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Exact solutions of a charged wormhole
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In this paper, the back reaction to the traversable Lorentzian wormhole spacetime by a scalar field or electric
charge is considered to find the exact solutions. The charges play the role of the additional matter to the static
wormhole which is already constructed by the exotic matter. The stability conditions for the wormhole with a
scalar field and electric charge are found from the positiveness and flareness for the wormhole shape function.

DOI: 10.1103/PhysRevD.63.064014 PACS nuni®er04.20.Jb, 03.50.Kk, 04.20.Gz

[. INTRODUCTION fact will have an appropriate form to support a wormhole
geometry. They do not attempt to solve the semiclassical
To make a Lorentzian wormhole traversable, one usualljfEinstein equations. They found that the stress energy tensor
uses exotic matter, which violates the well-known energyof the quantized scalar field is not even qualitatively of the
conditions according to the need of the geometrical structurgorrect form to support the wormhole. To maintain a worm-
[1,2]. Even though various efforts were tried to avoid usinghole classically, Vollick[8] found the effect of coupling a
the exotic matter, all were in vain. Among the models, ascalar field to matter which satisfies the weak energy condi-
wormhole in the inflating cosmological model still required tion. Kim and Kim[5] found the solutions of the wormhole
exotic matter to be traversable and to maintain its sidpe  With various scalar fields which share the role of exotic mat-
It is known that the vacuum energy of the inﬂating Wormho|eter with other matter. In this case, the stability of the worm-
does not change the sign of the exoticity function. Howeverhole by the scalar field was not discussed.
a traversable wormhole in the Friedmann-Robertson-Walker
(FRW) cosmological model did not necessarily require ex- 1l. GENERALIZATION OF WORMHOLE BY EXTRA
otic matter at very early timep4]. This result meant that MATTER
there was an exotic period in the very early universe. As
another example, when the wormhole was modified by the
generally coupled, massive, classical scalar field without anﬁ’/"
geometrical modification, the exotic property was compen-
sated with the scalar fiel&]. For these or other reasons, the GO =87T(). (1)
problem about the maintenance of the wormhole by other
fields relating to the exotic property has also been interestinghe left hand sideG(%) is the wormhole geometry and the
to us. right hand sideT'") is the exotic matter violating the known
There are two ways to generalize or modify the Lorentz-energy conditions. The exotic matter is basically required to
ian traversable wormhole spacetiniErom now on “worm-  construct the wormhole.
hole” will be simply used as the meaning of the “Lorentzian  |f the additional mattel () is added to the right hand side

14

traversable wormhole” unless there is COﬂfUS)(ﬂne way and the Corresponding back react'@ﬁlg is added to the left
is the generalization of the wormhole by an alternativenang side, the Einstein equation becomes
theory, for example, Brans-Dicke thedi§]. The other way
is the generalization by adding the extra matter.

As an example of the second generalization, the exact
solutions of the wormhole with classical, m|n|m§1IIy coupl_ed,ﬁﬁge sum of the matters of the right hand side satisfies the

paper. The back reactions of the scalar field and the electrieonservatlon _Iaw naturally. However, there is no guarantee
charge on wormhole spacetime are also found to see thd the exoticity of the tg;cgl matter. When the effect on the
stabilities of the wormhole. We found the stability conditions 9€0mMetry of wormhol&, is large enough to dominate any

for the wormhole with scalar field and electric charge fromStructure, the additional matter might prevent from sustain-

the positiveness and flareness for the wormhole shape fun#d the wormhole. ,
tion. Apparently, the structure of FRW cosmological model

Similar works about the scalar field effect on wormholesWith yvormhole[fll])i§ similar to Eq.(2), but not exactly same.
have been done by several authors. Taylor and His€dtk In this model,G,;; is the cosmological term which plays the

examined whether the stress energy of quantized fields iFple of the background spacetime afigl) is the cosmic part
of the matter. They are not an additional term as above.

