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Data conditioning for gravitational wave detectors: A Kalman filter
for regressing suspension violin modes
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Interferometric gravitational wave detectors operate by sensing the differential light travel time between free
test masses. Correspondingly, they are sensitive to anything that changes the physical distance between the test
masses, including physical motion of the masses themselves. In ground-based detectors the test masses are
suspended as pendula, in order that they be approximately “free” above the pendulumn frequency. Still,
thermal or other excitations of the suspension wires’ violin modes do impart a force on the masses that appears
as a strong, albeit narrow-band, “signal” in the detectors waveband. Gravitational waves, on the other hand,
change the distance between the test masses without disturbing the suspensions. Consequently, violin modes
can confound attempts to observe gravitational waves since “signals” that are correlated with a disturbance of
the suspension violin modes are not likely due to a passing gravitational wave. Here we describe the design of
a Kalman filter that determines the time-dependent vibrational state of a detector’s suspension “violin” modes
from time dependent observations of the detector output. From the estimated state we can predict that com-
ponent of the detector output due to suspension excitations, thermal or otherwise. The wire state can be
examined for evidence of suspension disturbances that might, in the absence of such a diagnostic, be mistaken
for gravitational wave signals. Additionally, from the wire state we can subtractively remove the contribution
from suspension disturbances, thermal or otherwise, from the detector output, leaving a residual free from this
instrumental artifact. We demonstrate the filter’s effectiveness both through numerical simulations and appli-
cation to real data taken on the LIGO 40 M prototype detector.
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I. INTRODUCTION These narrow-band features, which stand some 40-60 dB

above the shot noise background in the LIGO | detector, are

Within the next several years 5-km-scale interferometricsignals themselves that, unless properly treated, can con-
gravitational wave detectofSEO[1], Laser Interferometric  found efforts to detect actual gravitational wave signals.

Gravitational Wave Observator{.IGO) [2] and VIRGO In the Waveba_“d of th_e detector_s now under development

[3]] will begin searching for astronomical sources of gravi-the transfer function, which determines how the detector out-

: - put at a particular frequency is related to incident radiation at
tational waves, something the smaller TAMA] prototype that frequency, is constant. The time evolution of the signal

detector has already begun. The fundamental limitation 0Rsing from any incident gravitational waves is thus deter-
the sensitivity of these terrestrial detectors is seismic noise ghined solely by the waves themselves. The time evolution of
low frequencies, thermal excitations of the mirror substrateshe signal arising from suspension violin mode excitations,
and their suspensions at intermediate frequencies, and lasen the other hand, is strongly influenced by the the dynamics
shot noise at higher frequencies. Here we focus on that padf the modes. We make use of that distinction to design a
of the suspension noise associated with tfetin modesof Kalman filter[5] that can, in real time, detect violin mode
the suspension wires. excitations—thermal or otherwise—as distinct from actual
Gravitational waves interact with interferometric detec-9ravitational wave signals. The measured excitation can be

tors by changing the separation, and thus the round-trip Iigh&'sed to subtractively remove the modes from the detector

travel time, between the mirrors in the detector arms. In oroutput, significantly reducing the rms detector noise and sim-

der to be sensitive to passing gravitational radiation, the mirpIIfyIng the down stream analysis. Additionally, these mea-

) I . sured excitations can be used to diagnose the instrument’s
rors in terrestrial interferometeric detectors are suspended @3navior

pendulums in order that they be approximately inertially free  other techniques have been described for the identifica-
above the pendulumn frequency. Nevertheless, thermal angbn and removal of resonant line features in gravitational
other excitations of the suspension wires move the mirrorgvave detector data. In particular, Sintes and Sch6tZ]
and lead tgnarrow-bangldata stream artifacts, located at the have discussed methods suitable for addressing nearly peri-
violin-mode resonance frequencies of the suspension wiresdic artifacts that appear in a range of harmonics and whose
phases, in each harmonic, are linearly related. These methods
are not suitable for isolating the violin modes, however:
*Also at Department of Physics and Department ofthough a full spectrum of violin mode harmonics does appear
Astronomy and Astrophysics, The Pennsylvania Statein the detector output, these modes are all independent and
University, University Park, Pennsylvania 16802; Email independently excited. Allef8] has applied the multi-taper
address: LSF@Gravity.Phys.PSU.Edu spectral method of Lees and P4f to estimate the contri-
TEmail address: soma@aei-potsdam.mpg.de butions of these resonant features to the power spectrum.
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This non-parametric method does not and cannot provide a the state vector of the dynamica
time-domain estimate of the mode state or its instantaneous ¢[k]==( ] D (2.1a
contribution to the detector output and so cannot be used for system at sample; aM X1 vecto
conditioning the data prior to analysis. h b bl

In Sec. Il we summarize the theory of Kalman filtering, _ the system observa e)at (2.10
laying the ground for its application to identifying gravita- samplek; aNXx 1 vector '

tional wave detector suspension violin modes. The construc-
tion of the Kalman filter for a particular problem requires a  The stateys evolves from one sample to the next accord-
dynamical model for the underlying physical process givinging to the linear equation
rise to the signal. We discuss our model and how it comes to _
be represented as a set of state-space difference equations on Pk+1]=A-gik]+wk], (2.19
the physical observables. In Sec. V we investigate the per- . . . .
formance of the filter using both simulated data sets, whosg’ehsesrenp‘oi'Ss’af"l linear operator and{k] is an instance opro-
“signal” and “noise” content is known exactly, and experi- :
_mental data taken at the LIGO 4_0 M prototype _detec_:tor dur- linear transformation that
ing November 1994 We summarize our conclusions in Sec.
VI. A:=| takesy{k]to yfk+1]; (2.10
aM XM matrix
Il. THE KALMAN FILTER

A. Introduction process noise: &l -dimensiona

A Kalman filter is a mechanism for predicting the multi- ~ W:=| normally distributed random | (2.19

dimensional state of a dynamical system from a multi- variable; aM X 1 vector.

dimensionalobservable The observable is assumed to be

linearly related to the system’s state, which is assumed tdhe process noise is assumed to be zero mean and white. Itis
evolve linearly with time. The observable is assumed to béhen fully characterized by its co-variance matvik
contaminated by an additive Gaussimeasurement noisef -

known co-variance. The dynamical system described by the W:=E[w-w'], (2.19

state may be driven by a known inputin addition to G‘fjmss'i‘fjlr\]/vhereE[ ] represents an ensemble average across instances
process nois®f known co-variance. P 9

For example, the system may be a pendulum, the stat%f its argument. The process noise co-variance is a symmet-
Ic M XM constant matrix.

may be the pendulum bob’s instantaneous position and md"
mentum, and the observable may be the bob’s position. Th
process noise is the thermal fluctuation in the wire and th y
measurement noise in this case may be the photon shot noise _
background. Zk]=C-yik]+olk], 22

When the process and measurement noise are NGkl 10 is a linear operator and[k] is an instance ofnea-
Gaussiajthe Kalman filter gives the optimal estimate of the surement noise:
system’s state, in the least-squares sense. When the noise Is
more complex than Gaussian the Kalman filter gives the best the linear transformatio
estimate of the state assuming that only the second order
statistical characterization of the noise is known. Alterna- that relates the staw{ k]
i : : . C:= (2.3
tively, when the evolution equations are not linear or the to the observabld k]; an
observables are not related linearly to the state, then the Kal-
man filter has a natural generalization that makes it the op-
timal means of predicting the state from the observables in a
least-squares sengEl].

