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Atom made from charged elementary black hole

V. V. Flambaum and J. C. Berengut
School of Physics, University of New South Wales, Sydney, 2052, Australia

~Received 10 January 2000; published 19 March 2001!

It is believed that there may have been a large number of black holes formed in the very early universe.
These would have quantized masses. A charged ‘‘elementary black hole’’~with the minimum possible mass!
can capture electrons, protons, and other charged particles to form a ‘‘black hole atom.’’ We find the spectrum
of such an object with a view to laboratory and astronomical observations of them. There is no limit to the
charge of the black hole, which gives us the possibility of observingZ.137 bound states and transitions at a
lower continuum. Negatively charged black holes can capture protons. ForZ.1, the orbiting protons will
coalesce to form a nucleus~after b decay of some protons to neutrons!, with a stability curve different from
that of free nuclei. In this system there is also the distinct possibility of single quark capture. This leads to the
formation of a colored black hole that plays the role of an extremely heavy quark interacting strongly with the
other two quarks. Finally we consider atoms formed with much larger black holes.

DOI: 10.1103/PhysRevD.63.084010 PACS number~s!: 04.70.2s, 36.90.1f
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I. INTRODUCTION

Fluctuations in the density of the very early universe
parts with extremely high density to collapse and form bla
holes @1–3#. The density of such objects would be grea
reduced in models of the early universe that include inflati
but they do not have to disappear entirely. These parti
would help explain the mass deficit of the universe.

A black hole is essentially an elementary particle in t
sense that it is completely described by a set of quan
numbers and can have no detectable internal structure~the
famous ‘‘black holes have no hair’’ theory; see, e.g.,@4#!.
Recently it has been demonstrated that the black hole ma
quantized in units of the Planck massM p5(\c/G)1/251.2
31019 GeV5231025 g @5# ~see also@6–9#!. One intriguing
reason for the quantization of black holes comes from a c
sical formula. The horizon area of Kerr-Newman black ho
is

A54p@~M1AM22a22Q2!21a2#, ~1!

wherea is the angular momentum divided by the massM,
andQ is the charge of the black hole. This implies that fo
givena andQ there is a minimum mass in order to avoid t
singularity of the radical. In ordinary units~the previous
equation was written in gravitational units where\5c5G
51) one obtains@8#

Mmin5M p@Z2a/21AZ4a2/41J~J11!#1/2, ~2!

where a5e2/\c; Ze and J are the black hole charge an
spin. A black hole with spin cannot have a mass smaller t
0.93M p . For spinless black holes this equation gives
minimal massMmin5M pAa50.085M p . This classical con-
sideration does not take into account the mass renorma
tion problem. One cannot completely exclude that after
‘‘renormalization’’ the minimal mass of the charged bla
hole may be as small as the electron mass.

Such elementary black holes may appear in the very e
universe or as a result of the ‘‘evaporation’’ of heavier bla
0556-2821/2001/63~8!/084010~9!/$20.00 63 0840
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holes. We know that black holes radiate with a discrete sp
trum in a blackbody envelope~Hawking radiation@10#!, but
we cannot say whether a final elementary black hole v
ishes completely or what the lifetime of such a proce
would be. For example, it may not be ‘‘easy’’ for a blac
hole withJ51/2 ~or any half-integer spin! to decay since any
such decay involves violation of lepton or baryon numb
~e.g., black hole→e21g; however, if one views this deca
as a ‘‘disconnection’’ of the black hole ‘‘inner’’ universe
from our universe, no separate conservation laws for e
‘‘universe’’ should be assumed until they are totally disco
nected!. We will assume that the elementary black holes
not undergo a final radiation.

The first thing we would like to do is discuss a method
search for elementary black holes. An elementary char
black hole moving through matter at less than a few th
sand km s21 can capture electrons in the same way as
ordinary atomic nucleus, creating a ‘‘black hole atom’’@3#.
One can search for spectral lines in these systems. No
nuclei are unstable for very largeZ, but a black hole can
have any charge at all. Furthermore, they can have a neg
charge, giving rise to whole new types of systems. In f
just about any electrically charged particle can be bound
black hole atom.

