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Searching for supersymmetric dark matter: The directional rate and the modulation
effect due to caustic rings
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The detection of the theoretically expected dark matter is central to particle physics and cosmology. Current
fashionable supersymmetric models provide a natural dark matter candidate, which is the lightest supersym-
metric particle~LSP!. The allowed parameter space of such models combined with fairly well understood
physics~quark substructure of the nucleon and nuclear structure! permit the evaluation of the event rate for
LSP-nucleus elastic scattering. The thus obtained event rates, which sensitively depend on the allowed param-
eter space parameters, are usually very low or even undetectable. So, for background reduction, one would like
to exploit two nice features of the reaction: the directional rate, which depends on the Sun’s direction of
motion, and the modulation effect, i.e., the dependence of the event rate on the Earth’s annual motion. In the
present paper we study these phenomena in a specific class of nonisothermal models, which take into account
the late in-fall of dark matter into our galaxy, producing flows of caustic rings. We find that the modulation
effect arising from such models is smaller than that found previously with isothermal symmetric velocity
distributions and much smaller compared to that obtained using a realistic asymmetric distribution with en-
hanced dispersion in the galactocentric direction. The directional rate shows a strong correlation with the Sun’s
direction of motion.
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I. INTRODUCTION

In recent years the consideration of exotic dark matter
become necessary in order to close the Universe@1,2#. Fur-
thermore, in order to understand the large scale structur
the universe it has become necessary to consider m
made up of particles which were nonrelativistic at the time
freeze out. This is the cold dark matter~CDM! component.
The Cosmic Background Explorer~COBE! data@3# suggest
that CDM is at least 60%@4#. On the other hand, during th
last few years evidence has appeared from two differ
teams, the High-z Supernova Search Team@5# and the Su-
pernova Cosmology Project@6,7#, which suggests that th
Universe may be dominated by the cosmological constanL.
As a matter of fact, recent data show that the situation ca
adequately described by a baryonic componentVB50.1
along with exotic componentsVCDM50.3 andVL50.6. In
another analysis Turner@8# gives Vm5VCDM1VB50.4.
Since the nonexotic component cannot exceed 40% of
CDM @2,9#, there is room for the exotic weakly interactin
massive particles~WIMP’s!. In fact, the DAMA experiment
@10# has claimed the observation of one signal in direct
tection of a WIMP, which with better statistics has subs
quently been interpreted as a modulation signal@11#.

The above developments are in line with particle phys
considerations. Thus, in the currently favored supersymm
ric ~SUSY! extensions of the standard model, the most na
ral WIMP candidate is the LSP, i.e., the lightest supersy
metric particle. In the most favored scenarios the LSP can
simply described as a Majorana fermion, a linear combi
tion of the neutral components of the gauginos and Higg
nos @2,12–21#.

*Email address: Vergados@cc.uoi.gr
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Since this particle is expected to be very massive,mx

>30 GeV, and extremely nonrelativistic with average kine
energy T<100 KeV, it can be directly detected@12,13#
mainly via the recoiling of a nucleus (A,Z) in the elastic
scattering process:

x1~A,Z!→x1~A,Z!* ~1!

(x denotes the LSP!. In order to compute the event rat
needs the following ingredients:~1! an effective Lagrangian
at the quark level in the context of supersymmetry as
scribed in Refs.@2#, Bottino et al. @18,21#; ~2! a quark model
for the nucleon, needed in going from the quark to t
nucleon level, since the obtained results are sensitive to
presence of quarks other thanu and d @14,22,23#; ~3! com-
pute the differential cross sections using as reliable as p
sible many body nuclear wave functions@24–27#.

The obtained rates sensitively depend on the input fr
the allowed SUSY parameter space. Since the expected
are extremely low or even undetectable with present te
niques, one would like to exploit the characteristic signatu
provided by the reaction. Such are:~a! The modulation ef-
fect, i.e., the dependence of the event rate on the velocit
the Earth and~b! the directional event rate, which depen
on the velocity of the Sun around the galaxy as well as
velocity of the Earth. The latter effect, recognized someti
ago@28# has recently begun to appear feasible by the plan
UKDMC experiment@29#. We will study both of these ef-
fects in the present work.

In our previous letter@16# and its subsequent expande
version@17# we found enhanced modulation, if one uses
appropriate asymmetric velocity distribution with enhanc
dispersion in the galactocentric direction@30#.

The isolated galaxies are, however, surrounded by c
dark matter, which, due to gravity, keeps falling contin
©2001 The American Physical Society11-1
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ously on them from all directions@31#. As a result one has
caustic rings with matter density, which depends on sp
and velocity.

