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Data conditioning for gravitational wave detectors: A Kalman filter
for regressing suspension violin modes

Lee Samuel Finn* and Soma Mukherjee†

Center for Gravitational Physics and Geometry, The Pennsylvania State University, University Park, Pennsylvania 16802
~Received 5 September 2000; published 23 February 2001!

Interferometric gravitational wave detectors operate by sensing the differential light travel time between free
test masses. Correspondingly, they are sensitive to anything that changes the physical distance between the test
masses, including physical motion of the masses themselves. In ground-based detectors the test masses are
suspended as pendula, in order that they be approximately ‘‘free’’ above the pendulumn frequency. Still,
thermal or other excitations of the suspension wires’ violin modes do impart a force on the masses that appears
as a strong, albeit narrow-band, ‘‘signal’’ in the detectors waveband. Gravitational waves, on the other hand,
change the distance between the test masses without disturbing the suspensions. Consequently, violin modes
can confound attempts to observe gravitational waves since ‘‘signals’’ that are correlated with a disturbance of
the suspension violin modes are not likely due to a passing gravitational wave. Here we describe the design of
a Kalman filter that determines the time-dependent vibrational state of a detector’s suspension ‘‘violin’’ modes
from time dependent observations of the detector output. From the estimated state we can predict that com-
ponent of the detector output due to suspension excitations, thermal or otherwise. The wire state can be
examined for evidence of suspension disturbances that might, in the absence of such a diagnostic, be mistaken
for gravitational wave signals. Additionally, from the wire state we can subtractively remove the contribution
from suspension disturbances, thermal or otherwise, from the detector output, leaving a residual free from this
instrumental artifact. We demonstrate the filter’s effectiveness both through numerical simulations and appli-
cation to real data taken on the LIGO 40 M prototype detector.

DOI: 10.1103/PhysRevD.63.062004 PACS number~s!: 04.80.Nn, 95.55.Ym
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I. INTRODUCTION

Within the next several years 5-km-scale interferome
gravitational wave detectors@GEO @1#, Laser Interferometric
Gravitational Wave Observatory~LIGO! @2# and VIRGO
@3## will begin searching for astronomical sources of gra
tational waves, something the smaller TAMA@4# prototype
detector has already begun. The fundamental limitation
the sensitivity of these terrestrial detectors is seismic nois
low frequencies, thermal excitations of the mirror substra
and their suspensions at intermediate frequencies, and
shot noise at higher frequencies. Here we focus on that
of the suspension noise associated with theviolin modesof
the suspension wires.

Gravitational waves interact with interferometric dete
tors by changing the separation, and thus the round-trip l
travel time, between the mirrors in the detector arms. In
der to be sensitive to passing gravitational radiation, the m
rors in terrestrial interferometeric detectors are suspende
pendulums in order that they be approximately inertially fr
above the pendulumn frequency. Nevertheless, thermal
other excitations of the suspension wires move the mirr
and lead to~narrow-band! data stream artifacts, located at th
violin-mode resonance frequencies of the suspension w
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These narrow-band features, which stand some 40–60
above the shot noise background in the LIGO I detector,
signals themselves that, unless properly treated, can
found efforts to detect actual gravitational wave signals.

In the waveband of the detectors now under developm
the transfer function, which determines how the detector o
put at a particular frequency is related to incident radiation
that frequency, is constant. The time evolution of the sig
arising from any incident gravitational waves is thus det
mined solely by the waves themselves. The time evolution
the signal arising from suspension violin mode excitatio
on the other hand, is strongly influenced by the the dynam
of the modes. We make use of that distinction to desig
Kalman filter @5# that can, in real time, detect violin mod
excitations—thermal or otherwise—as distinct from actu
gravitational wave signals. The measured excitation can
used to subtractively remove the modes from the dete
output, significantly reducing the rms detector noise and s
plifying the down stream analysis. Additionally, these me
sured excitations can be used to diagnose the instrume
behavior.

Other techniques have been described for the identifi
tion and removal of resonant line features in gravitatio
wave detector data. In particular, Sintes and Schutz@6,7#
have discussed methods suitable for addressing nearly
odic artifacts that appear in a range of harmonics and wh
phases, in each harmonic, are linearly related. These met
are not suitable for isolating the violin modes, howev
though a full spectrum of violin mode harmonics does app
in the detector output, these modes are all independent
independently excited. Allen@8# has applied the multi-tape
spectral method of Lees and Park@9# to estimate the contri-
butions of these resonant features to the power spectr
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LEE SAMUEL FINN AND SOMA MUKHERJEE PHYSICAL REVIEW D63 062004
This non-parametric method does not and cannot provid
time-domain estimate of the mode state or its instantane
contribution to the detector output and so cannot be used
conditioning the data prior to analysis.

In Sec. II we summarize the theory of Kalman filterin
laying the ground for its application to identifying gravita
tional wave detector suspension violin modes. The const
tion of the Kalman filter for a particular problem requires
dynamical model for the underlying physical process giv
rise to the signal. We discuss our model and how it come
be represented as a set of state-space difference equatio
the physical observables. In Sec. V we investigate the
formance of the filter using both simulated data sets, wh
‘‘signal’’ and ‘‘noise’’ content is known exactly, and exper
mental data taken at the LIGO 40 M prototype detector d
ing November 1994.1 We summarize our conclusions in Se
VI.

II. THE KALMAN FILTER

A. Introduction

A Kalman filter is a mechanism for predicting the mul
dimensional state of a dynamical system from a multi
dimensionalobservable. The observable is assumed to
linearly related to the system’s state, which is assumed
evolve linearly with time. The observable is assumed to
contaminated by an additive Gaussianmeasurement noiseof
known co-variance. The dynamical system described by
state may be driven by a known input in addition to Gauss
process noiseof known co-variance.

For example, the system may be a pendulum, the s
may be the pendulum bob’s instantaneous position and
mentum, and the observable may be the bob’s position.
process noise is the thermal fluctuation in the wire and
measurement noise in this case may be the photon shot n
background.

When the process and measurement noise are normal~i.e.,
Gaussian! the Kalman filter gives the optimal estimate of th
system’s state, in the least-squares sense. When the no
more complex than Gaussian the Kalman filter gives the b
estimate of the state assuming that only the second o
statistical characterization of the noise is known. Altern
tively, when the evolution equations are not linear or t
observables are not related linearly to the state, then the
man filter has a natural generalization that makes it the
timal means of predicting the state from the observables
least-squares sense@11#.

The derivation of the Kalman filter equations is straig
forward and instructive.2 In the particular application dea
with in this paper we assume that there is no driving fo
~aside from the process noise! and that the system state an
observables are needed only at discrete times; corresp
ingly, we limit our derivation to that case. Denote the state
the system at sample timek by c@k# and the observable a
sample timek by z@k#:

1Preliminary results are presented in@10#.
2For a more detailed discussion of Kalman filters, see@5,12–14#.
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c@k#ªS the state vector of the dynamical

system at samplek; a M31 vectorD ~2.1a!

z@k#ªS the system observable at

samplek; aN31 vectorD . ~2.1b!

The statec evolves from one sample to the next accor
ing to the linear equation

c@k11#5A•c@k#1w@k#, ~2.1c!

whereA is a linear operator andw@k# is an instance ofpro-
cess noise:

AªS linear transformation that

takesc@k# to c@k11#;

a M3M matrix
D ~2.1d!

wªS process noise: aM -dimensional

normally distributed random

variable; aM31 vector.
D . ~2.1e!

The process noise is assumed to be zero mean and white
then fully characterized by its co-variance matrixW:

WªE@w•wT#, ~2.1f!

whereE@•# represents an ensemble average across insta
of its argument. The process noise co-variance is a symm
ric M3M constant matrix.

