two-dimensional dila-the JT black hole we hawd =2 ¢o\my,,. For purely dimen-
ton gravity on Ad$ and its formulation as a nonlinear sigma sional reasons two-dimensional dilaton gravity does not al-
model, respectively. We also show that in the weak-couplindow a dimensionful analog of the four-dimensional Newton
regime the theory is described by an open bosonic string. Igonstant. Howeverg ! represents thécoordinate depen-
Sec. IV we compare the symmetries of two-dimensional di-deny coupling constant of the theory. For the JT model, in
laton gravity on Ad$ to the symmetries of the string. In Sec. particular, ¢, ! plays the role of a dimensionless Newton
V we use the previous results and further field theoreticabonstantez_ The metric (2) represents different, locally
arguments to show that gravity on Agd$s dual to the equivalent, parametrization of Ad%ccording to the value
bosonic string. In Sec. VI we put in a one-to-one correspongf Myh. The presence of the scalar fiefdmakes these pa-
dence the string modes with the asymptotic modes of AdSrametrizations globally inequivalefit2]. In this paper, fol-
gravity. In Sec. VII we use the AdS/CFT correspondence tqowing the notations of Ref12], solutions withm,,>0 and
explain the semiclassical properties of the Adack holein . —0 will be denoted by Ad$ and AdS, respectively.
terms of the microscopic conformal dynamics. Finally, in AdS; can be interpreted as a black hole of magg with a
Sec. VlIl we discuss our results. singularity atr=0, a timelike boundary at=c, and an

event horizon at =(2m/\3¢) Y2 AdS) can be considered

Il. THE TWO-DIMENSIONAL DILATON as the ground state, zero mass solution. In this case the sin-
GRAVITY THEORY gularity atr=0 is lightlike. Let us stress that the global
Our starting point is the two-dimensional dilaton gravity toPology of both Ad$ and AdS is different from the topol-
action ogy of the full AdS geometry(the maximally extended

spacetimg The latter is a geodesically complete spacetime
1 with cylindrical topology and two timelike boundaries. Be-
A= EJ d*>x V—g[¢R+V(9)]. (1) cause of the singularity at=0 both AdS and AdS are
singular spacetimes with a single timelike boundaryr at

The scalar fieldg is related to the usual definition of the =*-
dilaton ¢ by ¢=exp(—2¢). The two-dimensional modél) Since Ad§ and Ad$ are locally equivalent, a coordinate
has been widely investigated in the literat(iie}]. Because transformation exists that maps the soluti@ with myy,
of its simplicity it has been used to address fundamental O into the solution withm,,=0 [12]. Later on this paper
problems of quantum gravity and black hole physics in awe will make use of this coordinate transformation. In the
mathematically simplified context. conformal gauge the AdSmetric is

In this paper we restrict attention on dilaton gravity mod-
els that have Adsas classical solution. The prototype of 1 ) )
these models is the Jackiw-TeitelboifdT) theory [15], d52=W(—dt +dx7). 4
which is obtained settiny(¢)=2\2%¢ in Eq. (1). Although
the JT thgory may look rather uninteresting—there are NGrpa metric of the Ad$ black hole is
local physical degrees of freedom, the general solution de-
scribes a spacetime of constant negative curvature—a closer
examination reveals a much richer structure. In particular, d<2=
the theory admits black hole solutiofis2]. In the following sintf(a\ o)
we will briefly review the main features of Ad®lack holes,

referring the reader to the vast literature on the subject for herea=(2my,,/ $o1\) Y2 The two metrics above are related
more detailed discussio(See, e.g., Ref12], and references py the change of coordinates

a.2

(—d7?+do?), (5)

therein)
Owing to the extended Birkhoff theorem the general so- 1 1
lution of the JT model in the Schwarzschild gauge is t= Jea“cosk(a)\a), X= aea“sinr(a)\a). (6)
2.2 2mbh 2 2.2 2mbh a 2 . . . .
ds?=—| \?r _W dt“+| A°r _W dre, In the following, we will also use the light-cone coordinates
0 0
= do\ >0 2 ! !

= doAr, Mpp=0. 2 u=3(t+x), v=3(-t+x). 7
The general theoryl) admits the existence of the gauge
invariant, local conserved quantify6] In this coordinate frame the AdSolution is
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L Clearly, the actior(11) describes a two-dimensional nonlin-
dsz=mdudv, ¢=—do[NM(u+v)]"". (8  ear sigma model. In the canonical form, using the metric
parametrization

The black hole solutiori2) can be interpreted as a thermo- a?—p% B
dynamic system and the usual thermodynamic parameters 9 p 1 (12)
can be associated with it. The black hole mass depends qua- mr B )
dratically on both the Hawking temperatufeand the en-
tropy Syp [12]: the super-Hamiltonian and supermomentum are
1
27Tzd) mbh¢ — _ AV
M= O-I-z’ Syp=4m / b o ) Ho=2[N(¢)—M]m,my+ 2IN(G) —M] d'M’, (13
H1:_¢,W¢_MI7TM. (14)