The derivation of the Kalman filter equations is straight-  v[k]:=| normally distributed random variable;
forward and instructivé.In the particular application dealt aNx 1 vector
with in this paper we assume that there is no driving force (2.4)
(aside from the process nojsend that the system state and
observables are needed only at discrete times; correspontthe measurement noise is assumed to be zero mean, white,
ingly, we limit our derivation to that case. Denote the state ofand have co-variance:
the system at sample tinteby y{ k] and the observable at
sample timek by ZKk]: V:=E[v-vT], (2.9

The observable at samplek is related to the system state
the linear equation

N XM matrix

measurement noise:Nrdimensional

preliminary results are presented[it0]. 3If the measurement noise is not white, it can be whitened by a
2For a more detailed discussion of Kalman filters, Ega2-14. suitable, linear redefinition of the observable.
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whereE[ - ] represents an ensemble average across instanceerel is the identity matrix and we have used E(.7),
of v[k] of the measurement noise. The measurement nois@.104 and(2.12 to represen® in terms of the unknowi

co-variance is a symmetrid X N matrix. and the knowrC andP, all at samplek
Finally, we assume that the measurement noise and pro- ’ '

cess noise are independent: ] ]
C. Calculating the Kalman gain

E[v-w']=0. 2.6 Our object is to find the Kalman gaka that minimizes an
appropriate measure of the erfdiin the state estimaté at
B. Predicting the state from observations each samplé.

Recall thatP is a co-variance matrix of the errer con-
sequently, its eigenvectors describe linear combination of the
- state vector elements whose errors are uncorrelated. Corre-
gk—1]: spondingly, the sum of the eigenvalues—the trace of

A - P—measures the variance of the total error in the state esti-
ek—1]=y¢fk—1]—{¢p[k—1]. 2.7 s .
mate. Adopting tP as a measure of the error in the state
This error is a random variable whose second moments westimate, we choose the Kalman g&rio minimize trP:
denoteP[k—1]:

Suppose that we have an estimfj{ek— 1] of the process
state at sampl&—1. Denote the error in this estimate by

K[k]=P[k]-C"/(V+C-P[k]-CT), (2.14
Plk—1]:=E[e[k—1]-e"Tk—1]]. 2.8
[ I:=Eld Iel 1 @8 where we have adopted the notation
From the estimated state at samplel, we can form an _
a priori estimate of the state at sampteusing the state Q=9R (2.158

transition operatoA: . . .
to denoteQ as a solution to the linear equation

YK]=A- ¢{k—1]. (2.9 S=Q-R (2.15bh

Associated withy{ k] is an errorg k] whose second mo- for known R, S. Correspondingly, Eq(2.13 for P can be

ments we denot®(k]: simplified:
ek]:= k] — gLk] (2108 p—(1—K-C)-P-(I-K-O)T
P[k]:=E[e[k]-e"[k]] (2.109 =(1-K-C)-P—(1-K-C)- K- (V+C-K-CHKT+K-V-K
—A-P[k—1]-AT+W. (2.109 =(1-K-0)-P. (216
(Tzhtlaf)ﬁnm equality follows from Eqs(2.103, (2.19 and D. Summary

~ - To summarize, we begin with an estimate of the sf{ite
Z[kl]:'rom ¥1k]. we can make predictionz of the observable and the associated err&f k] at samplek—1. From these,
' we

Zk]=C- Y K]. (2.11)

(1) form ana priori estimate of the statg{k], the error
associated with that estimaf¥ k], the predicted measure-
Now compare the estimaik] to the actual measurement Mentz[k], and the Kalman gaiK[k], all at samplek [Eqs.

74 k]. These will in general be different. The Kalman filter (2.9, (2.100, (2.11), and(2.14]; .
uses the difference between the the actual and estimated (2) observe the system to determiré];

measuremenb generate a corrected estimatef the state: (3) form corrected estimates of the statgk] and the
estimated erroP[k] [cf. Egs.(2.12, (2.16)].
YL k]= gl k]+KK]- (K] =7 K]). (212 we end as we begin, ready to make a new estimate of the

. . . ) state at sampl&+1. Once we are started, we can continue
The linear operatoK[k] is theKalman gain which we cal- 45 |ong as observations can be made. To begin, we need only
culate in Sec. Il C. The refined state estimagfek] has an  supply an initial estimate of the state and the error. These

associated errag k] [cf. Eq.(2.7)] and covarianc®[k] [cf.  initial guesses are not critical as the algorithm continually
Eq. (2.9 corrects the estimated state and re-estimates the error with
each iteration, converging on an optimuim the sense of
P=(1-K-C)-P-(1-K-O)7, (2.13  minimum trP) estimate of the state.
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Caltech 40m data, 19Nov94.4, Locked004.nc,44.426 minutes, fs=9868.421 Hz
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g4 FIG. 1. Typical power spectrum of the
= IFO_DMRO channel of the LIGO 40 M proto-
. type, showing the violin modes between 571 and
% 606 Hz. Some lines are so closely spaced that
B a0 they are not resolved on this figure. The line at
@ 600 Hz is the ninth harmonic of the 60 Hz power
% 25 main. In this figure, 0 dB corresponds to a strain-
o equivalent noise of 5.6410™2° m/HZ"2.

20

15

10

5 i i i i i i i i

565 570 575 580 585 590 595 600 605 610

Frequency (Hz)

The cost per iteration—in either computation or hood of the violin mode resonances for a typical stretch of
memory—is constant. Only the present estimates of the statdata taken during November 1994. The units of the PSD are
and the associated error need be retained from step to stefDC count$ ?/Hz. The line at 600 Hz is the ninth har-
all of the history necessary to estimate the future values ofnonic of the omnipresent 60 Hz power-main. Note how the
the state and the associated error is encoded in these quartiolin mode resonances stand out as sharp peaks some 40 dB
ties. above an approximately whit@ver this bandwidthback-
ground, as described.

The combination of violin modes in an approximately
white background maps naturally onto a model involving a
A. Introduction stochastically driven dynamical process observed in the pres-

The cavity mirrors of the terrestrial gravitational wave ence of Wh't? measurement noise: . .
detector are suspended as pendulums in order that they be (i) Each violin mode corresponds to a distinct dynamical

inertially free at frequencies above the pendulum frequencypzﬁgfv\slisszs driven by an independent noise satinezmal or
The suspension wires are under tension from the mirror mase e ' . : . :
(i) The observable is the motion of the cavity mirror as

and have a spectrum of “violin” modes. Each violin mode ; . s
is, like the pendulum mode, endowed witaT of energy reflg__cted in the gravity-wave _char_mel of the mterferometer.
from its contact with a thermal bath. The corresponding mo'oth((la,"r)t;-:r?niT;ar?girseergetrr]]tatm:fsf:cltstrt]ge l?:\/eitr -Swhg\t/emélr?Znireulj
tion of the cavity mirrors leads to noise of thermal origin in : - 9 y

tﬁut do not drive the violin modes.

the detector output. Other disturbances affect the suspension, In the remainder of this section we describe how we re-
increasing the overall noise power in the violin modes. . . . s
strict attention to the narrow band surrounding the violin

To minimize the impact of the thermal noise on the de- ode, where the model associated with the use of a Kalman
tector’s performance the suspensions are designed to haY '

high Q. Laser shot noise dominates the detector noise pow jter is particularly apt, and dgvelop the state-space equa-
in a broad band about the violin mode resonant frequencie lons that describe the modes in that band.

only the peaks of the stochastically excited violin modes )

stand above this background. The peaks are strong, however: B. Observations

in the LIGO 40 M prototype they stand approximately 50 dB  The violin mode resonances are very weakly damped, so
above the shot-noise floor and the contrast in the LIGO lkhe noise power in the modes contributes significantly to the
detector will be approximately the same. In the LIGO 40 Moverall detector output only in a very narrow band about
prototype the fundamental violin mode resonant frequenciesach mode’s resonant frequency. Correspondingly, to moni-
are in the(570, 606 Hz band withQ’s on order several tor one or more violin modes we focus attention on a narrow
times 10, while in the LIGO | interferometer the fundamen- band in the the neighborhood of the mode resonant frequen-
tal violin modes will have frequencies near 330 Hz @pid  cies. For definiteness, denote the gravitational wave channel
on order 16 [15]. Figure 1 shows the power spectral densityat full bandwidth(sample ratef.) by g and let the band of
(PSD of the differential-mode read-out (IFDMRO) of interest, which includes the mode frequerfgy range from

the LIGO 40 M prototype interferometer in the neighbor- f.—Af/2 to f.+ Af/2, for Af much less tharf,.