The observablez at samplek is related to the system stat
by the linear equation

z@k#5C•c@k#1v@k#, ~2.2!

whereC is a linear operator andv@k# is an instance ofmea-
surement noise:

CªS the linear transformation

that relates the statec@k#

to the observablez@k#; an

N3M matrix

D ~2.3!

v@k#ªS measurement noise: aN-dimensional

normally distributed random variable;

aN31 vector
D .

~2.4!

The measurement noise is assumed to be zero mean, w3

and have co-varianceV:

VªE@v•vT#, ~2.5!

3If the measurement noise is not white, it can be whitened b
suitable, linear redefinition of the observable.
4-2
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whereE@•# represents an ensemble average across insta
of v@k# of the measurement noise. The measurement n
co-variance is a symmetricN3N matrix.

Finally, we assume that the measurement noise and
cess noise are independent:

E@v•wT#50. ~2.6!

B. Predicting the state from observations

Suppose that we have an estimateĉ@k21# of the process
state at samplek21. Denote the error in this estimate b
ê@k21#:

ê@k21#ªc@k21#2$ĉ @k21#. ~2.7!

This error is a random variable whose second moments
denoteP@k21#:

P̂@k21#ªE@ ê@k21#•êT@k21##. ~2.8!

From the estimated state at samplek21, we can form an
a priori estimate of the state at samplek using the state
transition operatorA:

c̃@k#ªA•ĉ@k21#. ~2.9!

Associated withĉ@k# is an errorẽ@k# whose second mo
ments we denoteP̃@k#:

ẽ@k#ªc@k#2c̃@k# ~2.10a!

P̃@k#ªE@ ẽ@k#•ẽT@k## ~2.10b!

5A• P̂@k21#•AT1W. ~2.10c!

The final equality follows from Eqs.~2.10a!, ~2.1c! and
~2.1f!.

From c̃@k#, we can make apredictionz̃ of the observable
z@k#:

z̃@k#5C•c̃@k#. ~2.11!

Now compare the estimatez̃@k# to the actual measuremen
z@k#. These will in general be different. The Kalman filt
uses the difference between the the actual and estim
measurementto generate a corrected estimateĉ of thestate:

ĉ@k#5c̃@k#1K@k#•~z@k#2 z̃@k# !. ~2.12!

The linear operatorK@k# is theKalman gain, which we cal-
culate in Sec. II C. The refined state estimateĉ@k# has an
associated errorê@k# @cf. Eq. ~2.7!# and covarianceP̂@k# @cf.
Eq. ~2.8!#:

P̂5~ I2K•C!•P̃•~ I2K•C!T, ~2.13!
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whereI is the identity matrix and we have used Eqs.~2.7!,
~2.10a! and~2.12! to representP̂ in terms of the unknownK
and the knownC and P̃, all at samplek.

C. Calculating the Kalman gain

Our object is to find the Kalman gainK that minimizes an
appropriate measure of the errorP̂ in the state estimateĉ at
each samplek.

Recall thatP̂ is a co-variance matrix of the errorê; con-
sequently, its eigenvectors describe linear combination of
state vector elements whose errors are uncorrelated. C
spondingly, the sum of the eigenvalues—the trace
P̂—measures the variance of the total error in the state e
mate. Adopting trP̂ as a measure of the error in the sta
estimate, we choose the Kalman gainK to minimize trP̂:

K@k#5P̃@k#•CT/~V1C•P̃@k#•CT!, ~2.14!

where we have adopted the notation

Q5S/R ~2.15a!

to denoteQ as a solution to the linear equation

S5Q•R ~2.15b!

for known R, S. Correspondingly, Eq.~2.13! for P̂ can be
simplified:

P̂5~ I2K•C!•P̃•~ I2K•C!T

5~ I2K•C!•P̃2~ I2K•C!•K•~V1C•K•CT!KT1K•V•K

5~ I2K•C!•P̃. ~2.16!

D. Summary

To summarize, we begin with an estimate of the stateĉ

and the associated errorP̂@k# at samplek21. From these,
we

~1! form ana priori estimate of the statec̃@k#, the error
associated with that estimateP̃@k#, the predicted measure
ment z̃@k#, and the Kalman gainK@k#, all at samplek @Eqs.
~2.9!, ~2.10c!, ~2.11!, and~2.14!#;

~2! observe the system to determinez@k#;
~3! form corrected estimates of the stateĉ@k# and the

estimated errorP̂@k# @cf. Eqs.~2.12!, ~2.16!#.

We end as we begin, ready to make a new estimate of
state at samplek11. Once we are started, we can contin
as long as observations can be made. To begin, we need
supply an initial estimate of the state and the error. Th
initial guesses are not critical as the algorithm continua
corrects the estimated state and re-estimates the error
each iteration, converging on an optimum~in the sense of
minimum tr P̂) estimate of the state.
4-3
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FIG. 1. Typical power spectrum of the
IFO DMRO channel of the LIGO 40 M proto-
type, showing the violin modes between 571 a
606 Hz. Some lines are so closely spaced t
they are not resolved on this figure. The line
600 Hz is the ninth harmonic of the 60 Hz powe
main. In this figure, 0 dB corresponds to a strai
equivalent noise of 5.64310220 m/Hz1/2.
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The cost per iteration—in either computation
memory—is constant. Only the present estimates of the s
and the associated error need be retained from step to
all of the history necessary to estimate the future values
the state and the associated error is encoded in these qu
ties.

III. APPLICATION: SUSPENSION VIOLIN MODES

A. Introduction

The cavity mirrors of the terrestrial gravitational wav
detector are suspended as pendulums in order that the
inertially free at frequencies above the pendulum frequen
The suspension wires are under tension from the mirror m
and have a spectrum of ‘‘violin’’ modes. Each violin mod
is, like the pendulum mode, endowed withkBT of energy
from its contact with a thermal bath. The corresponding m
tion of the cavity mirrors leads to noise of thermal origin
the detector output. Other disturbances affect the suspen
increasing the overall noise power in the violin modes.

To minimize the impact of the thermal noise on the d
tector’s performance the suspensions are designed to
high Q. Laser shot noise dominates the detector noise po
in a broad band about the violin mode resonant frequenc
only the peaks of the stochastically excited violin mod
stand above this background. The peaks are strong, how
in the LIGO 40 M prototype they stand approximately 50 d
above the shot-noise floor and the contrast in the LIGO
detector will be approximately the same. In the LIGO 40
prototype the fundamental violin mode resonant frequen
are in the~570, 606! Hz band withQ’s on order severa
times 104, while in the LIGO I interferometer the fundamen
tal violin modes will have frequencies near 330 Hz andQ’s
on order 105 @15#. Figure 1 shows the power spectral dens
~PSD! of the differential-mode read-out (IFODMRO) of
the LIGO 40 M prototype interferometer in the neighbo
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hood of the violin mode resonances for a typical stretch
data taken during November 1994. The units of the PSD
~ADC counts! 2/Hz. The line at 600 Hz is the ninth har
monic of the omnipresent 60 Hz power-main. Note how t
violin mode resonances stand out as sharp peaks some 4
above an approximately white~over this bandwidth! back-
ground, as described.

The combination of violin modes in an approximate
white background maps naturally onto a model involving
stochastically driven dynamical process observed in the p
ence of white measurement noise:

~i! Each violin mode corresponds to a distinct dynami
processes driven by an independent noise source~thermal or
otherwise!.

~ii ! The observable is the motion of the cavity mirror
reflected in the gravity-wave channel of the interferomete

~iii ! The measurement noise is the laser shot noise
other technical noises that affect the gravity-wave chan
but do not drive the violin modes.

