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Anomaly-free flavor symmetry and neutrino anarchy
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We show that one can describe the quark and lepton masses with a single anomaly-freeU(1) flavor
symmetry provided a single order one parameter is enhanced by roughly 4–5. The flavor symmetry can be seen
to arise from inside theE6 symmetry group in such a way that it commutes with theSU(5) grand unified
gauge group. The scenario does not distinguish between the left-handed lepton doublets and hence is a model
of neutrino anarchy. It can therefore account for the large mixing observed in atmospheric neutrino experi-
ments and predicts that the solar neutrino oscillation data are consistent with the large mixing angle solution of
matter-enhanced oscillations.
DOI: 10.1103/PhysRevD.63.057302 PACS number~s!: 12.15.Ff, 11.30.Hv, 14.60.Pq
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The traditional approach to expressing the Cabib
Kobayashi-Maskawa~CKM! matrix and the quark and lep
ton matrices is to expand in the small parameter,l;uVusu
.0.22. This is well justified because the experimental d
for the mass ratios and CKM elements appear to be w
described by integer exponents of this expansion param

uVusu;l, uVcbu;l2, uVubu;l4. ~1!

One also has a constraint on the CKM elements fromBd
0

2B̄d
0 mixing @1#, uVtb* Vtdu50.008460.0018, which im-

plies that

uVtdu;l3. ~2!

In the quark sector, one has the mass ratios

mu

mc
;l4,

mc

mt
;l4,

md

ms
;l2,

ms

mb
;l2, ~3!

while in the lepton sector, the mass ratiosmm/mt
;l2, me/mt ;l4. These mass ratios are valid at a hi
~grand unified! scale and are consistent with the experime
tal constraints near the electroweak scale after includ
renormalization group scaling@2#. The remaining constraint
on leptons involve the neutrino masses and mixings. T
most interesting aspect of the neutrino data is that the at
spheric neutrino mixing appears to be large, perhaps e
maximal. If the neutrino masses also obey some hierarch
relations, it seems at first sight to be difficult to understa
such a pattern for the neutrino masses, since large mi
should result when the neutrino masses are of roughly
same order of magnitude. The Super-Kamiokande data@3#
suggest thatDm23

2 ;2.231023 eV2, sin22u23
n ;1, where

the subscripts indicate the generations of neutrinos invol
in the mixing@We assume the mixing is betweennm andnt ,
and not some sterile neutrino. We are also not using
Liquid Scintillation Neutrino Detector~LSND! data.#

The solar neutrino flux can be accounted for by disti
solutions. Two of these involve matter-enhanced oscillat
@Mikheyev-Smirnov-Wolfenstein~MSW! type#, while the
third involves vacuum oscillations~VO!. The two MSW so-
lutions are differentiated by the size of the mixing angle,
one is usually called the small mixing angle~SMA! solution,
and the other is called the large mixing angle~LMA ! solu-
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-

a
ll-
er:

-
g

e
o-
en
al
d
g
e

d

e

t
n

o

tion. The most recent data disfavors the VO and SMA so
tion at the 95% confidence level@4,5#. The rough values
required for the mixing parameters in the two MSW cas
are shown in the table below.

Dm1x
2 @eV2# sin22u1x

MSW~SMA! 531026 631023
MSW~LMA ! 231025 ;1

Since the most recent data favors the LMA solution
solar neutrinos, there has been a great deal of effort rece
to explain the neutrino data with various approaches l
bimaximal mixing models or neutrino anarchy@6–9#. The
LMA solution is the most interesting from the standpoint
neutrino factories@10#, but requires us to understand how th
lepton sector differs in terms of hierarchies~of masses and
mixing angles! from the quark sector. In this note we prese
a model that exhibits neutrino anarchy.

Flavor symmetries have been useful tools for model
the patterns of fermion masses and mixings@11#. The
Froggatt-Nielsen mechanism@12# is a popular method for
systematically generating a hierarchy in the Yukawa c
plings. Conside a horizontalU(1)u symmetry under which
the standard model fields carry charges. Yukawa interact
are now required to respect this horizontal~or flavor! sym-
metry, and they can arise in two ways:~1! as renormalizable
interactionsC iC jH, or ~2! as nonrenormalizable interac
tions involving a gauge singlet superfieldu which we can
assume without loss of generality has a flavor charge21,
C iC jH(u/M )ni j . For this effective term to respect the flavo
symmetry, the charges of the fields must sum to zero.
assumed smallness of the parametere5^u&/M can give rise
then to a hierarchy of masses from factors of the formeni j .
Following the reasoning given in the previous section,
take e;l2 where againl is identified with the~sine of!
Cabibbo angle, 0.22. The Froggatt-Nielsen mechanism d
not by itself determine the order one coefficients. A fund
mental theory would presumably fix their values.

