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Chiral meson masses at finite temperature and density
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The ratio of the sigma mass to the pion mass at finite temperatures and densities provides for a quantitative
signal of chiral symmetry breaking. We calculate this ratio by using an extension to finite chemical potential of
the field theoretic composite operator formalism as applied to QCD. The calculation is limited to regions of the
phase diagram where only quark-antiquark condensates dominate~no quark-quark condensates! and it confirms
the expected behaviors. In particular the sigma becomes an essentially stable particle in a narrow region
bordering the transition line from broken to restored chirality. This pattern is qualitatively the same both for the
region where the transition is of second order as for the region where it is of first order~apart from the
discontinuities expected in the latter case!.
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I. INTRODUCTION

Since the original discussion by Nambu@1# in 1960, chiral
symmetry breaking has played a crucial role in the theory
strong interactions. In 1974 Lee and Wick@2# proposed that
at high densities chiral symmetry may be restored. Rest
tion at high temperatures was discussed in the same pe
by Dolan and Jackiw@3# and by Weinberg@4#. Condensation
of quark-antiquark pairs plays the main role in chiral sy
metry breaking, except for very high densities where qua
quark condensates are expected to play the important rol
this note we do not consider this very high density reg
and limit ourselves to densities such that only qua
antiquark condensates are important. Such a region is the
important in hadronic physics, and chiral restoration fro
this region is expected to be reachable with high ene
heavy ion collisions@5#. Chiral transition through the quark
antiquark order parameter is also expected to be of g
relevance for the physics of the early universe@6#.

A great number of studies have been carried out on
expected QCD phase diagram~see for instance@7#!. For a
review of the subject see the recent paper by Rajagopal@8#.

Lattice calculations are rapidly progressing and they w
with time provide for a complete approach~a review can be
found for instance in Ref.@9#!. Many theoretical approache
use the Nambu–Jona-Lasinio model and different dynam
approximations for quantitative indications on the chi
transition~see for instance@10#!.

In addition to the chiral transition also the deconfinem
transition takes place. A single transition is generally e
pected to occur, rather than separate transitions for de
finement and chiral-symmetry~see for instance for a heuris
tic argument Ref.@11#!. Theoretically one has to deal wit
different order parameters. Moreover, they cover extre
ranges in opposite domains. The transition from the confi
to the non-confined phase is often described in terms of
thermally averaged Polyakov loop which applies particula
in the limit of infinite quark masses. For the chiral symme
0556-2821/2001/63~7!/074002~7!/$20.00 63 0740
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transition the typical order parameters are the thermally
eraged quark-antiquark bilinears~at least up to not very high
densities! which apply mostly in the limit of vanishing quar
masses.

The current quark mass violates explicitly the chiral sy
metry whose restoration characterizes the phase transi
Its role is formally analogous to that of the external magne
field in the ferromagnetic transition. As long as the mass
small, such as foru andd quarks, the notion of phase tran
sition can be approximately useful.

Our study uses a composite operator formalism for b
finite temperature and finite density. It is based on constru
ing the effective action for the composite operators@12,13#
in the presence of temperature and chemical potential.
focus on the study of the ratio of the scalar to pseudosc
massMs /Mp in the plane of temperature and chemical p
tential. The ratio might have a physical interest as a poss
experimental signature for the transition, although it is t
early for assessing its usefulness in these regards. It has
way a theoretical interest as it constitutes a significant
rameter for the degree of chiral symmetry breaking at fin
temperatures and densities. The ratio is equal to unity w
chiral symmetry is restored~we neglect for the moment th
small u andd current quark masses!. In the hadronic phase
at zero temperature and small density, in the broken chira
phase, the pion is a Goldstone boson of vanishing m
while the sigma has a finite mass from the chiral conden
tion. The ratio of the scalar to the pseudoscalar mass is
expected to decrease from very large values to a value of
at the chiral transition~theu andd current quark masses onl
slightly change this picture!.