A fundamental question concerns the statistical interpretation

of the thermodynamic quantities in E@). In particular, one  The canonical action must be complemented by a boundary
would be able to identify the microscopic degrees of freedomerm at the spatial boundaries to make the action finite and
whose dynamics produces the huge degeneracy which ifferentiable. According to Ref18] the boundary term co-

contained in Eq(9). incides with the conserved charge, i.e., the mass, of the black
At the semiclassical level black holes are unstable behole [see below, Eq. (32)]. The canonical chart

cause of the Hawking effect. In the two-dimensional context((f,,%,M ,myv) is related to the canonical chart

the Hawking evaporation process has a simple and nice eX,11,4,p,11,) by the map

planation. From the coordinate transformati@) we find ’

that the relation between AdSand AdS is formally equiva- 4p?15— "2

lent to the relation between Rindler and Minkowski space- M=N(¢)— p '

times. By quantizing a scalar field in the fixed backgrounds

defined by Ad$ and Ad$ one finds that the positive fre- p?I1

guency modes of the quantum field with respect to Killing TNV = Tp,z’ (15

vector g, are not positive frequency modes with respect to 4p 1L — ¢

Killing vector ¢,.. Hence, the vacuum state which is seen by )

an observer in the#, o) reference frame appears filled with . p°ll, V() +211 ¢_’ '

thermal radiation to an observer in thigx) frame. The flux To= e 4p2TT%— §'2 (¢ P\pll,) |

corresponds to a Planck spectrum with temperature given by P

Eq. (9) [12]. The relation between mass and temperature irEquation(15) proves the equivalence of E(l) and Eq.(11)

Eq. (9) is nothing else but the two-dimensional Stefan-at the canonical level.

Boltzmann law. The previous features strongly suggest the [et us consider the JT model. In this case it is convenient
existence of an underlying two-dimensional field theoryto define the “coupling constant” field
whose microscopic dynamics is responsible for the thermo-

dynamic behavior of the black hole. 1
lﬂz - m (16)

Ill. THE SIGMA MODEL APPROACH TO TWO- L
DIMENSIONAL DILATON GRAVITY In terms ofM and ¢ the JT action is

The dilaton gravity actior{1) can be cast in a nonlinear . 20 = " 1
conformal sigma model form{10]. The two-dimensional A= | dXNV=gd,Md ¢1—4)\7¢2M' (17)
Ricci scalarR()(g) can be locally written as
The boundary of the spacetime is now locate@/at0. The

ryY - VYV # action (17) can be expanded aroung=0,
R(Z)(Q)ZZVMA”’ A”=V V'xV.x—V,V'xV X, (17 p =

V. xVfx
(10) A:f d*x \—g 3,Ma*y

wherey is an auxiliary scalar function. Equatidh0) can be (18)
checked using conformal coordinates and general covarian
arguments. Differentiating Eq3), settingy= ¢ in Eq. (10),
and integrating per parts, the acti¢h) can be written as a
functional of M and ¢:

+ oo

1+ 2, (2n)2MEy2e].
k=1

C€quation(18) is both a weak-coupling expansion in terms of
the coordinate-dependent gravitational coupling of the model
and an expansion near the boundary of Adghis fact sug-
gests that the gravitational theory can be represented pertur-
1 V. pVAM batively as an expansion around the boundary. The first term
A= _f d2x \/__gﬂ— (12 (zero ordey of the expansion coincides with the action for a
2)s N(¢)—M bosonic string living in a two-dimensional flat target space-
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time and describes theff-shell) weak-coupled gravitational the boundary Expanding the fields on the bounddrsee
theory. It can be cast in the usual forfeee Ref[19] for  below Eq.(33)], in the former case we have

notationsg
XH(x=0)=ma'My(t)=const, (22
1 _
Ap= ,J dzzaxf’“ax# whereM(t) is the(constant zero mode of the mass fieM
2ma on the boundary. Dirichlet boundary conditions break trans-
1 lation invariance. Moreover, they hold fixed the end point of

J dZZ(_é,XOEXO_i_é,Xl;Xl) the string on the boundary and do not allow any dynamical
degree of freedom on the boundary itself. Hence, Dirichlet

boundary conditions realize a Ag&CFT, correspondence.
The one-dimensional boundary can be interpreted as a
D-brane (0-brane. Possibly, a nontrivial dynamics on the
brane can be generated by the introduction of Chan-Paton
by defining the new fields factors(see, e.g., Re{.19)]).

Neumann boundary conditions do not break translation
invariance. They allow for excitations on the boundary,

XH(x=0)= Jmra'Mo(t). (23)

1 1 Since Neumann boundary conditions allow dynamical de-
W¢: (X —ix?) == (X = X9), grees of freedom on the boundary, they seem to realize a
2 2 AdS, /CFT; correspondence, where CFiE a genuine one-
dimensional CFT generated by the charges living on the
where /o' is the string length, and boundary(3,4].
In addition to the timelike boundary at=0, AdS) has an
7=u= E(O_l_'_ia_Z), 7=p= E(O.l_ia.Z)_ (21) inner null boundary. However, the presence of the latter does
2 2 not influence the dynamics of the open string. In the confor-

, . . . mal coordinate framet(x) the metric of Ad§ is given by
Higher orders in the expansioil8) can be interpreted as Eq. (4) and the presence of the dilaton requires
interaction terms for the bosonic stririy9). They describe