It is the purpose of our present paper to exploit the res
of such a scenario and calculate quantitavely the resul
modulation effect in the usual~differential and total! rate for
LSP-nucleus elastic scattering. We will also study the dir
tional rates in the spirit of the recent work of Copiet al. @32#.
For the reader’s convenience we will give a very brief d
scription of the basic ingredients on how to calculate LS
nucleus scattering cross section. We will not, howev
elaborate on how one gets the needed parameters from
persymmetry. The calculation of these parameters has
come pretty standard. One starts with representative inpu
the restricted SUSY parameter space as described in th
erature, e.g. Bottinoet al. @18#, Kane et al., Castanoet al.,
and Arnowittet al. @19#.

After this we will specialize our study in the case of th
nucleus 127I, which is one of the most popular targe
@10,33,34#. We will present our results a function of the LS
mass,mx , in a way which can be easily understood by t
experimentalists.

II. THE BASIC INGREDIENTS FOR LSP NUCLEUS
SCATTERING

Because of lack of space we are not going to elabo
here further on the construction of the effective Lagrang
derived from supersymmetry, but refer the reader to the
erature@12,13,15,18,35,36#. For the reader’s convenience w
will summarize our previous@17# formulas related to the
LSP-nucleus cross section and the event rates. The effe
Lagrangian can be obtained in first order via Higgs e
change,s-quark exchange andZ exchange. In a formalism
familiar from the theory of weak interactions we write

Leff52
GF

A2
$~ x̄1glg5x1!Jl1~ x̄1x1!J% ~2!

where

Jl5N̄gl~ f V
01 f V

1t31 f A
0g51 f A

1g5t3!N ~3!

and

J5N̄~ f s
01 f s

1t3!N. ~4!

We have neglected the uninteresting pseudoscalar and te
currents. Note that, due to the Majorana nature of the L
x̄1glx150 ~identically!. The parametersf V

0 , f V
1 , f A

0 , f A
1 , f S

0 ,
f S

1 depend on the SUSY model employed. In SUSY mod
derived from minimal SUGRA the allowed parameter spa
is characterized at the grand unified theory~GUT! scale by
five parameters, two universal mass parameters, one fo
scalars,m0, and one for the fermions,m1/2, as well as the
parameters tanb, one ofA0 ~or mt

pole) and the sign ofm @19#.
Deviations from universality at the GUT scale have a
been considered and found useful@20#. We will not elaborate
further on this point since the above parameters involv
06351
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universal masses have already been computed in some
els@12,36# and effects resulting from deviations from unive
sality will be found elsewhere~see Arnowittet al. in Ref.
@20# and Bottinoet al. in Ref. @18#!. For some choices in the
allowed parameter space the obtained couplings can
found in a previous paper@36#.

With the above ingredients the differential cross sect
can be cast in the form

ds~u,y!5
du

2~m rby!2 F S S̄S1S̄V

y2

^y2&
D F2~u!

1S̄spinF11~u!G , ~5!

S̄S5s0S m r

mN
D 2H A2F S f S

02 f S
1 A22Z

A D 2G
.sp,x0

S A2S m r

m r~N! D
2

, ~6!

S̄spin5sp,x0
spin zspin, ~7!

zspin5
~m r /m r~N!!2

3S 11
f A

0

f A
1 D 2 F S f A

0

f A
1

V0~0!D 2
F00~u!

F11~u!

12
f A

0

f A
1

V0~0!V1~0!
F01~u!

F11~u!
1V1~0!D 2

, ~8!

S̄V5sp,x0
V zV , ~9!

zV5
~m r /m r~N!!2

S 11
f V

1

f V
0 D 2 A2S 12

f V
1

f V
0

A22Z

A D 2
^y2&

c2

3F12
1

~2m rb!2

2h11

~11h!2

^2u&

^y2&
G , ~10!

sp,x0
i

5 proton cross section,i 5S,spin,V given by sp,x0
S

5s0( f S
0)2 ~scalar!, ~the isovector scalar is negligible, i.e

sp
S5sn

S) sp,x0
spin

5s03( f A
01 f A

1)2 ~spin!, sp,x0
V

5s0( f V
01 f V

1)2

~vector!, wheremp is the proton mass,h5mx /mNA, m r is
the LSP-nucleus reduced mass,m r(N) is the LSP-nucleon
reduced mass and

s05
1

2p
~GFmN!2.0.77310238 cm2 ~11!

with

u5q2b2/2 or Q5Q0u, Q05
1

AmNb2
, ~12!
1-2
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SEARCHING FOR SUPERSYMMETRIC DARK MATTER: . . . PHYSICAL REVIEW D63 063511
whereb is ~the harmonic oscillator! size parameter,q is the
momentum transfer, andQ is the energy transfer to th
nucleus. In the above expressionsF(u) is the nuclear form
factor and

Frr8~u!5(
l,k

Vr
(l,k)~u!