In the remainder of this section we describe how we
strict attention to the narrow band surrounding the vio
mode, where the model associated with the use of a Kalm
filter is particularly apt, and develop the state-space eq
tions that describe the modes in that band.

B. Observations

The violin mode resonances are very weakly damped
the noise power in the modes contributes significantly to
overall detector output only in a very narrow band abo
each mode’s resonant frequency. Correspondingly, to m
tor one or more violin modes we focus attention on a narr
band in the the neighborhood of the mode resonant frequ
cies. For definiteness, denote the gravitational wave cha
at full bandwidth~sample ratef s) by g and let the band of
interest, which includes the mode frequencyf 0, range from
f c2D f /2 to f c1D f /2, for D f much less thanf c .
4-4
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To exploit the narrow bandwidth of the violin modes w
form the complex quantity

g8@k#5expS 22p ik
f c

f s
Dg@k#. ~3.1!

The spectrum ofg8 in the band@2D f /2,D f /2# is equal to the
spectrum ofg in the band@ f c2D f /2,f c1D f /2#. Focus atten-
tion on just this narrow band by down-samplingg8 to the
new sample rateD f using, e.g., a polyphase technique~ @16#
Chap. 4!.4 Denote the down-sampledg8 by z, which is com-
plex valued.

From z, it is convenient to construct the real vector s
quencez@k#:

z@k#5S R~z!@k#

I~z!@k#
D . ~3.2!

The vector-valued time seriesz@k# plays the role of the ob-
servation in our Kalman filter implementation.

C. Dynamical model

The gravitational wave channelg is the sum of the violin
modes ~whose behavior we wish to determine! and other
noise sources. In constructingz we focused attention on
narrow band about the mode resonant frequencies. Here
provide a model for the mode behavior as reflected inz.

We first note that, near resonance, the details of the da
ing are unimportant; consequently, we can model each vi
mode as an independent, viscously damped harmonic o
lator whose coordinateu is the amplitude of the mode
present in the detector output. The coordinateu satisfies the
differential equation

ü1
v0

Q
u̇1v0

2u5F~ t !, ~3.3!

where F is the ~stochastic! driving force. The ‘‘gravity-
wave’’ channel is the sum ofu and other noises~and sig-
nals!.

We can relateu to the contribution of the violin modes t
z by mixing u with the phase factor exp(2ivct) ~wherevc is
equal to 2p f c):

c5u exp~2 ivct !. ~3.4!

The complexc satisfies the differential equation

4The down-sampling operation also involves the appropriate l
pass anti-alias filtering. Note also that the bandwidthD f includes,
as used here, includes both positive and negative frequencies. W
dealing with real time series the bandwidth refers to only posit
frequencies, with negative frequencies implied. Consequently
the case of real time series the minimum sample rate is twice
bandwidth while in the present case it is equal to the bandwidt
06200
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c̈1S v0

Q
12ivcD ċ1S v0

22vc
21 i

vcv0

Q Dc5Fexp~2 ivct !

~3.5a!

or, in the Laplace domain,

~s2p1!~s2p2!c̄~s!5F̄~s1 ivc! ~3.5b!

where

ḡ~s!5E
2`

`

dt exp~2st! g~ t ! ~3.5c!

p652
v0

2Q
2 ivc6 iv0A12

1

4Q2
. ~3.5d!

@Note that in Eqs.~3.5! we have assumed thatc is causal—
i.e., it vanishes at sufficiently earlier times—and used a tw
sided Laplace transform.# Written in this way the Laplace
transformc̄ of c is related to its Fourier transformc̃ through
the substitution of 2p i f for s:

g̃~ f !ªE
2`

`

dt exp~22p i f t ! g~ t !. ~3.6!

~Note that we have adopted the engineering convention
the Fourier transform.! After down-sampling, the real and
imaginary parts ofc are the contributions of the violin
modes to the real and imaginary parts ofz.

The two polesp6 in the Laplace transform solutionc̄(s)
correspond to the positive and negative frequency resona
of the oscillator. When we chosevc close tov0 we placed
one of the resonances inc near zero angular frequency an
the other far away: correspondingly, one of the polesp6 is
near the origin and one is distant. Lettingp1 be the ‘‘near’’
pole andp2 be the ‘‘far’’ pole we write

~s2p1!c̄~s!5
F̄~s1 ivc!

s2p2
~3.7!

or, for usu!up2u,

~s2p1!c̄~s!52p2
21F̄~s1 ivc!. ~3.8!

The spectrum ofc arising from this second equation, whic
differs from the first only by the source term, is identical
the spectrum ofc arising from the first as long asuvu is
much less thanup2u. Since down-sampling restricts th
bandwidth ofc in just this way, we adopt Eq.~3.8! as the
evolution equation forc. Correspondingly, near zero angul
frequencyc satisfies

ċ2p1c52p2
21F~ t !e2 ivct. ~3.9!

Now write, instead of the complexc, the real vectorc
whose components are the real and imaginary parts ofc:

-

en
e
in
e
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c5S R~c!

I~c!
D . ~3.10!

The first order differential equation~3.9! describing complex
c near zero frequency becomes a coupled set of first o
differential equations

ċ5A8•c1F ~3.11a!

where

A85S R~p1! 2I~p1!

I~p1! R~p1!
D ~3.11b!

F5FS R~p2
21e2 ivct!

I~p2
21e2 ivct!

D . ~3.11c!

Our observation is not of continuousz(t) but of sampled
z@k#. Suppose that the final sampling rate isD f and approxi-
mate the evolution ofc as free between samples, with th
accumulated effect of the stochastic forceF acting at the
sample times. Then the sampledc@k# satisfies

c@k#5A•c@k21#1w@k# ~3.12a!

where

A5expS A8

D f D ~3.12b!

andw@k# is a random vector related toF. The quantityc@k#
in this case is equal to the contribution of the violin mode
the observablez@k# or

z@k#5C•c@k#1v@k#, ~3.12c!

wherev represents the~approximately! white background in
which the violin modes are immersed. Equations~3.12! are
the state-space form of the Kalman equations. To comp
our description of the suspension modes in this form it
mains to determine the properties of the process and m
surement noisesw andv.

The statistical properties ofw derive ultimately from the
statistical properties of the forceF @cf. Eq.~3.3!#. In applying
the Kalman filter we assume thatw, and consequentlyF, is
white. Assuming that modes are driven principally by th
mal forces we can use the fluctuation-dissipation theo
@17# to find the power spectrum of the thermal force drivi
the mode:

SF~ f !54kBTR~Z! ~3.13!

whereZ is the system’s impedance. In our application,

Z5
2v21 igv2v0

2

igv
, ~3.14!

so R(Z) is independent of frequency, the thermal force a
ing on the modes is white, and the assumption made in
plying the Kalman filter to this problem is satisfied exactl
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The quantityv is the measurement noise: i.e., the no
within which the violin mode signal is embedded. In o
application the measurement noise is associated with the
ser shot noise. In the current generation of large detectors
shot noise has the spectrum

Sh~ f !5S0F11S f

f k
D 2G , ~3.15!

with knee frequencyf k approximately 100 Hz. The LIGO 40
M prototype the mode fundamental frequencies are confi
to an approximately 40 Hz bandwidth about 590 Hz; in t
LIGO I detector they will be in a similarly narrow ban
about 350 Hz. As long as we are able to confine attention
bandwidths small compared to the mode frequency the s
noise in that band will be very nearly white; correspon
ingly, v will be white and have a covarianceV proportional
to the unity matrix.