perturbative(off-shell) effects induced by the gravitational —o<t<o, 0=x<w,. (24)
bulk on the boundary. Classically, the two-dimensional JT
model is a topological theory with no propagating physicalln this coordinate frame the inner null boundary is located at
degrees of freedom. Owing to the Birkhoff theorh@] the ~ x=o. Equation(4) implies that Ad$ is conformal to the
physics on the gauge shell, i.e., in the fundamental state, islinkowski spacetime. Hence, because of conformal invari-
completely determined by the spacetime boundary where thence open strings on Aésare equivalent to open strings on
conserved charge is defined, whereas the bulk is pure gaugge region of the {,x) Minkowski spacetime defined by Eq.
In the perturbative sigma model approach the first term 0{24). In the next section we will discuss how the symmetries
the expansior{18) can be interpreted as describing both theof the bosonic strind19) reflect in the asymptotic symme-
(off-shell) gravitational theory on the boundary and thetries of the two-dimensional gravitational thed).
weak-coupling regime of the theory. Therefore, we expect
that the free bosonic string.9—with properly fixed bound- IV. SYMMETRIES OF TWO-DIMENSIONAL GRAVITY
ary conditions—describes the semiclassical properties of the AND SYMMETRIES OF THE STRING
theory. Higher orders in the coupling constant perturbative
expansion(18) describe the corrections to the off-shell dy- AdS; is a maximally symmetric space, so the JT theory
namics on the boundary and lead, in the quantum theory, tadmits three Killing vectors that generate t80(1,2)
gravitational corrections to the classical geomefBee, e.g., ~SL(2,R) group of isometries. In the JT theory the presence
Ref. [20] where guantum corrections to the ADM mass of of the dilaton actually breaks th8L(2,R) symmetry[5].
the Schwarzschild black hole have been calculated at thelowever, this is irrelevant for the present discussion. Indeed,
second order in the curvature expansjon. in the weak-coupling regimé— 0 one naturally expects the
The boundary conditions to be imposed on the freeSL(2,R) symmetry to be enlarged to the full asymptotic
bosonic string(19) are essential in determining the physical symmetry group of Adg Since Eq.(18) is a near-boundary
content of the AAS/CFT correspondence. First of all, we notexpansion, the only relevant symmetries are the symmetries
that AdS has a timelike boundary at=0, so the CFT(19)  that leave the AdgSmetric asymptotically invariant.
must necessarily describe open strings. Since open strings The symmetries of the bosonic strii§j9) are related to
propagating in a two-dimensional target spacetime do nothe asymptotic symmetry group of AgdSThe latter has been
have transverse excitations, we can impose either Dirichlettudied in detail in Ref4.3,4]. The asymptotic symmetries of
boundary condition§d,X*(x=0)=0] or Neumann bound- AdS, can be found by imposing suitable boundary condi-
ary conditiong n®9,X*(x=0)=0, wheren®is the normalto  tions for the metric at —. These boundary conditions ex-

2ma’

1

f d2z(IXZaX2+ axLax?), (19)

2ma’

Jra' M= %(x1+ix2)=%(x1+ X9,
(20)
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press the intuitive notion of “asymptotically anti—de Sitter” 1
spacetime and allow the charges associated with the symme- XUZE
try to be properly defined.

In the Schwarzschild gauge the boundary conditions to be
imposed on the metriclsz=gﬂ,,dx”“dx” and on the scalar ==
field ¢ are[3,4] 2

+aY,

1
e+6'(u+v)+§e"(u+v)2

+a’. (29

1 2
—€e+ 6'(U+v)—§E"(U+v)

Here, € is an arbitrary function ofi—v, ' denotes differen-

, tiation with respect tau—v, and a"*==;"ap"(u—v)(u
+v)K. The functionsa’ represent “pure gauge” diffeo-
morphisms of the two-dimensional gravitational theory that

Yir +O( 1) (25 fall off rapidly on the boundary. Expanding the function

Ju= —N\r2+ Yut+ O

r2

\3r3 r5 e(u—v) in power series, the Killing vector®8) are recog-
nized to define a conformal group which is generated by the
Virasoro algebra
I A )
Orr N2r2 " a4 6/ [LﬁdS,LﬁdS]Z(m—n)Lﬁ‘iSn. (30)
and The boundary field®), span a representation of the confor-

mal group. Their transformation law is

b= do

Y
T+ phr+ #Jro 1 (26) 5.0,= €0, +(h+K) €O+ - -, (31)

1
\ r2
where ellipses denote terms that depend on higher deriva-
tives of e and on pure gauge diffeomorphisms, dne2 for
Uy,Vi,Yy, andh=0 for wy, respectively. Note that the
pure gauge transformations affect the boundary fields but
leave invariant the charge associated with the falloff condi-
tions

respectively. In the previous equations th&s and p are
arbitrary functions ot and can be thought as characterizing
the deformations of the boundary of Agd8nd of the dilaton
field. In the conformal gauge the boundary of AdS lo-
cated atu= —v and the above condition@t the orderk)
read

Mo(t)

2N’
(32

0uu=Uo(U=0)+ -+ U(u=0)(u+0)+ O (u+0) ] ()= endo| 201+ 5(Ug+ Vit 2Yo) =

Juw= m'ﬁ‘Yo(u_v)'f‘ cee +Yk(U_U)(U+U)k
whereJ(e€) has been calculated fes_;=1. Both the mass
+O[(u+v)<+1], functional M and the coupling constant fiel¢ can be ex-
panded in power series around the boundary

(27)
_ _ _ k k+1 te =
O, =Vo(u—v)+ ...tV (U—v)(Utv)*+O[(Uu+v)“" ], M:kzo M (U= o) (u+ )k, l//:kE (U= ) (U+ D)k,
= =1
w_1 (33
gb: — gbo m'f' wl)\(u+v)+ cee +wk)\k(u+v)k
Using Egs.(3) and(16) both M and ¢, can be expressed in
K terms of the boundary fields. They transform according to
+O[(u+v)*+1] ith h— - i - -
' Eqg. (31 with h=0. The two-dimensional dilaton gravity ac-

tion or, alternatively, the sigma model action can be ex-
where the coefficient®,=(U,,V,,Yy,w,) are arbitrary panded around the boundary as well. Expanding in power
functions ofu—v. By definition the leading terms in Eqs. series the Lagrangian densig= 3. "L (u—v)(u+v)k,
(27) are invariant under the transformations generated by thwe find thatZ, transform according to Eq31) with h=2,
asymptotic symmetry group. The functiof, change ac- as is expected for a two-dimensional conformal field theory.
cording to a representation of the asymptotic symmetry The sigma model actioflLl) is classically invariant under
group. Solving the Killing equations for the metii27), we  the conformal transformations of the two-dimensional world
find that the asymptotic symmetry group is generated by theheet. This invariance is not manifest in its two-dimensional