We would like to know whether or not we can do expe
ments on black holes in a laboratory. Obviously a neu
black hole can simply fall between atoms in the floor of o
laboratory and to the center of the Earth, since it is small a
the only force acting on it is gravity. However, if we have
charged black hole, then there is electromagnetic repuls
between atoms and the black hole which may be la
enough to keep it in the laboratory. The contact Coulo
force between a neutral atom and the neutral black hole a
~with a charged black hole nucleus! is ;e2/a0

2.1027 N
wherea0 is the Bohr radius. This equation is just the Co
lomb force on the radius of an external electron orbit. S
prisingly, the force due to gravityM pg is also;1027 N for
an elementary black hole with the Planck mass. This me
that a black hole has a large probability to ‘‘tunnel’’ betwe
the atoms and fall through. A lighter spinless black hole m
©2001 The American Physical Society10-1
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V. V. FLAMBAUM AND J. C. BERENGUT PHYSICAL REVIEW D63 084010
be an exception since the classical equation~2! gives in this
case the minimal massM p/12. The electromagnetic force i
this case is an order of magnitude larger than the grav
tional force, and such a black hole may stay for some time
the surface of the Earth. In this situation it may be reasona
to do both laboratory and astronomical observations.

We discuss the ‘‘atomic’’ spectrum of an elementa
black hole in Sec. II with a view to the observation of bla
hole atoms and verification of their existence. We calcul
the ‘‘isotopic’’ shifts of the black hole lines relative to th
usual atomic lines. This shift is relatively large. For examp
for hydrogen 2p-1s transitions the frequency shift is equ
to 44.8 cm21. This shift is far beyond a typical linewidth in
cosmic and laboratory spectra. For heavier atoms and
the shift is smaller~e.g., for Mg II 3p3/2-3s transtions it is
1.378 cm21). However, it is still much larger than th
present accuracy of the frequency measurements~for ex-
ample, for strong electric dipole transitions in Mg II the a
curacy is better than 1022 cm21 and the small isotopic sepa
rations between24Mg, 25Mg, and 26Mg lines have been
measured@11#!. This suggests an obvious strategy to sea
for black hole atoms. One has to look for very weak lines
certain distances from the strongest atomic and ionic line
the isotopic shifts for the ‘‘normal’’ atomic lines have bee
measured, it is possible to calculate these distances very
curately. It seems natural to start this search in hydro
spectra where the shifts are maximal and can be very a
rately calculated. However, other atoms may have the ad
tage of having spectra in a more convenient optical region
frequencies.

Note that as a reuslt of the large mass, the black h
spectral lines do not have thermal Doppler broadening
hyperfine structure. This also may help in identification
such lines.

Note that the upper limit on the concentration of bla
holes follows from an estimate of their mass density. T
Planck massM p is 1018 times larger than the proton mass.
we assume that the minimal mass of elementary black h
is M p/12 and that the dark matter is 100 times heavier th
the hydrogen matter and consists of elementary black h
only, we obtain that the abundance of the elementary bl
holes in cosmic space does not exceed 10215 of the hydrogen
abundance~one can compare this with the abundance of u
nium, 3310213). The limit on the concentration of the e
ementary black holes may become stronger if one consi
other effects—see, for example, the explanation of the de
of solar neutrinos based on the catalysis of nuclear react
in the Sun by charged black holes@12#. This may practically
exclude the possibility of the observation of black holes
the spectra of very distant objects. We must rely on the
servation of close objects~such as Sun spectra! or laboratory
data. We should also recall another motivation to search
atoms with superheavy nuclei and shifted atomic lines wh
is related to so-called ‘‘strange matter’’ that have nuc
made from the ‘‘normal’’~up, down! and strange quarks.

It is not excluded that an orbiting electron or proton cou
fall into the central black hole and neutralize its charge@3#.
This may give some limits on the lifetime. An attempt
address this problem can be found in Sec. III. In a na
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picture of a ‘‘classical’’ black hole the lifetime of low-Z
electronic atoms is many orders of magnitude larger than
age of the universe, but it decreases exponentially withZ.
This ‘‘classical’’ estimate tells us that primordial black hole
would now not have a charge greater than aboutZ570.
However, quantum gravity may introduce a large unkno
coefficient into this estimate and significantly shift this bo
der.

We also discuss a few questions which may be of th
retical interest. In Sec. IV we discuss theK-shell states of
black hole atoms forZ.137, where there is a well-known
singularity in the equations. While single particle solutio
of the Dirac equation for highZ have been known for som
time, it is worth rexamining these because now we hav
physical system where the critical field is realized. We sh
in this section that the ground state reaches the lower c
tinuum (E52mc2) beforeZ5138 which means that ther
is no room for negative energy bound states~recall that for
Z51/a.137 the relativistic energyE.0) and hence spon
taneous positron emission will occur for allZ.137. We also
consider a similar problem for a charged scalar parti
where a singularity appears forZ.68.

