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Deep inelastic scattering data and the problem of saturation in small-x physics
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We investigate the role of unitarization effects in virtual photon-proton (g* p) interactions at smallx. The

qq̄ fluctuation of the initial photon is separated into a small distance and a large distance component and a
model for the unitarization of each component is proposed. The Born approximation for the small size com-
ponent is calculated using QCD perturbation theory. A Reggeon diagram technique is used in order to obtain
a self-consistent scheme for both the totalg* p cross section and diffractive production. The model gives a
good description of DESY HERA data in the small-x region, with a single Pomeron of intercept 1.2.
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I. INTRODUCTION

The present work is an extension of our previous one@1#
on the investigation of unitarity effects in small-x processes.
It was found experimentally at the DESYep collider HERA
that both the total cross section of a highly virtual photo
sg* p

(tot) , and the cross section for its diffractive dissociati
have a fast increase with energy. This is related to a
increase of densities of quarks and gluons as the Bjor
variablex decreases. The dynamics of such very dense
tonic systems is very interesting and has been studied
many authors both in deep inelastic scattering~see Ref.@2#
for reviews and Ref.@3# for some recent papers! and in high-
energy nuclear interactions@4#. Unitarity effects should stop
the increase of densities at extremely smallx and lead to a
‘‘saturation’’ of parton densities. It is important to determin
the region ofx and Q2 where the effects of saturation be
come important.

We study this problem using Reggeon calculus@5# with a
supercritical Pomeron@aP(0)21[D.0# and the partonic
picture of g* p interactions in QCD. In our previous pape
@1# we used this approach for the description of HERA d
in the region 0<Q2<Q0

2 (Q0
2;10 GeV2), where the effects

of unitarity are most important. It was shown that, with
single Pomeron of intercept 1.2 and multi-Pomeron
changes~unitarity effects!, it is possible to obtain a self
consistent, simultaneous, description of both the totalg* p
cross section and diffractive production in high-energyg* p
interactions. In such an approach, it is convenient to cons
the process of theg* p interaction in the laboratory frame a
an interaction of theqq̄ pair, produced by the photon, wit
the proton. We separated theqq̄-pair fluctuation into two
components: and ‘‘aligned’’ component, with a strong
asymmetric sharing of the momentum fractionz betweenq

andq̄, and the rest~‘‘symmetric’’ ! component. Such a sepa
ration is important at largeQ2, where the first component ha
a large transverse size, while the ‘‘symmetric’’ compone
has a sizer;1/Q and thus has a small cross section;1/Q2

of interaction with the target. Both components give a co
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tribution to thesg* p
(tot) which behaves as 1/Q2 at largeQ2, but

the ‘‘aligned’’ component gives the main contribution to th
diffraction production cross section. Triple-Pomeron d
grams were also included in our model.

In this paper we propose a more direct separation of
two components of theqq̄ pair, which is valid also for small
Q2. The separation into a small size~S! and a large size~L!

components of theqq̄ pair is now made in terms of the
transverse distancer betweenq andq̄. The border valuer 0 is
treated as a free parameter, which turns out to ber 0
;0.2 fm.1

For theS component, withr<r 0, we use the expressio
for theg* p total cross section obtained in perturbative QC
@7,8#:

sg* p
(tot)T(L)

~s,Q2!5E
0

r 0
d2r E

0

1

dzucT(L)~r ,z,Q!u2sS~r ,s,Q2!,

~1!

whereT andL correspond to transverse and longitudinal p
larizations of a virtual photon,cT(L)(r ,z) are the correspond
ing wave functions of theqq̄ pair,

ucT~r ,z,Q!u25
6ae.m.

4p2 (
q

eq
2$@z21~12z2!#e2K1

2~er !

1mq
2K0

2~er !%, ~2!

and

ucL~r ,z,Q!u25
6ae.m.

4p2 (
q

eq
2$4Q2z2~12z!2K0

2~er !%,

~3!

