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Calculation of the decay constants of scalar mesons
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The purpose of our work is to provide further evidence for the utility of our generalized Nambu–Jona-
Lasinio model in describing the properties of light mesons. In this work we develop methods for the calculation
of the decay constants of scalar mesons. Our model makes definite predictions of how scalar mesons should be
organized into nonets and we use our calculation of the decay constants to support our predictions. The
assignment of scalar mesons to various nonets is problematic, with various choices made in the literature for
thes~500–600!, f 0(980), a0(980), f 0(1370),K0* (1430), andf 0(1500). Maltman has suggested that one can
gain information as to how these nonets should be chosen by determining the meson decay constants of the
scalar mesons. In particular, he studies thea0(980), a0(1450), andK0* (1430) resonances using QCD sum rule
techniques and other methods. He concludes that thea0(980) andK0* (1430) have similar decay constants and
therefore have similar structure.~We have come to the same conclusion by an entirely different analysis,
making use of our generalized Nambu–Jona-Lasinio~NJL! model, which includes a covariant model of
confinement.! In the case of thea0(980) we obtain a result for the decay constant that is about 50% larger than
that of Maltman, while for thea0(1450) andK0* (1430) our results are somewhat smaller than his. Our results

suggest that thea0(980) may have a significantKK̄ component, which would reduce our theoretical value. The
implication of our results and those of Maltman for the organization of scalar mesons into nonets is discussed.

DOI: 10.1103/PhysRevD.63.074017 PACS number~s!: 14.40.Cs, 12.39.Fe, 12.39.Ki, 14.40.Ev
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I. INTRODUCTION

In recent years we have constructed a generali
Nambu–Jona-Lasinio~NJL! model that includes a covarian
model of confinement. We have made an extensive stud
the spectra of light mesons in Refs.@1# and @2#. The param-
eters of the model were fixed in Ref.@1# when we described
the pseudoscalar and vector nonets of states, so that whe
extended our study to include thef 0 mesons in Ref.@2#, the
distribution of the scalar states in various nonets could no
chosen arbitrarily. For example thea0(980), f 0(980),
K0* (1430), andf 0(1370) were in the same nonet of 13P0

states~see Fig. 1!. We found approximate ideal mixing, wit
the f 0(1370) being largely anss̄ state. However, the physi
cal situation is more complex, since thef 0(1370) and
f 0(1500) resonances are expected to exhibit strong mix
with the scalar glueball.~That mixing was considered in Re
@3#, where our model was used.! Since thef 0(1370) decays
strongly to the 4p channel, such configuration mixing has
play a significant role, if our model has made the corr
assignments. It is also possible thatqq̄qq̄ states play an im-
portant role in the scalar spectrum, however, we do not c
sider that aspect of the problem in this work.

Other possible assignments of scalar states to various
ets are suggested in the literature. For example, Schec
and collaborators@4–7# place thes~500–600!, a0(980),
f 0(980), andk~700–900! in the same nonet. Those assig
ments lead to various problems with the energetics as
scribed in Ref.@7#. For example, one does not see the e
pected increase in energy when au or d quark is replaced by
an s quark in the passage from thea0(1450) to the
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K0* (1430). These and other problems are discussed in
@7# and a model involving configuration mixing of th
a0(980) andK0* (1430) with two other states, possibly o
qq̄qq̄ character, is introduced in an attempt to overcome
problems raised by the abovementioned assignments of
figurations.@In our analysis thes~500–600! andk~700–900!
are ‘‘dynamically generated’’ states@8#, which appear as
poles in thepp andpK T matrices, but which do not corre
spond toqq̄ states.#

We find a suggestion made by Maltman of a procedure
help resolve these issues to be quite attractive@9,10#. He

FIG. 1. The nonets of 13P0 and 23P0 scalar meson state
obtained in Refs.@1# and @2# are shown. Thef 0(1864) and
K0* (1738) are predictions of our analysis with thef 0(1864) being
the 2 3P0 ss̄ state.
©2001 The American Physical Society17-1
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C. M. SHAKIN AND HUANGSHENG WANG PHYSICAL REVIEW D63 074017
suggests that, if thea0(980) were aKK̄ ‘‘molecule’’ @11#,
the state would have a very small decay constant comp
to the K0* (1430), which is generally thought to have
simpleqq̄ configuration with one strange quark. Maltman
study leads to the conclusion that thea0(980) andK0* (1430)
have similar structure. Since he obtains values for
a0(980), a0(1450), andK0* (1430) decay constants, we d
cided that it would be of interest to calculate these de
constants in our generalized NJL model.