Killing vectors gravitational counterpartl). Conformal invariance of two-
dimensional dilaton gravity is more subtle and can be under-
X"95= x(u,v)dy+ x°(u,v)d, (280  stood in terms of the Weyl-rescaling invariance of the target

space coordinateg andM [21]. At the leading order in the
where —0 expansion the conformal symmetry of the sigma
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model is the usual two-dimensional conformal symmetrydiffeomorphisms in EqS.29) and define two auxiliary func-

group of the free bosonic strind.9) which is generated by
the Killing vectors
XF=x(2) o+ x(2) 4. (34

The transformation law of a generic CkTield X(z,?) of
weights ,h) is

8,7X=(xa+hax)X+ (xa+hax)X. (35)
Expandingy(z) andy(z) as
+ o0 + o
X(Z)=m:2_ Ymz ™, X(Z):m;_ Ymz ™,
(36)
we have
+ o0
XFT= 3 b+ ki D, (37
where
L%FT: Zz—m+ 1[9, E%FT:?— m+ 1;, (38)

each satisfy the Virasoro algebfa0). Finally, the stress-
energy tensor is

T,= IXHIX,,

2ma’

+ oo

> LCFTem,

m=—o

1
—20M gV =—
2

(39

tions y(u) andy(v) that satisfy the relatiofnotations will
be clear soon

~ 1
XL(t+3)/2][x=0= = XL (— t+X)/2]|x=0=7 €(t). (40

At the second order in the expansion thandv components
of the Killing vectors(28) can be recognized to be the first
three terms of the expansion aroure O of the functions

x(u) andx(v)

1221 dke
— —  (u+ k
X 2k20k! d(u_v)k(u v)%
. 1z 1 k
=—2 kS ——— _(utv)k 41
x=-3 2 (- EmviCat) (41)

Assuming that the equivalence is valid at any order and tak-
ing into account Eq(21), we find that the CFI Killing
vectors (34) coincide with the Ad$ Killing vectors (28)
where the gauge diffeomorphisms have been fixed as

u__ k+1 v__ 1 dk(:‘
a=(—1) T du—o)
Hence, the asymptotic symmetry group of Ad&incides
with the symmetry group of the bosonic open strid§). In
order to obtain the second one from the first one we need to
fix the gauge diffeomorphisms of the gravitational theory.
This gives a nontrivial relation between the diffeomorphisms
of the two-dimensional dilaton gravity theory and the diffeo-
morphisms of the conformal field theory.

The previous equations follow from the Dirichlet condi-

tion for the functionX(u,v)=x(u)+x(v), i.e.,

(42)

In the next section we will see that the asymptotic sym-
metry group of Ad$ (with fixed pure gauge diffeomor-
phismg coincides with the conformal symmetry group of the
free bosonic string with properly chosen boundary condi-on the boundaryu+v=0. This equation implies that the

X(u,v)=x(u)+x(v)=0, (43

tions.

V. DUALITY OF TWO-DIMENSIONAL GRAVITY
ON ADS, AND OPEN STRINGS

The duality between gravity on Ad%nd the open string
can be realized by putting in a one-to-one corresponden

of AdS,. The physical content of the AdBCFT correspon-

dence varies according to the boundary conditions that ar

chosen for the bosonic strin@d9). We will consider first
Dirichlet and then Neumann boundary conditions.

A. Dirichlet boundary conditions

Equationg29) suggest that the andv components of the
Killing vectors of the asymptotic symmetry growd and y”

conformal symmetry is generated by a single copy of the
Virasoro algebra and the weights,f) appear in the trans-
formation law(35) only in the combinatiow=h+h.

The correspondence between the conformal group of the
bosonic string and the asymptotic Ad§roup can be ob-
served directly on the AdsSfields ®, My, ¢, and Ly.

the symmetries of the string and the asymptotic symmetrigEaCh of these fields can be interpreted as the coefficient of

the expansion of the corresponding GHfleld around the

poundary with given weightv=h+"h and pole of ordep.

Table | represents the AdBCFT, correspondence in
terms of fields. The Adsfields are interpreted as objects of
the two-dimensional CFT. Using E(B5) together with Egs.
(41) we recover the transformatid®1) of the AdS fields.

The AdS /CFT, correspondence allows us to determine
the Virasoro generators of the asymptotic symmetry group of
AdS, from CFT,. Let us consider the Virasoro generators

are not independent. Let us neglect initially the pure gaugé38). Using the ¢,x) coordinates we have
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TABLE |I. CFT characterization AdsSfields.