To summarize, we construct the observablez from the
gravitational wave channelg by mixing it with a local oscil-
lator and down-sampling to the bandwidthD f about zero
frequency. We model the sampled observable as arising f
the equations

c@k#5A•c@k21#1v@k21# ~3.16a!

z@k#5C•c@k#1w@k# ~3.16b!

where

A5expS A8

D f D ~3.16c!

A85S 2v0/2Q vc2v0A121/4Q2

2vc1v0A121/4Q2 2v0/2Q
D .

~3.16d!

D. Reconstruction

In applying the Kalman filter we determine, at ea
sample, the state estimateĉ@k# from which we form an es-
timate ẑv of the contribution of the violin mode to the dete
tor output:

ẑv5C•ĉ. ~3.17!

The violin mode contribution to the observation is an inst
mental artifact that is unrelated to the incidence of grav
tional waves on the detector; correspondingly, we may w
to use the prediction to subtractively remove the artifact fr
the data stream.5

The prediction ẑv for the violin mode contribution is
formed at reduced bandwidth and offset frequency. Fromẑv
we can construct the predicted contribution violin mode co

5In Sec. IV we show that the Kalman filter estimate of the vio
mode contribution to the observation is insensitive to the prese
of a gravitational wave signal.
4-6
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tribution to the full bandwidth observation„g@k#; cf. Eq.
~3.1!… by reversing the steps taken to formz from g ~cf. Sec.
III B !. In particular, we first form the complex scalar s
quenceẑv according to

ẑv5S R~ ẑv!

I~ ẑv!
D ~3.18!

and up-sample it to the full sample rate, formingĜv8 . The
mixing operation undertaken in Eq.~3.1! can then be re-
versed:

Ĝv@k#5Ĝ8@k#expS 2p ik
f c

f s
D . ~3.19!

The result is still complex: it is missing the contribution
from negative frequencies that were discarded in the lo
pass filtering that accompanied the original down-samp
operation. Since the original observation was real, howe
this contribution is just the complex conjugate of the posit
frequency contribution, which we have; consequently,
estimated contribution of the violin mode to the data stre
g@k# is

ĝv@k#52R~Ĝ@k# !. ~3.20!

The residual difference

gr@k#5g@k#2ĝv@k# ~3.21!

is then free of violin mode artifact, to the accuracy of o
estimation procedure.

E. Estimating the measurement and process noise

To use the Kalman filter we must have a model for t
process dynamics (A) and how the process contributes to t
observable (C). These we described for our particul
application—the violin modes of an interferometer mirr
suspensions~each mode an independent process!—in Sec.
III B. Additionally, we must have estimates for the proce
and measurement noise co-variance matrices (W and V).
Here we describe how we estimate these from a short
ment of filter input, taken at the beginning of the input.

Consider the typical bandwidth of the observablez,
shown in Fig. 1. The process contributes significantly o
only a small fraction of the bandwidth, where the resona
rises above the measurement noise floor. To estimate
measurement noise, we form the PSD ofz and take the av-
erage power far from the resonant peaks. This average po
P̄m is the total measurement noise (trV). We assume tha
there is no cross-covariance between the noise inR(z) and
I(z), in which case

V5
1

2
P̄m S 1 0

0 1D . ~3.22!

To estimate the process noise we focus on that part of
spectrum near the resonant peak where the process d
06200
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nates. We assume, in our model, that the process is drive
white noise. From the Kalman filter model, the power sp
tral density of the contribution toz in this bandwidth is given
by @cf. Eq. ~3.9!#

Pz~v!5
4Q2tr W

v0
21~2Qvc2v0~4Q221!1/2!2

. ~3.23!

With the exception of the total process noise (trW) the right
hand side of Eq.~3.23! is known. The left hand side we
measure. To estimate trW, we measurePz and sum it over
the limited bandwidth dominated by the process. Setting t
equal to the same sum executed on the right hand side of
~3.23! we determine the proportionality constant trW. As-
suming that the process noise is equally distributed betw
the real and imaginary parts ofz, with no cross-variance, we
thus determine the estimated process noise covariance:

W5
1

2
~ tr W!S 1 0

0 1D . ~3.24!

IV. CHARACTERIZATION

Before providing results from the application of our filte
on LIGO 40 M prototype data we characterize the filte
behavior on ‘‘synthetic’’ or ‘‘mock’’ time series. These tim
series are constructed so that the violin mode state, pro
noise, measurement noise, and signal content are known
actly. By applying the filter to these data sets and investig
ing the difference between its estimation of these quanti
and their actual, known values, we characterize the filte
performance.

Four applications to synthetic data sets are described h
~1! a single isolated violin mode, driven by Gaussi

white process noise and observed in the presence of Ga
ian white measurement noise~cf. Sec. IV B!;

~2! several closely spaced violin modes, driven by no
Gaussian white process noise and observed in the pres
of non-Gaussian white measurement noise~cf. Sec. IV C!;

~3! a single isolated violin mode, driven by Gaussi
white process noise with a superposed impulsive excita
and observed in the presence of non-Gaussian white m
surement noise~cf. Sec. IV D!;

~4! A single isolated violin mode, driven by non-Gaussi
white process noise and observed in the presence of
Gaussian white measurement noise with a superposed im
sive excitation~cf. Sec. IV E!.

The first case demonstrates the filter operating in the reg
where the measurement noise and process noise satisf
assumptions made in the derivation of the Kalman filter. T
second case examines the filter’s ability to distinguish a v
lin mode from measurement noise and to distinguish
tween two different modes, when the noise is not as sim
as Gaussian and modes are closely spaced in frequenc
the third case we test the filter’s ability to respond to imp
sive excitations of the suspension modes. In the final case
introduce an impulse into the measurement noise and
4-7
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TABLE I. Constants characterizing the simulations described in Sec. III B. The sample rate in all
was 9868.421 Hz.

Case 1 Case 2 Case 3 Case 4

f 0 (Q0) 571.6 Hz (573103) 571.6 Hz (573103) 571.6 Hz (573103) 571.6 Hz (573103)
f 1 (Q1) N/A a 584.6 Hz (573103) N/A N/A
f 2 (Q2) N/A 585.4 Hz (573103) N/A N/A

aN/A: not applicable.
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serve the filter’s ability to discriminate between it and t
contribution from the violin mode.

As they appear in the detector data stream, violin mo
are characterized entirely by their resonant frequencyf 0 and
damping constantQ. Since we are dealing always wit
discrete-time signal processing, the scale of the freque
does not matter: the only relevant quantity~aside fromQ) is
the ratio of the resonant frequency to the sampling freque
f s . Nevertheless, to foreshadow our application of the fi
to data taken at the LIGO 40 M prototype, we assume t
the sampling frequency is 9868.421 Hz, the sampling rat
the LIGO 40 M prototype, and we always choose the sim
lated violin modes to have resonant frequencies coincid
with the frequencies of modes identified in that instrume
With this convention, the frequency and damping consta
of the simulated modes used in the examples to follow
given in Table I.

A. Generating synthetic data sets

Before discussing the results of our investigations into
Kalman filter’s behavior we describe how we generated
random time series used in those investigations.

In all cases the measurement noise is white: i.e., its po
spectrum was constant over its bandwidth. For Gaus
noise measurement noise we used Matlab’s@18# RANDN ran-
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dom number generator. Non-Gaussian noise was modele
a two-component mixture-Gaussian model:

P~xua,m1 ,m2 ,s1 ,s2!5aN~m1 ,s1!1~12a!N~m2 ,s2!

~4.1a!

a50.7,

m150, m250, ~4.1b!

s151, s251.5.