A flavor symmetry can suppress the entries in a syste
atic way compared to order one entries. By assigning cha
to the various fields one can obtain Yukawa matrices in r
sonable agreement with the experimentally measured val

We suggest in this Brief Report that the true expans
parameter is actuallye;l2, and the largeness ofuVusu in
comparison toe comes about because of a presumably or
one coefficient,C, that turns out to be of order 4-5. The sam
©2001 The American Physical Society02-1
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large coefficient can contribute touVtdu yielding a value (4
25)e2 which is consistent with previous expansions
terms ofl, Eq. ~2!. This also resolves the problem of th
discrepancy between the relative sizes ofuVubu and uVtdu
where the former is best described byl4 and the latter is bes
described byl3; this mismatch has proven to be a challen
to model builders employing aU(1) flavor symmetry. In
most unified models the quark charges are related to the
ton charges and odd exponents appear in the mixing an
in the neutrino sector, in disagreement with the data. It
be overcome but usually requires a more complicated fla
symmetry than might otherwise be the case.

If one takes the hierarchy in Eq.~1! seriously and insists
on obtaininguVusu;l and uVtdu;l3, then there is a unique
solution implementing aU(1) flavor symmetry. This solu-
tion is the one found by Elwood, Irges, and Ramond@13#.
The lepton sector can be given charge assignments, and
trino masses and mixings can be derived. We emphasize
that the neutrino data prefers even exponents ofl to best
describe the experimental data. The data suggests
sinu1x;l0 ~which henceforth we will denote simply by 1!
for the LMA solution, or sinu1x;l2 for the SMA solution.
The model gives, however, that sinu1x;l3 @13#, a value that
is somewhat small compared to the MSW~SMA! solution. It
can be shown that this odd exponent results from grand
fied relations between quarks and leptons and the insist
that there are odd exponents in the CKM elements. We s
below that the odd exponents in the quark sector can be
as arising from just one order one coefficient that has fl
tuated upward enough to disturb the naive hierarchy by
inverse power ofl. Furthermore it seems likely that if any o
the undertermined order one coefficients does fluctuate
large value, it is most likely to be ones arising in the ligh
two generations.

Large mixing for neutrinos is problematic for two re
sons: ~1! it seems that without fine tuning, large mixin
should be associated with mass eigenvalues of the sam
der of magnitude, and~2! the CHOOZ data@14# indicates
that one of the three mixing angles is small (uUe3u,0.15,
where U is the neutrino mixing matrix!, of order l or
smaller. Both of these issues have been discussed recen
Refs.@6,8# where it was shown that it is not so unnatural f
a neutrino mass matrix with all entries of order one to g
acceptable mixing angles in agreement with the neutr
data. This idea has been called neutrino anarchy. Our m
extends the results of Ref.@8# by embedding the neutrino
anarchy model in a larger symmetry in an anomaly-free w
and suggests a theoretical framework for a unique ass
ment of fermion flavor charges arising from anE6 symmetry.
The charge assignment of Ref.@8# is not unique, and the
neutrino anarchy can be achieved for a number of differ
charge assignments to the lepton doublets of the stan
model, and the flavor charges of the Majorana neutrino
not determined. The model suggested in this note establi
the charges of the Majorana neutrinos as well as all the s
dard model particles. The flavor charges for the Hig
bosons is also justified on the basis of their position in
representations of theE6 symmetry.

We show that the quark sector can be explained in te
of a single small expansion parameter,e5l2, provided one
order one coefficientC5425 is somewhat large. We em
05730
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phasize in this paper that only one such factor is neede
explain all the quark mass and mixing data, and this po
suggests that the correct expansion parameter ise;l2 rather
than l. This result is independent of the particular flav
charge suggested in this paper, and is true generally in m
els incorporating Abelian flavor symmetries in the Frogga
Nielsen mechanism.

Our approach is to find an anomaly-free flavor symmet
We assume that thisU(1) symmetry breaks, despite the a
sence of a Green-Schwarz mechanism, so as to give a
archical mass matrix pattern according to the Frogg
Nielsen mechanism. The large mixing angles for neutrin
can be achieved by having the lepton electroweak doub
be indistinguishable under the flavor symmetry. Embedd
these doublets into the5* multiplet of SU(5) and assigning
flavor charges to the10 multiplet, one can then assig
charges that yield the correct mass ratios for the quarks,
~3!. The charges for the quark fields inSU(5) multilplets are
as follows (i 51,2,3) where we usel as the expansion pa
rameter and require the flavor charges to be even intege

10i ~4,2,0!, 5* i ~0,0,0!. ~4!