AdS, Field h h w p
Uy 2 0 2 0
Vi 0 2 2 0
Y 1 1 2 -2
wy 0 0 0 -1
My 0 0 0 0
Wi 0 0 0 1
Ly 1 1 2 0
+ oo
L 1=2m 2 M B (a2, (44
where
1-m
Bm-2k=| Kk |- (45)

A similar expression holds fdrSF'. We have seen that the
asymptotic symmetry group of AdSan be obtained from
the conformal group of the string by imposing E43). Ap-
plying the condition (43) to Eq. (37) we find y,=
(—1)™y,,. From Eq.(44) the Killing vectors for the Dirich-
let boundary conditions read

+ o
¥CFT= m;x YLt

(46)
where
+ o0
Lip=2"> [Brmoaat ™1 2kx2kg,
k=0
+:8m72,2k+1t_m_2kX2k+1‘9x]- (47)

The Killing vectors(46) coincide with the Killing vectors of
the asymptotic symmetry group of Agd®&8) with fixed pure
gauge diffeomorphismfsee Eq.(42)]. Indeed, let us con-

sider Eq.(29) with fixed gauge diffeomorphisms and expand

e(t) in power series

+ o
e(t)y= D, 2Me t~ ML, (48)
m=—owx
The Killing vectors(28) are cast in the form
+ oo
T 49

where
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1
LAdS= 2m[ [t—m+1+ S(=mE1)(—mt= "

xat+[(—m+1)tmx+~-~]ax]:Lr’n. (50

Setting e,,= v the Killing vectors of the Adg asymptotic
symmetry group and the Killing vectors of the string with
Dirichlet boundary conditions coincide. Therefore, they gen-
erate both the full symmetry group of the bosonic open string
and the gravitational asymptotic symmetry group of AdS
with fixed pure gauge diffeomorphisms. The Virasoro gen-
erators of the Adgasymptotic symmetry group are

L%dS: 2mfl{[(t+X)fm+1+(t_x)7m+l]é,t

H(tH+x) "M = (t=x) "M ). (51)
The Virasoro generatorl) are simply obtained from the
Virasoro generators of the string by taking the linear combi-
nation LA%=LSFT+(—1)"LSFT and changing coordinates
to (t,x). This relation implies that the symmetries of the
open string are generated by a single copy of the Virasoro
algebra. On the boundary the Virasoro generators are
L%dS|X:0: th_m+13t )

It should be noted that both the Killing vectors and the
Virasoro generators are now defined outside the spacetime
boundary. By fixing the gauge diffeomorphisms we select a
subgroup of the full two-dimensional diffeomorphism group
of the gravitational theory. This subgroup is recognized to be
the conformal group of the string with Dirichlet boundary
conditions. The latter can also be defined as a subgroup of
the diffeomorphisms that leave the two-dimensional metric
asymptotically invariant (Adg/ CFT, duality).

Finally, let us conclude this section with a few equations
that will be useful in the following. The subalgeb®d.(2,R)
of the Virasoro algebra is generated by

1
Lﬁdls=§(t2+ X2) dy+ Xtd .
(52

Lo%S=to,+xay, LI¥S=24,,

The Virasoro generatdrﬁdS does not generate translations in
t but dilatations. Changing coordinates tg¢) [see Eq(6)]
the Virasoro generators become

1
Lin'°=(2aN)Me” 7 —{ costimar ),

—sinhlma\o)d,]. (53

In this reference frame5s

time coordinater.

generates translations in the new

B. Neumann boundary conditions

Let us now discuss the AdECFT duality when Neu-
mann boundary conditions are enforced. Imposing the Neu-
mann boundary conditions on the functidifu,v) [see Eq.
(43)] we have, on the boundary+v =0,
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dux(u)+d,x(v)=0. (54  Letusnow enforce Dirichlet and Neumann boundary con-
ditions on the string field. Neumann boundary conditions im-
Equation(54) is solved by the condition ply M m=0, ¢ m=0 fork=1, so Eq.(59) becomes

AL X/2]] o=KL~ 002 o= el). (59 ah= (- D=~ T2 (MM ). (60

) ) The generators of the Virasoro algebra of GFJanish
Using Eq. (55 we try and put in a one-to-one correspon- jdentically,

dence the symmetry group of the open string with Neumann

boundary conditions with the asymptotic symmetry group of 1 I

AdS,. Imposing the conditiort55) on the CFT Killing vec- L%FT:_ 2 al n,n=0. (61)
tors (37) we find y,= — (— 1)™y,,. The Virasoro generators n=-

of the asymptotic Adggroup with Neumann boundary con-

ditions are Therefore, the Ad§/CFT duality cannot be realized in terms
of local oscillators. This result has a natural interpretation.
LAIS=om=Lf[ (t4x) "ML (t—x) ™14, The gravitational theory with Neumann boundary conditions
is a topological theory with no local degrees of freedom. The
H(tHX) "™ (t=x) ™ g (56)  two-dimensional CFT action depends only &y, , and

) o ) Mym, ¥xm With k>1, so vanishes at any order of the ex-
From the previous equation it follows that the Virasoro gen-pansjon.

erators vanish on the boundary. Hence, the asymptotic sym- The Dirichlet boundary conditions imply
metry group of Ad$ cannot be put in correspondence with
the conformal symmetry group of the open string when Neu-

- b= (—1)M+I M =
mann boundary conditions are enforced. We will see in the pr=0, ap=(=1)" ap—=Mon=0 for m#0

next section that this is due to the impossibility of realizing (62
the symmetry in terms of local string oscillators. Neumann d Ea.(59 b
boundary conditions lead to a topological theory without lo-2" 9.(59) becomes
cal degrees of freedom and the Ad&ymptotic symmetry ) o _
group can be realized uniquely by the charf@d]. b =iNT2 VM T 1ol (63
VI. MODE EXPANSION AND HOLOGRAPHY The Virasoro generators of ChBre
The AdS /CFT correspondence can be realized using lo- 1
cal oscillator degrees of freedom as well. Let us expand the LSFT=2 > al aun
string field in normal modes n=-—c
7\ 12 t= o _ “m §
Xt=x"—ip*log|z|2+i ?) 3 (apz ™z ™). =72 m 2 Micanbioiomens (64