There might be an interaction ter'ﬁjir,‘f) betweenTELOV) and
*Email address: sungwon@mm.ewha.ac.kr TE}B such as Ref[8]. The model is the maintaining worm-
"Email address: hjlee@mm.ewha.ac.kr hole by the coupling a scalar field to matter that is not exotic,

Let the Einstein equation for the simplest normiadua)
ormhole spacetime be

GO+G =8 TO)+ T, 2
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but the coupling is exotic. There also might be the interactiorwherep®(r), 7(r), andP®)(r) are the mass energy den-
term GST) in geometry. In some cas@,ﬂ'f) may be joined in  sity, radial tension per unit area, and lateral pressure, respec-
Eq. (2) without T("Y | so that the equation can have the formtively, as measured by an observer at fixed, ¢.

asG{)+ G+ G =8m(TE)+T(). This example is the

electrically charged wormhole as we will see later. B. Wormhole with scalar field
Consider the simplest case of a static Lorentzian worm-
lNl. EXACT SOLUTIONS OF WORMHOLE hole with a minimally coupled massless scalar field. The
A. Static wormhole Edditional matter Lagrangian due to the scalar field is given
. . . y
The spacetime of the static wormhole without any charge
is given by 1
5 ‘C:EV_ggMV(P;,u(P;V (9)
dr
ds?= — e d 2+ ————— +r(d¢?+sifad ¢?). _ _
1=b(r)/r 3 and the equation of motion fap by
The arbitrary functionsA(r) and b(r) are defined as the He=0. (10

lapse and wormhole shape functions, respectively. The shape

of the wormhole is determined bly(r). There can be two The stress-energy tensor feris obtained from Eq(9) as
requirements about the wormhole functido{r) for the

wormhole in order to be maintained. They are positiveness 1

and flareness conditions. As—, b(r) approaches ¥ W=y o —= Ty o

which is defined as the mass of wormhd®j. Therefore Tar= @i ™ 208" @i ay
b(r) should be defined as the positive function. And the

condition r>b(r) which means the existence of the mini- Since not only the scalar field but also the mattef ,, are
mum radius also Support the positi\/enessbaf)_ Another assumed to depend only orsimilar to the static wormhole
condition comes from the flare-out condition of the shape offeometry, the radiation by this scalar field is not introduced
the wormhole. When the proper distance (—«,+%) is  here. The components mﬁg in the static wormhole metric

defined agddl=dr/(1—b/r), the condition should be with A=0 have the form
d? b—b'r w_L1(,_P| .
ﬁ>0 or — >0. (4) Ti'=5|1-7]¢"% (12)
The Einstein equation Eq1) for the metric Eq(3) is given 1
as Tﬁrl)=§<p’2, (13
il =p® 5) 1 1 b
gar2 Tho=~ grz(l— ;)w, (14
b 1/ b\A’ 1 b
- [ (o) 1_ _ —,2 _ 12 o
8713 477( r) T (6) Tos==3" (1 r)(p sinfg. (15

In this spacetime, the field equation Ed0) of ¢ becomes

1 (1 b)(A” b'r—b ., A bT-b

8rl™ “2r(r—b T o2 —

T ( ) 2r3(r—b) o' 1 (1-bir)’ 2_0 ool b

=p0), (7) ;'Fzvar— or rg T =const.
(16)

where a prime denotes the differentiation with respeat. to
Assuming a sphg:rically symmetric spacetime, one finds thehe integration constant will be represented &d for
components oﬂ'ig in orthonormal coordinates some positivew.
If we add G{}) as an additional geometry 6°), the
©_ (0 ©_ 0 ©)_ o0 effect by scalar field, the Einstein equation Ef) for A
T =pr), T'==7%r), Ty=POr), (® g is changed from Eq¥5)—(7) into
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b’ 1 o 1 b If we rewrite these in terms di(r),
0 21—
87rr2+877r4 P (l r)’ 17
o
b— T>0' (24
b 1l « 1 b
=0 21—
gmrd 8mpd | 2% (1 r)’ (18 N
)/b—?>0, (25)
b—b r_igzp(o)_ESD'Z(l_E)' (19
167r3 8w 4 2 r wherey=B/(28+1).