It should be specified at this point that the masses
calculate within the formalism used in this article are t
meson screening masses. Inside a medium the scree
mass, which one calculates from the effective potential,
differ from the mass of the corresponding real time exci
tion ~see for instance the discussions in the review pap
quoted in Ref.@10#!. To calculate the masses appropriate
©2001 The American Physical Society02-1
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the real time excitations one has to calculate the thermal
point functions in the channels of the sigma and of the pi
Such calculation is not impossible, but it may be rather cu
bersome. It can be performed for instance along the line
Ref. @14# which concerned the Gross-Neveu model, bu
will be rather more complex for actual QCD. When expe
mental data will be available it will be suitable to perfor
such a calculation to support the overall picture presente
this paper. On the other hand, as the wave function re
malization factors for the pion and for thes-meson coincide
for exact chiral symmetry restoration, the ratio of the scre
ing masses should be a good approximation of the co
sponding ratio of the masses of the real excitations in
vicinity of the critical point.

A physical consequence of the expected behavior of
ratio of the scalar to the pseudoscalar mass, as desc
before, is that, before approaching the critical values for
transition, by increasing together or separately tempera
and density, for the sigma particle there is not any ph
space left for its decay into two pions. Its main source
instability is thus suppressed when approaching the ph
border in the two dimensional plane of temperature a
chemical potential. Consequently the sigma becomes an
most stable particle with dominant decay channel that i
two photons@15,16#. The suggested experimental signatu
would thus be in that region a bump in the invariant mass
two photons. We do not know at this stage how this will
visible in heavy ion collisions.

On the other hand, it is worthwhile to recall that indic
tions on the sigma at zero temperature and density have
rather elusive just because of the very large width the sig
has in that case. It has not been demonstrated so far tha
pion-pion phase shift passes through 90 degrees in a re
below some 700–800 MeV, suggesting that the large wi
may mask the overall effect. Also it is well known th
strong rescattering effects in different channels make the
terpretation of the low energy phenomenology in the 011

channel difficult@17#. We just mention that a recent exper
ment by the E91 Collaboration brings evidence for a lig
and broad scalar resonance in theD-decay channel into thre
pions @18# and that a simple model makes plausible the
terpretation in terms of a sigma resonance@19#. For further
phenomenological discussions on the sigma resonanc
hadronic physics we refer to the papers in Ref.@20# ~for a
review see the summary talk by Tornqvist@20#!. We also
mention that there has recently been discussion as to
possibility of a glueball interpretation of the sigma resonan
and for this we refer to a recent talk by Pennington disfav
ing such an interpretation@21#.

We recall that the QCD phase diagram, even for mass
quarks, is known to have a richer structure when studied
the plane ofT and chemical potential, as one expects b
types of transitions, of second order for low chemical pot
tials and of first order beyond some critical value of t
chemical potential. Besides, for large chemical potentia
color superconductivity phase should occur, but here
limit ourselves to consequences of quark-antiquark cond
sations and assume not yet to be in a region where qu
quark condensates appear. The separation along the cr
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line between the two types of transitions defines a tricriti
point which has been the subject of extensive studies@22,23#.
As far as the particular subproduct of the present calculat
that is finding the region in the phase diagram where
sigma becomes of such a low mass to be no longer abl
decay into two pions and thus appearing as a narrow s
we find that, independently on the type of transition, th
region is anyway confined to a small strip near the transit
line. What changes of course is that when passing thro
the transition line one finds for the the ratio of the sigma
the pion mass a discontinuity in the case when the transi
is of first order.

In Sec. II we recall the main steps to evaluate the effect
potential in the composite operator formalism. Then we
rive the expressions for the pion ands-meson masses a
finite temperature and density in our model. Finally we o
tain a formula for their ratio and we show the numeric
results for typical behaviors when crossing the lines of s
ond and first order phase transitions.

II. EFFECTIVE ACTION

The zero temperature Euclidean effective action for
SU(N) QCD-like gauge theory is~we follow @12#!

G~S!52Tr lnFS0
211

dG2

dS G2Tr@SS#2G2~S!

1counterterms ~1!

where

S0
215~ i p̂2m! ~2!

m is the bare quark mass matrix andG2(S) is the sum of all
the two-particle irreducible vacuum diagrams with fermion
propagatorS andS52dG2 /dS. One has at two-loop leve

G25
1

2
Tr~SDS! ~3!

whereD is the gauge boson propagator, so that

S52DS. ~4!

