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Instabilities in neutrino-plasma density waves
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One examines the interaction and possible resonances between supernova neutrinos and electron plasma
waves. The neutrino phase space distribution and its boundary regions are analyzed in detail. It is shown that
the boundary regions are too wide to produce nonlinear resonant effects. The growth or damping rates induced
by neutrinos are always proportional to the neutrino flux andGF

2 .
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I. INTRODUCTION

The study of the interactions between neutrinos a
plasma waves has received a great deal of attention. E
works of Binghamet al. @1,2# claimed that an intense neu
trino flux passing through a plasma is capable of produc
unstable modes of electron density waves causing a sig
cant transfer of energy from neutrinos to the mantle o
supernova. If true, this could constitute a sort of realizat
of the Wilson explosion mechanism. However, their desc
tion of the weak interactions in the neutrino-electron syst
was not satisfactory.

More recently@3,4#, the full standard model quantum fiel
theory of electroweak interactions was applied to estab
the dynamics of the excitations of the electromagnetic fi
and electron and neutrino current density distributions@Eqs.
~27!–~32! of Ref. @4##. From that we derived the modificatio
on the dispersion relation of electron density waves due
neutrino flow. Our analysis of the conditions of neutrin
emission in supernovae led us to the conclusion that they
not satisfy the necessary requirements to generate the
stable waves and growing rates predicted by Binghamet al.
@1,2#. Subsequent works@5,6# gave some support to this con
clusion. However, the controversy seems to persist on
specific issue@7#. We report here a detailed analysis conce
ing the neutrino phase space distribution and implications
plasma waves.

II. NEUTRINO INDUCED INSTABILITIES

The dispersion relation of electron density waves, a
called plasmons, is modified by weak interactions whe
neutrino flow passes through the plasma. Letvpl(k) desig-
nate the wave frequency as a function of the wave vectork in
the absence of neutrinos and in the plasma collisionless li
We assume the background medium to be static andspatially
homogeneous within the time and length scales character
of the plasma waves of interest. The momentum distribut
is assumed isotropic for electrons but not for neutrinos,
they have an almost unique direction at far distances fr
the supernova core. The electron plasma is considered
relativistic. In these conditions a stream of neutrinos~an-
tineutrinos! modifies the dispersion relation as follows@3,4#
(\5c51):

v22vpl
2 5GAvpl

2 , ~1!
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, ~2!

wherecV851/212 sin2uW.0.96 forne ( n̄e), GF is the Fermi
constant,ne , nn are the electron and neutrino number de
sities, respectively, and

A5S 12
v2

k2 D 2
k2Ēn

vp
2nn

3E d3pn

f n

En

k22~k•vn!2

~v2k•vn!22~v22k2!2/4En
2

~3!

is a dimensionless quantity.f n is the neutrino or antineutrino
distribution function in momentum space,* f n d3pn5nn ,
and Ēn is a typical neutrino energy. Finally,vp

2

54pane /me .
The expressionA admits in general a classical approxim

tion because the frequency and wave number are m
smaller than the single particle energyEn . In fact v is
around the magnitude of the plasma frequency,vp , andk is
limited above by the Debye wave number,kD5vpAme /Te
at a temperatureTe @8#. In the classic limitA is approximated
as

A5S 12
v2

k2 D 2
k2Ēn

vp
2 nn

E d3pn

f n

En

k22~k•vn!2

~v2k•vn!2
, ~4!

or, after integrating by parts,

A52S 12
v2

k2 D 2
k2Ēn

vp
2 nn

E d3pn

k"] f n /]pn

v2k•vn
, ~5!

an expression directly related to classic kinetic theory@3,4#.
The frequency shift due to weak interactions is in gene

extremely small. The factorGF
2nenn /meEn is about 3

310228 for electron and neutrino densities as high asne

51029 cm23 andnn5Ln/4pr 2Ēn51.831030 cm23 at radius
r 5300 km for a neutrino energy luminosityLn51052 erg/s
and Ēn510 MeV. The claim has been@1,2,7# that the shift
on the imaginary part of the frequency,g5Im$v2vpl%, is
not suppressed byGF

2 but rather by a smaller power ofGF

for certain wave modes that are resonantly enhanced by p
ers of (v2k•vn)21;g21@vpl

21 . That would be the case i
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all the neutrinos had exactly the same velocity vector,vn .
Then Eq.~4! would giveA;vpl

2 /g2 for the resonant mode
and the dispersion relation~1! complex solutionsv(k) with
growth ratesg;G1/3vpl , around 1010 s for the parameters
shown above. This corresponds to the reactive instability
forward by Binghamet al. @1,2#.