Vr~0!

Vr8
(l,k)

~u!

Vr8~0!
, r,r850,1 ~13!

are the spin form factors@13# (r,r8 are isospin indices! Both
form factors are normalized to one atu50. V0 (V1) are the
static isoscalar~isovector! spin matrix elements.

The nondirectional event rate is given by

R5Rnondir5
dN

dt
5

r~0!

mx

m

AmN
s~u,y!uyu, ~14!

wherer(0)50.3 GeV/cm3 is the LSP density in our vicinity
andm is the detector mass.

The differential nondirectional rate can be written as

dR5dRnondir5
r~0!

mx

m

AmN
ds~u,y!uyu, ~15!

whereds(u,y) was given above.
The directional differential rate@32# in the directionê is

given by

dRdir5
r~0!

mx

m

AmN
y•êH~y•ê!

1

2p
ds~u,y!, ~16!

whereH the Heaviside step function. The factor of 1/2p is
introduced, since the differential cross section of the l
equation is the same with that entering the nondirectio
rate, i.e., after an integration over the azimuthal angle aro
the nuclear momentum has been performed. In other wo
crudely speaking, 1/(2p) is the suppression factor we expe
in the directional rate compared to the usual one. The pre
suppression factor depends, of course, on the directio
observation.

III. CONVOLUTION OF THE EVENT RATE

We have seen that the event rate for LSP-nucleus sca
ing depends on the relative LSP-target velocity. In this s
tion we will examine the consequences of the Earth’s re
lution around the Sun~the effect of its rotation around it
axis is expected to be negligible! i.e., the modulation effect
In the past this has been accomplished by assuming a
sistent LSP velocity dispersion, such as a Maxwell distrib
tion @2# or asymmetric velocity distribution with enhance
dispersion in the galactocentric direction@30,16,17#. More
recently, other very interesting nonisothermal approac
have been proposed, which consider the in-fall of dark m
ter into the galaxy producing flows of caustic rings. In pa
ticular, the predictions of a self-similar model have been
forward as a possible scenario for dark matter dens
velocity distribution, see, e.g., Sikivieet al. @31#. The impli-
cations of such distributions on the direct detection rates a
in particular, on the directional ones and the modulation
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fect are the subject of this work. Before proceeding furth
we should mention that after our manuscript had been p
pared another approach has been suggested, which link
distribution to the density profile via Eddigton’s formu
@37#.

Following Sikivie we will consider 23N caustic rings,
( i ,n), i 5(1.2), andn51,2, . . . ,N (N520 in the model of
Sikivie et al.!, each of which contributes to the local densi
a fractionr̄n of the of the summed densityr̄ of each of the
i 51,2. It contains WIMP like particles with velocityyn8
5(ynx8 ,yny8 ,ynz8 ) in units of essentially the sun’s velocit
(y05220 Km/s!, with respect to the galactic center. Thez
axis is chosen in the direction of the disc’s rotation, i.e.,
the direction of the motion of the Sun, they-axis is perpen-
dicular to the plane of the galaxy and thex axis is in the
radial direction. We caution the reader that these axes
traditionally indicated by astronomers asêf ,êr ,êz , respec-
tively. The needed quantities are taken from the work
Sikivie et al. @31# ~see in Table I!, via the definitionsyn8
5yn /y0, ynz8 5ynf /y05ynz,ynx8 5ynr /y05ynx, yny8 5ynz/y05yny, rn

5dn /r̄,r̄5(n51
N dn and yn5@(ynz21)21yny

2 1ynx
2 #1/2 ~for

each flow1.2!. This leads to a velocity distribution of th
form

f ~y8!5 (
n51

N

d~y82y0yn8!. ~17!