5
57 The previous results have two important consequences.
Substituting the previous expansion in E@X)) and compar-  First, we see that the mass fillis constant on the bound-
ing the result to the expansion of the fieldlsand ¢ ary. This is due to the breaking of translational invariance on
the boundary that follows from the Dirichlet conditiofsee
o= also Eq.(22)]. Mg is essentially the conserved charge and
M :go m;x My mX't™, = k§=:l m;w PomXt™, does not appear in the definition of the string modes. Sec-
(58) ondly, with a bit of algebra it can be proved that the gravi-
tational modesMy , and ¢ ., satisfy the two recurrency

we find (we assumé>0 for simplicity) relations

+ oo + oo

ab=—iNT2 2 " MMy =M1 _1-m* Y11 -m], M __m(m-1) M
3 k+2,m—2_(k+2)(k+ 1) k,m
afp=—iT2 M= 1) MMo My 1

— m(m—1

FY1-1-ml, (59 ¢k+2,m—2:m Pm- (69)
where the* signs refer to the 0 and 1 componentsadf,
respectively. Equatiob9) puts the modes of the string in a Substituting Eq(62) in the recurrency relations above, and
one-to-one correspondence with the “gravitational” modesrecalling that for the Ad$geometryy,,=0, the gravita-
of the fieldsM and . tional modes are
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k=even: My =0, ¢ =0, correspondence to calculate the statistical entropy of two-
dimensional black holes. The reader might argue that we are

k=0dd: M n=M (M1, 1), not counting physical states of the two-dimensional bulk
theory. However, this approach is consistent as long as we

e m=tem(M1m, ¥1m)- (66) restrict our discussion to topological theories such as two-

dimensional dilaton gravity and three-dimensional pure grav-
The gravitational modeM, ., and ¢ , are completely de- ity theories[22,23. Our treatment of two-dimensional dila-
termined byM ,, and ¢, ,, which are, in turn, determined by ton gravity and that of Ref$22,23 suggest the existence of
the string modes through E¢63). Therefore, the modes of a nontrivial relation between local pure gauge degrees of
the bosonic string determine completely the sigma modelfreedom on the bulk and topological degrees of freedom on
i.e., the full gravitational theory. The latter can be expressedhe boundary. In the three-dimensional case Carlip has found
as a function of the gravitational mod#s, ., and ¢, by ~ a@n explicit realization of this relatiof22]. In our case we
the perturbative expansidf8). Then, owing to Eq(63) and  have not been able to find a similar relation, yet the duality
Eq. (66), the perturbative expansigi8) can be written as a that we have found provides a strong evidence in this direc-
function of the string modes. We conclude that gravity ontion.
AdS, is completely determined by thHeteracting Dirichlet The discussion of this section has profound implications
open string. Vice versa, the asymptotic two-dimensionaPn the statistical interpretation of the thermodynamic quan-
gravitational modes near the boundary, that describe boundities in Eq.(9). It is commonly believed that the thermody-
ary deformations, determine completely GEThis is a sort namic relations(9) hold within some sort of semiclassical
of holographic principle: the physics on the spacetimeapproximation to gravity. If the free open string really de-
boundary determines the properties of the theory in the bulkscribes semiclassical Ad3jravity then it should provide a
However, it should be stressed that we have here a somehaoatistical description of the thermodynamic relatioiSs.
unusual realization of the holographic principle. Usually, in This is indeed the case, as we will see in the next section.
the context of the AAS/CFT correspondence we have a gravi-
tational theory defined onddimensional bulk which is dual VII. TWO-DIMENSIONAL BLACK HOLES AS
to a CFT theory living on itsd— 1)-dimensional boundary. OPEN STRINGS
I our case the picture s reverse: The CF Open SUing IWES g ads Jopen sting duality discussed in the previous

theory is completely defined by a boundary theory. We hav ections allows to interpreting the excitations of the gravita-

already pointed out that this property is related to the pecu_|onal theory, i.e., of the black holes, in terms of the excita-

liar nature of gravity in two spacetime dimensions, which jstions (.)f the string. Naively, we would be tempted to use the
itself a conformal field theory. equations of Secs. V and VI to work out the correspondence

The free bosonic string describes the off-shell dynamicpr“C'tly' For instance, we.could try apd use HQ'A.') o
of the classical black hole with mass,, (the fundamental calculate .the_mass of the string state V.Vh'Ch is associated with
state of the theoty Higher order terms in the expansion the gravitational excitations described by the modes

(18—the interaction vertices of the string—describe the off-Mlvk"ﬂlyk‘ Unfortunately, we do not know how to relate

shell corrections to the fundamental state due to effects of thgxphcnly the sigma model modes with the physical param-

bulk. This result is a natural consequence of the topologica‘;l".terS of the black hole. So most of the equations of the pre-

nature of the theory. It holds in the quantum theory as well YI0US Sections cannot be employed to describe black holes

where the(on-shel) fundamental state of a black hole with straightforwardly. Howeyer, the knowledge of the exact form
given classical masg,, is given by the eigenstate of the of the correspondence is not necessary. The bare fact that a

mass operator, whereas the sigma model describe@the two—dimens_ional _black hole has aldual descripti_on in terms
shel) black hole excitations(quantum Birkhoff theorem of a Mq-dlmgn§|onal confqrmal f|eld.theor.y with ce_ntral
[10]). We recover the result that have previously anticipatedchargec is sufficient to explain the semiclassical behavior of
The Dirichlet bosonic string describes the off-shell semiclas:[he black hole. o .