However, that calculation is not realistic because the n
trinos do not have exactly the same direction of motion.
emphasized in Refs.@3,4#, no matter how far the neutrino
are from the core, there is always an angular spread pro
tional to the neutrinosphere radius,R, 2an.2R/r . This
causes a variation ofv2k•vn proportional toanvpl , orders
of magnitude higher than any conceivable value for
width ugu of a resonance due to neutrino interactions. T
means thatvpl2k•vn changes sign over the neutrino m
mentum distribution and only a vanishing small fraction
the neutrinos lie on the resonance. Such a situation is sim
to Landau damping@8,9# in an electron plasma and th
imaginary part ofA can be calculated by replacing (v2k
•vn)21 with 2 ipd(vpl2k•vn). It yields a neutrino contri-
bution to g proportional toGF

2 given by Eq.~15!, first ob-
tained by Hardy and Melrose@10# through other methods
The only possible exceptions, that we want to analyze h
are resonances located at some boundary of the phase
occupied by neutrinos.

One kinematic boundary is the velocity direction paral
to k ~whenk lies inside the neutrino velocity cone!: it cor-
responds to the minimum angle betweenvn andk and mini-
mum value ofvpl2k•vn . The other boundary is the uppe
limit on the angle betweenvn and the radial direction,u
<an.R/r , due to the finite size of the neutrino sphere. Id
ally, the distribution function would be discontinuous atu
5an but that is not true as we will see.

Consider first the case of a resonance atvn parallel tok,
i.e., vpl5kvn . Then, the factor (12v2/k2)2 in A vanishes
unless the neutrinos are massive in which casevn.1
2mn

2/2En
2 . Let v05vpl /k be the exact resonant speed. Th

(12v2/k2).mn
2/E0

2 and vpl2k•v0 is positive throughout
the neutrino angular distribution. The problem is, the ve
mass that makes 12v2/k2 different from zero also causes
neutrino speed variation over the energy spectrum an
change of sign invpl2k•vn . In fact, vpl2kvn is negative
for energies larger thanE0. Only energies obeyingvpl
2kvn&ugu can participate in the resonance of widthugu. The
standard deviationDEn in the energy spectrum of supernov
neutrinos@11,12# is comparable to the average energyĒn ,
DEn'Ēn/2.5, which implies a deviationDvn'2mn

2/5Ēn
2 . In

order that a significant fraction of the energy spectrum c
tributes to the resonance it is necessary thatDvn&ugu/vpl ,
but that puts an upper limit on the neutrino mass,mn

2/Ēn
2

&5ugu/vpl , and, quite remarkably, on the factor

12v2/k2.
mn

2

E0
2

&
5ugu
vpl

. ~6!

That simply washes out the resonance because the nume
(12v2/k2)2 in A becomes suppressed byg2. To put it in
07730
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another way, if there is a resonance forvn parallel tok, the
energy spectrum is always too broad to preventvpl2kvn

from changing sign and departing from the resonance wid
The other phase space boundary is the upper limit on

angleu betweenvn and the radial direction,an.R/r (R is
the neutrino sphere radius andr is the distance from the
supernova center!. If the resonance lies onu5an , i.e., vpl
5k cosan , then vpl2k•vn is essentially negative over th
neutrino angular distribution. However, the distribution do
not fall abruptly to zero at the polar anglean . There are two
reasons for this. First, the neutrino sphere radius depend
then energy: the interaction cross sections increase with
n energy and consequently more energetic neutrinos su
the last scattering in regions of lower density, farther fro
the center. Second, scattering is a statistical process by
ture. Particles with the same energy suffer the last scatte
at different radii according to a certain statistical distributi
dependent upon the particular chemical and density profil
the medium~see the Appendix!. Both factors imply that the
neutrino sphere has a considerable thickness and so ha
neutrino angular aperture. This fact changes the way the
tribution function depends onu.

Let RE and DRE be the average neutrino sphere rad
and statistical uncertainty for neutrinos with well-defined e
ergyEn5E andaE5RE /r , DaE5DRE /r the respective an-
gular aperture and uncertainty. Assuming axial symme
around the radial direction, the distribution function only d
pends on the energy and polar angle:f n5 f n(E,u). Its de-
rivative with respect tou can be modeled as

] f n

]u
~E,u!52

g~E!