Ill. APPLICATION: SUSPENSION VIOLIN MODES
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To exploit the narrow bandwidth of the violin modes we

form the complex quantity

g'[k]:exp{—ZTrik;)g[k]. (3.2

The spectrum of’ in the band — Af/2,Af/2] is equal to the
spectrum ofy in the band f.— Af/2,f.+ Af/2]. Focus atten-
tion on just this narrow band by down-sampligg to the
new sample ratd f using, e.g., a polyphase techniquel.6]
Chap. 4.% Denote the down-samplegl by z, which is com-
plex valued.

From z, it is convenient to construct the real vector se-

quenceq k]:
k]=(

The vector-valued time serigfk] plays the role of the ob-
servation in our Kalman filter implementation.

R(2)[K]

N2k ) (3.2

C. Dynamical model

The gravitational wave channglis the sum of the violin
modes (whose behavior we wish to determjnand other
noise sources. In constructirgwe focused attention on a

PHYSICAL REVIEW D 63 062004

Wo . : . WcWo .
gt | =+2i0 | p+| 05— wi+i )w=Fexp(—|wct)
Q Q
(3.539
or, in the Laplace domain,
(s=P)(s—p_)u(s)=F(s+iw) (3.5D
where
a(s)=f:cdtexq—st)g(t) (3.50
. wqo ) i 1
pi—_ﬁ—lwc_lwo\ll—‘l—Qz. (3.50

[Note that in Egs(3.5 we have assumed thdtis causal—
i.e., it vanishes at sufficiently earlier times—and used a two-
sided Laplace transforhWritten in this way the Laplace

transform@of  is related to its Fourier transforg through
the substitution of Zif for s

a=|

dtexp(—2mift) g(t). (3.6)

narrow band about the mode resonant frequencies. Here wlote that we have adopted the engineering convention for

provide a model for the mode behavior as reflected. in ~ the Fourier transform.After down-sampling, the real and
We first note that, near resonance, the details of the dampmaginary parts ofy are the contributions of the violin

ing are unimportant; consequently, we can model each violifnodes to the real and imaginary partszof o

mode as an independent, viscously damped harmonic oscil- The two poleg-. in the Laplace transform solutiog(s)

lator whose coordinatel is the amplitude of the mode correspond to the positive and negative frequency resonances

present in the detector output. The coordinatatisfies the  of the oscillator. When we chose, close tow, we placed

differential equation one of the resonances if near zero angular frequency and

the other far away: correspondingly, one of the pglesis

o

near the origin and one is distant. Lettipg be the “near”

U+ —u+ wiu=F(t), 3.3
Q¥ ® 33 pole andp_ be the “far” pole we write
where F is the (stochastit driving force. The “gravity- — F(s+iwe)
wave” channel is the sum of and other noisesand sig- (s=p)Y(s)=—— D 3.7
nals.
We can relatei to the contribution of the violin modes to o for |s|<|p_]|,

z by mixing u with the phase factor exp(w.t) (wherew, is
equal to 2rfc): (5=P.)¥(9)=—pF(sting). (38

y=uexp—iwct). (3.4  The spectrum ofy arising from this second equation, which
differs from the first only by the source term, is identical to
the spectrum ofis arising from the first as long asv| is
much less thanp_|. Since down-sampling restricts the
bandwidth ofys in just this way, we adopt Eq3.8) as the

) . : . evolution equation foty. Correspondingly, near zero angular
“The down-sampling operation also involves the appropriate low- q v P gy 9

pass anti-alias filtering. Note also that the bandwifithincludes, frequencyy) satisfies
as used here, includes both positive and negative frequencies. When
dealing with real time series the bandwidth refers to only positive
frequencies, with negative frequencies implied. Consequently, in
the case of real time series the minimum sample rate is twice the Now write, instead of the compley, the real vectonf
bandwidth while in the present case it is equal to the bandwidth. whose components are the real and imaginary parig: of

The complexy satisfies the differential equation

Yy—piy=—p_tF(he o, (3.9
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R(¢) The quantityv is the measurement noise: i.e., the noise

3 ) (3.10 within which the violin mode signal is embedded. In our
application the measurement noise is associated with the la-

The first order differential equatiof8.9) describing complex ~ S€r shot_ noise. In the current generation of large detectors the

& near zero frequency becomes a coupled set of first ordéi10t noise has the spectrum

differential equations

2
) (f)=Sg| 1+| - } (3.19
Y=A"-y+F (3.113 > S0 fi
where with knee frequency, approximately 100 Hz. The LIGO 40
M prototype the mode fundamental frequencies are confined
) R(py) —T(py) to an approximately 40 Hz bandwidth about 590 Hz; in the
=30 %(p) (311D LIGO | detector they will be in a similarly narrow band

about 350 Hz. As long as we are able to confine attention to
R(p~le iwct) bandwidths small compared to the mode frequency the shot
F=F( ) (3.110 noise in that band will be very nearly white; correspond-
ingly, v will be white and have a covarian&& proportional

o . to the unity matrix.
Our observation is not of continuoasét) but of sampled To summarize, we construct the observablérom the

7 k]. Suppose that the final sampling ratedit and approxi- - gr4jitational wave channel by mixing it with a local oscil-
mate the evolution ofy as free between samples, with the |51 4nd down-sampling to the bandwidatf about zero

accumulated effect of the stochastic forBeacting at the  fequency. We model the sampled observable as arising from
sample times. Then the sampléflk] satisfies the equations

3( p: lefiwct)

Ykl=A yik=1]+wkK] (3.123 P K]=A- gfk—1]+v[k—1] (3.163

where Zk]=C- fk]+wk] (3.160
AI
= _ where
A ex;{M) (3.12b
A!
andw{k] is a random vector related . The quantityy{ k] A=exp 17 (3.160
in this case is equal to the contribution of the violin mode to
the observable k] or ’ ( — wo/2Q we— woy1—1/4Q°
AK]=C- [ K]+ v[K], (3.129 | =0t we1-1/4Q2 — wy/2Q '

(3.160
wherev represents théapproximately white background in

which the violin modes are immersed. EquatidBsl? are

the state-space form of the Kalman equations. To complete ) ) )

our description of the suspension modes in this form it re- N @pplying the Kalman filter we determine, at each

mains to determine the properties of the process and meaample, the state estimaifé k] from which we form an es-

surement noisew andv. timatez, of the contribution of the violin mode to the detec-

The statistical properties af derive ultimately from the tor output:

statistical properties of the for¢e[cf. Eq.(3.3)]. In applying

the Kalman filter we assume that and consequentlf, is 7,=C- . (3.17

white. Assuming that modes are driven principally by ther-

mal forces we can use the fluctuation-dissipation theorenfhe violin mode contribution to the observation is an instru-

[17] to find the power spectrum of the thermal force driving mental artifact that is unrelated to the incidence of gravita-

the mode: tional waves on the detector; correspondingly, we may wish
to use the prediction to subtractively remove the artifact from

Se(f)=4kgTR(Z) (3.13  the data strearn.