The organization of our work is as follows. In Sec. II w
review some aspects of our model that are needed for
discussion. In Sec. III we describe how wave functions ofqq̄
scalar meson states are constructed in our model. In Sec
we present Maltman’s definitions of the scalar meson de
constants and in Sec. V we show how our wave functio
may be used to calculate the decay constants. Finally, in
VI we compare our results with Maltman’s values and p
vide some additional discussion and conclusions.

II. A GENERALIZED NAMBU –JONA-LASINIO MODEL

The Lagrangian of our model is

L5q̄~ i ]”2m0!q1
GS

2 (
i 50

8

@~ q̄l iq!21~ q̄ig5l iq!2#

2
GV

2 (
i 50

8

@~ q̄gml iq!21~ q̄gmg5l iq!2#

1
GD

2
$det@ q̄~11g5!q#1det@ q̄~12g5!q#%

1Lsensor1Lconf. ~2.1!

Here, the fourth term is the ’t Hooft interaction,Ltensor de-
notes interactions added to study tensor mesons, whileLconf
denotes our model of confinement@1,2#. In Eq. ~2.1! m0 is
the current quark mass matrixm05diag(mu

0,md
0,ms

0), the l i

( i 51, . . . ,8) are theGell-Mann matrices, andl05A2/3I,
with I being the unit matrix in flavor space. In our previo
work we hadGS511.83 GeV22 andGD586.39 GeV22. The
interaction strength in singlet states wasG00510.46 GeV22

and the interaction strength in octet states wasG88
512.46 GeV22. ~The deviation from ideal mixing induce
by the ’t Hooft interaction is described in Ref.@2#.!

A novel feature of our model is the use of confineme
vertex functions that satisfy an equation of the form sho
in Fig. 2~a!. There,VC ~dashed line! denotes our confining
interaction@1,2#. Figure 2~b! shows the homogeneous equ
tion for the vertex. That equation may be solved to obtain
qq̄ wave functions bound by the confining field. Note th
the vertex function that satisfies the inhomogeneous equa
is singular at the energies where the homogeneous equ
of Fig. 2~b! has a solution. In Fig. 2~c! we show a homoge
neous equation that includes the effect of the short-ra
NJL interaction which is represented by the small fill
circle.

The vertex of Fig. 2~a! satisfies the equation
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ḠS~P,k!512 i E d4k8

~2p!4 @g rS~P/21k8!ḠS~P,k8!

3S~2P/21k8!gr#VC~kY2kY8!, ~2.2!

where theg r matrices appear since we use Lorentz-vec
confinement@1,2#. HereS(p)5@p”2m1 ih#21 is the quark
propagator of a quark of massm. The form ofVC(kY2kY8) is
given in Ref.@2#, for example.

In Fig. 3 we show the basic vacuum polarization integ
of our NJL modelJS(P2), which is constructed using th

FIG. 2. ~a! Schematic representation of the equation for t
confinement vertex. HereVC denotes the confining field@1,2#. ~b!
The homogeneous version of the equation shown in~a! is repre-
sented.~c! A representation of the homogeneous equation for
vertex that includes the effects of both confinement and the sh
range NJL interaction is shown.