A2pDaE

e2[ ~u2aE)2/2DaE
2 ] , ~7!

with g(E). f n(E,0). It corresponds to a distribution functio
practically constant in the intervalu,aE22DaE and drop-
ping to zero atu.aE12DaE . In addition toDaE , the dis-
tribution function is also smoothed by the dependence ofaE
on the neutrino energy, which makes a total angular wi
Dan5Da Ē1daE /dEnDEn , centered on the polar angl
an . The consequence of this is thatvpl2k•vn may change
sign and depart from the resonance still within the angu
boundary u'an62Dan , if the resonance is not wide
enough.

Let v0 be a particular vector of the resonance surface~de-
fined by k•vn5vpl) situated in the angular boundary, i.e
with polar angleu0 close toan , and azimutal anglef0. The
angular coordinates of a generic velocity vectorvn and wave
vector k are denoted as (u,f) and (uk ,fk), respectively.
Without loss of generality,fk50. The productk•vn and its
variation fromv0 are given by

k•vn5kvn~cosuk cosu1sinuk sinu cosf!, ~8!

dk•vn5kuv0du1kfv0 sinu0df, ~9!

where ku5k(2cosuk sinu01sinuk cosu0 cosf0) and kf5
2k sinuk sinf0 represent the components ofk along the di-
rections eu and ef , respectively. Withkv5k•v0 /v0 they
obey the identityku

21kf
2 1kv

251. The angular displacemen
2-2
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du56
g cosb

Ak2v0
22~k•v0!2

, ~10!

sinu0df56
g sinb

Ak2v0
22~k•v0!2

, ~11!

with tanb5kf /ku , causes a variationdk•vn56g. Notice
thatk•v05vpl and sinu0.sinan . If that displacement satis
fies uduu!Dan and udfu!p, thenvpl2k•vn goes away to
both sides of the resonance for velocity directions well ins
the rangeu'an62Dan and therefore well inside the neu
trino distribution. Of course,vpl2k•vn would have a defi-
nite sign if u0.an62Dan but then, the resonance wou
exist where the neutrino distribution function drops to ze
i.e., there are no neutrinos.

Our estimates of the neutrino sphere depth~see the Ap-
pendix! give Dan varying between 0.11an and 0.03an at
different stages of supernova evolution andan5R/r be-
tween 0.1 and 0.03 atr 5300 km. On the other hand,ugu is
orders of magnitude below 1029vpl . This implies that the
displacements calculated above satisfy

uduu/Dan&103ugu/~vpl sinukn!, ~12!

udfu/p&10ugu/~vpl sinukn!, ~13!

and therefore are well inside the neutrino angular bound
The contrary would require a very small angle betweenk
andv0 , ukn,1026 for ugu/vpl,1029, which leads to a huge
suppression factor (12v2/k2)2.ukn

4 in A, which in turn fur-
ther suppresses the values ofg and so on, in other words, i
falls in the casev0 parallel to k treated above in the firs
place.

The lesson from all this is that the contribution,gn , of
neutrino weak interactions to the imaginary part of the wa
frequencyv(k), is too small to produce resonances whe
the quantityA is inversely proportional to some power o
gn . On the contrary,A is independent ofgn and

gn5 1
2 Gvpl Im$A%. ~14!

Applying Landau prescription@8,9# to Eq. ~5!, the result is

g
n

vpl
5

GF
2cV8

2

4ak2
~k22vpl

2 !2E d3pnd~vpl2k•vn!k"
] f n

]pn
,

~15!

the same as obtained by Hardy and Melrose@10# from the
study of stimulated emission and absorption of plasmons
neutrinos. gn is proportional to GF

2 and suppressed b

GF
2nenn /meĒn , down to;10228 even for electron and neu

trino densities as high asne51029 cm23 andnn;1030 cm23

at 300 km from the supernova center. The other point is,
rategn does not drive the evolution of plasma waves beca
it is many orders of magnitude smaller than the damping
caused by electron-ion collisions,gc , only two or three or-
ders of magnitude belowvpl for such high density plasma
@8,9#.
07730
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More important than the growth rate is to know the e
ergy transferred from neutrinos to the plasma. Keeping
mind that the overall wave growth is shut down by electro
ion collisional damping, the energy transferred per unity
time to a single mode is 2gn(k)vpl(k). Assuming that the
plasma waves obey a thermal equilibrium Bose–Einstein
tribution, cutoff at the Debye wave numberkD , the total
energy transferred per unity of time and volume is

ṙ52E d3k

~2p!3

gn~k!vpl

evpl /Te21
. ~16!