One can therefore rewrite Eq.~1!:

G~S!52Tr ln@S0
212S#1

1

2
Tr~SD21S!1counterterms.

~5!

A parametrization forS employed in@12# was

S5~s1 ig5p! f ~k![Ss1 ig5Sp ~6!

with s andp scalar and pseudoscalar constant fields resp
tively and with a suitable ansatz forf (k).

From Eq. ~5! ~see Ref.@12#! one obtains the effective
potential
2-2
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V5
G

V
52

8p2N

3C2g2E d4k

~2p!4 tr@SshkSs1SphkSp#

2N Tr ln@ i k̂2~m1Ss!2 ig5Sp#1dZ tr~ms!
~7!

whereC2 is the quadratic Casimir of the fermion represe
tation @for SU(3)c C254/3#, g is the gauge coupling con
stant andV the four-dimensional volume. Furthermore

Ss[
la

A2
sa f ~k!

Sp[
la

A2
pa f ~k!

m[
la

A2
ma ~8!

with a50, . . . ,8; l05A2/3I and l i ( i 51, . . . ,8) are the
Gell-Mann matrices.

For f (k) we have chosen as a variational ansatz@22#

f ~k!5
M3

k21M2
~9!

whereM is a momentum scale expected to be of the orde
LQCD .

The extension to nonzero temperatureT and nonzero
chemical potentialm corrects the effective potential for
quark of massm to the form

V5
G

V
52

8p2N

3C2g2~T,m!
E d4k

~2p!4 @SshkSs1SphkSp#

22N (
n52`

1`

~2 !nE d4k

~2p!4 ln@ k̄21~m1Ss!
2

1Sp
2#ein(k0 /T)1dZms ~10!

where k̄n[(k01 im,k) and we have used the Poisson fo
mula, equivalent to the application of standard imagina
times rules@3#, @22,24#.

In Eq. ~10!

Ss5s f~ k̄! ~11!

and analogously forSp . The coupling constant depends onT
andm as

2p2

g2~T,m!
[c~T,m!

[c01c1~T,m!5c01
p2

b
lnS 11j

T2

M2
1z

m2

M2D
~12!
07400
-

f

-

with b524p2/(11N22nf), and we will discuss the determi
nation of the parametersc0 ,M ,j and z later on. Also for
nonvanishingT andm we impose the normalization

lim
m→0

]V

]~m^c̄c&0!
U

min

51. ~13!

The following relation relates the minimum of the pote
tial s̄(T,m) to the condensateŝc̄c&T,m :

^c̄c&T,m5
NM3

g2~T,m!
s̄~T,m!. ~14!

When using physical pion fields with their proper norma
ization, the normalization condition of Eq.~13! is equivalent
to the Adler-Dashen formula

Mp
2 ~T,m! f p

2 ~T,m!522m^c̄c&T,m . ~15!

To derive the masses we use canonical fields

ws5as

wp5ap

a52
f p

A2s̄
~16!

and we obtain

Ms
25

]2V

]ws
2 U

min

5
1

a2

]2V

]s2 U
min

52
s̄2

f p
2

]2V

]s2U
min

~17!

Mp
2 5

]2V

]wp
2 U

min

5
1

a2

]2V

]p2 U
min

52
s̄2

f p
2

]2V

]p2U
min

~18!

wheres̄ is the minimum of the effective potential in presen
of the quark bare massm.

In the following we use the minimum condition

]V

]s
50→ N

s̄
F22c~T,m!E d4k

~2p!4S̄shkS̄s

24 (
n52`

1`

~2 !nE d4k

~2p!4

~m1S̄s!S̄s

@ k̄21~m1S̄s!
21S̄p

2#

3ein(k0 /T)1mdZG50

]V

]p
50→ p̄50 ~19!

where S̄s[ s̄f ( k̄). Furthermore we have the normalizatio
condition for the effective potential
2-3
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dZ5NF M3

2p2 c~T,m!

1
4

s0
(

n52`

1`

~2 !nE d4k

~2p!4

S0

k̄21S0
2

ein(k0 /T)G ~20!

with S0[s0f ( k̄) and s0 is the minimum for the case of
massless quark. The two preceding equations allow for
following expressions for the masses:

Mp
2 ~T,m!522

m

f p
2 ~T,m!