Since the axis of the ecliptic@13# lies very close to they,z
plane the velocity of the Earth around the Sun is given b

TABLE I. The velocity parametersyn85yn /y0 , ynz5ynz8
5ynf /y0 , yny5yny8 5ynz /y0 , ynx5ynx8 5ynr /y0, and yn5@(ynz

21)21yny
2 1ynx

2 #1/2. Also shown are the quantities:an , the caustic

rind radii, and r̄n5dn /@(n51
20 dn#. ~For the other definitions see

text.!

n an(Kpc) yn8 ynz yny ynx yn r̄n

1 38.0 2.818 0.636 62.750 0.000 2.773 0.0120
2 19.0 2.568 1.159 62.295 0.000 2.301 0.0301
3 13.0 2.409 1.591 61.773 0.000 1.869 0.0601
4 9.7 2.273 2.000 61.091 0.000 1.480 0.1895
5 7.8 2.182 2.000 0.000 60.863 1.321 0.2767
6 6.5 2.091 1.614 0.000 61.341 1.475 0.0872
7 5.6 2.023 1.318 0.000 61.500 1.533 0.0571
8 4.9 1.955 1.136 0.000 61.591 1.597 0.0421
9 4.4 1.886 0.977 0.000 61.614 1.614 0.0331

10 4.0 1.818 0.864 0.000 61.614 1.619 0.0300
11 3.6 1.723 0.773 0.000 61.614 1.630 0.0271
12 3.3 1.723 0.682 0.000 61.591 1.622 0.0241
13 3.1 1.619 0.614 0.000 61.568 1.615 0.0211
14 2.9 1.636 0.545 0.000 61.545 1.611 0.0180
15 2.7 1.591 0.500 0.000 61.500 1.581 0.0180
16 2.5 1.545 0.454 0.000 61.477 1.575 0.0165
17 2.4 1.500 0.409 0.000 61.454 1.570 0.0150
18 2.2 1.455 0.386 0.000 61.409 1.537 0.0150
19 2.1 1.432 0.364 0.000 61.386 1.525 0.0135
20 2.0 1.409 0.341 0.000 61.364 1.515 0.0135
1-3
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yE5y01y15y01y1~sina x̂2cosa cosg ŷ1cosa sing ẑ!,

~18!

where a is the phase of the Earth’s orbital motion,a
52p(t2t1)/TE , where t1 is around second of June an
TE51 yr.

One can now express the above distribution in the la
ratory frame@17# by writing y85y1yE

IV. EXPRESSIONS FOR THE DIFFERENTIAL
EVENT RATE

The mean value of the nondirectional event rate of E
~15! is given by

K dR

duL 5
r~0!

mx

m

AmN
E f ~y,yE!uyu

ds~u,y!

du
d3y. ~19!

The above expression can be more conveniently written

K dR

duL 5
r~0!

mx

m

AmN
A^y2&K dS

duL , ~20!

where

K dS

duL 5E uyu

A^y2&
f ~y,yE!

ds~u,y!

du
d3y. ~21!

There are now experiments under way aiming at measu
directional rates@29# using TPC counters which permit th
observation of the recoiling nucleus in a certain directio
From a theoretical point of view the directional rates ha
been previously discussed by Spergel@28# and Copiet al.
@32#. The mean value of the directional differential event ra
of Eq. ~16! is defined by

K dR

duL
dir

5
r~0!

mx

m

AmN

1

2pE f ~y,yE!y•êH~y•ê!

3
ds~u,y!

du
d3y, ~22!

whereê is the unit vector in the direction of observation.
can also be more conveniently expressed as

K dR

duL
dir

5
r~0!

mx

m

AmN
A^y2&K dS

duL
dir

, ~23!

where

K dS

duL
dir

5
1

2pE y•êH~y•ê!

A^y2&
f ~y,yE!

ds~u,y!

du
d3y.

~24!

It is clear that the rate will depend on the direction of obs
vation, showing a strong correlation with the direction of t
Sun’s motion. In a favorable situation the rate will merely
06351
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suppressed by a factor of 2p relative to the nondirectiona
rate. We will specialize our results in the case of caus
rings.

A. The nondirectional differential event rate
in the case of caustic rings

Equation~21! takes the form

K dS

duL 5
2r̄

r~0!
a2F S̄SF̄0~u!1

^y2&

c2
S̄VF̄1~u!1S̄spinF̄spin~u!G .

~25!

We remind the reader thatr̄ was obtain for each type of flow
~1 or -!, which explains the factor of 2. In the Sikivie mod
@31# we have (2r̄/r(0).1.0, i.e., the whole dark matter den
sity lies in the form of caustic rings. In hybrid models, whic
contain in addition an isothermal component, it is only
fraction, since the sum of all densities should ber(0).

The quantitiesS̄ i ,i 5S,V,spin are given by Eqs.~6!–~9!.
The quantitiesF̄0 ,F̄1 ,F̄spin are obtained from the corre
sponding form factors via the equations

F̄k~u!5F2~u!C̄k~u!
~11k!

2k11
, k50,1, ~26!

F̄spin~u!5F11~u!C̄0~u!. ~27!