The predictionz, for the violin mode contribution is

formed at reduced bandwidth and offset frequency. Fzpm
— 0’ +iyo— w% we can construct the predicted contribution violin mode con-

I7=——7———, (3.19

iyo

D. Reconstruction

whereZ is the system’s impedance. In our application,

soR(Z) is independent of frequency, the thermal force act- ®in Sec. IV we show that the Kalman filter estimate of the violin
ing on the modes is white, and the assumption made in agmode contribution to the observation is insensitive to the presence
plying the Kalman filter to this problem is satisfied exactly. of a gravitational wave signal.
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tribution to the full bandwidth observatiofg[k]; cf. Eq.  nates. We assume, in our model, that the process is driven by

(3.1)) by reversing the steps taken to fomfrom g (cf. Sec. white noise. From the Kalman filter model, the power spec-
I B). In particular, we first form the complex scalar se- tral density of the contribution tein this bandwidth is given

quencez, according to by [cf. Eq.(3.9)]
. [R(z) 4Q%r W
- P (w)= _
" ( 3@)) 348 ) (2Que— 40T 1)

(3.23

and up-sample it to the full sample rate, formiﬁg_ The  With the exception of the total process noiseV{fr the right

mixing operation undertaken in E¢3.1) can then be re- hand side of Eq(3.23 is known. The left hand side we
versed: measure. To estimate W, we measurd®, and sum it over

the limited bandwidth dominated by the process. Setting that
- -, e equal to the same sum executed on the right hand side of Eq.
G,[k]=G [k]ex;{ 27T|kf_s)' (3.19 (3.23 we determine the proportionality constaniMr As-
suming that the process noise is equally distributed between
The result is still complex: it is missing the contributions the real and imaginary parts af with no cross-variance, we
from negative frequencies that were discarded in the lowthus determine the estimated process noise covariance:
pass filtering that accompanied the original down-sampling
operation. Since the original observation was real, however, 1 1
this contribution is just the complex conjugate of the positive W= E(UW)( 0 1) : (3.24
frequency contribution, which we have; consequently, the
estimated contribution of the violin mode to the data stream

glk] is IV. CHARACTERIZATION
- _ A Before providing results from the application of our filter
9,LK]=2R(GLk]). (3.20 on LIGO 40 M prototype data we characterize the filter's
The residual difference behavior on “synthetic” or “mock’” time series. These time
series are constructed so that the violin mode state, process
g:[k]=g[k]—g,[K] (3.21) noise, measurement noise, and signal content are known ex-

actly. By applying the filter to these data sets and investigat-
is then free of violin mode artifact, to the accuracy of ouring the difference between its estimation of these quantities

estimation procedure. and their actual, known values, we characterize the filter's
performance.
E. Estimating the measurement and process noise Four applications to synthetic data sets are described here:

1) a single isolated violin mode, driven by Gaussian
To use the Kalman filter we must have a model for the ) 9 y

) i white process noise and observed in the presence of Gauss-
process dynamicsA) and how the process contributes to the 5 \white measurement noigef. Sec. IV B:

observable €). These we described for our particular —(9) several closely spaced violin modes, driven by non-
application—the violin modes of an interferometer mirror g ssjan white process noise and observed in the presence
suspensiongeach mode an independent progess Sec. 4 non-Gaussian white measurement ndisie Sec. IV O;

[l B. Additionally, we must have estimates for the process (3) a single isolated violin mode, driven by Gaussian
and measurement noise co-variance matriodsand V). \hite process noise with a superposed impulsive excitation
Here we describe how we estimate these from a short segiq ghserved in the presence of non-Gaussian white mea-
ment of filter input, taken at the beginning of the input. surement noisécf. Sec. IV D);

Consider the typical bandwidth of the observalie (4) A single isolated violin mode, driven by non-Gaussian
shown in Fig. 1. The process contributes significantly over,nite process noise and observed in the presence of non-

only a small fraction of the bandwidth, where the resonancgsassian white measurement noise with a superposed impul-
rises above the measurement noise floor. To estimate thgye excitation(cf. Sec. IV B.

measurement noise, we form the PSDzaind take the av-

erage power far from the resonant peaks. This average powgte first case demonstrates the filter operating in the regime
P is the total measurement noise {)r. We assume that where the measurement noise and process noise satisfy the
there is no cross-covariance between the nois®#(m) and assumptions made in the derivation of the Kalman filter. The
J(2), in which case second case examines the filter’s ability to distinguish a vio-
lin mode from measurement noise and to distinguish be-
tween two different modes, when the noise is not as simple
as Gaussian and modes are closely spaced in frequency. In
the third case we test the filter's ability to respond to impul-
To estimate the process noise we focus on that part of theive excitations of the suspension modes. In the final case we
spectrum near the resonant peak where the process doniitroduce an impulse into the measurement noise and ob-

= 10
V_EP’“(O 1). (3.22
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TABLE |. Constants characterizing the simulations described in Sec. Il B. The sample rate in all cases
was 9868.421 Hz.

Case 1 Case 2 Case 3 Case 4

fo(Qp)  571.6 Hz (5% 10°)  571.6 Hz (5% 10°) 571.6 Hz (5% 10°) 571.6 Hz (5% 10
f1(Qq) N/A 2 584.6 Hz (5% 10°) N/A N/A
f,(Qy) N/A 585.4 Hz (5% 10°) N/A N/A

aN/A: not applicable.

serve the filter's ability to discriminate between it and thedom number generator. Non-Gaussian noise was modeled by
contribution from the violin mode. a two-component mixture-Gaussian model:

As they appear in the detector data stream, violin modes
are characterized entirely by their resonant frequdicgnd P(X|a,p1,p2,01,02)=aN(u1,01)+ (1= a)N(pz,0)
damping constanfQ. Since we are dealing always with (4.19
discrete-time signal processing, the scale of the frequency

does not matter: the only relevant quantiagide fromQ) is a=0.7,

the ratio of the resonant frequency to the sampling frequency

fs. Nevertheless, to foreshadow our application of the filter #1=0, u2=0, (4.1b
to data taken at the LIGO 40 M prototype, we assume that

the sampling frequency is 9868.421 Hz, the sampling rate of o1=1, 0,=15.

the LIGO 40 M prototype, and we always choose the simu-

lated violin modes to have resonant frequencies coinciderd€€N(x, o) represents a normal process with mgaand

. 2. . .
with the frequencies of modes identified in that instrumentVaranceo”; the parameters, w and oy are fixed with 0

With this convention, the frequency and damping constantg @<1. Figure 2 shows the distribution of this mixture

of the simulated modes used in the examples to follow ar&aussian process together with the distribution of a Gaussian
given in Table I. process with the same mean and variance. The mixture

Gaussian distribution described by the parameters in Eq.
, , (4.1b is strongly leptokurtidi.e., it has a significant excess
A. Generating synthetic data sets of high amplitude evenis
Before discussing the results of our investigations into the To generate the contribution to the observation from the
Kalman filter's behavior we describe how we generated thgrocess we begin with the differential equation modeling the

random time series used in those investigations. procesqcf. Eq. (3.3)]

In all cases the measurement noise is white: i.e., its power
spectrum was constant over its bandwidth. For Gaussian . Wo. 2

) . r+—r+wgr=F, (4.2
noise measurement noise we used Matl4b& RANDN ran- Q

solid:mixture Gaussian a=.7,o‘1=1 ,02=1 .5; dashed: Gaussian with same mean and variance