^c̄c&T,m

18N
m

f p
2 ~T,m!

(
n52`

1`

~2 !nE d4k

~2p!4

3F S̄s

k̄21~m1S̄s!
2

2
s̄~T,m!

s0~T,m!

S0

k̄21S0
2Gein(k0 /T)

~21!

Ms
2~T,m!5Mp

2 ~T,m!

1
16N

f p
2 ~T,m!

(
n52`

1`

~2 !nE d4k

~2p!4

3
~m1S̄s!

2

@ k̄21~m1S̄s!
2#2

S̄s
2ein(k0 /T). ~22!

The parametersc0 ands0(T5m50) are fixed by follow-
ing the procedure of Ref.@12,13,22,25# where one was able
to fix the valuec050.554 from the renormalization conditio
and the gap equation for the effective potential in the limit
small current quark masses. By inserting this value forc0 in
the gap equation for massless quarks, one finds that c
symmetry is spontaneously broken~at T5m50). Actually
the origin of V is a local maximum whereas the absolu
minimum is at s0(T5m50)524.06. To determine the
mass scaleM and the quark masses from the experimen
data, one has to derive the explicit expressions for the ma
and for the decay constants of the pseudoscalar octet me
which are the pseudo Goldstone bosons of chiral symm
breaking. These expressions constitute a system of cou
07400
e

f
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l
es
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ry
led

equations which we have solved by an approximat
method. The experimental inputs are the decay constant
mass of the charged pion, the charged kaon mass and
electromagnetic mass difference between the neutral and
charged kaon. The outputs of the numerical fit for the oc
meson masses~agreement within 3%! are the masses of th
u, d ands quarks and the mass parameterM. The values we
get are the following@12,13,25#:

M5280 MeV,

mu58 MeV

md511 MeV

ms5181 MeV

m[
mu1md

2
59.5 MeV. ~23!

Finally, the parameterj in the expression~12! for the run-
ning coupling constant has been set toj.1 @26# by compar-
ing our model in the low-T andm50 regime with the results
of Ref. @27#, whereasz is left as undetermined@22,28#.

With these values for the relevant parameters it is eas
determine the masses of the pseudoscalar and scalar m
at T5m50 ~we are using the valuef p593 MeV for the
pion decay constant!,

Mp5135 MeV,

Ms5630 MeV, ~24!

and ~again atT5m50) the fermionic condensates atM for
massless and massive quarks,

^c̄c&.~2197 MeV!3

^c̄c&.~2200 MeV!3 ~25!

respectively.

III. THE RATIO M s
2 ÕM p

2

From Eq. ~22! we can calculate the ratioMs
2/Mp

2 . We
then use the expression forf p

2 Mp
2 obtained from Eq.~21!,

and get
Ms
2

Mp
2

512
8N

m

(
n52`

1`

~2 !nE d4k

~2p!4

~m1S̄s!
2S̄s

2

@ k̄21~m1S̄s!
2#2

ein(k0 /T)

^c̄c&T,m24N (
n52`

1`

~2 !nE d4k

~2p!4F S̄s

k̄21~m1S̄s!
2

2
s̄

s0

S0

k̄21S0
2Gein(k0 /T)

. ~26!
2-4
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As we have said, it is particularly interesting to evalua
when, on the phase diagram, the mass of the sigma beco
smaller than twice the pion mass, so that it cannot kinem
cally decay into its main decay channel. The phase diag
is now of a more complicated structure than in absence
chemical potential. As we know, we expect a tricritical po
(m t ,Tt) separating the region of second order transition fr
that of first order. We thus have to consider different cas
For m.m t , by letting T grow, one passes through the fir
order branch of the critical line. Form,m t , increasingT one
passes through the second order branch.

We recall that of the two parameters present in the c
pling, z is left undetermined and can be only constrain
within some limited region from qualitative consideration
These are constraints on the critical values of the chem
potential at very low temperatures, which suggest to loc
this parameter in the rangez.0.1–0.3 to get reasonable va
ues for the critical quark densities@28#. At the same time the
location of the tricritical point as well as the appearance o
minimum in the origin ~namely the line of second orde
phase transitions and its continuation at low temperatu!
are very few affected by the choice of this parameter. To
specific, the coordinates of the tricritical point (m t ,Tt) ~in
MeV! change from (76,92) forz50.1 to (75,91) forz
50.3.