If a black hole has a negative charge, then it can beco
a ‘‘protonic’’ atom. The strong force between protons lea
to a peculiar ground state characterized by a nucleus orb
our elementary black hole~Sec. V!. It leads to a new stability
curve for the captured nucleus, shifted towards more prot
~some of the protons still undergob decay to neutrons!.

Furthermore, in the protonic atom the black hole cou
gain a color charge by capturing a single quark. This na
rally leads to an extension of the ‘‘no hair’’ theorem~which
states that any black hole can be characterized by its m
electric charge, and spin! to include color. Discussion of the
solutions of the Einstein-Yang-Mills equations for colore
black holes can be found, e.g., in Ref.@13#. In Sec. VI we
present a naive ‘‘classical’’ estimate of the lifetime of the
systems and find that a black hole with color charge~which
may be called a ‘‘superheavy quark’’! will persist for 107 yr.
Again, quantum gravity may change this conclusion.

We should note that single quark capture may be forb
den if the energy of the colored black hole is higher than t
of the electrically charged black hole. In this case the li
time of the protonic black hole can be very long@it contains
an extra factor (r g / f m)6;102150 where the Planck length
r g5\/M pc51.6310233 cm, f m510213 cm# since the
probability of all three quarks to be near the black hole h
rizon is very small. The same argument may be valid for
electron black hole atom if the electron is not an element
particle, i.e., consists of ‘‘prequarks.’’ Therefore, one m
view the lifetime calculations in the present work as es
mates of the minimal lifetimes.

Finally, in Sec. VII, we briefly consider atoms forme
when much heavier~with masses;1012 kg! black holes cap-
ture electrons. The electric charge is shown to neutralize v
quickly, but there still remains the possibility of short-live
gravitationally bound systems.

II. BLACK HOLE SPECTRUM

The spectrum of a single electron in a pure central C
lomb potential is given by
0-2
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ATOM MADE FROM CHARGED ELEMENTARY BLACK HOLE PHYSICAL REVIEW D63 084010
E52
mZ2e4

2\2n2
, ~3!

wheren is the principal quantum number andZ is the charge
at the center. If we have many electrons, then the outer e
tron energy is usually described by the Rydberg formula

E52
mZa

2e4

2\2n2
, ~4!

wheren is an effective principal quantum number, andZa
21 is the ion charge (Za is the charge that the outer electro
‘‘sees’’; for neutral atomsZa51). To search for black hole
we should calculate the level shifts from normal atoms w
the same charge. The normal atom spectra thus provid
with a calibration point.

Normal atom spectra are shifted from the ‘‘ideal’’ spec
because of the finite mass and volume of their nuclei. In
elementary black hole atom, however, the mass of
nucleus is practically infinite~over 1018 proton masses! and
its volume is zero~around 10260 of nuclear volume!. Thus
we wish to find the energy levels of normal atoms in terms
the ideal~black hole! spectra plus energy shifts due to th
finite mass and volume of their nucleus. To improve t
accuracy of the calculations one can use experimental
for isotopic shifts in normal atoms.

The theory of isotopic shifts is presented in numero
books ~see, e.g.,@14#!. However, it would be instructive to
present some results here with a particular application to
black hole line shifts. The mass shift is given by

DEm5EA2E`5E`•S m

m
21D ~11S!, ~5!

where m is the electron mass,m5mM/(m1M ) is the re-
duced mass,M is the mass of the nucleus,EA is the energy of
atomic level,E` is the energy of the black hole level~cor-
responding to infiniteM ), andS is the correction due to the
specific mass shift which exists in many-electron atoms. T
contribution of the specific shift to the transition frequenc
can be calculated or extracted from the experimental dat
isotopic shifts~see below!.

The volume shift is given by

DEV52eE ~f2Ze/r !c2~r !dV, ~6!

wheref is the Coulomb nuclear potential. While this int
gral is formally extended to all space, it is practically ze
outside of the nucleus. For relativistics-wave electrons,

DEV.E`

6

n

g11

g~2g11!~2g13!@G~2g11!#2 S 2Z
r 0

a0
D 2g

,

~7!

where g5A12(Za)2, a05\2/me2 is the Bohr radius,r 0
51.2A1/3 is the nuclear radius, andA is the mass number o
nucleus. To calculate the parametern, we simply use Eq.~4!,
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sinceE is the known ionization energy@15#. Estimates of the
normal mass shifts and volume shifts of electron levels
atoms relative to ‘‘ideal’’ black hole atoms are presented
Figs. 1 and 2.