When—1<B< —1, the flareness condition is included in

when the interaction between the matter and additional scalape positiveness condition, sincg>1. That is, if only b
fields is neglected. The term/r* is added to the left hand > 4/, the flareness condition E€R5) is satisfied automati-
side, because the field equation Ei6) for ¢ shows that ca|ly. In this case, the power &f(r) is less than-1 and the
@'?(1—b/r)ecr =4 functionb(r) vanishes more quickly than the second term, in

If we put beg=b—a/r instead ofo and TS =T+ T()  the far region. Thus it gives the negative region kaf at
instead ofT(?) into Egs.(5)—(7) with A=0, then the effec- larger, even though it has positive regions near the throat
tive equations will satisfy self-consistently and has the formwhen b3>«. At the throat, the effective wormhole shape
of Egs.(17)-(19). Thus the effect by the scalar field on the fynction becomes () (b2— ), which shows that the size

wormhole is simply represented as the change of the wormsf neck is reduced by the scalar field. The region of the
hole functionb into (b—a/r) without any interaction termin  positive by is by<r<r, where ro=a@f*D/(28+2)

the left hand side. Since is proportional tor/*28) with  pp(26+1) |t p2<, b « is negative at al, which is not
the proper parametgg of equation of stat4], the shape of g itaple for a v?/orm,hofe. '

the effective wormhole will vary with the value of param-
etersB and « via the additional factor-a/r. While B is b

given as the equation of state by the choice of the appropriat; f<ro) of negativeb so that the scalar field effect will

matter,a depends on the changing rate of the scalar feld change the wormhole structure into others, since the scalar

Sincea plays the'role qf the scalar charge, the metric of thefield dominates the exotic matter. Thus the addition of the
wormhole spacetime with the scalar field should be

minimally coupled, massless scalar field does not guarantee
the structure of wormhole.

Ifonly B<—1 andb§> a, the wormhole is safe, because
off IS positive at allr. When b§< a, there also be a region

-1 . . .
B ) b(r) «a o oo 5 Now we shall examine the special case of this back reac-
ds’=—dt*+| 1~ T T2 dr?+r2(de*+si’6d¢*)  tion problem, for instanced=—1 which isb=b3/r. In this
(20) case, the solution of the scalar field is given5k
in the case wherd =0. No horizon occurs in this spacetime, b
since the components are always positive. =g 1—cosl(—°) } (26)
For dimensional reasons, the wormhole function has the r
form

Thus the proportional constant becomes
b= bgﬁ/(2B+ l)r1/(2ﬁ+ 1), (21)
— 212
wherep should be less thas 3 so that the exponent ofcan a=4meob, @7
be negative to satisfy the flareness condition.
The positiveness and flareness conditions for the effectivevhereby is the minimum size of the wormhole arg is the
wormhole can be written as value ofp(r) atr =D, Therefore,go§< 1/44 is the condition
that is required for maintaining the wormhole under the ad-
berr>0, (22)  dition of the scalar field. In this choice @f= —1, there is no
ro at which the sign ob; changes.
S We can also apply _the result to t_he _othgr formbnéf),.
— (23)  which means the exotic matter distribution in the restricted
besr region only, “absurdly benign” wormhol&2]

bo[1— (r—bg)/ag]2,®(r)=0 for by<r=<by+ay,

b(r)= 28
) b=®=0 for r=by+a, (28
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In this case, since the second terrw/r in the effective
shape function extends to over the regicaby+a,, there
will be a negativeb.s within this range ofr, which is not

safe for wormhole formation.