To evaluateMs
2/Mp

2 in Eq. ~26! we can perform the inte
gration ink0 by using the Cauchy theorem and summing
the series; then, through a numerical calculation we can
nally perform the integration left. Typical behaviors of th
ratio Ms /Mp at fixed m and growingT for m,m t and m
.m t are shown in Fig. 1 and Fig. 2. We have chosenz
50.1, but almost the same pictures show for other value
z in the range 0.1–0.3. Thus Fig. 1 is form570 MeV
(,m t), whereas Fig. 2 is form5120 MeV(.m t). The cur-
rent quark mass is set tom5(mu1md)/259.5 MeV. The

FIG. 1. Plot ofMs /Mp versusT for m59.5 MeV. The chemi-
cal potential is fixed atm570 MeV, which is below the valuem
5m t576 MeV at the tricritical point, forz50.1.
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little jump visible in Fig. 2, which occurs after thes mass
has decreased below twice the pion mass, is due to the j
in the fermion condensate when crossing the line of fi
order phase transitions. The size of this jump increases
higher values of the chemical potential, namely by going
from the tricritical point.

IV. CONCLUSIONS

Clear-cut experimental signatures for the sigma meso
low energy QCD phenomenology are made difficult by
expected large width and by complicated unitarity contrib
tions and related distortions. We have examined here
picture emerging at finite temperatures and densities. In
simplest model with masslessu and d quarks the pion and
the sigma are degenerate in mass only as long as chiral s
metry holds. At zero temperature and in absence of chem
potential, chiral symmetry is broken, the pion is a Goldsto
boson of vanishing mass, and the sigma has a finite m
from the chiral condensate. In the temperature-density ph
diagram one expects that, when approaching, from
chirally broken phase, the line of chiral restoration, the p
mass increases and the sigma mass decreases, and fina
two particles become mass degenerate after passing into
region of chiral restoration. Before reaching the transiti
line, within a certain strip touching such a line, the sigm
will not have phase space left to decay into two pions. T
dominant decay channel will be that into two photons, and
such ideal conditions the signal from a sigma will be a n
row bump in the two-photon invariant mass. The ideal p
ture will be quantitatively changed because of the finiteu
andd quark masses and the role of the strange quark, but
qualitative feature of a narrow sigma resonance is expe
to remain there even after inclusion of these effects. It is
early to say whether a possible experimental signature for

FIG. 2. Plot ofMs /Mp versusT for m59.5 MeV. The chemi-
cal potential is fixed atm5120 MeV, which is above the value
m5m t576 MeV at the tricritical point, forz50.1.
2-5
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chiral restoring transition may be inferred from such beh
ior. On the other hand, determination of the narrow tw
photon bump would be of great theoretical interest within
chiral picture.

The present calculation relies on the composite oper
formalism applied to QCD at finite temperature and chem
potential. It uses the same QCD model parameters that
been derived in previous works, using the same formali
for the masses and decay constants of the pseudoscala
sons. The experimental inputs were the mass and decay
stant of the pion, the charged kaon mass and the electrom
netic mass difference between the neutral and the cha
kaon. The effective potential is consistently renormalized
derive expressions for the screening masses of the scala
pseudoscalar mesons at finite temperature and chemica
tential. We have limited the calculation to the phase reg
where quark-antiquark condensates dominate~no quark-
quark condensates!. The ratio of the sigma mass to the pio
ec
e
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mass is then calculated within the composite operator
malism for finite temperatures and densities. We recall t
the same model employed here had produced in the plan
temperature and chemical potential a second order trans
for low chemical potentials and one of first order beyo
some critical value of the chemical potential~corresponding
to a so-called tricritical point!. This feature induces a relate
discontinuity in the ratio of pion to sigma mass when goi
beyond the first order transition, that is for higher densiti
As to the determination of the region in the phase diagr
where the sigma is no longer kinematically able to decay i
two pions, we have calculated it quantitatively within th
model and found that, as expected, it is indeed confined
small strip near the transition line, and this independently
the type of transition. We have discussed in detail the dep
dence on the thermal parameters and drawn the expe
phase diagram behaviors.
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