sical properties of the theory whereas the interaction terms in The energy of the CFT eXC|tat|or(1:F|Ts given by the eigen-
the perturbative expansion describe higher order correctioné@!U€Mcrr Of the Virasoro operatok g
to the off-shell dynamics that lead, in the quantum formal-

ism, to the gravitational corrections of the classical geom-

etry. (With our conventionsnggr is dimensionles$.The energy-

It is worth noticing that the degrees of freedom involvedtemperature and entropy-mass relations of a two-dimensional
in the correspondend@®3) are local, pure gauge, degrees of CFT are[23,24),

freedom. Both two-dimensional dilaton gravity and string

theory with two-dimensional target spacetime are topological T C Mcet

theories. So the gravitational modef  , ¢, and the string Mepr=15a'CT", Scrr=2m7\ 5 (68)
modesa, describe pure gauge degrees of freedom. Since we

are dealing with pure gauge degrees of freedom, criticismsespectively. The previous equations reproduce the func-
could be raised about the relevance of the correspondendg®nal behavior of the thermodynamic parameters of the
that we are discussing. In the next section we will use thédlack hole, Eq(9). In order to show that the thermodynamic

Mpp=NMcEr. (67)
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behavior of the two-dimensional black hole has a direct inwhereA is the area of the boundary surrounding the region
terpretation in terms of the microscopic dynamics of the two-(the area of the black hole horizoand G is the Newton
dimensional CFT, we must show that E¢68) match Eqs. constant. In our two-dimensional case the entropy can be
(9) exactly. This can be done by expressing the centralritten

chargec associated with the central extension of the Virasoro

algebra generated byS™" in terms of the physical param- Syp=2m7dn=27r N by, (73

eters of the two-dimensional black hole.

The central charge can be determined using its interpretagyhere ¢, andr, are the dilaton and the radius evaluated at
tion as a Casimir energfsee, for instance, Ref19]). The  the norizon, respectively. Sincg;* plays the role of the
transformation law of the stress-energy tensor under thgyq_dimensional Newton constant, the previous relation can
change of coordinatel$) is be rewritten asS,,=27AN/G,, whereA=r,,. This relation
is interpreted as an information bound rather than as a holo-
graphic bound. Indeed is not the area of the boundary—in
our case the boundary is a point—but the area of the two-
dimensional bulk region €r=<r, . Note that the previous
wherew= 7+ o and{w,z} is the Schwarzian derivative. The &rguments are only valid for the Dirichlet open string. When
vacuum energy is shifted Hy— | ,— a2c/24, wherd, is the Neumann boundary c_:ondltlons are |mppsed thf—} realization of
the AdS/CFT duality is more problematic. In this case a con-
sistent AAS/CFT duality can be realized exclusively by a
one-dimensional CFT on the boundary which supports the
conventional notion of holography. On the other hand the
two-dimensional Stefan-Boltzmann 1a®) seems to rule out
a realization of the conformal symmetry on the boundary by
eans of a quantum mechanical system.

The Hawking evaporation process of the two-dimensional
AdS, black hole[12] has a natural interpretation in the con-
text of the AdS/CFT, correspondence as well. In Sec. V we
pointed out that in thet(x) coordinate framdi.’gdS generates

E=—Mpp, (70) dilatations, whereas in the coordinate framed) generates
time translations. The coordinate transformati6nmaps the
because the coordinate transformati@ maps observers. Adgg ground statg4) into the Adg black hole(5). Since
An observer in the Ad$ vacuum sees the AdSvacuum  positive frequency modes of a quantum field with respect to
filled with thermal radiation with negative flux.2]. Using  Killing vector ¢, are not positive frequency modes with re-

c
T (0u2) T = 5w, 2H(042)%, (69)

eigenvalue olL§"" which is associated to the vacuum. This
shift corresponds to a Casimir enerfy= —a?c\/24.

The coordinate transformatigé) maps the Ad@ground
state (4) into the AdS black hole (5) with mass my;,
=a2¢po\/2. Because of the duality relation between the
gravitational theory and the Dirichlet string we can interpret
the previous map as the gravitational theory counterpart 0?1
the shift of L5™" in CFT, and equate the Casimir energy
with my;,. Actually, the equation picks up a minus sign

Eq. (70) one easily finds spect to Killing vectord,, the AdS vacuum state appears
filled with thermal radiation to an observer in the AdS
c=12¢y. (71)  vacuum. The particle spectrum can be obtained calculating

the Bogoliubov coefficients between the two vafiia]. One

Inserting Eq(71) into Egs.(68), expressing the string length finds that an observer in the A@Sacuum detects a thermal
in terms of\, @’ =2n/\?, and eventually using Eq67),  flux of particles with Planck spectrum and temperat(®@e
Egs.(68) reduce to Eqs(9). The value of the total Hawking flux has been calculated in

The statistical interpretation of the two-dimensional AdS Ref. [12]. Therefore, the Hawking evaporation effect
black hole entropy by means of the two-dimensional conforemerges in the CFT context by requiring thz}® is the
mal theory confirms the AdSCFT, duality while stressing generator of time translations.
the peculiarity of the two-dimensional case in the AdS/CFT  Up to now we have restricted our considerations to the JT
family. In the case under consideration the duality mapsnodel. Our results can be extended to the general dilaton
theories that live in spacetimes of identical dimensionality.gravity model(1) provided that its solutions behave asymp-
So the relation is not holographic in the usual sense, becausetically as in Eq.(25) and Eq.(26). A sufficient condition is
it does not imply the huge reduction of the number of de-that the potentiaV(¢) in Eq. (1) behaves forp— < as[4]
grees of freedom which is typical of the holographic prin-
ciple. =2h+ -2y