0.7 T T T T T T T
0.6 -
05+ -
5 FIG. 2. To test the effectiveness of the Kal-
‘g man filter when the measurement and process
204r . noise is not Gaussian we used simulated data
g drawn from a strongly leptokurtic mixture Gauss-
E ian distribution. The solid curve shows the non-
E03r 7 Gaussian noise distribution while the dashed
e} . . . .
< curve shows, for comparison, a Gaussian distri-
bution of the same mean and variance.
0.2t -
0.1+ -
0
4 4

Amplitude
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wherer is the position of the suspended mass. We make no o

assumptions here about driving forEe The detector gravi- y= > vylk]z™k (4.6
tational wave channel consists of a superposition of measure- k==e

ment noisev and the oscillator coordinate The solution to
this equation can be expressed as an all-pole linear Fiter
acting on the driving forc€&. In the Laplace domain the filter

(Theztransform of a digital filter is analogous to the Laplace
transform of a continuous filterin z space, the linear filter
described in Eq(4.5) can be written

is given by
_ _ Np
r(s)=H(s)F(s) (4.39 > b[j]z]
. j=0 .
_ 1 1 H2)=——Fxy—F(@2) (4.7a
H(s)= = S
) G swniQral (5 P P) 1+ afjlz
(4.3b =1
where =G(2)F(2). (4.7h
P+ =—(we/2Q*iwgy1—1/4Q%). (4.30 The frequency response of the digital fil@ris equal to

] G(2) evaluated on the unit circle in the compleylane:
The frequency response of the filter at angular frequancy

is equal toH(s) evaluated on the imaginary axis: G(e?mif/fs) (4.9

H(w)=H(iw). (4.4  wherefg is the sample rate of the filtered sequence. If by a
conformal transformation we map the right halplane onto

The two-pole filterH operates in continuous time while the interior of the unit circle in the plane, then we will have
the detector output we wish to simulate is discretely sample%apped the analog prototypg(s) onto the digital filter
at a ratef ;, which we assume is at least twice as great as th%(z)_
resonant frequency,. Using the analog filteH(s) as a '

Frototypg, we design a digital filter Wlth a similar response at G(z)=H(s)|s 2z 124 1) 4.9
requencies much less than the Nyquist frequency.

Suppose that the discretely sampled sequende],  where() is the so-calledwarping constantThis mapping
driven by the inpufF[k], satisfies will not be without distortion; nevertheless, at frequencies
much less than the Nyquist frequency the distortion will be
minimal. We can choose the warping consténto guaran-
tee that the digital filter's response matches exactly the ana-
log filter's response at exactly one frequency,
wherea[j] andb[j] are the constant filter coefficients. De- o
fine thez transform of the sequengdk] by G(e 2mt' sy =H(2mif"), (4.10

Np Na

u[k]=j§0 b[j]F[k—j]—jgl aljluk—jl, (4.5

60 T T T T

FIG. 3. The effectiveness of the Kalman filter
in identifying the violin mode contribution to the
signal can be seen by comparing the power spec-
trum of the observed time serié®p panel, the
power spectrum of the Kalman estimated contri-
bution of the mode to the observatigmiddle
pane) and the power spectrum of observed time
series less the filter's prediction of the violin
mode’s contribution to the observatidbottom

: : : pane). The bottom panel shows that the residual
20 L L ' L is, as expected, very nearly white. Kalman filter

560 505 570 Frequency(Hz) 578 580 588 is applied to onf a 6 Hz bandwidth about the

60 g g ! g line; this is the reason for the rapid falloff of the
O ] predicted contribution of the mode to the total
g ' ' ' noise. The slight depression in the residual noise
§ level in the signal band is discussed, along with

other details, in Sec. IV B.

20 i i | i
560 565 570 575 580 585
Frequency(Hz)
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3 T T T T T T T T T T
o 2F B
=
2
gir 1
<
0_ -
1 1 1 1 1 1 1 1 1 1
0 20 40 60 80 100 120 140 160 180 200
Time (s) FIG. 4. The Kalman filter produces instanta-
' ' ' ' ' ' ' ' ' ' neous estimates of the mode state. Here we rep-
_or T resent those estimates as an amplittidp panel
?f\, and phasdrelative to the resonant frequency an-
s o T gular frequency zfqt, center panel In this ex-
ample we know the actual state as a function of
‘50' 2-0 4-0 6'0 alo 1(-)0 1é0 1"10 1"50 1;30 2(-)0 ] time. The bottom panel shows the instantaneous
Time (s) error in the state vector relative to its instanta-
0 T T . . T T . . . T neous magnitude. For more details see Sec. IV B.
-2 ¥
(=
g
8, i
-6 1 1 1 1 1 1 Il 1 1 1
0 20 40 60 80 100 120 140 160 180 200
Time (s)
when In our simulations we used theaTLAB [18] normal ran-
dom number generatoRANDN wherever normal deviates
' were called for: i.e., in forming either the measurement

O=———. (4.1 noise, the process noise or the stochastic driving fétce
tan(wf'/fy)

We choose the warping constant so that the response of the

digital filter matches the response of the analog filter at the B. Single mode: Normal, white process
resonant frequenckp. This completes the design of the digi- and measurement noise
tal filter G(z). Given a pseudo-random procd¥] and the Using the techniques described above we generated sev-

recursion relationship of Eq4.5 we evaluater[k], the eral hundred seconds of simulated data, consisting of a single
simulated contribution of the violin mode to the detectormode with the frequency and damping constants given in the
output. Finally, to obtain the simulated gravitational-wavefirst column of Table I. The process noise was white with
channel output, we add td k] another pseudo-random pro- variance of 2.38; the measurement noise was also white with
cessn[ k], which represents the measurement noise. variance 2.8.

& ' ! ! ! ! ' ! ' ! !

FIG. 5. The effectiveness of the Kalman filter
in identifying separately the contribution from
two closely spaced violin modes can be seen by

: : : : : : comparing the power spectrum of the observed
5 555 se0 565 570 575 580 585 590 595 600 605 time seriegtop panel and the observed time se-
Frequency(Hz) ries less the filter's prediction of the mode contri-
butions. In this example the process noise and the
60 T T T T T T T T T T measurement noise are both taken to be strongly
: ‘ : : : : ‘ : ‘ : leptokurtic. Despite the strong non-Gaussian
ADI - character of the process and measurement noise
& ' ‘ } § § ' ‘ ' ‘ § the filter is able to identify all but 310 ° of the
§ L Rt S L RERERE EEEEEEPEF EEPPIPERE FERPIRRTE BN power in the mode. For more details see Sec.
® : . . . : : . vV C.

550 555 560 565 570 575 580 585 590 595 600 605
Frequency(Hz)
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[
[

584.6 Hz 585.4 Hz

N
N

Amplitude
Amplitude

-
-

(=]
(=]