FIG. 3. ~a! The diagram serves to define the function2 iJS(P2).
The triangular filled regions are the vertex functions shown in F
2~a! @see Eq. ~2.3!#. ~b! The diagram represents the functio
2 iK S(P2) that describes polarization effects due to coupling

two-meson decay channels. The channelspp, KK̄, hh, and hh8
were considered in Ref.@2# and values forKpp

S (P2) andK
KK̄

S
(P2)

were presented there.
7-2
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CALCULATION OF THE DECAY CONSTANTS OF . . . PHYSICAL REVIEW D 63 074017
vertex of Fig. 2~a!. The functionJnn̄
S (P2) is shown in Fig. 4

andJss̄
S (P2) is shown in Fig. 5. Note thatJS(P2) is singular

at the energies for which the homogeneous equation of
2~b! has a solution. For the study of thea0 mesons only a
single functionJS(P2) was needed@2#. In that case, in the
meson rest frame (PY 50),

JS~P2!524ncE d3k

~2p!3

kY2

E2~kY !

3FGS
12~P0,k!

P022E~kY !
2

GS
21~2P0,k!

P012E~kY !
Ge2k2/a2

.

~2.3!

FIG. 4. The figure showsJnn̄
S (P2) calculated in the TDA~dotted

line! and in the RPA~solid line!. Here mu5md50.364 MeV and
a50.605 GeV, k50.055 GeV2 and m50.010 GeV. The TDA
result is obtained by dropping the second term in the bracket
Eqs.~2.3! and ~2.4!. In the RPA we use the complete expression

FIG. 5. The figure showsJss̄
S (P2) calculated in the TDA~dotted

line! and the RPA ~solid line!. Here mu5364 MeV and ms

5565 MeV ~see caption of Fig. 3!.
07401
g.

We note thatGS
21(2P0,k)5GS

12(P0,k) so that we may
write

JS~P2!524ncE d3k

~2p!3

kY2

E2~kY !
GS

12~P0,k!

3F 1

P022E~kY !
2

1

P012E~kY !
Ge2k2/a2

. ~2.4!

In the past we have regulated this integral using a sh
cutoff with ukY u<L350.622 GeV@1#. In the present work we
use a Gaussian cutoff in our analysis, since the sharp cu
does not yield satisfactory wave functions. The functi
GS

12(P0,k) is obtained from the matrixḠS(P0,k) using a
procedure described in Ref.@1#. In Eq. ~2.3! a factor of 2
arises from the flavor trace. We note that no small termih is
needed in the denominator of the first term, sin
GS

12(P0,k) is equal to zero whenP052E(kY ).
In Fig. 3~b! we show the polarization functionKS(P2),

which was calculated in Ref.@2#. For a single channel, we
may define aqq̄ T matrix

t~P2!52
G

12G@JS~P2!1KS~P2!#
~2.5!

52
1

G212@JS~P2!1ReKS~P2!#2 i Im KS~P2!
.

~2.6!

The bound state energies in the presence of the NJL inte
tion may be found by solving the equation

G212@JS~P2!1ReKS~P2!#50. ~2.7!

In our earlier work we calculated ReKS(P2) and ImKS(P2)
for the pp, KK̄, hh, andhh8 channels@2#. However, to fit
the scalar spectrum we needed to introduce a parameter
represented contributions to ReKS(P2) from distant singulari-
ties and from the 4p channel. Recently, we have performed
new analysis of the kaon and its radial excitations. In t
manner, we found that the coupling constant for octet sta
should beG88513.1 GeV22 and we will use that value for
the study of thea0 mesons. With our new determination o
the coupling constant, we find that we do not need any
justable parameters to fit the masses of thea0(980) and
f 0(980). However, the use ofGS513.1 GeV22 overbinds
the K0* (1430) somewhat, so we useGS510.0 GeV22 to
place theK0* (1430) at 1350 MeV. In Ref.@1# we foundK0*
states at 1.416, 1.738, and 1.999 GeV@1#. The first and last
of these states may be put into correspondence with
K0* (1430) at 14296465 MeV and theK0* (1950) at 1945
610620 @12#. We have recently discussed the evidence
a K0* (1730) resonance in Ref.@13#. For example, in the
analysis ofpK scattering carried out by Jamin, Oller an
Pich @14#, a pole in the pK T matrix was found at
1731–i147 MeV, in addition to poles at 1450–i142 MeV
and 1908–i27 MeV. Also, aK0* resonance at 1730 MeV i

of
7-3
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C. M. SHAKIN AND HUANGSHENG WANG PHYSICAL REVIEW D63 074017
quite consistent with the phenomenological analysis of li
meson spectra recently described in Ref.@15#, and which we
have discussed in Ref.@13#. Our results for theK0* states
give us confidence that the strength~‘‘string tension’’! of the
confining field introduced in Ref.@1# to fit the spectrum of
pseudoscalar and vector meson states may be used wi
modification when we study the scalar mesons@1,2#.