The functionsC̃k(u) depend on the model. Introducing th
parameter

d5
2y1

y0
50.27, ~28!

we find in the case of Sikivie model

C̃k~u!5A2

3(
n51

N

r̄nỹn
2(k21)QS ỹn

2

a2
2uD ỹn ~29!

with

a5
1

A2m rby0

~30!

and

ỹn5F S ynz212
d

2
sing cosa D 2

1S yny1
d

2
cosg cosa D 2

1S ynx2
d

2
sina D 2G1/2

. ~31!

The above expressions~25!–~27! depend not only onu, but
on the phase of the Earth as well as in the angleg.p/6. If,
however, in theQ-function we approxmateỹn by yn given
by
1-4
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yn5@~ynz21!21yny
2 1ynx

2 #1/2, ~32!

i.e., neglect threshold effects originating from the motion
the Earth, the obtained expressions can be simplified. In f
if we then expandC̃k(u) in the small parameterd and keep
terms up to linear in it, the dependence on the phase of
Earth can be seperated from the dependence onu. Thus, to
an approximation which is valid to no worse than 10% for
u, the nondirectional differential rate takes the form

K dR

duL 5R̄
2r̄

r~0!
tT~u!@12cosaH~u!#, ~33!

whereT(u) andH(u) are now functions of the variableu.
The last expression must be compared to that of isot

mal models:

K dR

duL 5R̄
r8~0!

r~0!
tT~u!@11cosaH~u!# ~34!

with r8(0) being the density associated with the isotherm
mode. In hybrid models it is less thanr(0). In the above
expressionsR̄ is the rate obtained in the conventional a
proach@12# by neglecting the folding with the LSP velocit
and the momentum transfer dependence of the differen
cross section, i.e., by

R̄5
r~0!

mx

m

AmN
A^v2&F S̄S1S̄spin1

^y2&

c2
S̄VG , ~35!

where S̄ i ,i 5S,V,spin have been defined above, see E
~6!–~9!.

The factorT(u) takes care of theu-dependence of the
unmodulated differential rate. It is defined so that

E
umin

umax
duT~u!51, ~36!

i.e., it is the relative differential rate.umin is determined by
the energy cutoff due to the performance of the detector,

umin5
Qmin

Q0
, ~37!

while umax is determined the via the relations:

umax5minS yesc
2

a2
,maxS yn

2

a2D ,n51,2, . . . ,ND . ~38!

On the other hand,H(u) gives the energy transfer depende
modulation amplitude~relative to the unmodulated ampl
tude!. The quantityt takes care of the modification of th
total rate due to the nuclear form factor and the folding w
the LSP velocity distribution. Since the functionsF̄0(u),
F̄1(u), and F̄spin(u) have a different dependence onu, the
functionsT(u) and H(u) and t, in principle, depend some
what on the SUSY parameters. If, however, we ignore
small vector contribution and assume~i! the scalar and axia
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~spin! dependence on u is the same, as seems to be the
for light systems @38,39#, or ~ii ! only one mechanism
(S,V,spin! dominates, the parameterR̄ contains the depen
dence on all SUSY parameters. The parameterst and T(u)
depend on the LSP mass and the nuclear parameters, w
the H(u) depends only on the parametera.

B. Expressions for the directional differential event rate

The model of Sikivieet al. @31#, which is not spherically
symmetric, offers itself as a perfect example for the study
the directional rates. Working as in the previous section
get @17#

K dS

duL
dir

5
2r̄

r~0!

a2

2p F S̄SF0~u!1
^y2&

c2
S̄VF1~u!

1S̄spinFspin~u!G , ~39!

where theS̄ i ,i 5S,V,spin are given by Eqs.~6!–~9!. The
quantitiesF0 ,F1 ,Fspin are obtained from the equations

Fk~u!5F2~u!Ck~u!
~11k!

2k11
,k50,1, ~40!

Fspin~u!5F11~u!C0~u!. ~41!

In the Sikivie model we find

Ck~u!5A2

3(
n51

N

r̄nỹn
2(k21)QS yn

2

a2
2uD

3US ynz212
d

2
sing cosa Dez•e

1S yny1
d

2
cosg cosa Dey•e

1S ynx2
d

2
sina Dex•eU. ~42!