1This value agrees with the correlation length of nonperturba
interactions observed in lattice calculations@6#.
©2001 The American Physical Society10-1
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with e25z(12z)Q21mq
2 . Here K0 and K1 are McDonald

functions. The sums are over quark flavors and we h
takenmu5md5ms[mS . sS(r ,s,Q2) is the total cross sec
tion for the interaction of theqq̄ pair with the proton. For the
interaction of a small-size dipole,

sS~r ,s,Q2!5r 2f ~s,Q2!. ~4!

As for the L component, we use the same parametrizati
introduced in Ref.@1# for the aligned component~see Sec.
II !.

II. MODEL

We write theg* p total cross section

sg* p
(tot)

~s,Q2!5
4p2ae.m

Q2
F2~x,Q2! ~5!

in the following form, using the impact parameter~b! repre-
sentation:

sg* p
(tot)

~s,Q2!54E d2bsg* p
(tot)

~b,s,Q2!, ~6!

sg* p
(tot)

~b,s,Q2!5gL
2~Q2!sL

(tot)~b,s,Q2!1sS
(tot)~b,s,Q2!.

~7!

The functiongL
2(Q2) determines the coupling of the pho

ton to the large sizeqq̄ pair and is chosen in the form@1#

gL
2~Q2!5

gL
2~0!

11
Q2

mL
2

, ~8!

wheregL
2(0) andmL

2 are phenomenological parameters.
The cross section for theL component,sL

(tot) , in the im-
pact parameter space, is chosen in the quasieikonal f
@1,9#

sL
(tot)~b,s,Q2!5

12exp@2CxL~b,s,Q2!#

2C
, ~9!

xL~s,b,Q2!5
xL0

P ~b,j!

11ax3~s,b,Q2!
1xL0

f ~b,j!.

~10!

The eikonal functionsxL0
k (k5P, f ) are written in a standard

Regge form

xL0
k ~b,j!5

CL
k

l0k
L ~j!

expS Dkj2
b2

4l0k
L ~j!

D , ~11!

where

Dk5ak~0!21, j5 ln
s1Q2

s01Q2 , l0k
L 5R0kL

2 1ak8j.

~12!
05401
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Here ak(0) is the intercept of the trajectoryk and ak8 its
slope. The values of the radiiR0kL

2 , based on Ref.@10#, are
given in Table I. The quantityj is chosen in such a way as t
behave as ln(1/x) for largeQ2 and as ln(s/s0) for Q250.

The coefficientsCL
P and CL

f determine, respectively, th
residues of the Pomeron andf-Reggeon exchanges in th
qq̄-proton interaction. The coefficientC51.5 takes into ac-
count the dissociation of a proton@9#.

We turn next to the denominator of Eq.~10!. The constant
a is given bya5gpp

P (0)r PPP(0)/16p, wheregpp
P (0) is the

proton-Pomeron coupling andr PPP(0) is the triple-Pomeron
coupling, both att50. The functionx3(b,s,Q2) is given by
Eq. ~31! of Sec. III.

With a50, the model described above is a standa
quasieikonal model with a Born term given by Pomeron p
f exchanges. The denominator in Eq.~10! corresponds to a
resummation of triple-Pomeron branchings~the so-called fan
diagrams!. ~For a full discussion of the interpretation of th
denominator see Ref.@1#.! Thus, expressions~9! and ~10!
correspond to a sum of diagrams of the type shown in Fig

We turn next to theS component. In this case we put, i
complete analogy with Eqs.~9!–~11!,

sS
(tot)~r ,b,s,Q2!5

12exp@2CxS~r ,b,s,Q2!#

2C
, ~13!

xS~r ,b,s,Q2!5
xS0~r ,b,s,Q2!

11ax3~b,s,Q2!
, ~14!

TABLE I. Values of the parameters in the model.