Consider two examples. In hydrogen the volume shift
very small. We will specifically look at the 2p3/2→1s1/2
transition. The spectral data is given in@17#, which gives, for
hydrogen and deuterium,

vH582259.279 cm21,

vD582281.662 cm21.

Using the nuclear masses given in@16# we obtain

v`2vH544.801 cm21. ~8!

It turns out that this shift is the same for the 2p1/2→1s1/2
transition.

FIG. 1. Mass shifts ands-wave volume shifts in atoms of vary
ing Z ~see also Fig. 2!.

FIG. 2. Mass shifts ands-wave volume shifts in atoms of vary
ing Z. The effects are equal at aboutZ532.
0-3
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V. V. FLAMBAUM AND J. C. BERENGUT PHYSICAL REVIEW D63 084010
Now consider Mg II. For magnesium we must include t
volume shift. The two isotopes used are24Mg and 26Mg.
From Eq.~5! we then obtain

v262v245v`S m26

m
2

m24

m D ~11S!2DEV261DEV24,

~9!

v`2v245v`S 12
m24

m D ~11S!1DEV24. ~10!

Data for the MgII 2796 line~corresponding to the 3p3/2
→3s1/2 transition! have been obtained@18# which give

v~24MgII2796!535760.83460.004 cm21,

Dn~26Mg224Mg!53.05060.1 GHz,

v262v2450.101760.003 cm21.

Now using the formula for the volume shift, Eq.~7!, we
obtain

DEV2450.0315 cm21,

DEV2650.0333 cm21.

And so Eqs.~9!,~10! give

v`2v2451.378 cm21. ~11!

III. LIFETIME

There is a finite probability that electrons orbiting a bla
hole atom enter the black hole. This ‘‘direct capture’’ mech
nism leads to a lifetime for the black hole atom. A soluti
of this problem would require the application of quantu
gravity theory. However, in any theory the capture proba
ity should be proportional to the density of the electron wa
function near the origin which follows from the solution o
the Dirac equation in the area of a weak gravitational fie
This density is a very strong function of the black ho
charge Z. The variation of this density fromZ51 to Z
5130 exceeds 50 orders of magnitude. In this situation e
a naive estimate of the lifetime may be instructive.
course, there is an unknown coefficient in this estim
which is to be determined by quantum gravity.

The simplest estimate of the capture probability is giv
by the product of the black hole horizon area 4pr g

2 and flux
for a particle moving with speedc near this horizon,j
5cucs(0)u2:

1

t
5w;ucs~0!u24pr g

2c. ~12!

Now the K-shell electron is the most likely to be capture
Using relativistic electron wave function from@21# we obtain

w;
4r g

2cZ3

a0
3 S a0

2Zrg
D 2(12g)

. ~13!
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A complete picture is given in Fig. 3. In all numerical es
mates we assume that the mass of the black hole is equ
M p . For Z51 this gives lifetime about 1022 yr, for Z570,
about the age of the universe. Thus, elementary black h
formed at the big bang withZ*70 would have captured
electrons in theK shell, reducing the charge of the blac
hole. This process would have continued until the pres
day. Since the lifetime exponentially decreases withZ, we
would not expect black holes withZ larger than about 70 to
exist today.

Note that after the electron has been captured by the b
hole, the quantization rules of the black hole~see the Intro-
duction! are no longer obeyed. Thus the black hole m
undergo some process to correct itself, such as radiate.

To conclude this section we would like to stress again t
the estimates presented here must be multiplied by s
unknown coefficient determined by quantum gravity. In th
situation it may be reasonable to speak only about the r
tive probabilities of electron capture by black holes with d
ferent charges~if the quantum gravity coefficient is not zero!.
Indeed, applying standard quantum field theory on a cur
background to such systems gives the prediction of an
tremely high luminosity in Hawking radiation. However, b
definition for such systems, one cannot treat their inter
tions with their surroundings by the standard laws of phys
~treating gravity as classical!, e.g., by quantum field theory
on a curved background~or as is done in this paper, b
quantum theory on a flat background which would be a go
approximation if the standard quantum field theory on
curved background were valid!. Thus, we possibly canno
use the classical capture cross section of an electron b
black hole even for an order of magnitude estimate.

It is not justified to use standard field theory to analy
the interaction of matter with such objects; that would
little better than guesswork. For example, if a remnant
cretes an electron, does Hawking radiation turn on ag

FIG. 3. Lifetime ofK-shell electrons as a function ofZ. On the
y axis is plotted log10@ lifetime (sec)# because the order of magn
tude is of interest.
0-4
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ATOM MADE FROM CHARGED ELEMENTARY BLACK HOLE PHYSICAL REVIEW D63 084010
allowing it to reemit radiation? In particular, the decay ra
computed in Sec. III are thus suspect.