This result is also understood through a different, albeit V(g)=2¢+0(¢75) (79
related, argument. The holographic principle puts an UPPEH e can easily check that in this case the leading term in the

bound to the information that can be encoded in a Spacetin\?/eak-coupling expansior(17) describes a free bosonic

region. This upper bound is given by the BekenStem'string. Moreover, Eqs(9) describe the thermodynamic be-
Hawking entropy

havior of the corresponding black solutions at the leading
order in the largem,, expansiorf4]. Hence, the results ob-
s, :i (72) tained in Sec. VIl for the JT model hold for the general
4G’ model(74) at the leading order in the larga;, expansion.
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Let us conclude this section with a remark concerning thehen be expressed at any order as a function of the first order
relevance of our results for four-dimensional black holesgravitational mode#l, ,, #,, or, alternatively, as a func-
The two-dimensional dilaton gravity modél) represents tion of the string modes . The potential term at a given
not only a toy model for studying gravitational physics in aorder gives the interaction term for the modes. Obviously,
simplified context, but describes asymptotically flat four-dealing with an interacting theory, the relation between the
dimensional black holes in the near-horizon, near-extremadtress-energy tensor and the Virasoro generd@8sis not
approximation25] as well. It can be showed that a class of valid. Though the first order gravitational modes define
black hole solutions of the effective string theory whoseuniquely the stress-energy tensor, the relation of the latter
near-horizon behavior is AgX S?, and ¢ varies linearly, with the string modes is more complicated than E2p).
exist. Our derivation of the statistical entropy appliesConsequently, we expect the central charge to be different
straightforwardly to these solutions. from the central charge of the free theary: 12¢,, and the

thermodynamic relationg9) to be altered. This is no sur-

prise. Higher ordefoff-shell) corrections to the free theory
VIIl. DISCUSSION on the boundary inducéuantum corrections to the black

hole geometry that affect the derivation of the thermody-

In the previous sections we have been able to work out imamic relationg9). Calculating at a given perturbative order
detail the correspondence between two-dimensional dilatothe black hole geometry and the central charge one could
gravity on AdS and open strings. Actually, the exact form find out how the statistical derivation of the entropy is af-
of the correspondence is perturbative and has only been stufkcted by the presence of the interaction terms.
ied at the leading order in the weak-coupling expansjon The existence of two degeneration limits of the weak-
—0. We have seen that in this regime two-dimensional dicoupled dilaton gravity theory clarifies some controversial
laton gravity has two degeneration limits that are describedssues of the two-dimensional AdS/CFT correspondence.
by open strings with Dirichlet and Neumann boundary con-The two-dimensional CFT with Dirichlet boundary condi-
ditions, respectively. Since the description of this degeneractions gives a consistent explanation of the features of the
is based on boundary conditions, it is, however, not comdilaton gravity theory. We might conclude that the micro-
pletely satisfactory. One would like to understand it in termsscopic dynamics of two-dimensional black holes is fully cap-
of different regions in the parameter space of the theory. tured by a two-dimensional CFT. This conclusion is not

The previous formulation of the AdS/CFT duality is very completely satisfactory, however, because a one-dimensional
useful not only because it makes direct contact with theCFT living on the boundary of AdSemerges in our picture
original Maldacena conjecturl], but also because it can as well. The role of the AdSCFT, correspondence, and its
shed some light on several puzzling issues of the AdS/CFTelation to the Ad$/CFT, duality, are not yet fully under-
correspondence. The main point of this formulation is thestood and deserve further investigations. In this respect, the
observation that the weak-coupling limji—0 can be ob- results of this paper seem to give contradictory indications.
tained in two different ways. Sincé=¢o\r, the weak- Although a CFT fits naturally in our scheme, it is indeed
coupling limit can be reached by lettingp—o at r very difficult to understand how it could explain the energy-
=\"t¢¢, = constant. So we have two weak-coupling re-temperature relatior).
gimes: (i) r>1/\=a'/2m and (i) r~1/\ = \a'/27. Note It has been proposed] that conformal mechanics, pos-
that these weak-coupling limits require that the weak-Sibly in the form of largeN Calogero models, describes the
coupling expansions of the previous sections are written ifground state of the two-dimensional black holes arising as
terms the variables/ ¢ and (U+uv)/ ¢,, respectively. Since near—hqrizon geometry of the four-dimensional Reissner-
&0 is equal to 1/12 of the central charge of the CFT, it countgNordstran black hole, which is characterized by a constant
the degrees of freedom and is the two-dimensional analogudlaton. If we could extend this proposal to our case, which is
of N in the Maldacena conjecture. The linfi) corresponds characterized by a nonconstant dilaton, the conformal me-
to a one-dimensional CFT on the boundary and describes tHéhanics would describe the ground state, whereas the two-
excitations of the endpoints of a Neumann open string. Thélimensional CFT would describe the black hole excitations
limit (i) describes a two-dimensional CFT in the bulk and[9,26,27. However, the existence of a mass gap that sepa-
describes the excitations of a Dirichlet open string. rates the ground state from the continuous part of the

The duality discussed in our paper has been obtained &Pectrum—typical of the Reissner-Nordstrdike black
the zeroth order in the perturbative expansi@8). Let us  holes but absent in the JT case—seems a crucial missing
discuss qualitatively how the picture is affected by the presingredient to make this proposal feasible.
ence of higher order terms in E(L8). Potential terms in the
perturbative expansion of the sigma model do not destroy
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