This gives rise to the Yukawa matrices

U;S l8 l6 l4

l6 l4 l2

l4 l2 1
D , D;S l4 l4 l4

l2 l2 l2

1 1 1
D , ~5!

for the quark sector. This set of matrices has been sugge
previously@8,15# as giving a reasonable fit to the data ap
from the measured values ofuVusu and uVtdu seemed to be
enhanced by roughly one inverse power ofl.

The enhancement ofuVtdu anduVusu can easily arise from
the same large order one coefficient. Given the down-t
Yukawa matrix in Eq.~5!, one finds the following expressio
for the leading contribution to the sine of the mixing ang
s12

d , for generations 1 and 2,

s12
d ;S d12

d̃22

2
d13d32

d̃22
D 1

1

d̃22
2 @d11d212d11d31~d231d22d32!#

2
1

d̃22
2 ~d32d121d13!@d21d311d31

2 ~d231d22d32!#, ~6!

wheredi j 5Di j /D33 and d̃225d222d23d32. In Eq. ~6!, s12
d is

expressed for the case in which all of the mixing angles
the right-handed transformation matrix needed to diagona
D are large as in Eq.~5!. This generalized expressions give
in the literature@16,17# for which only the mixing angle in
the second and third generation is of order one. The CK
matrix can be characterized by four mixing angles which
given to leading order by

uVusu5s12
d 2s12

u , uVcbu5s23
d 2s23

u ,

uVubu5s13
d 2s13

u 2s12
u uVcbu, uVtdu52s13

d 1s13
u 1s12

d uVcbu.

There are phases in the Yukawa entries which do not af
the expansion in terms ofl, and so we omit them here. A
large order one coefficient that enhancess12

d from its ex-
pected magnitude ofl2 to orderl will enhance just those
2-2
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CKM elements that the data tells us are large. One can ea
see that the large order one coefficientC contributes touVusu
and uVtdu by looking at the constraints from the unitarity o
the CKM matrix. Consider the following unitarity relation

VudVub* 1VcdVcb* 1VtdVtb* 50. ~7!

From this relation one immediately sees that an enhancem
of uVcbu by a factor 425 that doesn’t at the same time e
hance uVubu must be compensated by an enhancemen
uVtdu ~see Fig. 1!.

The Yukawa matrix for the charged lepton sector can
deduced from the charge assignments in Eq.~4!,

E;S l4 l2 1

l4 l2 1

l4 l2 1
D , ~8!

which yields good agreement with the known mass rat
The indistinguishability of the5* multiplets with respect to
the U(1) flavor symmetry gives rise to large mixing in th
lepton sector.

In the usual chain of embeddingSO(10) insideE6 and
SU(5) inside SO(10), there arise twoU(1) symmetries
@18#: E6→SO(10)3U(1)c , SO(10)→SU(5)3U(1)x .
Both of theseU(1) symmetries as well as any linear comb
nation is guaranteed to be anomaly free by virtue of that
that E6 is an anomaly free group. We can assign charge
the fields in a way that isSU(5)-symmetric, and that also
respects theU(1) flavor symmetry.

The charges of the SU~5! multiplets under theU(1)c and
U(1)x are

10a 5a* 1a 5b 5b* 1c

2A10Qx 21 3 25 2 22 0

2A6Qc 1 1 1 22 22 4

The charges are grouped into the16, 10 and 1 representa-
tions of SO(10) inside a27 representation ofE6. Now it is
easy to see that the charge assignments given in the pre
section are obtained by taking the linear combinationQu

533(2A6Qc)/162(2A10Qx)/16. This yields theU(1)u
charges

10a 5a* 1a 5b 5b* 1c

4Qu 1 0 2 22 21 3. ~9!

The charge assignments in Eq.~4! can now be identified as
(16Qu,8Qu,0). This does not then represent a strict emb
ding of the representations insideE6, but since each genera
tion hasU(1)u charges that are multiples~modings! of the

FIG. 1. Unitarity triangle corresponding to Eq.~7!.
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SU(5)3U(1)u insideE6, the gauge anomalies are guara
teed to be absent as long as the extra matter content of th27
is present~either near the electroweak scale or at so
higher scale!. The construction of the flavor charge from th
two U(1) subgroups ofE6 guarantees that the coupling
10aÀ5a*À5b* and5bÀ5b*À1c are allowed by theU(1)u flavor
symmetry.