This paper also assumes that there are stable electri
charged remnants. Naively, if a neutral Planck mass rem
accretes an electron, say, then one would expect it to de
again back to neutrality on a time scale of roughly the or
of the Planck time. However, one cannot be certain eve
thing decays within the unknown laws of quantum gravit

IV. CRITICALLY CHARGED BLACK HOLES

When a black hole forms it inherits the~conserved! quan-
tum numbers of the particles used to form it. This means
most black holes are formed with some nonzero elec
chargeZ. The evaporation process should reduce this cha
however, a final charge can still be large. There are so
results which are not possible in normal atoms but wh
may be observed in black hole atoms. For example there
two well-known singularities in the single particle solutio
of the Dirac equation for a Coulomb field, corresponding t
particularZ ~see, e.g.,@22#!. These single particle solution
are very good approximations for theK-shell ~ground state!
energy because these electrons are closest to the nucleu
only very lightly screened by the other electrons.

The first singularity occurs whenZa becomes greate
than 1 ~Sec. IV A!. This singularity is removable when th
finite size of the nucleus is taken into account. The sec
occurs when the ground state energy reaches the lower D
sea~Sec. IV B!. We call the charge corresponding to this t
supercritical charge.

A. First critical charge

The solution of the Dirac equation for a Coulomb fiel
V52Za/r 2, has a singularity atZa51 ~or Z5137.04). At
this point the parameterg5A12(Za)2 and the ground state
energy «5mg become imaginary. In fact nothing muc
should change when this critical point is passed in a sys
with a finite nucleus. The energy« becomes negative, bu
this is entirely allowable.

The physical reason for this singularity is that whenZa
.1 the particle can ‘‘fall to the center.’’ The effective po
tential U(r ), which arises when the Dirac equation
squared and put into a Schro¨dinger-equation-like form, be
haves, for a Coulomb field, in a singular manner,U(r )
'@ j ( j 11)2Z2a2#r 22 as r→0. This leads, as it does non
relativistically, to all bound state wave functions having
infinite number of nodes whenZa. j 11/2.

To determine the level energies it is necessary to spe
the potentialV(r ) and a boundary condition at zero. In an
physical system this is obtained by an alteration of the
tential at smallr, due to the finite size of the nucleus or,
our case, the black hole. The form of the potential at smar
is not important whenZa,1 ~in fact in our case the black
hole should not significantly affect the energy levels even
Z5137, since the scale of the cutoff,r 0510235 m, is so
small!. Yet it does become very important whenZa.1.

A lot of interesting physics comes into play when t
energy of theK-shell electron goes below zero~but not into
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the lower continuum!. The electrons will have an energy«
52const3m. Therefore it is energetically favorable for th
electron to undergo a ‘‘beta decay’’ into heavier and heav
particles, such as a muon, tauon, or perhaps some new g
unification particle. This process would be very fast, and
fact it may be possible for this to occur before the particle
captured by the black hole.

Unfortunately in an elementary black hole system none
these effects are realized because the ground state en
falls into the Dirac sea beforeZ5138~Sec. IV B; see Fig. 4!,
and hence there are no negative energy bound states. Bu
critical value ofZ is dependent on the radius of the bla
hole, and hence it may be possible for bound states w
2m,«,0 to exist in heavier black holes.

B. Supercritical charge

If a black hole has a charge larger than some critical va
Zc , then theK-shell electron energy will reach the lowe
continuum~the lower Dirac sea! corresponding to energy«
52mc2. This corresponds to a binding energy of22mc2.
This field can spontaneously polarize the vacuum to cre
an electron-positron pair.

In Appendix A we follow the method outlined by Popo
@23# to find that the supercritical chargeZc5137.29. Thus
whenZ5138 we are already in the lower continuum, and
we can conclude that there are noK-shell electron bound
states with energy21,«,0.

WhenZ.137, then, the field can spontaneously polar
the vacuum to create an electron-positron pair. The elec
goes into theK shell and the positron goes to infinity~in an
ordinary nucleus there would be spontaneous emission
two positrons, after which the effective charge of the nucle
decreases by two units, corresponding to filling of theK

FIG. 4. K-shell electron and scalar particle energy as a funct
of Z. The electron energy reaches zero atZa51 or Z5137.036. In
the case where the nucleus is an elementary black hole, the en
reaches the Dirac sea («/m521) at Zc5137.29, implying that
there are no negative energy bound states. In the scalar particle
the energy reaches the Dirac sea very close toZc569, so we cannot
easily tell whether there is a bound state with negative energ
not.
0-5
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V. V. FLAMBAUM AND J. C. BERENGUT PHYSICAL REVIEW D63 084010
shell!. In the black hole atom the electron would immed
ately fall into the black hole, decreasing its charge by 1.