Fixed parameters Fitted parameters

DP 0.2 gL
2(0) 4.5631023

D f 20.3 CL
f 1.97 GeV22

aP8 0.25 GeV22 CL
P 0.56 GeV22

a f8 0.9 GeV22 s0 0.79 GeV2

R0kL
2 3 GeV22 a 4.6331022 GeV22

R0PS
2 2 GeV22 mL

2 0.59 GeV2

R1k
2 2.2 GeV22 CS 0.18

g f 8 r 0 1.06 GeV21

C 1.5 mS
2 0.15 GeV2

FIG. 1. A generic Reggeon diagram of our model. It conta
thes-channel iteration of Pomeron andf exchanges, triple-Pomero
(PPP1P f P) diagrams, as well as multiplet-channel branchings
of the Pomeron of the fan-diagram type.
0-2
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DEEP INELASTIC SCATTERING DATA AND THE . . . PHYSICAL REVIEW D 63 054010
xS0~r ,b,j!5
CS

Pr 2

l0P
S ~j!

expS DPj2
b2

4l0P
S ~j!

D ,

~15!

with l0P
S 5R0PS

2 1aP8 j.
Note that the contribution of thef exchange to theScom-

ponent is very small and has been neglected@1#. The condi-
tion ~4!, valid for fixeds andQ2 asr→0, is a property of the
single Pomeron exchange. Thus a factorr 2 has been intro-
duced in Eq.~15!.

Finally sS(r ,s,Q2) in Eq. ~1! is obtained from
sS(r ,b,s,Q2), defined by Eqs.~13!–~15!, as@see Eq.~6!#

sS~r ,s,Q2!54E d2bsS~r ,b,s,Q2!. ~16!

Inserting this expression in Eq.~1! we obtain the transvers
and longitudinal contributions of theScomponent to the tota
g* p cross section.

III. DIFFRACTIVE PRODUCTION

Following Ref.@1# we express the total diffractive disso
ciation cross section of a virtual photon as a sum of th
terms:

sg* p
(di f f )

5 (
i 5L,S

s i
(0)1sPPP , ~17!

where

sL
(0)54gL

2~Q2!E „sL
(tot)~b,s,Q2!…2d2b, ~18!

sS
(0)T,L54E d2bE

0

r 0
d2r E

0

1

dzucT,L~z,r !u2

3@sS
tot~r ,b,s,Q2!#2, ~19!

sPPP52gL
2~Q2!E xPPP

L ~b,s,Q2!e22CxL(b,s,Q2)d2b

12E d2bE
0

r 0
2

d2r E
0

1

dz(
T,L

ucT,L~z,r !u2

3xPPP
S ~b,s,Q2!e22CxS(r ,b,s,Q2). ~20!

Here

xPPP
L ~b,s,Q2!5axL

P~b,s,Q2!x3~b,s,Q2! ~21!

and

xPPP
S ~r ,b,s,Q2!5axS~r ,b,s,Q2!x3~b,s,Q2!, ~22!

wherexL
P(b,s,Q2) is given by the first term of Eq.~10! and

x3(b,s,Q2) is defined by Eq.~31!. Using this expression, we
see that, to first order ina, sPPP consists of the sum of a
triple Pomeron (PPP) term plus aP f P one. We call this
sum triple-Pomeron, although the second one is an inter
05401
e

r-

ence term. For the total diffractive production cross secti
which includes the diffraction dissociation of a proton, Eq
~18!–~20! must be multiplied by the same factorC51.5 as in
the totalg* p cross section.

At HERA, differential diffractive cross sections are give
as a function ofb5Q2/(M21Q2), whereM is the mass of
the diffractively produced system or ofxP5x/b. They are
usually integrated overt, and the functionF2D

(3) is introduced:

xPF2D
(3)5

Q2

4p2ae.m.
E xP

ds

dxPdt
dt. ~23!

In our model, this function can be written as a sum of thr
terms:

F2D
(3)5S (

i 5L,S
F2Di

(3) ~x,Q2,b!1F2DPPP
(3) ~x,Q2,b! D . ~24!

Here

xPF2DL
(3) 5

Q2gL
2~Q2!

4pae.m.

sL
(0)

sL
(0)B (

i ,k5P, f
E d2bxL

i xL
k

3
b̃D i1Dk2D f~12b!nP(Q2)

E
bmin

bmaxdb

b
b̃D i1Dk2D f~12b!nP(Q2)

~25!

and

xPF2DS
(3) 5

Q2

4pae.m. S sS
(0)T b̃3~122b!2

E
bmin

bmaxdb

b
b̃3~122b!2

1sS
(0)L b̃3~12b!