As is well known, supersymmetric gauge coupling uni
cation requires that in addition to complete multiplets
SU(5) with masses at the electroweak scale, there must
pair of states with the quantum numbers of the two Hig
doublets of the minimal supersymmetric model~MSSM!.
These should arise outside of three generations of27 giving
rise to the standard model matter multiplets and the ex
5b, 5b* and 1c. These Higgs fields could arise@19# as com-
ponents from either a27¿27* or a 78. A particularly inter-
esting possibility for theU(1)u charges occurs in the forme
case where one can choose these Higgs fields from
5a* (5a) of SU(5) inside the16(16* ) of SO(10). Then the
~unnormalized! Qx andQc charges are5a* (3,1) and5a(23,
21), so that the Higgs fields have vanishingQu charge@like
the lepton doublets in Eq.~9!#.

From the charge assignment for theSU(5) singlet state
inside the16 of SO(10), one obtains the Majorana ma
matrix of the right handed neutrinos

MR;S l16 l12 l8

l12 l8 l4

l8 l4 1
D M P ,

and the Yukawa matrix for the Dirac masses of the neutri

Yn;S l8 l4 1

l8 l4 1

l8 l4 1
D .

~This strong hierarchy in the Majorana mass matrix is use
in explaining the baryon asymmetry of the universe via
process of leptogenesis@20#.! Finally via the seesaw mecha
nism mn5Yn

TMR
21Ynv2

2, wherev2 is the vacuum expecta
tion value of the Higgs field that couples to the up-ty
quarks, one obtains the mass matrix of the light neutrino

mn;S 1 1 1

1 1 1

1 1 1
D v2

2

M P
.

Of course, it is not necessary that the right handed neutr
have the charge assignment in Eq.~9! to obtain this light
neutrino mass matrix. It is determined solely by the univer
flavor charge assigned to the5a* multiplets in Eq.~4!.

Large mixing in the atmospheric neutrino data and LM
solution for solar neutrinos together with the constraint fro
CHOOZ indicates that the neutrino mixing matrix form is

U;S 1 1 lk

1 1 1

lk 1 1
D ~10!
2-3
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when expanded in powers ofl. However the naive expecta
tion from power counting for theU(1)u symmetry indicates
that the exponent isk50. The model seems to suggest th
all three mixing angles are large, and the largeness ofUe3
element is problematic in light of the CHOOZ reactor da
@14#, which places an upper limit on the mixingUe3 from the
constraints onn̄e disappearance. It appears that, in terms
the expansion in terms ofl, this element of the mixing ma
trix in Eq. ~10! should be of orderl or smaller to account for
the lack of n̄e disappearance in the reactor neutrino expe
ment.

Additionally it seems that such a neutrino mixing matr
implies large mixing between all three generations and n
trinos with masses which do not exhibit a hierarchy. O
approach to remedy this situation is to introduce an ad
tional discrete component to the flavor symmetry which c
enhance or suppress mass eigenvalues or mixing angle
comparison to their values in a model in which the flav
symmetry is simplyU(1) @17,21#. However it has been ar
gued recently@6,8# that it is not so improbable that exper
mentally acceptable values for neutrino masses and mix
can result, even when naively on the basis of power coun
the neutrino mixing matrix appears to giveUe3 typically of
order one. This scenario has been dubbed neutrino ana
It is argued in Ref.@8#, where a proper weighting of th
random order one coefficients has been justified on the
sumption of basis-independence of the neutrino states,
can, without much fine tuning, find a result whereUe3 is just
below the current experimental limit. Indeed, this c
be considered the most characteristic feature of neut
anarchy that can be experimentally tested in the n
future. While an acceptable value forUe3 occurs only in a
a

s
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va
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10% tail of its probability distribution @8#, the other
observables do not need any fine-tuning, and the argum
that has developed is that this situation is not an improba
one.

We have suggested in this note that if one is willing
give up the assumption thatuVusu;l is the correct expansion
parameter for the hierarchies evidenced in the ferm
masses and mixings, then one can get a complete descri
of the masses and mixings in the quark, charged lepton,
neutrino sectors. A particular model in which theU(1) hori-
zontal symmetry is nonanomalous is easily constructed
taking the appropriate linear combination of theU(1)c and
U(1)x subgroups of E6. The CKM elements satisfy
uVusu.Cl2 and uVtsu.Cl4 where C is a relatively large
order one parameter of 425, and the neutrino sector tha
results falls into the class exhibiting the neutrino anarchy
Refs.@6,8#.

More generally we feel an interpretation of the hierarc
in terms of a expansion parametere;l2 is quite reasonable
and makes the resulting model-building much easier si
only even powers ofl will appear.

The set ofU(1) flavor charges for the standard mod
particles has appeared in the literature. Here we have sh
how to embed thisU(1) flavor symmetry as a subgroup o
the E6 symmetry that commutes with the standardSU(5)
subgroup. Together with recent insights on the viability
models where the three lepton doublets are indistinguisha
the model is in reasonable agreement with all the curr
experimental data.

This work was supported in part by the U.S. Departm
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