This process has a finite lifetime, since the positron m
tunnel to infinity to overcome the positive potential it wou
feel from the black hole. The spontaneous emission of p
trons would continue until the charge of the black hole f
below Z5138. The ground states with«.0 also have a
finite lifetime, so the charge of the black hole then continu
to fall until the charge is neutralized with the lifetimes d
scribed in Sec. III.

It is also interesting to consider the binding between bla
holes and charged scalar particles: Higgs boson,p meson,
etc. For a scalar particle, the Klein-Gordon equation in
Coulomb field has a singularity atZa51/2 ~or Z568.5).
After this we must take into account the finite size of t
nucleus. We wish to know at which point the energy reac
the lower continuum, to see whether there are any bo
states with negative energy~in much the same fashion as wa
done for the electron case!.

The calculation to find the critical charge in the case
the scalar particle is done in Appendix B, again following t
method of Popov@23#. It is found that the bound state energ
of the lowest shell equals2mc2 at Zc569.001. Because o
uncertainty in the size and boundary condition of the bla
hole, we cannot, from these results, tell if there is aZ569
bound state or not. Anyway, it would be a very short-liv
state.

In a case of a finite-size particle such as ap meson the
low-Z Klein-Gordon equation may be treated in a simi
fashion to the ‘‘finite-size nucleus’’ problem with the radiu
of p meson instead of nuclear radius. However, accu
high-Z results may be obtained only by solution of the thre
body problem and depend on the strong interactions betw
the quarks. For example, one of the quarks can be rap
captured by a black hole and they can form a ‘‘superhe
quark’’ interacting with a remaining quark—see the ne
section devoted to a protonic black hole.

V. PROTONIC BLACK HOLE ATOMS

If a black hole has a negative charge, then it can cap
positively charged particles including protons and alpha p
ticles. At first glance, one might think that this would form
‘‘protonic black hole atom,’’ something akin to the usu
atoms, but with orbiting protons instead of electrons. But
fact the physics of this system is quite different.

A. Ground state

Consider a protonic black hole. Because of the stro
nuclear force, the ground state of this system would con
of a ‘‘nucleus’’ of protons~some of which may decay into
neutrons! orbiting a black hole. For a singly charged bla
hole, there would simply be a single bound proton and no
ing very exciting occurs~until it decays—see Sec. VI!.

It is known that for two nucleons there are no bou
isotopic triplet states. This means that in a system of t
protons orbiting a black hole of chargeZ522, one of the
protons should decay via the weak interaction as
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p1→n1e11n ~14!

and thus achieve a stable deuterium nucleus configura
However, this is not the end of the story. The positron wo
be emitted with a large kinetic energy and so it would on
be weakly bound if at all. Thus the system will still have a
effective charge of21, which can attract another proton
This would join with the deuterium nucleus and form a3He
nucleus.

Also it is conceivable that the doubly charged black ho
could pick up an extra neutron, if a sufficiently slow on
chanced by the orbiting nucleus. Then the tritium nucle
would be formed. This would certainly be unstable, as it
usually, and decay to3He.

We now have the idea that the negatively charged bl
hole can have a nucleus orbiting it, having a certain num
of neutrons and protons which follow the nuclear stabil
curve. But we have not considered the effect of the Coulo
field on this nucleus. The binding energy of the nucleus w
decrease when protons decay to neutrons because the
trons are not charged. This may provide enough energ
some cases to form a bound state with an unusually h
number of protons. So the stability curve is effective
pushed towards the proton side.

B. Lifetime

The lifetime found from Eq.~13! is proportional to
m22g21, wherem is the mass of the orbiting particle. Thi
means that a single proton orbiting around an elemen
particle of chargeZ51 has a decay probability (mp /me)

3

518363 times larger, leading to a lifetime oft5331012 yr.
But the mass of our particle will be that of the orbitin

nucleus, which must in turn follow the new stability curv
for a nucleus orbiting a black hole~Sec. V A!. Thus the
lifetimes will decrease even faster than they do in the el
tron case because the entire nucleus mass is of importa
not the mass of just one proton. However, if we consid
black holes with only one proton, the lifetime is equal to t
age of the universe forZ55.