In the model considered here thez-component of the LSP
velocity, with respect to the galactic center, for some rings
smaller than the Sun’s velocity, while for some others it
larger. The components in they and thex directions are
opposite for the1 and2 flows. So we will distinguish the
following cases:~a! ê has a component in the Sun’s directio
of motion, i.e., 0,u,p/2, labeled byu ~up!. ~b! Detection
in the direction specified byp/2,u,p, labeled by d
~down!. The differential directional rate takes a differe
form depending on which quadrant the observation is ma
Thus, keeping terms up to linear ind, we find the following:

~1! In the first quadrant~azimuthal angle 0<f<p/2),
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K dRi

du L 5R̄
2r̄

r~0!

t

2p
T~u!F ~Rz

i ~u!2cosaH1
i ~u!!uez•eu

1S Ry
i 1cosaH2

i ~u!1
Hc

i ~u!

2
~ ucosau1cosa! D

3uey•eu1S Rx
i 2sinaH3

i ~u!

1
Hs

i ~u!

2
~ usinau2sina! D uex•euG . ~43!

~2! In the second quadrant~azimuthal anglep/2<f<p)

K dRi

du L 5R̄
2r̄

r~0!

t

2p
T~u!F ~Rz

i ~u!2cosaH1
i ~u!!uez•eu

1S Ry
i 1cosaH2

i ~u!1
Hc

i ~u!

2
~ ucosau2cosa! D

3uey•eu1S Rx
i 1sinaH3

i ~u!

1
Hs

i ~u!

2
~ usinau1sina! D uex .euG . ~44!

~3! In the third quadrant~azimuthal anglep<f<3p/2)

K dRi

du L 5R̄
2r̄

r~0!

t

2p
T~u!F ~Rz

i ~u!2cosaH1
i ~u!!uez•eu

1S Ry
i 2cosaH2

i ~u!1
Hc

i ~u!

2
~ ucosau2cosa! D

3uey•eu1S Rx
i 1sinaH3

i ~u!

1
Hs

i ~u!

2
~ usinau1sina! D uex•euG . ~45!

~4! In the fourth quadrant~azimuthal angle 3p/2<f<2p)

K dRi

du L 5R̄
2r̄

r~0!

t

2p
T~u!F ~Rz

i ~u!2cosaH1
i ~u!!uez•eu

1S Ry
i 2cosaH2

i ~u!1
Hc

i ~u!

2
~ ucosau2cosa! D

3uey•eu1S Rx
i 2sinaH3

i ~u!

1
Hs

i ~u!

2
~ usinau2sina! D uex•euG , ~46!

wherei 5u,d.
By the reasoning given above, if one mechanism is do

nant, the parametersRx ,Ry ,Rz ,H1 ,H2 ,H3 ,Hc ,Hs for both
06351
i-

directionsu and d depend only onm r and a. They are all
independent of the other SUSY parameters.

V. THE TOTAL EVENT RATES

We will distinguish two possibilities, namely the direc
tional and the nondirectional case. Integrating Eq.~33! in the
case of caustic rings we obtain for the total nondirectio
rate

R5R̄t
2r̄

r~0!
@12h~a,Qmin!cosa!] ~47!

to be compared with the corresponding one for isotherm
models:

R5R̄t
r̄8~0!

r~0!
@11h~a,Qmin!cosa!]. ~48!

In the above expressionsQmin is the energy transfer cutof
imposed by the detector. The modulation is described by
parameterh only.

The effect of folding with LSP velocity on the total rate
taken into account via the quantityt. The SUSY parameters
have been absorbed inR̄. From our discussion in the case o
differential rate it is clear that strictly speaking the quantit
t and h also depend on the SUSY parameters. They do
depend on them, however, if one considers the scalar, s
etc., modes separately.

Let us now examine the directional rate. Integrating E
~43!–~46! we obtain the following:

~1! In the first quadrant~azimuthal angle 0<f<p/2)

Rdir
i 5R̄

2r̄

r~0!

t

2p F ~r z
i 2cosah1

i !uez•eu

1S r y
i 1cosah2

i 1
hc

i

2
~ ucosau1cosa! D uey•eu

1S r x
i 2sinah3

i 1
hs

i

2
~ usinau2sina! D uex•euG .

~49!

~2! In the second quadrant~azimuthal anglep/2<f<p)

Rdir
i 5R̄

2r̄

r~0!

t

2p F ~r z
i 2cosah1

i !uez•eu1S r y
i 1cosah2

i ~u!

1
hc

i

2
~ ucosau2cosa! D uey•eu1S r x

i 1sinah3
i

1
hs

i

2
~ usinau1sina! D uex•euG . ~50!

~3! In the third quadrant~azimuthal anglep<f<3p/2)
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Rdir
i 5R̄

2r̄

r~0!

t

2p F ~r z
i 2cosah1

i !uez•eu1S r y
i 2cosah2

i ~u!

1
hc

i ~u!

2
~ ucosau2cosa! D uey•eu1S r x

i 1sinaH3
i

1
hs

i

2
~ usinau1sina! D uex•euG . ~51!