III. VERTEX FUNCTIONS AND WAVE FUNCTIONS OF
THE GENERALIZED NJL MODEL

In this section we will discuss the case in which the qu
and the antiquark have the same mass, leaving the m
complicated case of unequal mass quarks for the Appen
The functionGS

12(P0,k) satisfies the equation@1,2#

GS
12~P0,k!511

1

~2p!2 E k82dk8@2k82k2V0
C~k,k8!

1m2kk8V1
C~k,k8!#

1

k2E2~kY8!

GS
12~P0,k8!

P022E~kY8!

~3.1!

with k5ukY u, k85ukY8u, and

Vl
C~k,k8!5

1

2 E21

1

dxPl~x!VC~kY2kY8!. ~3.2!

Herex5cosu andPl(x) is a Legendre polynomial. Note tha
no cutoff is needed for the momenta in Eq.~3.1!.

It is useful to symmetrize the homogeneous version of
~3.1! by multiplying by k2/E(kY ) from the left. We then de-
fine

f̄ i~k!5
k2

E~kY !

G i
12~k!

Pi
022E~kY !

, ~3.3!

wherei denotes a particular bound state solution. We fin

@Pi
022E~kY !#f̄ i~k!52E dk8H1

C~k,k8!f̄ i~k8!, ~3.4!

where

H1
C~k,k8!52

1

~2p!2

kk8

E~kY !E~kY8!

3@2kk8V0
C~k,k8!1m2V1

C~k,k8!#. ~3.5!

We may include the short-range NJL interaction, if we
placeH1

C in Eq. ~3.4! by

H1~k,k8!5H1
C~k,k8!1H1

NJL~k,k8!, ~3.6!

with
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H1
NJL~k,k8!5

8nC

~2p!2

k2e2k1/2a2
GSk82e2k82/2a2

E~kY !E~kY8!
. ~3.7!

Equation ~3.7! contains a factor of 2 that arises from th
flavor trace. In our recent work on scalar mesons@2#, we
used a Gaussian regulator witha50.605 GeV and we will
continue to use that value in this work.

Once we obtainf̄ i(k), we define

f i~k!5
E~kY !

k2 f̄ i~k! ~3.8!

and

f i
N~k!5ANif i~k!, ~3.9!

whereANi is a normalization factor that is obtained by r
quiring that the meson wave function contains only a sin
quark ~see Fig. 6!. We find

1

Ni
5

2nC

p2 S 1

2Mi
D E

0

`

k2dkS k2

E2~k! D uf i~k!u2, ~3.10!

whereMi is the mass of the meson.@Here, the states hav
been given a relativistic normalization, leading to the appe
ance of 2Mi in Eq. ~3.10!#.

In Fig. 7 the dotted line shows the nodeless functi
f̄(k), calculated withH1(k,k8)5H1

C(k,k8), while the solid
line is the result of the calculation withH1(k,k8)
5H1

C(k,k8)1H1
NJL(k,k8). It is seen that adding the shor

FIG. 6. ~a! The normalization of the wave function may b
carried out by requiring that the meson contain a single quark.„We

use a relativistic normalization of the stateŝPY 8uPY &
5(2p)32Ei(PY )d (3)(PY 2PY 8) with Ei(PY )5@PY 21Mi

2#1/2.… ~b! The
calculation ofMi

2f i is indicated in a schematic fashion~see Secs. V
and VI!.
7-4
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CALCULATION OF THE DECAY CONSTANTS OF . . . PHYSICAL REVIEW D 63 074017
range NJL interaction admixes higher momentum com
nents into the wave function and leads to a larger value
the decay constant~see Sec. V and Table I!.