20 40 60 80 100 20 40 60 80 100
Time(s) Time(s) FIG. 6. The Kalman estimates of the states of

o
o

10 ¢ the two closely spaced lines in the example of
584.6 Hz 2| 585.4Hz - .
5 _ Sec. IV C. The right panels show the estimated
g g amplitude(top), phase(less 2rfqt; middle) and
& o & 0 fractional errorA (bottom) for the f;=585.4 Hz
-1 line; the left panels show the same quantities for
-5 -2 the f,=584.6 Hz line. As is apparent from the
0 24 Time‘ig) s 100 0 2 4 Timj(g) g 100 errors the filter has successfully discriminated be-
2 2 tween the two lines.
584.6 Hz 585.4 Hz
0 0
<lo <lo—2
g’ g
= =_4
-4
-6
_60 20 40 60 80 100 0 20 40 60 80 100
Time(s) Time(s)
After generating the data set we applied the Kalman filter, tang:=J()IR(Y). (4.12b

focusing m a 6 HzbandwidthAf centered about the mode’s

resonant frequency. Following the discussion in Sec. Il E . ,
we estimatedW and V using approximately 100 s of the The difference between the actual and estimated mode states

simulated datd.We applied the Kalman filter to the subse- W€ describe by the quantity:
guent simulated data, using these value®¥\piVv, setting the

initial state estimatéb to zero and the initial estimated error 2|ylk]— Q/[k]|
P equal toW! (wherel is the identity matrix Figure 3 =, (4.13
summarizes, in three panels, the Kalman filter's effectiveness [ylK]+ ¢kl

in estimating the mode state. The upper panel shows the

power spectrum of the simulated observations in a widebangtigure 4 shows the instantaneous estimated mode amplitude,
about the mode frequency. The middle panel shows thgnhase and errok. The top panel shows the estimated mode
power spectrum of the Kalman estimate of the mode contrigmpiitude. The middle panel shows the estimate mode phase,
bution to the observable. Finally, the lower panel shows thgggg 2rfot, wheref, is the mode frequency. The bottom
power spectral density of the difference between the actugjanel shows the error in the estimated mode state. Following
data and the estimated contribution from the mb@m- g initial epoch, during which the filter is “locking on” to
paring these three panels it is clear that the Kalman filter haghe mode state, the relative error in the state estimate falls
correctly identified the mode contribution to the observablequick|y to zero.

Since the data are simulated, we know exactly the mea- The middle and bottom panel of Fig. 3 show a slight
surement noise and mode contributions to the observablgepression in the power spectral density of the residual in the
Correspondingly, we can evaluate the actual error in the filhang that the Kalman filter operates. This slight depression is
ter's estimate of the mode state. The madstimated staté  associated with the error in the state estimate, which is
is described by the complex){k]) ¢[k], which we describe shown in the bottom panel in Fig. 4 to be on the order of

by its amplitude and phase several percent. The depression is uniform throughout the
band, showing that the errors introduced by the subtraction
A:=|y (4.12a of the estimated mode contribution from the data are white.

For this reason it is unlikely that these errors can be reduced
by, for example, a “better” estimate o#, V, f, or Q:

8Since this data set is simulated the values\bndV are known Chgnging any of thes_e would lead to an error t_hat was not
a priori; however, in a real application they will not be known. We white, but reflected either an over- or under-estimate of the

used the same procedure to estimate the filter as would be used RPWer in the mode relative to the measurement error.
the field. We expect that the continuously updated mode amplitude

"While the power spectral density in a relatively wideband abouttnd phase estimates as a function of time, either analyzed
the mode resonant frequency is shown, subtraction of the estimatérectly or displayed in a strip chart of which the top two
affects ony a 6 Hzbandwidth about the mixing frequendy [cf. ~ panels of Fig. 4 may be considered a snapshot, will be par-
Sec. Il B and Eqgs(3.4), (3.19)]. ticularly useful for monitoring the state of the detector.
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6_ T T T T T T T T T T ]
5_ -
Bar 1
<
2_ -
i ) FIG. 7. Can the Kalman filter track a mode
. . . . . . . . that undergoes an impulsive excitation? At 20 s
% 10 20 30 40 50 60 70 80 90 100 110 into the simulation the mode was excited by a
Time (s) large force. The top panel shows the amplitude of
the estimated mode state; the bottom panel shows
oF T ' T ' ' T ' ' T ' ] the fractional erroi [cf. Eq.(4.16)] in the mode
WL | state estimate. The estimate is momentarily upset;
- however, the filter quickly re-acquires the actual
a2 T mode state. For more detail see Sec. IV D.
$-3 ]
©
_4+ 4
_5F 4
_60 10 20 30 40 50 60 70 80 90 100 110
Time (s)
C. Multiple modes: Non-Gaussian white measurement ment noisg¢ one can design and apply separately a Kalman
and process noise filter for each mode. Closely spaced modes cannot be treated

dn isolation; however, since the mode dynamics are indepen-
and measurement noise were white; however, we never rél€nt, the development of a Kalman filter that treftsiodes

quired that they be Gaussian. Here we investigate the effedintly is straightforward: _

tiveness of the filter when these noises are non-Gaussian and (1) Referring to Sec. Il B, fix a carrier frequendy and a

when there are several modes present, at least two of whidp@ndwidthAf such that the modes of interest all have reso-

are very close together in frequency. This is a critical appli-n@nces in the banf.—Af/2,fc+Af/2]. _

cation, since in actual data there are multiple closely spaced (i) Considered separately, the dynamics of the mpde

violin modes resulting from several suspension wires of thd1=]=N) and the contributiorz; of the mode to the mea-

mirrors, which cannot be estimated separately Fig. 1.  Surement are described by the equations

The mode frequencies and damping constants for this ex- _ _ _

ample are given in the second column of Table I. GiLkI=A;- gilk— 1]+ wilk=1] (4.143
For isolated modesi.e., those whose resonant peaks do

In deriving the Kalman filter we assumed that the proces

not overlap with each other above the level of the measure- z[k]=C;- [ K]. (4.14b
2 T T T T T T T
15F e
g
E T FIG. 8. Can the Kalman filter discriminate be-
= tween an impulsive excitation in the measure-
05 ] ment noise and the contribution of the mode? A
mode, stochastically driven by Gaussian process
th A 0 e 2 prs 20 pva n noise, is embedded in a mixture-Gaussian mea-
Time(s) surement noise. At4ls a large transient is added
to the process noise. The top panel shows the
2 . . T T T T T Kalman estimate of the mode state amplitude
throughout the simulation. The bottom panel
0 - shows the fractional errak [cf. Eq.(4.16)]in the
4 estimated state. There is no evidence that the fil-
22 ter is sensitive to the transient measurement
= noise. For more detail see Sec. IV E.
4 E
—6 1 1 1 1 1 1 1
0 5 10 15 20 25 30 35 40

Time(s)
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(i) The Kalman equations describing the joint evolution ~ TABLE II. Violin mode frequencies, full width at half 'maxi-
of the N modes, and their contributions to the observation mum(FWHM), derived damping constan@ and mode amplitudes

are then for the 27 violin modes found observed IEDMRO data channel
of the LIGO 40 M prototype. The modes and their characteristics
Wik]=A-W[k—1]+wk—1] (4.159  were determined from high resolution power spectra formed from
the data sets themselves. There was no significant variation in the
4k]=C-W[k]+v[k], (4.15h  mode frequency or quality over the 3 days covered by the Novem-
ber 1994 data set.
where
Line Frequency FWHM Q Amplitude
U ID No. (Hz) (Hz/100  (10% (dB)
W=, (4.150 1 5715869 1.26 455 58.0
Iy 2 571.6820 2.10 2.72 38.0
3 578.3400 1.01 5.73 68.0
R(yy) 4 578.4185 1.40 413 43.0
J(y) 5 578.6820 2.00 2.89 56.0
. 6 578.8050 1.31 4.42 46.0
= | (4.159 7 5810550 2.00 4.42 57.0
R(n) 8 582.3957 1.70 3.43 58.0
() 9 582.5586 2.60 2.24 57.0
10 583.5750 1.55 3.76 60.0
A 11 583.7379 1.64 3.56 40.0
. 12 583.9429 1.90 3.07 57.0
A= ' ’ (4.159 13 584.1077 2.20 2.66 38.0
An 14 594.1913 1.70 3.50 58.0
15 594.2902 2.20 2.70 42.5
Wi 16 595.2734 1.30 4.58 61.0
Wi:= , (4.15 17 595.9235 1.10 5.42 60.0
Wy, 18 596.1029 1.50 3.97 46.0
19 597.6456 1.80 3.32 58.5
V, 20 597.9212 1.50 3.99 57.0
. 21 598.1042 1.40 4.60 40.0
Vi= - ! (4.159 22 598.9301 2.00 2.99 60.0
Vi 23 599.0271 1.30 4.61 36.0
24 599.1425 1.40 4.28 60.0
C=(C -+ Gy) (4.15H 25  599.3713 1.18 5.08 475
26 605.3880 4.50 1.34 55.0
(010 4.15) 27 6055310 1.20 5.05 45.0
o1 --- 0 1)°

andW, andV; are, as before, the process and measuremerftig. 5 shows the power spectral density of the simulated
noise. gravity wave channel in a 60 Hz bandwidth about the carrier