E
bmin

bmaxdb

b
b̃3~12b!D , ~26!

where b̃5(Q21s0)/(Q21M2), bmin5x/xP
max510x, and

bmax5Q2/(Mmin
2 1Q2) with Mmin

2 54mp
2 . In Eq.~25!, sL

(0)B

corresponds to Eq.~18!, keeping only the linear term in
sL

(tot) , andxL
P( f ) is the contribution of theP( f ) in Eq. ~10!.

The b dependence of theS component has been take
from the QCD results of Ref.@11#. Theb dependence of the
L component was chosen according to Ref.@12# with

nP~Q2!52
1

2
1

3

2 S Q2

c1Q2D , ~27!

andc53.5 GeV2.
The triple-Pomeron~i.e., PPP plus P f P) contribution

F2DPPP
(3) (x,Q2,b) is given by

xPF2DPPP
(3) ~x,Q2,b!5xPF2DPPP

(3)B ~x,Q2,b!
sPPP

sPPP
B

, ~28!
0-3
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wheresPPP is given by Eq.~20!, its Born termsPPP
B by the

same equation withC50, and

xPF2DPPP
(3)B ~x,Q2,b!

5
Q2

4p2ae.m.

2aE d2bx3~b,s,Q2,b!

3H gL
2~Q2!xL

P~b,s,Q2!

1(
T,L

E
0

r 0
d2r E

0

1

dzucT,L~r ,z!u2xS~r ,b,s,Q2!J . ~29!

Here

x3~s,b,Q2,b!5 (
k5P, f

gk expS 2
b2

4lkS b̃

x̃
D D

3S b̃

x̃
D Dk ~12b!nP(Q2)14

lkS b̃

x̃
D , ~30!

wheregP51, g f determines the strength of theP f P contri-
bution relative to thePPP one, andlk5R1k

2 1ak8 ln(b̃/ x̃).
The functionx3(s,b,Q2), which enters in Eqs.~10!, ~14!,
~21!, and~22!, is given by

x3~s,b,Q2!5E
bmin

bmax db

b
x3~s,b,Q2,b!. ~31!

Since the triple-Pomeron formula is not valid for lo
masses, we use hereMmin51 GeV.

IV. COMPARISON WITH EXPERIMENTS

The model was used to perform a fit of the data on str
ture function F2(x,Q2) and diffractive structure function
F2D

(3)(x,Q2,b), in the region of smallx (x,1022) and Q2

&10 GeV2. More precisely, forF2 we have only included in
the fit data up toQ2&3.5 GeV2. For higher values ofQ2,
QCD evolution is important and is not included in the mod
Nevertheless, our parametrization describes the data u
higher values ofQ2. For F2D we have included data up t
Q2518 GeV2. However, for the higher values ofQ2 we have
only included data at intermediate values ofb, where the
effects of QCD evolution are rather small. At smallb these
effects become large and our parametrization starts to de
from the data atQ2*18 GeV2. In Table I, the full list of
parameters~fitted and fixed! is given. The overall value ofx2

is 400 for a total of 273 data points. ForF2D the x2 is very
good—99 for 96 data points. ForF2 it is worse—302 for 186
data points. The latter seems to be due to the fact that SL
data and HERA data are taken together. Using each se
data separately thex2/NDF would be very close to unity.
05401
-
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In Fig. 2, the results forF2(x,Q2) are given as a function
of x for different values ofQ2. The description of the data i
good.SandL contributions are shown separately in order
see the different behaviors. TheScontribution is almost neg-
ligible for very smallQ2, becoming comparable to theL one
at largerQ2 values.

In Figs. 3–6 we compare the model with the experimen
data on diffraction. In order to do such a comparison, it
necessary to take into account that different experiments
slightly different definitions of diffractive events. In this wa
we have multiplied Eqs.~18!–~20! by a factorCdi f f51.1 in
order to compare with data from H1 experiment andCdi f f
51.3 for ZEUS.2 With these factors we take into account th
different cuts in the mass of the system produced in the
fractive dissociation of the proton~which is larger in the case
of ZEUS!. In Figs. 3–6,L, S, and PPP contributions are
plotted separately. In Fig. 3, we show our results for theb
dependence ofxPF2D

(3) for xP50.003 and for two values o
Q2. In Fig. 4, the results are given as a function ofxP for

2Notice that we have taken these values as constant for each
periment, though they could also depend onM. This would improve
the agreement in Fig. 5~a!.