~4! In the fourth quadrant~azimuthal angle 3p/2<f<2p)

Rdir
i 5R̄

2r̄

r~0!

t

2p F ~r z
i 2cosah1

i !uez•eu1S r y
i 2cosah2

i

1
hc

i

2
~ ucosau2cosa! D uey•eu1S r x

i 2sinah3
i

1
hs

i

2
~ usinau2sina! D uex•euG . ~52!

VI. DISCUSSION OF THE RESULTS

We have calculated the differential as well as the to
event rates~directional and nondirectional! for elastic LSP-
nucleus scattering using realistic nuclear form factors.
focused our attention on those aspects of the problem, w
do not depend on the parameters of supersymmetry o
than the LSP mass. The parameterR̄, normally calculated in
SUSY theories, was not calculated in this work. The int
ested reader is referred to the literature@15,20# and, in our
notation, to our previous work@12,13,36#.

We specialized our results for the target127I. We consid-
ered the effects of the detector energy cutoffs, by study
two typical casesQmin510, 20 KeV. Only the coheren
mode due to the scalar interaction was considered. The
contribution will appear elsewhere.

Special attention was paid to the modulation effect due
the annual motion of the Earth. We assumed that the L
density in our vicinity and the velocity spectrum is that
caustic rings resulting from the self-similar model of Sikiv
et al. @31#.

We will primarily concentrate on the total rates, which a
described in terms of the quantitiest,r x

i ,r y
i ,r z

i for the un-

modulated amplitude andh,h1
i ,h2

i ,h3
i ,hc

i ,hs
i for the modu-

lated one. In Table II we show how these quantities v
with the detector energy cutoff and the LSP mass. Of
above list only the quantitiest andh enter the nondirectiona
rate. We notice that the usual modulation amplitudeh is
small. The main reason is that there are cancelations am
the various rings, since some rings are characterized byynz
.1, while for some othersynz,1 ~see Table I!. Such can-
celations are less pronounced in the isothermal models
expected, the parametert, which contains the effect of the
nuclear form factor and the LSP velocity dependence,
creases as the reduced mass increases.

We observe that the quantitiesh,r j
i ,hj

i , i 5u,d and j
5x,y,z,c,s, being the ratio of two amplitudes, are here e
sentially independent of the energy cutoffQmin . On the other
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hand, the quantityt decreases afterQmin is introduced, since
an important part of the phase space is excluded.

We notice that, unlike the isothermal models, the ma
mum of modulation occurs around the 2nd of Decemb
something already noticed by Sikivieet al. @31#.

Let us now examine the differential rates. We will beg
with nondirectional one, which is described in terms of t
functionsT(u) andH(u). These are shown for various LS
masses andQmin in Fig. 1~a! for T(u) and Fig. 1~b! for
H(u). We remind the reader that the dimensionless quan
u is related to the energy transferQ via Eq. ~14! with Q0
560 KeV for 127I. Note that, due to our normalization ofT,
the area under the corresponding curve is unity. This norm
ization was adopted to bring the various graphs on sc
since the absolute values may vary substantially as a func
of the reduced mass. We observe that the functionT(u) dif-
fers somewhat from the predictions of the isothermal mod
models. Here the function begins with a maximum atu
50.0, while in the isothermal models the maximum occurs
u50.1. Furthermore, this function shows less of a reduct
as the reduced mass increases@see Fig. 1~a!#. The functions
H(u) exhibit step behavior in some regions. This is not u
expected, since the LSP velocity spectrum was assume
be discreet in the Sikivie model.

The directional differential rate, which is now beginnin

TABLE II. The quantitiest and h entering the total nondirec
tional rate in the case of the target53I

127 for various LSP masses
andQmin in KeV. Also shown are the quantitiesr j

i ,hj
i i 5u,d and

j 5x,y,z,c,s, entering the directional rate for no energy cutoff. F
definitions see text.