HereN(m,s) represents a normal process with meanm and
variances2; the parametersa, mk andsk are fixed with 0
<a<1. Figure 2 shows the distribution of this mixtur
Gaussian process together with the distribution of a Gaus
process with the same mean and variance. The mix
Gaussian distribution described by the parameters in
~4.1b! is strongly leptokurtic~i.e., it has a significant exces
of high amplitude events!.

To generate the contribution to the observation from
process we begin with the differential equation modeling
process@cf. Eq. ~3.3!#

r̈ 1
v0

Q
ṙ 1v0

2r 5F, ~4.2!
l-
ss

ata
s-
n-
ed
tri-
FIG. 2. To test the effectiveness of the Ka
man filter when the measurement and proce
noise is not Gaussian we used simulated d
drawn from a strongly leptokurtic mixture Gaus
ian distribution. The solid curve shows the no
Gaussian noise distribution while the dash
curve shows, for comparison, a Gaussian dis
bution of the same mean and variance.
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wherer is the position of the suspended mass. We make
assumptions here about driving forceF. The detector gravi-
tational wave channel consists of a superposition of meas
ment noisev and the oscillator coordinater. The solution to
this equation can be expressed as an all-pole linear filteH
acting on the driving forceF. In the Laplace domain the filte
is given by

r̄ ~s!5H̄~s!F̄~s! ~4.3a!

H̄~s!5
1

s21sv0 /Q1v0
2

5
1

~s2p1!~s2p2!

~4.3b!

where

p652~v0/2Q6 iv0A121/4Q2!. ~4.3c!

The frequency response of the filter at angular frequencv

is equal toH̄(s) evaluated on the imaginary axis:

H̃~v!5H̄~ iv!. ~4.4!

The two-pole filterH operates in continuous time whil
the detector output we wish to simulate is discretely samp
at a ratef s , which we assume is at least twice as great as
resonant frequencyf 0. Using the analog filterH̄(s) as a
prototype, we design a digital filter with a similar response
frequencies much less than the Nyquist frequency.

Suppose that the discretely sampled sequencer @k#,
driven by the inputF@k#, satisfies

u@k#5(
j 50

Nb

b@ j #F@k2 j #2(
j 51

Na

a@ j #u@k2 j #, ~4.5!

wherea@ j # andb@ j # are the constant filter coefficients. De
fine thez transform of the sequencey@k# by
06200
o
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e
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y̌[ (
k52`

`

y@k#z2k. ~4.6!

~Thez transform of a digital filter is analogous to the Laplac
transform of a continuous filter.! In z space, the linear filter
described in Eq.~4.5! can be written

ř ~z!5

(
j 50

Nb

b@ j #z2 j

11(
j 51

Na

a@ j #z2 j

F̌~z! ~4.7a!

5Ǧ~z!F̌~z!. ~4.7b!

The frequency response of the digital filterG is equal to
Ǧ(z) evaluated on the unit circle in the complexz plane:

Ǧ~e2p i f / f s! ~4.8!

where f s is the sample rate of the filtered sequence. If by
conformal transformation we map the right halfs plane onto
the interior of the unit circle in thez plane, then we will have
mapped the analog prototypeH̄(s) onto the digital filter
Ǧ(z):

Ǧ~z!5H̄~s!us52V(z21)/(z11) , ~4.9!

where V is the so-calledwarping constant.This mapping
will not be without distortion; nevertheless, at frequencie
much less than the Nyquist frequency the distortion will b
minimal. We can choose the warping constantV to guaran-
tee that the digital filter’s response matches exactly the a
log filter’s response at exactly one frequency,

Ǧ~e22p i f 8/ f s!5H̄~2p i f 8!, ~4.10!
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FIG. 3. The effectiveness of the Kalman filte
in identifying the violin mode contribution to the
signal can be seen by comparing the power sp
trum of the observed time series~top panel!, the
power spectrum of the Kalman estimated cont
bution of the mode to the observation~middle
panel! and the power spectrum of observed tim
series less the filter’s prediction of the violi
mode’s contribution to the observation~bottom
panel!. The bottom panel shows that the residu
is, as expected, very nearly white. Kalman filt
is applied to only a 6 Hz bandwidth about the
line; this is the reason for the rapid falloff of th
predicted contribution of the mode to the tot
noise. The slight depression in the residual no
level in the signal band is discussed, along w
other details, in Sec. IV B.
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FIG. 4. The Kalman filter produces instanta
neous estimates of the mode state. Here we r
resent those estimates as an amplitude~top panel!
and phase~relative to the resonant frequency a
gular frequency 2p f 0t, center panel!. In this ex-
ample we know the actual state as a function
time. The bottom panel shows the instantaneo
error in the state vector relative to its instant
neous magnitude. For more details see Sec. IV
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Q5
p f 8

tan~p f 8/ f s!
. ~4.11!

We choose the warping constant so that the response o
digital filter matches the response of the analog filter at
resonant frequencyf 0. This completes the design of the dig
tal filter Ǧ(z). Given a pseudo-random processF@k# and the
recursion relationship of Eq.~4.5! we evaluater @k#, the
simulated contribution of the violin mode to the detec
output. Finally, to obtain the simulated gravitational-wa
channel output, we add tor @k# another pseudo-random pro
cessn@k#, which represents the measurement noise.
06200
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In our simulations we used theMATLAB @18# normal ran-
dom number generatortRANDN wherever normal deviate
were called for: i.e., in forming either the measureme
noise, the process noise or the stochastic driving forceF.

B. Single mode: Normal, white process
and measurement noise

Using the techniques described above we generated
eral hundred seconds of simulated data, consisting of a si
mode with the frequency and damping constants given in
first column of Table I. The process noise was white w
variance of 2.38; the measurement noise was also white
variance 2.8.
r
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FIG. 5. The effectiveness of the Kalman filte
in identifying separately the contribution from
two closely spaced violin modes can be seen
comparing the power spectrum of the observ
time series~top panel! and the observed time se
ries less the filter’s prediction of the mode contr
butions. In this example the process noise and
measurement noise are both taken to be stron
leptokurtic. Despite the strong non-Gaussi
character of the process and measurement n
the filter is able to identify all but 331026 of the
power in the mode. For more details see S
IV C.
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FIG. 6. The Kalman estimates of the states
the two closely spaced lines in the example
Sec. IV C. The right panels show the estimat
amplitude~top!, phase~less 2p f 0t; middle! and
fractional errorD ~bottom! for the f 05585.4 Hz
line; the left panels show the same quantities
the f 05584.6 Hz line. As is apparent from th
errors the filter has successfully discriminated b
tween the two lines.
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After generating the data set we applied the Kalman fil
focusing on a 6 HzbandwidthD f centered about the mode
resonant frequency. Following the discussion in Sec. II
we estimatedW and V using approximately 100 s of th
simulated data.6 We applied the Kalman filter to the subs
quent simulated data, using these values ofW, V, setting the
initial state estimateĉ to zero and the initial estimated erro
P equal to WI ~where I is the identity matrix!. Figure 3
summarizes, in three panels, the Kalman filter’s effectiven
in estimating the mode state. The upper panel shows
power spectrum of the simulated observations in a wideb
about the mode frequency. The middle panel shows
power spectrum of the Kalman estimate of the mode con
bution to the observable. Finally, the lower panel shows
power spectral density of the difference between the ac
data and the estimated contribution from the mode.7 Com-
paring these three panels it is clear that the Kalman filter
correctly identified the mode contribution to the observab

Since the data are simulated, we know exactly the m
surement noise and mode contributions to the observa
Correspondingly, we can evaluate the actual error in the
ter’s estimate of the mode state. The mode~estimated! state
is described by the complex (ĉ@k#) c@k#, which we describe
by its amplitude and phase

Aªucu ~4.12a!