C. Wormhole with electric charge

In the case of electric charge, we can follow the sam
procedures as the case of scalar field. However, the simpl
fication with A=0 is not adequate here, because the self-
consistent solution cannot be found in this case. Thus th
work on finding extra terms in geometry will be very com-
plicated one, compared with the scalar field case. We woul

PHYSICAL REVIEW D63 064014

TABLE I. The sign of the effective wormhole functidm(r).

Value of 8 b3>Q? or a @ b3<Q? or a 2
B<-1 + —+ P
Bzfl + _

—1<p<-1 4P -

X 2 in the case of electric charge andin the case of scalar field.
I’The signs change at,.

ginceTE},,)z (1/4r) (F ,\F*,— 39, F\,F?) and the electro-
(Enagnetic strength tensér,, is given as

rather start from assuming the probable spacetime metric and 0 1.0 0
check later whether it will be correct or not. We can presum-
ably set the wormhole spacetime with electric chafyas _ -1 000
F.,=E(r) (34
) b(r) Q2 1 0 0 0 O
dszz—(1+Q— dt2+<1——+—) dr? 0 000
r2 r r2

+r2(d6?+sirf6d¢?).

This spacetime is the combination of Morris-Thor(MT)
type spherically symmetric static wormhole and Reissner-
Nordstran (RN) spacetime. WhenQ=0, the spacetime
means the MT wormhole and whér=0, it becomes the RN
black hole with zero mass. The metric EQ9) should be
checked whether it satisfies the Einstein’s equation self

consistently or not.
The Einstein-Maxwell equation becomes

b’ 2
2t ?—4 =8m(p!?+pM),
2 2 2
X
(3 4 roop2 r2(r2+Q2)
=8m (704 7(V),
, 2Q?
PR LN s
r 2/ rd(r2+Q?? 2(r?=br+Q?
|| )
r(r’+Q?y?2 r(r?+Q?)?
2Q?
Q2 b/r_b‘l'T

Cr2(r?+Q%)2  2r(r?—br+Q?)
=8m(PO+pl),

The matter terms are

2
W= ;0 pw—_2

p
8mrt

29 by the spherical symmetry. The electric field is given as

E9ﬂ (35)

by Maxwell’'s equation. There are the interacting coupling
termsQb in geometry, even though no interaction terms in
matter part at all. The reason is that the zero-tidal force is not
assumed in this case unlike the scalar field case.
If
2

b—be=b— Q—

(30) '

the effective wormhole shape functibg; and the total mat-
ter T"‘“V self-consistently satisfy e equations similar to the
scalar field case. Therefore, the metric E2P) can be seen
as the spacetime of wormhole with electric cha@e

Whenb= b3/ (A DrU(26+1) a5 in the case of the scalar
field, there will be the same sign relationstipf; as shown in
Table |, except thair is replaced byQ?. Here,ro which
changes the sign of the wormhole becomes

(31)

o= QA+ 1I(B+DppI2p+1)

In the special case oB=—1, b=b3/r, Q?<b3 is the
condition that is required for maintaining the wormhole un-
der the addition of the electric charge. When someone will
try to prevent from formation of a wormhole with throat of 1
m radius, he should prepare the charge over tharl@®
Coulombs. This amount of charge is too huge to exist as a
single kind of charge.

(32 IV. DISCUSSION

Here we studied the back reactions to the static wormhole
by the scalar field and electric charge and found self-
consistent solutions. The charges are considered to be a static

(33  case similar to a wormhole, so there is no radiation by the
fields. We found exact solutions of the wormhole with extra
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fields such as scalar field and electric charge. The conditionis large, it might change the whole geometry drastically. If it
of the wormhole shape through the requirement of positiveis very small, it does not seem to change the main structure
ness and flareness were also found. of the wormhole. A detailed discussion on these interactions
As we see in Egs(20) and (29), no horizon occurs in  will be in a separate paper.
these wormhole spacetimes with charges, because of the
positiveness for the metric components. This means that the
addition of charge might change the wormhole but will not ACKNOWLEDGMENTS
change the spacetime seriously.
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