Integrating in time and volume and dividing by the tot
neutrino energy, 4pr 2nnEnDt, one obtains the fraction o
total energy transferred per neutrino,DE/En5*dr ṙ/Ennn .

For the sake of argument let us assume that some
interaction produces a contribution likeA in Eq. ~4!, but
without the factor (12vpl

2 /k2)2, so that a resonance is po
sible for k parallel tovn (vpl5k) makingA}g21. The col-
lisionless dispersion relation~1! gives a growth rateg
}G1/2vpl that is proportional toGF rather thanGF

2 . How-
ever, these resonant modes are limited to the very thin s
k5vpl6g in k space. That makes an extra factor ofg in the
integration of Eq.~16! and the transferred energy goes asg2,
proportional toGF

2 not toGF . Taking only the main factors
one obtainsDE/En;GF

2Tevpl
6 En

22r , about 10218 for the
same numbers used before andTe5100 KeV. This is very
far from the few percent needed for a supernova explosio
discourages the application of nonstandard weak interact
seeking for nonlinear resonant effects.

III. CONCLUSIONS

We analyzed different instabilities that could possib
emerge from the interaction between neutrinos and elec
plasma waves in a supernova environment. The hypothe
neutrino induced resonances are too narrow to embrace
total angular spread of the neutrino stream due to the fi
size of the neutrino sphere@3,4#. But they are also too narrow
to contain the boundary regions of the neutrino phase sp
distribution. When the resonant neutrino velocity vector
parallel to the wave vector, a neutrino mass is needed and
energy spectrum is too broad to keep the neutrino spe
vn.12mn

2/2En
2 , inside the resonance. When the reson

velocities are in the boundary of the velocity angular dis
bution, the depth of the neutrino sphere is too large to m
an angular boundary abrupt enough. In both cases the bo
aries of the neutrino phase space distribution are too wid
prevent a departure from the poles to both sides of the re
nances. As a result, nonlinear resonant effects are not
sible and the growth or damping rates are always linea
the neutrino flux andGF

2 . They correspond to a balance b
tween stimulated Cˇ erenkov emission and absorption
plasma waves by neutrinos@10#, analogous to Landau damp
ing. The energy that could possibly be transferred from n
trinos to plasma waves seems to be vanishing small even
nonstandard neutrino interactions.
2-3
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APPENDIX: NEUTRINO SPHERE DEPTH

Neutrinos like any other form of radiation are not emitt
from an ideal surface but from a shell with a certain dep
The neutrino ‘‘optical’’ depth at a point of radiusr can be
defined as the Roseland depth,t(r )5* r

`dr/l(r ), where
l215kr5sn is the inverse mean free path, a function
the opacityk and densityr, or cross sections and number
density of target particles,n. t(r ) is a measurement of th
number of collisions the neutrinos suffer moving from t
radius r to infinity. The neutrino sphere can be arbitrari
defined as the surface, of radiusR, wheret52/3, but the
bulk of neutrino last scatterings spreads between thet51
andt51/3 surfaces. The way this translates as a radial
tribution depends on the chemical and density profile of
ys

ew
d

ew

07730
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medium. For an exponentially decreasing density near
neutrino sphere,r(r )}102r / l , the radial separation betwee
t51 and t51/3 is approximately 2DR' l /2. Numerical
simulations@13# show that the length scalel varies from
aroundR/5 to R/20 at different stages of supernova. The
DR is aboutR/20 to R/80.

The other source of radial spread is the opacity or cr
section dependence on the neutrino energy@12#, typically k
}En

2 . At constant optical deptht, the neutrino sphere radiu
increases with the energy at a rate that we estimate
dR/dEn52l /En ln 10. Since the neutrino energy spectru

@11,12# has a standard deviationDEn'Ēn/2.5 we obtain a
radial deviationDR' l /3'R/152R/60. The joint effect of
statistical fluctuations and energy spectrum is a neutr
sphere depth varying between 2DR'0.23R and 0.06R. This
implies a finite width in the boundary of the neutrino angu
aperture at large distances from the supernova core as
cussed in the text.
s
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