6Since this data set is simulated the values ofW andV are known
a priori; however, in a real application they will not be known. W
used the same procedure to estimate the filter as would be us
the field.

7While the power spectral density in a relatively wideband ab
the mode resonant frequency is shown, subtraction of the estim
affects only a 6 Hz bandwidth about the mixing frequencyf c @cf.
Sec. III B and Eqs.~3.4!, ~3.19!#.
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tanfªI~c!/R~c!. ~4.12b!

The difference between the actual and estimated mode s
we describe by the quantityD:

Dª

2uc@k#2ĉ@k#u

uc@k#1ĉ@k#u
. ~4.13!

Figure 4 shows the instantaneous estimated mode amplit
phase and errorD. The top panel shows the estimated mo
amplitude. The middle panel shows the estimate mode ph
less 2p f 0t, where f 0 is the mode frequency. The bottom
panel shows the error in the estimated mode state. Follow
an initial epoch, during which the filter is ‘‘locking on’’ to
the mode state, the relative error in the state estimate
quickly to zero.

The middle and bottom panel of Fig. 3 show a slig
depression in the power spectral density of the residual in
band that the Kalman filter operates. This slight depressio
associated with the error in the state estimate, which
shown in the bottom panel in Fig. 4 to be on the order
several percent. The depression is uniform throughout
band, showing that the errors introduced by the subtrac
of the estimated mode contribution from the data are wh
For this reason it is unlikely that these errors can be redu
by, for example, a ‘‘better’’ estimate ofW, V, f 0 or Q:
changing any of these would lead to an error that was
white, but reflected either an over- or under-estimate of
power in the mode relative to the measurement error.

We expect that the continuously updated mode amplit
and phase estimates as a function of time, either analy
directly or displayed in a strip chart of which the top tw
panels of Fig. 4 may be considered a snapshot, will be p
ticularly useful for monitoring the state of the detector.
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FIG. 7. Can the Kalman filter track a mod
that undergoes an impulsive excitation? At 20
into the simulation the mode was excited by
large force. The top panel shows the amplitude
the estimated mode state; the bottom panel sho
the fractional errorD @cf. Eq. ~4.16!# in the mode
state estimate. The estimate is momentarily ups
however, the filter quickly re-acquires the actu
mode state. For more detail see Sec. IV D.
es
r r
fe
a

hi
pl
c
th

e

do
ur

an
ated
en-

o-

e
-

C. Multiple modes: Non-Gaussian white measurement
and process noise

In deriving the Kalman filter we assumed that the proc
and measurement noise were white; however, we neve
quired that they be Gaussian. Here we investigate the ef
tiveness of the filter when these noises are non-Gaussian
when there are several modes present, at least two of w
are very close together in frequency. This is a critical ap
cation, since in actual data there are multiple closely spa
violin modes resulting from several suspension wires of
mirrors, which cannot be estimated separately~cf. Fig. 1!.
The mode frequencies and damping constants for this
ample are given in the second column of Table I.

For isolated modes~i.e., those whose resonant peaks
not overlap with each other above the level of the meas
06200
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ment noise!, one can design and apply separately a Kalm
filter for each mode. Closely spaced modes cannot be tre
in isolation; however, since the mode dynamics are indep
dent, the development of a Kalman filter that treatsN modes
jointly is straightforward:

~i! Referring to Sec. III B, fix a carrier frequencyf c and a
bandwidthD f such that the modes of interest all have res
nances in the band@ f c2D f /2,f c1D f /2#.

~ii ! Considered separately, the dynamics of the modj
(1< j <N) and the contributionzj of the mode to the mea
surement are described by the equations

cj@k#5Aj•cj@k21#1wj@k21# ~4.14a!

zj@k#5Cj•cj@k#. ~4.14b!
-
e-
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FIG. 8. Can the Kalman filter discriminate be
tween an impulsive excitation in the measur
ment noise and the contribution of the mode?
mode, stochastically driven by Gaussian proce
noise, is embedded in a mixture-Gaussian m
surement noise. At 14 s a large transient is adde
to the process noise. The top panel shows
Kalman estimate of the mode state amplitu
throughout the simulation. The bottom pan
shows the fractional errorD @cf. Eq.~4.16!# in the
estimated state. There is no evidence that the
ter is sensitive to the transient measureme
noise. For more detail see Sec. IV E.
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~iii ! The Kalman equations describing the joint evoluti
of the N modes, and their contributions to the observatioz
are then

C@k#5A•C@k21#1w@k21# ~4.15a!

z@k#5C•C@k#1v@k#, ~4.15b!

where

CªS c1

A

cN

D , ~4.15c!

5S R~c1!

I~c1!

A

R~cN!

I~cN!

D , ~4.15d!

AªS A1

�

AN

D , ~4.15e!

WªS W1

�

WN

D , ~4.15f!

VªS V1

�

VN

D , ~4.15g!

Cª~C1 ••• CN! ~4.15h!

5S 1 0 ••• 1 0

0 1 ••• 0 1D , ~4.15i!

andWj andVj are, as before, the process and measurem
noise.

In constructingW we have approximated the individua
modes as being driven by independent process noise sou
Correlated process noise leads to correlations in the stat
the individual modes. Even in the absence of an expl
correlation in the assumed process noise covariance~i.e., off-
diagonal terms inW), the filter will, if warranted by the
observations, correlate the state estimates. Lacking kn
edge of the driving noise~beyond contact with independen
thermal baths!, assuming that the process noise is uncor
lated guarantees that there is no prejudice that the m
states are correlated without constraining the state estim
to be uncorrelated.

To evaluate the effectiveness of the Kalman filter in tre
ing multiple modes driven by non-normal noise, we appl
a single Kalman filter to this three mode system, choosingf c
equal to 578.6 Hz andD f equal to 18 Hz. The top panel o
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Fig. 5 shows the power spectral density of the simula
gravity wave channel in a 60 Hz bandwidth about the car
frequencyf c , while the bottom panel shows the power spe
tral density of the residual difference between the simula
observation and the filter’s prediction of the contributio
from the violin modes. The residual broad feature that
mains following the subtraction of the mode estimate is d
to the non-Gaussian nature of the process noise that dr
the mode. The filter has made a best estimate of the m
state, given only knowledge of the driving force variance.
this example, however, the variance provides a very inco
plete picture of the process noise. Still, the filter has clea
identified approximately 45 dB of the approximately 55 d
of the mode contribution to the measurement.

The stateC is the direct sum of the state vector estima
cj of the individual modes; consequently, the filter identifi
not just the total contribution of each mode to the obser
tion, but the state of each mode separately. The four pa

TABLE II. Violin mode frequencies, full width at half maxi-
mum~FWHM!, derived damping constantsQ, and mode amplitudes
for the 27 violin modes found observed IFODMRO data channel
of the LIGO 40 M prototype. The modes and their characteris
were determined from high resolution power spectra formed fr
the data sets themselves. There was no significant variation in
mode frequency or quality over the 3 days covered by the Nov
ber 1994 data set.

Line Frequency FWHM Q Amplitude
ID No. ~Hz! ~Hz/100! (104) ~dB!