IV. DEFINITION OF SCALAR MESON DECAY
CONSTANTS

Here we follow the definitions introduced by Maltma
and use some of his notation@9,10#. Maltman studies the
scalar correlator

P~q2!5 i E d4xeiq•x^0uT„j ~x! j †~0!…u0&, ~4.1!

FIG. 7. The functionf̄(k) relevant to the calculation of the
decay constant of thea0(980) is shown for the case wher
H1(k,k8)5H1

C(k,k8) ~dotted line! and for the case in which
H1(k,k8)5H1

C(k,k8)1HNJL(k,k8) ~solid line!. The use of the
function given by the dotted line yieldsma0(980)

2 f a0(980)

50.0222 GeV3, while the use of the function represented by t
solid line yieldsma0(980)

2 f a0(980)50.0649 GeV3 ~see Table I!.

TABLE I. Theoretical values of scalar meson decay consta
For thea0 mesons we haveG88513.1 GeV22 anda50.605 GeV.
For theK0* mesons, we useG88510.0 GeV22.

Meson

Mi
2f i ~GeV3!

a50.605~GeV! Maltman @9,10#

a0(980) 0.0649a 0.044760.0085b

a0(1450) 0.0357 0.064760.0123b

a0(1857)a 0.0377
K0* (1430) 0.0614 0.084260.0045
K0* (1730)c 0.0425
K0* (1950) 0.0414

aThe a0(1857) was predicted to exist in Ref.@1# ~see Table IV of
Ref. @1#!.
bThese values were obtained through the application of OCD
rule techniques.
cWe discuss evidence for aK0* (1730) resonance in Ref.@13#.
07401
-
f

with j du(x)5]m(d̄gmu) or j su5]m( s̄gmu). He then defines

2 i ^0u j su~0!uK0* ~1430!&5 f K
0* ~1430!mK

0* ~1430!
2

~4.2!

and

2 i ^0u j du~0!ua0~980!&5 f̂ a0~980!ma0~980!
2 . ~4.3!

In QCD, one has

]m~ q̄agmqb!5 i ~ma
02mb

0!Sab ~4.4!

with Sab5q̄aqb. It is then useful to redefine thea0 decay
constant using the relation

S ms
02mu

0

md
02mu

0D ^0u j du~0!ua0~980!&5 f a0~980!ma0~980!
2 .

~4.5!

If we consider the mesons of positive charge, we may us

2 i j su5~ms
02mu

0!s̄u ~4.6!

5~ms
02mu

0!
1

&
q̄Fl42 il5

&
Gq ~4.7!

and

2 i j du5~ms
02mu

0!
1

&
q̄Fl12 il2

&
Gq. ~4.8!

We take the value ofms
0 from the work of Kambor and

Maltman @16#. There one findsms(1 GeV)5158.6618.7
616.3613.3 MeV, where the first error is statistical, the se
ond is due toVus , and the third is the theoretical error. W
use the central value ofms5158.6 MeV and put mu

0

55.5 MeV. Thus we take,ms
02mu

050.153 GeV for this
work.

V. CALCULATION OF MESON DECAY CONSTANTS
IN THE GENERALIZED NJL MODEL

With reference to Fig. 6~b!, we proceed to calculate a
expression forMi

2f i . It is useful to use the following repre
sentation of the quark propagator:

S~kY !5
m

E~kY !
F L~1 !~kY !

k02E~kY !1 ih
2

L~2 !~2kY !

k01E~kY !2 ih
G , ~5.1!

whereL (1)(kY ) andL (2)(2kY ) were defined in Refs.@1# and
@2#. Thus, we have

s.

m

7-5
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C. M. SHAKIN AND HUANGSHENG WANG PHYSICAL REVIEW D63 074017
Mi
2f i52

2nC

&
~ms

02mu
0!i E d4k

~2p!4
G i

B~k!S m

E~kY !
D 2

3TrF L~1 !~ k̄!