In constructingW we have approximated the individual frequencyf,, while the bottom panel shows the power spec-
modes as being driven by independent process noise sourcéal density of the residual difference between the simulated
Correlated process noise leads to correlations in the states observation and the filter's prediction of the contribution
the individual modes. Even in the absence of an explicifrom the violin modes. The residual broad feature that re-
correlation in the assumed process noise covariéireeoff-  mains following the subtraction of the mode estimate is due
diagonal terms inW), the filter will, if warranted by the to the non-Gaussian nature of the process noise that drives
observations, correlate the state estimates. Lacking knowthe mode. The filter has made a best estimate of the mode
edge of the driving noisébeyond contact with independent state, given only knowledge of the driving force variance. In
thermal bathg assuming that the process noise is uncorrethis example, however, the variance provides a very incom-
lated guarantees that there is no prejudice that the modglete picture of the process noise. Still, the filter has clearly
states are correlated without constraining the state estimatétentified approximately 45 dB of the approximately 55 dB
to be uncorrelated. of the mode contribution to the measurement.

To evaluate the effectiveness of the Kalman filter in treat- The stated is the direct sum of the state vector estimates
ing multiple modes driven by non-normal noise, we appliedy of the individual modes; consequently, the filter identifies
a single Kalman filter to this three mode system, choo$ing not just the total contribution of each mode to the observa-
equal to 578.6 Hz and f equal to 18 Hz. The top panel of tion, but the state of each mode separately. The four panels
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19nov84.4/Locked004.nc, 20.43 minutes, fs=9868.421 Hz.

6o - | ................... | ................... ' ................... ' ................... | ............ ]
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FIG. 9. A high resolution power spectrum of
. : the data set shows that most of the large ampli-
,,,,,, _ tude violin mode resonances have a lower amp"_
: : : : : tude satellite line at slightly higher frequency.
Here we show the high amplitude lines together
with their satellites in the 583.3 and 584.3 Hz
band. For more detail see Sec. V A.
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of Fig. 6 show the estimated amplitude and phideses 27f;t  described abovécf. Eq. (4.10]. The process noise is taken
for each modg of each of the two overlapping modes at to be Gaussian with variance 2.38. At 20 s into the simula-
584.6 Hz (,) and 585.4 Hz {3). In this example the two tion we add to the process noise a single pulse of magnitude
modes are known to be uncorrelated; consequently, we ed50, whereo is the rms amplitude of the process noise. The
pect that the state estimates should also be uncorrelatethp panel of Fig. 7 shows the estimated amplitude of the
which we have found to be the case. mode while the bottom panel shows errdrin the mode
state estimate:
D. Effect of a transient excitation of a mode

To evaluate the effectiveness of the Kalman filter in esti- A;:M_
mating the filter state in the presence of a transient excita- |yl K]+ LK
tion, we have simulated a single mode observed in the pres-
ence of the same mixture-Gaussian measurement noigeter the filter's startup transient the error in the estimated

(4.16

Caltech 40m data, 19nov94.4/Locked004.nc, 20.43 minutes, fs=9868.421 Hz.

23
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: : : : : : spectrum of the LIGO 40 M prototype data, fo-

5 cusing on the 571 to 605 Hz band, shows the
AAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAA violin modes standing 40 to 50 dB above the
i i ) i i i I I noise floor. Bottom panel: a power spectrum of

o
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565 570 578 580 %% 590 595 600 605 the same data, after the Kalman filter prediction
requency (Hz) N X
for the mode contribution to the measurement has

60 been subtractively removed, shows that the
g modes have been removed, leaving only a small
§5° residual in addition to the measurement noise. In
E 40 both panels O dB corresponds to a strain-
g equivalent noise of 5.6410°2° m/HZ*2 For
ES0 more details see Sec. V B.
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FIG. 11. Histograms of squared-amplitudes in units of the amplitude variance. The top panel shows the “raw” data from the
IFO_DMRO channel in the 570-595 Hz band. The middle panel histograms the amplitude of the Kalman estimate of the violin mode
contributions to IFQDMRO, while the bottom panel histograms the amplitude of the difference between the raw data and the Kalman
estimate of the mode contributions. In all cases the straight line is the expected result for Gaussian noise. The raw data “breaks” at an
amplitude-squared S/N of approximatelywhich corresponds to the level at which single events are expected in eachften which it
shows clearly an excess of high amplitude events. The Kalman estimate of the contribution by the violin mode lines shows a very similar
character, supporting the conclusion that the violin modes are dominating the noise in this band. The residual, on the other hand, appears to
show a modest break at an amplitude-squared S/N of 4 and then a dramatically larger number of high amplitude events above a S/N of 6.
For more discussion see Sec. V C.

state is small until the transient excitation. There is, not surThis is true whether the mode is driven by or observed in the
prisingly, a sudden increase in the error at the moment of thpresence of, Gaussian or non-Gaussian noise. The filter does
excitation; however, the filter quickly adjusts to the newnot require that the measurement or process noise be station-
state. ary: it correctly tracks the mode after it has been impulsively
excited and can distinguish between excitations of the mode
E. Effect of transients in the measurement noise and transients in the measurement noise.

Sudden excitations in the observed time series may arise
from sources other than excitations of the violin modes. To
evaluate the effectiveness of the Kalman filter in discriminat- In this section we discuss the application of the Kalman
ing between excitations of the mode and measurement noididter to data taken at the LIGO 40 M prototype detector
transients we simulate a single line, driven by Gaussian
noise. This mode-ls embeddec! in th.e same mIXture_Gau.SSIqu of the LIGO 40 M detector noise, in the band 570-595 Hz about
measurement noise as described in Sec. IV C, but with ﬂ’]e violin modes, and a normal distribution. The figure of merit

pulse in the measurement noise 14 s into the simulation. The.q in the comparison j&. The first column gives? for the total

pulse lasts for a S|lngle sample and has an amp_lltude ®f 35 noise, the second column for that part of the noise attributed to the

whereo rms amplitude of the measurement noise. violin mode and the third column for the difference between the
The lower panel of Fig. 8 shows [cf. Eq.(4.16], mea-  total noise and the violin mode contribution. The violin mode con-

suring the magnitude of the difference in the estimated angibution dominates the total noise in this band; when it is removed,

actual mode state; the upper panel shows the estimated stal@ residual is seen to be very poorly behaved. For more detail see

itself. The error in the mode state estimate always remainghe discussion in Sec. V C.