1 571.5869 1.26 4.55 58.0
2 571.6820 2.10 2.72 38.0
3 578.3400 1.01 5.73 68.0
4 578.4185 1.40 4.13 43.0
5 578.6820 2.00 2.89 56.0
6 578.8050 1.31 4.42 46.0
7 581.0550 2.00 4.42 57.0
8 582.3957 1.70 3.43 58.0
9 582.5586 2.60 2.24 57.0

10 583.5750 1.55 3.76 60.0
11 583.7379 1.64 3.56 40.0
12 583.9429 1.90 3.07 57.0
13 584.1077 2.20 2.66 38.0
14 594.1913 1.70 3.50 58.0
15 594.2902 2.20 2.70 42.5
16 595.2734 1.30 4.58 61.0
17 595.9235 1.10 5.42 60.0
18 596.1029 1.50 3.97 46.0
19 597.6456 1.80 3.32 58.5
20 597.9212 1.50 3.99 57.0
21 598.1042 1.40 4.60 40.0
22 598.9301 2.00 2.99 60.0
23 599.0271 1.30 4.61 36.0
24 599.1425 1.40 4.28 60.0
25 599.3713 1.18 5.08 47.5
26 605.3880 4.50 1.34 55.0
27 605.5310 1.20 5.05 45.0
4-13
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FIG. 9. A high resolution power spectrum o
the data set shows that most of the large amp
tude violin mode resonances have a lower amp
tude satellite line at slightly higher frequency
Here we show the high amplitude lines togeth
with their satellites in the 583.3 and 584.3 H
band. For more detail see Sec. V A.
at

e
t

sti
it
re
o

n
la-
ude
he
the

ed
of Fig. 6 show the estimated amplitude and phase~less 2p f j t
for each mode! of each of the two overlapping modes
584.6 Hz (f 2) and 585.4 Hz (f 3). In this example the two
modes are known to be uncorrelated; consequently, we
pect that the state estimates should also be uncorrela
which we have found to be the case.

D. Effect of a transient excitation of a mode

To evaluate the effectiveness of the Kalman filter in e
mating the filter state in the presence of a transient exc
tion, we have simulated a single mode observed in the p
ence of the same mixture-Gaussian measurement n
06200
x-
ed,

-
a-
s-
ise

described above@cf. Eq. ~4.1b!#. The process noise is take
to be Gaussian with variance 2.38. At 20 s into the simu
tion we add to the process noise a single pulse of magnit
35s, wheres is the rms amplitude of the process noise. T
top panel of Fig. 7 shows the estimated amplitude of
mode while the bottom panel shows errorD in the mode
state estimate:

Dª

2uc@k#2ĉ@k#u

uc@k#1ĉ@k#u
. ~4.16!

After the filter’s startup transient the error in the estimat
r
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FIG. 10. Top panel: a high resolution powe
spectrum of the LIGO 40 M prototype data, fo
cusing on the 571 to 605 Hz band, shows t
violin modes standing 40 to 50 dB above th
noise floor. Bottom panel: a power spectrum
the same data, after the Kalman filter predictio
for the mode contribution to the measurement h
been subtractively removed, shows that t
modes have been removed, leaving only a sm
residual in addition to the measurement noise.
both panels 0 dB corresponds to a stra
equivalent noise of 5.64310220 m/Hz1/2. For
more details see Sec. V B.
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FIG. 11. Histograms of squared-amplitudes in units of the amplitude variance. The top panel shows the ‘‘raw’’ data fr
IFO DMRO channel in the 570–595 Hz band. The middle panel histograms the amplitude of the Kalman estimate of the violi
contributions to IFODMRO, while the bottom panel histograms the amplitude of the difference between the raw data and the K
estimate of the mode contributions. In all cases the straight line is the expected result for Gaussian noise. The raw data ‘‘brea
amplitude-squared S/N of approximately 6~which corresponds to the level at which single events are expected in each bin!, after which it
shows clearly an excess of high amplitude events. The Kalman estimate of the contribution by the violin mode lines shows a ver
character, supporting the conclusion that the violin modes are dominating the noise in this band. The residual, on the other hand,
show a modest break at an amplitude-squared S/N of 4 and then a dramatically larger number of high amplitude events above a
For more discussion see Sec. V C.
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state is small until the transient excitation. There is, not s
prisingly, a sudden increase in the error at the moment of
excitation; however, the filter quickly adjusts to the ne
state.

E. Effect of transients in the measurement noise

Sudden excitations in the observed time series may a
from sources other than excitations of the violin modes.
evaluate the effectiveness of the Kalman filter in discrimin
ing between excitations of the mode and measurement n
transients we simulate a single line, driven by Gauss
noise. This mode is embedded in the same mixture-Gaus
measurement noise as described in Sec. IV C, but wit
pulse in the measurement noise 14 s into the simulation.
pulse lasts for a single sample and has an amplitude of 3s,
wheres rms amplitude of the measurement noise.

The lower panel of Fig. 8 showsD @cf. Eq. ~4.16!#, mea-
suring the magnitude of the difference in the estimated
actual mode state; the upper panel shows the estimated
itself. The error in the mode state estimate always rema
quite small, showing that the filter discriminates between
citations of the modes and excitations in the measurem
noise.

F. Summary

The Kalman filter described here is able to correctly d
termine instantaneous state of the violin mode suspensi
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This is true whether the mode is driven by or observed in
presence of, Gaussian or non-Gaussian noise. The filter
not require that the measurement or process noise be sta
ary: it correctly tracks the mode after it has been impulsiv
excited and can distinguish between excitations of the m
and transients in the measurement noise.

V. VIOLIN MODES IN LIGO 40 M PROTOTYPE DATA

In this section we discuss the application of the Kalm
filter to data taken at the LIGO 40 M prototype detect

TABLE III. The correspondence between the statistical char
ter of the LIGO 40 M detector noise, in the band 570–595 Hz ab
the violin modes, and a normal distribution. The figure of me
used in the comparison isx2. The first column givesx2 for the total
noise, the second column for that part of the noise attributed to
violin mode and the third column for the difference between
total noise and the violin mode contribution. The violin mode co
tribution dominates the total noise in this band; when it is remov
the residual is seen to be very poorly behaved. For more detail
the discussion in Sec. V C.

Total Violin
noise mode Residual

x2 39.8514 39.7136 47.1459
Nfreedom 47 47 47
p value 0.7607 0.7656 0.4666
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FIG. 12. Histograms of the square of Kalma
estimated amplitude divided by mean amplitu
for each of the individual Kalman estimated vio
lin modes. For more discussion see Sec. V C.
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during November 1994. The general parameters of this
are described elsewhere@19#. The particular results presente
here all refer to the particular locked segment beginning
GPS time 469357019 s on 19 November 1994 and lasting
2665.54496 s.

A. General character of the resonant features

At the time of the November 1994 data run each of
four cavity mirrors in the 40 M prototype was suspended
four cylindrical wires. Setting aside the coupling of the wir
through their attachment to the suspended mirror there
two fundamental modes associated with each wire: one w
motion nominally along the optical axis and one with moti
perpendicular to that axis. Owing to imperfections in t
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wires, the attachments of the wires to the test masses, an
coupling of the modes through the motion of the mass all
modes will have some component along the optical axis.
thus expect 32 fundamental violin modes.

A high resolution power spectrum focused on the ba
width ~570 Hz, 606 Hz! and taken of the data from a sing
locked-segment~i.e., a single epoch during which the inte
ferometer operated without interruption as a gravitatio
wave detector! of 44 m duration shows 28 distinct resona
features. One of these is clearly identified as the ninth h
monic of the 60 Hz power main, leaving 27 different mod
whose frequencies and quality factors are listed in Table

Referring to Table II note that, apart from modes 7, 1
19, 24, and 25, the lines appear in pairs, with a high am
tude line closely associated with a lower amplitude line a
n
de
-

FIG. 13. Histograms of the square of Kalma
estimated amplitude divided by mean amplitu
for each of the individual Kalman estimated vio
lin modes. For more discussion see Sec. V C.
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FIG. 14. Histograms of the square of Kalma
estimated amplitude divided by mean amplitu
for each of the individual Kalman estimated vio
lin modes. For more discussion see Sec. V C.
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slightly higher frequency~less than or of order 0.2 Hz!. This
association of lines is clearly shown in Fig. 9. Of the fi
apparently unpaired lines, three show companions in a h
resolution power spectrum taken in the band of the first h
monic, suggesting that all five of the ‘‘missing modes’’ ma
be so closely spaced in frequency with other, identifi
modes, that we are unable to resolve them.