P0

2
1k02E~kY !1 ih

2
L~2 !~2kY !

2
P0

2
1k01E~kY !2 ihG , ~5.2!

where there is a factor of 2 from the flavor trace and the&
is present in the denominator because of the form of M
man’s definition of the decay constant. Completing thek0

integral in the lower-half place, we find

Mi
2f i5

2nC

&p2
~ms

02mu
0!E

0

`

k2dkS k2

E2~kY !
D F ĜB,i

12~k!

Mi22E~kY !
G

~5.3!

5
2

&

nC

p2
~ms

02mu
0!E

0

`

k2dkS k2

E2~kY !
D f i

N~k!. ~5.4!

HereĜB,i
12(k) is identified as the vertex that includes both t

effects of confinement and the short-range NJL interact
The nodeless function relevant to the calculation of
a0(980) decay constant is shown in Fig. 8, with

f i
N~k!5

ĜB,i
12~k!

Mi22E~kY !
, ~5.5!

in general.

FIG. 8. The function f i
N(k)5ANif i(k)5Ĝ i

12(k)/@Mi

22E(k)# that is used in the calculation ofma0(980)
2 f a0(980)

50.0649 GeV3 is shown~see Table I!.
07401
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VI. DISCUSSION AND CONCLUSIONS

As noted earlier, there is no consensus as to the organ
tion of scalar mesons into nonets. We find Maltman’s effo
in this direction particularly valuable, since his analysis
based in part upon the application of QCD sum rules. H
results for the decay constants of thea0(980),a0(1450), and
K0* (1430) are given in Table I along with our values for th
1 3P0 , 2 3P0 , and 33P0 states of thea0 andK0* resonances
that were calculated in his work. It is gratifying to see th
our results, calculated by an entirely different method, are
reasonable agreement with Maltman’s values, although
value for thea0(980) is too large when compared his.

Maltman concludes that thea0(980) is not aKK̄ ‘‘mol-
ecule,’’ since such a structure would lead to a very sm
decay constant.@However, our result for thea0(980) decay
constant does suggest that this resonance may have somKK̄
component.# We have also stated that thes~500–600! and
k~700–900! are ‘‘dynamically-generated’’ states@8#. These
states appear as poles of thepp andpK T matrices, respec-
tively. However, there is no correspondingqq̄ state, since the
lowest lying poles of theqq̄ T matrix correspond to the
a0(980) andf 0(980) @1,2#. ~In the case of absolute confine
ment theqq̄ T matrix is represented by only bound states,
we have discussed in detail in Ref.@17#.! The identification
of the s~500–600! andk~700–900! as ‘‘dynamically gener-
ated’’ states@8# is also consistent with the phenomenologic
model of light meson spectra introduced in Ref.@15#.

If we accept Maltman’s conclusion that thea0(980) is not
a pureKK̄ state, and also identify thes~500–600! as a ‘‘dy-
namically generated’’ state@8#, we may conclude that it is
consistent to describe thea0(980) andK0* (1430) as having
large 13P0 qq̄ components. That is in agreement with th
predictions of our model~see Fig. 1!. Of course, it is not
possible to prove that any state has a particular configurat
Such demonstrations are made within the context of a mo
in which one compares theoretical predictions with expe
ment or with other theories. We believe our model h
passed the test we considered in this work.
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APPENDIX

In this appendix we generalize our equation for the cas
which the quark and antiquark have different masses. So
of the relevant equations were given in Ref.@1#. We have

GS,ab
12 ~P0,k!511

1

~2p!2 E k82dk8E
21

1

dx

3
A1~k,k8,x!

Ea~kY8!Eb~kY8!

1

C~kY !

3
GS,ab

12 ~P0,k8!VC~kY2kY8!

P02Ea~kY8!2Eb~kY8!
, ~A1!
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with x5cosu and

C~kY !5@Ea~kY !Eb~kY !1kY22mamb#. ~A2!