There is an additional complication to the lifetime, co
sidered in Sec. VI.

VI. COLOR CHARGE IN BLACK HOLES

We have established in Sec. V that negatively charg
black holes can have orbiting protons. We even estimated
probability that the bound protons fall into a black hole. B
we did not consider that protons are not elementary partic
but are made up of three quarks, each with a different co
charge. This means that as a result of the extremely sm
size of the elementary black hole, it is not the entire pro
which is captured, but a single quark.

The black hole then obtains the color of the quark it ca
tured, and becomes a ‘‘superheavy quark.’’ This would fo
a strongly bound state with the remaining two quarks of
original proton. While the other two quarks will eventual
fall into the black hole, this will happen with a finite lifetim
0-6
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ATOM MADE FROM CHARGED ELEMENTARY BLACK HOLE PHYSICAL REVIEW D63 084010
t;107 yr. Here we assumed that the quark wave function
the proton has radiusR;0.5 fm andc(0)251/(4pR3/3).

VII. HEAVIER BLACK HOLES

Let us discuss briefly nonelementary black holes. Beca
the density fluctuations in the early universe would have
curred on all scales@2#, there may conceivably have bee
black holes formed with much larger masses. The sma
ones of these would have evaporated into elementary b
holes. The minimal mass of a black hole that would not ha
evaporated entirely by now isM;531011 kg @2#. In this
section we will consider black holes of massM;1012 kg.
Such an object has a radius of 1.5 fm.

These objects are interesting to study because at this m
they have gravitational fields comparable to the electric fie
as well as sizes comparable to that of ordinary nuclei. U
fortunately there is another complication in determini
orbits—the constant flux of Hawking radiation being emitt
will interfere with any particle orbits.

Consider a singly charged black hole. Neglecting
gravitational potential and using Eq.~13! for the capture
probability with a new Schwarzschild radius of 1.5 fm, w
obtain the lifetime

tCoulomb55310211 sec.

Obviously increasing the charge makes this smaller still
does including the gravity term. Thus we can conclude fr
this and the fact that, if it was charged, evaporation wo
favor neutralization of the charge, that any charge of
black hole would have been neutralized by now.

Having concluded that there would be no electric cha
on black hole atoms, we turn our attention to gravitatio
atoms. These would consist of particles~we will confine our-
selves to electrons, but any particle would do! orbiting heavy
black holes of the mass discussed. The potential is

Ugrav52
GMm

r
52

g

r
. ~15!

In relativistic units,g51/520 for electrons. The radius of th
ground state for such a system is approximatelya51/g52
310211 m50.2 nm. This does not take into account the co
tinual radiation of the black hole which can interact with t
particles and may potentially destroy the bound states.

It is interesting that there is no limit to the number
particles which can join the gravitational atom provided t
particles are neutral or there is a balance between opp
charge particles~unlike an electromagnetic atom where t
charge becomes screened!. This gives rise to a new class o
quantum many-body problems covering the area between
drogens atom and the solar system.

VIII. CONCLUSION

We have seen that elementary black holes with charge
capture electrons and form bound states similar to thos
an ordinary atom. The electronic spectra of these black h
atoms can be searched.
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The electrons orbiting a black hole can fall into it. Th
‘‘direct capture’’ leads to a finite lifetime for black hole a
oms. This was found to be many times the age of the u
verse for black holes with small charges, but decreasing
ponentially with increasingZ. From these calculations w
concluded that primordial black holes would today ha
charges no larger thanZ'70.

The black hole atoms may give rise to new physical p
nomena. WhenZ.137 (Z.68 for scalar particles! we have
a physical realization of the much theorized supercriti
Coulomb fields, where the single particleK-shell energy be-
comes negative. We found that these energies immedia
drop into the lower continuum«,2mc2. Although the
ground state falls into the Dirac sea atZa51.002, the upper
states (p3/2, d, etc.! do not until afterZa5uku ~see@22#!.
Therefore it remains as an interesting question whether th
are any states with negative energy~including mc2) in the
upper bound states. If there are, then there is still the po
bility of the beta decay of electrons to muons, tauons, and
on.

We also discussed protonic black hole atoms which
formed with negatively charged elementary black holes. T
ground state of such systems is a nucleus orbiting a b
hole, with the nuclear stability curve pushed towards the p
ton side. Because protons are not elementary particles,
black holes would capture just one of the quarks of the p
ton ~or of any constituent nucleon in the orbiting nucleu!.
This leads to a black hole with a color charge. The lifetim
of this ‘‘superheavy quark’’ was found to be about 107 yr.