B. Application

Using the techniques described in Sec. III we have
plied a Kalman filter designed to track the 27 violin mod
identified in Table II. The top panel of Fig. 10 shows t
power spectrum of the IFODMRO ~interferometer differen-
tial mode read-out or ‘‘gravity wave’’! channel in the 45 Hz
band beginning at 565.0 Hz, with the violin modes clea
present. The bottom panel shows the power spectrum of
residual after the modes identified by the filter have be
subtractively removed. Very little power associated w
these modes remains.8

Figure 10 also shows an overall approximately 2 dB
duction in the background noise level within the band, wh
is due to the ‘‘wings’’ of the predicted contribution of th
violin modes to the total noise. Our experience with sim
lated data~cf. Secs. IV B–IV E! shows that the filter gener
ally makes fractional prediction errors whose magnitude
on the order of 1% and that, as we have implemented
filter, this error tends to systematically over-estimate the c
tribution of the mode wings to the total noise. This is co
sistent with spectrum of the residual found here.

C. Preliminary characterization of mode motion and residual

The Kalman filter provides us with a decomposition of t
observation into the contributions from the individual viol

8The 600 Hz line, which is the ninth harmonic of the power ma
was not modeled in our analysis.
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modes and a residual, which is, in a least-squares sens
free from the influence of the modes as we can make it. T
noise character of the violin modes, which are instrumen
artifacts, can thus be studied separately from the noise c
acter of the residual.

Figure 11 shows in histogram form the frequency w
which samples of given amplitude~normalized by rms am-
plitude! appear in the~570,595! Hz bandwidth of the original
data ~‘‘raw’’ !, in the contribution to this band from th
modes as identified by the Kalman filter and in the resid
difference between the raw data stream and the estim
contribution from the modes. If the detector noise we
strictly Gaussian, the distribution of squared amplitud
~normalized by the mean-squared amplitude! would follow
an exponential distribution and the resulting curves wo
be, on the semi-logarithmic graph as shown, a straight li
with slope2 log10e. We have evaluatedx2 for each histo-
gram, using the left-most 47 bins shown in Fig. 11 and w
the remainder of the data bins collapsed into a single a
tional bin, so that no bin has fewer than 40 events. The sa
binning was used for all threex2 statistic evaluations. Table
III gives the resultingx2, the number of degrees of freedom
and the correspondingp value.

Referring to Table III we see that the Kalman filter h
resolved the total noise in this band into two components
have very different noise character. While in all cases
statistical character of the noise is far from Gaussian,
contribution identified as arising from the violin modes
much better behaved~i.e., much closer to Gaussian! than the
residual. The close correspondence between thex2 for the
‘‘raw’’ data and the identified violin mode contribution re
flects the fact that the violin mode contribution, even while
is narrow band, is of such great amplitude that it domina
the total detector noise in this band. Recalling our ear
results~cf. Secs. IV D and IV E!, which show how the Kal-
man filter is able to discriminate correctly between exci
tions of the modes and impulses in the measurement no

,

4-17



re
to
od
w
re
er
ve

ns
av
ho
of
on
je

ni
er
a
a
i

he
th
ir
r

iti

u
ra
e
t

ic

ise
t

ce
m

e
th
on
io
m
tr
in
th
at
th

-

-
n

-

o-

e
-

n

-

s

LEE SAMUEL FINN AND SOMA MUKHERJEE PHYSICAL REVIEW D63 062004
we conclude that the difference in the noise character is
and that, in the LIGO 40 M, the violin mode contribution
the overall noise has many fewer outliers than the non-m
background. Since in a real detector it is the residual that
contain the gravitational wave signal, the importance of
moving instrumental artifacts like the violin modes in ord
to discover the noise character of the residual cannot be o
stated.

A still closer examination, focusing on the contributio
from the individual modes, shows that certain modes h
much greater excess noise than others. Figures 12–14 s
for 12 different violin modes, the frequency distribution
mode amplitudes. All of the modes shown here have a str
excess of high amplitude noise events: i.e., they are sub
to strong, non-thermal forces.

VI. CONCLUSIONS

Violin modes of the test mass suspensions are a sig
cant instrumental artifact in the signal band of modern int
ferometric gravitational wave detectors: at the mode reson
frequencies they stand between 40 and 50 dB above the
bient noise floor. These modes are not excited or otherw
disturbed by the passage of a gravitational wave, yet t
contribute almost all of the noise power in a wide bandwid
Correspondingly, the ability to identify and remove the
contribution to the detector noise and characterize the
sidual noise can significantly increase the detector’s sens
ity in the affected wave band.

Treating the modes as a stochastic signal in a meas
ment noise background we have developed and demonst
the use of a Kalman filter for identifying the state of th
suspension wires and the contribution of the violin modes
the detector noise. A Kalman filter uses the known dynam
of the process that underlies a noise component~in this case
the stochastic excitation of the suspension violin modes! to
identify that component’s contribution to total system no
from measurements made on the total noise alone. When
stochastic driving force is normal~i.e., Gaussian! the Kalman
filter is optimal in the least squares sense. When the pro
noise is non-Gaussian, the Kalman filter estimate is opti
when only the second order statistics of the noise~i.e., its
power spectrum! is known.

Using simulated data, whose mode and measurem
noise contribution is known exactly, we have shown that
filter works well in the presence of both Gaussian and n
Gaussian measurement noise and excitations of the v
modes. We have also shown that the filter easily discri
nates between transients in the measurement noise and
sient excitations of the violin modes themselves, captur
the latter in its estimate of the mode state while rejecting
former as not arising from excitation of the mode. Using d
taken at the LIGO 40 M we have demonstrated the use of
t-
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filter by isolating and subtractively removing the noise ow-
ing to 27 distinct violin modes, each standing between 40
and 50 dB above the ambient noise floor, over an approxi
mately 40 Hz bandwidth.

The Kalman filter described here operates in the time do
main, providing instantaneous estimates of the suspensio
violin modes states. The computational cost is negligible,
making it suitable for use as an on-line diagnostic as well as
for on- or off-line data analysis.

Thermal and other excitations of the violin modes domi-
nate the detector noise over a wideband. This additive con
tribution to the detector output will never include any gravi-
tational wave signal, however. Separating the mode
contribution from the total noise dramatically increases the
detector’s sensitivity by significantly reducing the mean-
square noise amplitude. It also, however, reveals a new
‘‘layer’’ of non-Gaussian and transient noise that must be
characterized and, where possible, removed through its ass
ciation with other instrumental and physical environment
monitors. Using the Kalman filter to separate the total noise
into a violin mode contribution and a residual we find that, in
the LIGO 40 M prototype, the noise owing to the violin
modes is much ‘‘cleaner’’~i.e., much closer to normal! than
the residual noise, which is strongly leptokurtic. Since in a
real detector it is the residual that will contain the gravita-
tional wave signal, the importance of removing instrumental
artifacts like the violin modes in order to discover the noise
character of the residual cannot be overstated. As we dig
deeper into the detector noise the challenges of identifying
the origin of the newly uncovered noise components be-
comes greater; however, this is a challenge that must b
faced and overcome if we are to make the most of the op
portunities provided by the these new detectors.
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