The rather lengthy expression forA1(k,k8,x) is given as
Eq. ~6.6! in Ref. @1#. The homogeneous version of Eq.~A1!
may be symmetrized by multiplying from the left b

kAC(kY )/A2Ea(kY )Eb(kY ). We define

fY ab~k!5
kAC~kY !

A2Ea~kY !Eb~kY !

GS,ab
12 ~k!

P02Ea~kY !2Eb~kY !
~A3!

such that

@P02Ea~kY !2Eb~kY !#fY ab~k!

5
1

~2p!2 E kk8dk8E
21

1

dx

3
A1~k,k8,x!VC~kY2kY8!

AEal~kY !Eb~kY !Ea~kY8!Eb~kY8!

3
1

AC~kY !C~kY8!
f̄ab~k8!. ~A4!

Here P0 is the eigenvalue equal to the mass of the bou
state. If we complete the integral overx, we have

@P02Ea~kY !2Eb~kY !#f̄ab~k!

5
1

~2p!2 E kk8dk8@V0
C~k,k8!b1~k,k8!

1kk8V1
C~k,k8!b2#

1

AC~kY !C~kY8!

3
1

AEa~kY !Eb~kY !Ea~kY8!Eb~kY8!
f̄ab~k8!,

~A5!

with

b1~k,k8!5@Ea~kY8!Eb~kY8!1kY82#@Ea~kY !Eb~kY !1kY2#

2mambFEa~kY !Eb~kY !1Ea~kY8!Eb~kY8!1kY21kY82

2mamb2
1

2
Ea~kY !Eb~kY8!2

1

2
Ea~kY8!Eb~kY !G

2
1

2
ma

2Eb~kY8!Eb~kY !2
1

2
mb

2Ea~kY !Ea~kY8! ~A6!

and
07401
d

b2Fmamb1
1

2
ma

21
1

2
mb

2G . ~A7!

In the limit ma5mb5m, we have

C~kY !→2kY2, ~A8!

b1~k,k8!→4kY2kY82, ~A9!

and

b2→2m2. ~A10!

Thus, Eq.~A5! becomes

@P022E~kY !#f̄~k!5
1

~2p!2 E kk8dk8

E~kY !E~kY8!
@2kk8V0

C~k,k8!

1m2V1
C~k,k8!#f̄~k8! ~A11!

@see Eqs.~3.4! and ~3.5!#.
Further,H1

C(k,k8) for the casemaÞmb is

H1
C~k,k8!52

1

~2p!2

kk8

AEa~kY !Eb~kY !Ea~kY8!Eb~kY8!

3
1

AC~kY !C~kY8!
@V0

C~k,k8!b1~k,k8!

1kk8V1
C~k,k8!b2# ~A12!

andH1
NJL(k,k8) is

H1
NJL~k,k8!5

8nC

~2p!2

3
@GSkk8e2k2/2a2

e2k82/2a2
#AC~kY !C~kY8!

2AEa~kY !Eb~kY !Ea~kY8!Eb~kY8!
.

~A13!

The normalization factor is given by

1

Ni ,ab

5
nC

2p2 S 1

2M1
D E k2dk

3F2„Ea~kY !Eb~kY !1kY2
…22mamb

Ea~kY !Eb~kY !
G uf i~k!u2,

~A14!

where

f i~k!5
A2Ea~kY !Eb~kY !

kAC~kY !
f̄ i~k!. ~A15!

We also define
7-7



of

C. M. SHAKIN AND HUANGSHENG WANG PHYSICAL REVIEW D63 074017
f i
N~k!5ANi ,abf i~k!. ~A16!

The expression for the decay constant is

Mi
2f i5

2nC

&p2
~ms

02mu
0!E k2dk

3FEa~kY !Eb~kY !1kY22mamb

2Ea~kY !Eb~kY !
Gfab

N ~k!, ~A17!
M

n

M
3

y

y

07401
where

fab
N ~k!5

Ĝ i ,ab
12~k!

Mi2Ea~kY !2Eb~kY !
. ~A18!

Here Ĝ i ,ab
12(k) is the vertex that includes both the effects

confinement and the short-range NJL interaction.
on
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