FIG. 2. F2(x,Q2) as a function ofx for different values ofQ2

compared with experimental data from H1 1995@16# ~open
squares!, ZEUS 1995@17# ~solid circles!, E665@18# ~solid triangles!
~notice that the correspondingQ2 values of these data are slightl
different!, and ZEUS BPT97@19# ~open circles!. The dotted curve
corresponds to theL contribution, the dashed one to theScontribu-
tion, and the solid one to the totalF2(x,Q2) given by the model.
0-4
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DEEP INELASTIC SCATTERING DATA AND THE . . . PHYSICAL REVIEW D 63 054010
different values ofb andQ2. For the highest values ofQ2,
only comparison withb50.4 andb50.65 are given. For
smaller values ofb, QCD evolution becomes important. I
Fig. 5, the energy dependence of the diffraction cross sec
is shown for different values ofM andQ2. In Fig. 6, theM2

dependence for diffractive dissociation in photoproduction
compared with HERA data for two different energies. On
data with M2,100 GeV2 are shown for comparison. Fo
larger values, the effect of the nondiffractiveRRPcontribu-
tion ~not included in the model! is expected to be large.

As seen in Table I, our fit contains nine free parameter
with which we describe a two-variable functionF2 and a
three-variable oneF2D . However, in our opinion, the impor
tant feature of our analysis is that it gives a common desc
tion of F2 andF2D in a rather broad range ofQ2 ~including
Q250) with a single Pomeron. Moreover, we describe s
and hard diffraction with the same triple-Pomeron couplin
Furthermore, the values of the parameters are physically
reasonable and amazingly close to the ones expected
hadronic data as we are going to discuss below. We h
already commented on the value ofr 0. As for s0'1 GeV2 it
is the usual value in Regge fits.mS'0.35 GeV2 is the stan-
dard value of the mass for a constituent quark andmL is very
close to the mass ofr meson. Very important parameters
our model aregL , CL , CS , anda. We see from Eq.~7! that
gL;sgp/spp(;sgp/spp);4.531023 in ideal agreemen
with the result of our fit. Since vector meson dominan
works well atQ250, it is no wonder that the cross sectio
for our large component~controlled by the parameterCL) is
close atQ250 to spp. The constantCS determines the cros
section of the small-size component which can be compu
in perturbative QCD. Within large uncertainties, as a res

FIG. 3. xPF2D
(3) as a function ofb for fixed xP50.003 and for

Q254.5 GeV2 andQ257.5 GeV2. Experimental data are from@20#.
Dotted lines correspond to thePPP contribution, dashed ones t
the L term, and dot-dashed ones to theS one.
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of the poor knowledge of the gluon distributions at smallQ2,
the value of our parameter is consistent with the QCD c
culation. As for the value ofa, the result of the fit is consis
tent with the value obtained in Ref.@15# from hadronic data.
~Note that a does not contain the coupling to the virtu
photon and therefore it is obviously the same for theL andS
components.! Finally, the value 1.2 of the Pomeron interce
was obtained in@15# from an analysis of hadronic data an
has been fixed. However, we have also tried to leave it a
free parameter and the obtained value is very close to 1

FIG. 4. ~a! xPF2D
(3) as a function ofxP for Q254.5 and 7.5 GeV2

and fixed b50.04, 0.1, 0.2, 0.4, 0.65, and 0.9. The curves
labeled as in Fig. 3. Experimental data are from@20#. ~b! xPF2D

(3) as
a function ofxP for Q259, 12, and 18 GeV2 and fixedb50.4 and
0.65. The curves are labeled as in Fig. 3. Experimental data
from @20#.
0-5
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V. CONCLUSIONS