quite small, showing that the filter discriminates between ex=

V. VIOLIN MODES IN LIGO 40 M PROTOTYPE DATA

TABLE lll. The correspondence between the statistical charac-

citations of the modes and excitations in the measurement Total Violin
noise. noise mode Residual
E Summar X2 39.8514 39.7136 47.1459
' y Nireodom 47 47 47
The Kalman filter described here is able to correctly de-  p value 0.7607 0.7656 0.4666

termine instantaneous state of the violin mode suspensions
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during November 1994. The general parameters of this rumwires, the attachments of the wires to the test masses, and the
are described elsewhe#9]. The particular results presented coupling of the modes through the motion of the mass all the
here all refer to the particular locked segment beginning amodes will have some component along the optical axis. We
GPS time 469357019 s on 19 November 1994 and lasting fdhus expect 32 fundamental violin modes.
2665.54496 s. A high resolution power spectrum focused on the band-
width (570 Hz, 606 Hx and taken of the data from a single
locked-segmenti.e., a single epoch during which the inter-
ferometer operated without interruption as a gravitational
At the time of the November 1994 data run each of thewave detectorof 44 m duration shows 28 distinct resonant
four cavity mirrors in the 40 M prototype was suspended byfeatures. One of these is clearly identified as the ninth har-
four cylindrical wires. Setting aside the coupling of the wiresmonic of the 60 Hz power main, leaving 27 different modes
through their attachment to the suspended mirror there ar@hose frequencies and quality factors are listed in Table II.
two fundamental modes associated with each wire: one with Referring to Table Il note that, apart from modes 7, 16,
motion nominally along the optical axis and one with motion19, 24, and 25, the lines appear in pairs, with a high ampli-
perpendicular to that axis. Owing to imperfections in thetude line closely associated with a lower amplitude line at a

A. General character of the resonant features
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slightly higher frequencyless than or of order 0.2 BizZThis  modes and a residual, which is, in a least-squares sense, as
association of lines is clearly shown in Fig. 9. Of the five free from the influence of the modes as we can make it. The
apparently unpaired lines, three show companions in a higRoise character of the violin modes, which are instrumental

resolution power spectrum taken in the band of the first harytifacts, can thus be studied separately from the noise char-
monic, suggesting that all five of the “missing modes” may ,tar of the residual.

be so closely spaced in frequency with other, identified

modes, that we are unable to resolve them. Figure 11 shows in histogram form the frequency with

which samples of given amplitud@ormalized by rms am-
plitude) appear in th€570,595 Hz bandwidth of the original
data (“raw” ), in the contribution to this band from the

Using the techniques described in Sec. Il we have apmodes as identified by the Kalman filter and in the residual
plied a Kalman filter designed to track the 27 violin modesgjtference between the raw data stream and the estimated
identified in Table IIl. The top panel of Fig. 10 shows the contribution from the modes. If the detector noise were
power spectrum of the IF®MRO (interferometer differen-  gyricy Gaussian, the distribution of squared amplitudes
tial mode read-out or “gravity wavej'’channel in the 45 Hz (normalized by the mean-squared amplitudeuld follow

band beginning at 565.0 Hz, with the violin modes clearlyan exponential distribution and the resulting curves would
present. The bottom panel shows the power spectrum of thg

residual after the modes identified by the filter have been €, on the semi-logarithmic graph as shown, a straight lines

- > > o
subtractively removed. Very little power associated withWlth sIop_e loge. We have gvaluateq .for.each histo .
these modes remaifis. gram, using the left-most 47 bins shown in Fig. 11 and with

Figure 10 also shows an overall approximately 2 dB re_t_he remainder of the (_jata bins collapsed into a single addi-
duction in the background noise level within the band, whichtional bin, so that no bin has fgwer than 40 events. The same
is due to the “wings” of the predicted contribution of the binning was used for all threg” statistic evaluations. Table
violin modes to the total noise. Our experience with simu-!ll gives the resultingy®, the number of degrees of freedom,
lated datalcf. Secs. IV B—IV B shows that the filter gener- and the corresponding value.
ally makes fractional prediction errors whose magnitude is Referring to Table Ill we see that the Kalman filter has
on the order of 1% and that, as we have implemented théesolved the total noise in this band into two components that
filter, this error tends to systematically over-estimate the conhave very different noise character. While in all cases the
tribution of the mode wings to the total noise. This is con-statistical character of the noise is far from Gaussian, the
sistent with spectrum of the residual found here. contribution identified as arising from the violin modes is

much better behave@de., much closer to Gaussiatihan the
C. Preliminary characterization of mode motion and residual  residual. The close correspondence between)(ﬂ_ufior_ the
) ) ) » “raw” data and the identified violin mode contribution re-
The Kalman filter provides us with a decomposition of the et the fact that the violin mode contribution, even while it
observation into the contributions from the individual violin i narrow band, is of such great amplitude that it dominates
the total detector noise in this band. Recalling our earlier
results(cf. Secs. IV D and IV E which show how the Kal-
8The 600 Hz line, which is the ninth harmonic of the power main, man filter is able to discriminate correctly between excita-
was not modeled in our analysis. tions of the modes and impulses in the measurement noise,

B. Application
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we conclude that the difference in the noise character is redilter by isolating and subtractively removing the noise ow-
and that, in the LIGO 40 M, the violin mode contribution to ing to 27 distinct violin modes, each standing between 40
the overall noise has many fewer outliers than the non-modand 50 dB above the ambient noise floor, over an approxi-
background. Since in a real detector it is the residual that wilmately 40 Hz bandwidth.
contain the gravitational wave signal, the importance of re- The Kalman filter described here operates in the time do-
moving instrumental artifacts like the violin modes in order main, providing instantaneous estimates of the suspension
to discover the noise character of the residual cannot be oveviolin modes states. The computational cost is negligible,
stated. making it suitable for use as an on-line diagnostic as well as
A still closer examination, focusing on the contributions for on- or off-line data analysis.
from the individual modes, shows that certain modes have Thermal and other excitations of the violin modes domi-
much greater excess noise than others. Figures 12—14 shomate the detector noise over a wideband. This additive con-
for 12 different violin modes, the frequency distribution of tribution to the detector output will never include any gravi-
mode amplitudes. All of the modes shown here have a strontational wave signal, however. Separating the mode
excess of high amplitude noise events: i.e., they are subjecontribution from the total noise dramatically increases the
to strong, non-thermal forces. detector’'s sensitivity by significantly reducing the mean-
square noise amplitude. It also, however, reveals a new
“layer” of non-Gaussian and transient noise that must be
VI. CONCLUSIONS characterized and, where possible, removed through its asso-

Violin modes of the test mass suspensions are a Signiﬁciatiqn with pther instrumentlal and physical environme_nt
cant instrumental artifact in the signal band of modern inter/nonitors. Using the Kalman filter to separate the total noise
ferometric gravitational wave detectors: at the mode resonarto a violin mode contribution and a residual we find that, in
frequencies they stand between 40 and 50 dB above the arifle LIGO 40 M prototype, the noise owing to the violin
bient noise floor. These modes are not excited or otherwisBodes is much “cleaner(i.e., much closer to normathan
disturbed by the passage of a gravitational wave, yet the§he residual noise, wh|ch_|s strongly _Ieptokur.tlc. Since in a
contribute almost all of the noise power in a wide bandwidth.féal detector it is the residual that will contain the gravita-
Correspondingly, the ability to identify and remove their tional wave signal, the importance of removing instrumental
contribution to the detector noise and characterize the redttifacts like the violin modes in order to discover the noise
sidual noise can significantly increase the detector’s sensitieharacter of the residual cannot be overstated. As we dig
ity in the affected wave band. deepe_r into the detector noise the cha!lenges of identifying

Treating the modes as a stochastic signal in a measur&l€ origin of the newly uncovered noise components be-
ment noise background we have developed and demonstraté@Mes greater; however, this is a challenge that must be
the use of a Kalman filter for identifying the state of the faced and overcome if we are to make the most of the op-
suspension wires and the contribution of the violin modes tdPortunities provided by the these new detectors.
the detector noise. A Kalman filter uses the known dynamics
of the process tha’g underlies a noise comporﬁi_eﬂhis case ACKNOWLEDGMENTS
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