LSP mass in GeV
Quantity Qmin 10 30 50 80 100 125 250

t 0.0 1.451 1.072 0.751 0.477 0.379 0.303 0.1
h 0.0 0.022 0.023 0.024 0.025 0.026 0.026 0.0
r z

u 0.0 0.726 0.737 0.747 0.757 0.760 0.761 0.7
r y

u 0.0 0.246 0.231 0.219 0.211 0.209 0.208 0.2
r x

u 0.0 0.335 0.351 0.366 0.377 0.380 0.381 0.3
hz

u 0.0 0.026 0.027 0.028 0.029 0.029 0.030 0.0
hy

u 0.0 0.021 0.021 0.020 0.020 0.019 0.019 0.0
hx

u 0.0 0.041 0.044 0.046 0.048 0.048 0.049 0.0
hc

u 0.0 0.036 0.038 0.040 0.041 0.042 0.042 0.0
hs

u 0.0 0.036 0.024 0.024 0.023 0.023 0.022 0.0
r z

d 0.0 0.274 0.263 0.253 0.243 0.240 0.239 0.2
r y

d 0.0 0.019 0.011 0.008 0.007 0.007 0.007 0.0
r x

d 0.0 0.245 0.243 0.236 0.227 0.225 0.223 0.2
hz

d 0.0 0.004 0.004 0.004 0.004 0.004 0.004 0.0
hy

d 0.0 0.001 0.000 0.000 0.000 0.000 0.000 0.0
hx

d 0.0 0.022 0.021 0.021 0.020 0.020 0.020 0.0
hc

d 0.0 0.019 0.018 0.018 0.017 0.017 0.017 0.0
hs

d 0.0 0.001 0.001 0.000 0.000 0.000 0.000 0.0
t 10.0 0.000 0.226 0.356 0.265 0.224 0.172 0.0
h 10.0 0.000 0.013 0.023 0.025 0.025 0.026 0.0
t 20.0 0.000 0.013 0.126 0.139 0.116 0.095 0.0
h 20.0 0.000 0.005 0.017 0.024 0.025 0.026 0.0
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FIG. 1. The quantitiesT(u) andH(u) enter-
ing the differential amplitude. Thick solid line
corresponds tomchi530 GeV the intermediate
thickness line tomx580 GeV, the fine line to
mx5100 GeV. The rest correspond to larger LS
masses and fall on top of each other.
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to look like a feasible experimental possibility@29#, is de-
scribed by the functions

Rx ,Ry ,Rz ,H1 ,H2 ,H3 ,Hc ,Hs

~for both directionsu andd). Due to lack of space we are no
going to show the relevant curves here. We only ment
that they were defined as ratios of functions, withT(u) in the
denominator. With this definition they are essentially ind
pendent ofu, with values approximately equal to their co
responding total values shown in Table II.

VII. CONCLUSIONS

In the present paper we have calculated the parame
which describe the event rates for the direct detection
supersymmetric dark matter. We studied, in particular,
directional variation of the rates and the modulation effec

The needed local density and velocity spectrum of
LSP were taken from the work of Sikivieet al. @31#, viewed
as a late in-fall of dark matter into our galaxy. They we
derived in the context of a self-similar model, which yiel
40 caustic rings.

We presented our results in a suitable fashion, i.e.,
separating the rates into two factors. One factorR̄, which
carries the dependence on the SUSY parameters, not the
ject of the present work, and another, which is essenti
independent of all SUSY parameters except the LSP m
The latter depends mainly on the properties of the LSP
locity distribution, the nuclear parameters, and the kinem
ics. The nuclear form factor was taken into account and
effects of the detector energy cutoff were also conside
Strictly speaking the obtained results describe the cohe
process in the case of127I, but we do not expect large
changes, if the axial current is considered.

Our results, in particular the parameterst, see Table II,
indicate that for large reduced mass, the kinematical adv
tage ofm r @see Eqs.~6!–~10!# is partly lost when the nuclea
n,
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form factor and the convolution with the velocity distributio
are taken into account. Also, if one attempts to extract
LSP-nucleon cross section from the data, in order to comp
with the predictions of SUSY models, one must taket into
account, since, for large reduced mass,t is different from
unity.

In the case of the nondirectional total event rates we fi
that the maximum no longer occurs around June 2nd,
about six months later. The difference between the maxim
and the minimum is about 4%, a bit smaller than that p
dicted by the symmetric isothermal models. It is, howev
substantially less thanh50.46 predicted by asymmetric iso
thermal velocity distribution@16,17#.

In the case of the directional rate we found that the ra
depend on the direction of observation. The biggest rates
obtained, if the observation is made close to the direction
the Sun’s motion. The directional rates are suppressed c
pared to the usual nondirectional rates by the factorf red

5k/(2p). We find thatk5r z
u.0.7, if the observation is

made in the Sun’s direction of motion, whilek.0.3 in the
opposite direction, i.e., a large change. Note also the p
ence in Eqs.~43!–~46! and Eqs.~49!–~52! of the cosine of
the angle between the direction of observation and the S
direction of motion. The modulation is a bit larger than in t
nondirectional case, but the largest value, 8%, is not
tained along the Sun’s direction of motion, but in th
x-direction ~galactocentric direction!.
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