We have introduced a model of the eikonal type to d
scribe total and diffractiveg* p interactions. Theg* p inter-
action is viewed as that of aqq̄ pair, produced by the virtua
photon, with the proton. Theg* p total cross section is sepa
rated into two components: large size~L! for r .r 0 and small
size~S! for r ,r 0, wherer is the transverse distance betwe

FIG. 5. ~a! Energy dependence of diffractive cross section
M52, 5, and 11 GeV andQ258 and 14 GeV2. Experimental data
are from @21#. The curves are labeled as in Fig. 3.~b! Energy
dependence of diffractive cross section for different mass inter
and for low Q2 compared with experimental data from@22#. The
curves are labeled as in Fig. 3.
05401
-

q andq̄. The value ofr 0—treated as a free parameter—tur
out to ber 0;0.2 fm. For theL component, all theQ2 de-
pendence is given by the coupling ofg* to the large sizeqq̄
pair—which is taken as 1/Q2 at largeQ2 @Eq. ~8!#. For theS
component, theQ2 dependence is given by the wave fun
tion of the qq̄ pair @Eqs. ~2!,~3!#, computed in perturbative
QCD. At largeQ2, r 2;1/Q2, and the unitarity corrections o
the S component are higher twist, whereas those of theL
have the sameQ2 dependence as the Born term—and th
are dominant at largeQ2.

A good description of the small-x data is obtained both
for F2 and diffractive production, in a broad region ofQ2

(0<Q2&10 GeV2), with a single Pomeron of intercep
aP(0)51.2. For larger values ofQ2, QCD evolution be-
comes important. In particular it gives rise to a behav
F2;x2D with D significantly larger than 0.2 at largeQ2

@13#. For diffraction, this evolution has rather small effects
intermediate values ofb @14#. This allows us to use ou
model, in this case without QCD evolution, up to rather lar
Q2 and moderateb.

In the region 0<Q2<10 GeV2 the unitarity effects are
very important and produce a significant decrease of the
fective Pomeron interceptaP(0)511DP with decreasing
Q2. This decrease is controlled by the strength of the uni
ity corrections. This, in turn, is controlled by the rat
s (di f f )/s (tot) and its dependence onQ2. Hence the impor-
tance of describing both total cross sections and diffrac
production. In our case,xL.xS and the unitarity corrections
are more important in theL component than in theS. More-
over, these corrections are higher twist at largeQ2 in the
second case. This is more clearly seen in diffraction, wh
the S contribution toxPF2D

(3)(x,Q2,b) is much smaller than
the L one for all but the largerb values.

An important result of our analysis is not only the fa

r

ls

FIG. 6. Diffractive photoproduction cross section forW5187
and 231 GeV as a function ofM2 from @23# compared with our
model. The curves are labeled as in Fig. 3.
0-6
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that we can describe the data on both structure function
diffractive production in a broad region ofQ2 with a single
Pomeron, but also that we can describe diffractive prod
tion atQ250 and at intermediateQ2 using the same value o
the triple-Pomeron coupling~which appears in our paramete
a).

Finally, we would like to discuss the large ln(1/x) limit of
the totalg* p cross section in our model. ThesL

(tot)(b,s,Q2),
given by Eqs.~9!–~11!, tends to saturate fastly with increa
ing s to the value 1/2C, due to the largexL(s,b,Q2). The
situation is different for theS component. Let us forget fo
the moment about the triple-Pomeron contribution, i.e., c
sider the casea50. As we have said, unitarity correction
are much smaller in theScomponent, so saturation will tak
place at much higher energies, when the exp(jDP) term be-
comes large enough. For such energies, the cross secti
the small impact parameter region will saturate to
Q2-independent value andF2(x,Q2);Q2. This is the usual
o

ci.

.

K

s

05401
nd

c-

-

in

picture in perturbative QCD@2–4#. However, by including
the nonperturbative~large distance! PPP terms (aÞ0) we
obtain a different behavior. Indeed, the large exp(jDP) fac-
tors in the numerator and denominator of Eq.~14! cancel
with each other, and we havesg* p

(tot);(1/Q2) f (ln Q2). Thus,
the 1/Q2 smallness of theg* p cross section is maintained i
the limit x→0.
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