Finally we briefly considered much heavier black hol
~with masses of;1012 kg! and found that their charge i
neutralized very rapidly. There remains the possibility
gravitational atoms. However, because of Hawking radiat
and the capture of the electron, such atoms may be very s
lived.
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APPENDIX A: SUPERCRITICAL CHARGE:
ELECTRON CASE

Here we proceed to find the supercriticalZ, following the
method outlined by Popov@23#. To find Zc we need to solve
the Dirac equation for«521 ~we use relativistic units\
5c5m51). We write the potential as

V~r !5H 2j/r , r .r g ,

2j/r g , 0,r ,r g ,
~A1!

wherej5Za. This assumes that the wave function can e
tend inside the black hole, and that the charge of the bl
hole is concentrated entirely on the surface of it. The Di
equation can be expressed@19,20#
0-7
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dF

dr
52

k

r
F1~11«2V!G,

dG

dr
5~12«1V!F1

k

r
G, ~A2!

whereF(r )5r f (r ) andG(r )5rg(r ), with f andg the radial
wave functions;2k is the eigenvalue of the operatorK
5b(L•s11), conserved in a spherically symmetric fiel
For K-shell electrons,k521.

We eliminateG from Eq. ~A2! to obtain the second orde
differential equation

F91
V8

11«2V S F81
k

r
F D1F ~«2V!2212

k~k11!

r 2 GF50.

~A3!

The wave function outside the black hole can be obtai
from this, setting«521 and V52j/r where j now be-
comes its critical value when the bound state reaches
lower continuum,jc :

r 2F91rF 81~j22k222jr !F50. ~A4!

Transforming this equation byx5A8jr we obtain the Besse
equation

x2F91xF82~x22n2!F50, ~A5!

with n52Aj22k2. This leads to the solution~for k521
andj.1)

F5const3Kin~x!5const3Kin~A8jr !, ~A6!

whereKin(x) is the MacDonald function of imaginary orde
~a Bessel function of the second kind!. The second indepen
dent solution I in(A8jr ) is unacceptable because of i
growth at infinity.

Now we must choose a boundary condition atr 5r g ,
hence specifying completely the wave functionF and allow-
ing us to findjc . For the potential considered in Eq.~A1!,
we equate the logarithmic derivatives of the wave functio
inside and outside the black hole~for details see@23#! and
obtain the transcendental equation

xKin8 ~x!52j cotjKin~x!. ~A7!

Solving this forr g51.6310235 m54310223 in relativistic
units used we obtainj5Zca51.00187, corresponding to
critical charge

Zc5137.29. ~A8!

Thus we conclude that there are no (K-shell! bound states
with energy 21,«,0 because whenZ5138 we are al-
ready in the lower Dirac sea.

One may think that the boundary condition chosen
somewhat artificial, but in fact the actual boundary condit
chosen is not important compared to the scale ofr g . Con-
sider, for example, a very general~and incomplete! boundary
08401
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n

conditionKin(A8jr g)5const. The constant should necess
ily be positive because the ground state should have
nodes. The maximum value ofj will be realized when a
node does exist at the boundary. So let us tryKin(A8jr g)
50. This gives us a value ofjc51.00199 corresponding to
Zc5137.31. So our conclusion that no negative ene
bound states exist is valid.

APPENDIX B: SUPERCRITICAL CHARGE:
SCALAR CASE

We can discuss the case of a pointlike scalar particle
Coulomb field in an analogous manner to the electron c
@23#. First, we must solve the Klein-Gordon equation, ou
side the nucleus

w l91S «2211
2«j

r
1

j22 l ~ l 11!

r 2 D w l50. ~B1!

We can solve this in its present form, but it is easier if we
«521 immediately, since we are interested in findingjc ,
where theK-shell energy meets the lower continuum. T
wave function in this case has the form

w l~r !5ArK im~A8jR!, ~B2!

m52Aj22S l 1
1

2D 2

. ~B3!

If we again use the cutoff potential forV(r ), then we
obtain forjc the transcendental equation~for the lowest level
n51, l 50)

xKin8 ~x!5~2b cotb21!Kin~x!,

n5A4j221,

b5Aj~j22R!,

x5A8jR. ~B4!

Solving this numerically we obtain thatjc50.50353
which means that the energy of the scalar particle reaches
Dirac sea atZc569.001. Because of the uncertainties in t
size and boundary condition of the black hole, we cannot
if there is a bound state with negative energy atZ569.
0-8
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