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Soft QCD dynamics of elastic scattering in the impact parameter representation
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The elastic hadronic amplitude is calculated using the nonperturbative light-cone dipole representation for
gluon bremsstrahlung. The data for large mass diffraction demand a two-scale structure of light hadrons: gluon
clouds of valence quarks with size;0.3 fm and hadronic size;1 fm. The presence of the two scales
unavoidably leads to a specific form for the total hadronic cross section which consists of a steeply rising
}sD (D50.1760.01) term related to gluon radiation and a large constant term originating from soft interac-
tions which does not induce any gluon emission. Our calculations reproduce well the total cross sections and

elastic slopes. To further test the model, we analyze the elasticpp and p̄p differential cross sections and
extract the partial amplitudes in the impact parameter representation. The Pomeron trajectory as a function of
the impact parameter is only slightly above 1 for central collisions, but steeply grows towards the periphery.
The model predicts correctly the shape and energy dependence of the partial amplitude at all impact
parameters.
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I. INTRODUCTION

A. Rising total cross sections

The increase of the total hadronic cross section at h
energies has been well known since the CERN Intersec
Storage Rings~ISR! experiments in the early 1970s. Th
discovery came just in the time when the Regge theory
its conjecture. The simple idea to shift the intercept of
Pomeron pole above 1,aP(0)511D, leads to a contradic
tion with the unitarity restrictions; in particular, the Froissa
bound is violated. It took special effort to formulate a se
consistent Regge scheme@1# in which unitarity is restored
via Regge cuts and without violation of energy conservat
~warnings of which had been given in@2#!.

The assumption that the Pomeron which governs the h
ronic elastic amplitude at high energies is a Regge pole
no theoretical justification beyond simplicity. It faces pro
lems interpreting data from the DESYep collider HERA
which demonstrate thatD substantially increases withQ2

~see, however,@3,4#!.
The ensemble of data on hadronic elastic scattering

small t, i.e., total and differential cross sections, slopes, a
ratios of the real and imaginary parts of the forward elas
amplitudes, can successfully be fitted by many phenome
logical models based on a variety of quite different assum
tions aimed at fitting the data~see, for example,@5#!. Even
the simple parametrizationsD with an exponentialt depen-
dence for the elastic amplitude describes well the data
small t @6,7#. However, the imaginary part of the forwar
elastic amplitude is connected by the unitarity relation to
total inelastic cross section; in other words, the Pomero
the shadowof inelastic processes. Unavoidably, one sho
study the dynamics of inelastic collisions to understand
forward elastic scattering@2#, rather than guessing its ana
lytic form which is only mildly restricted by general prin
ciples.
0556-2821/2001/63~5!/054001~12!/$15.00 63 0540
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The total cross section for a highly virtual photon inte
acting with a proton measured in deep-inelastic lepton s
tering ~DIS! can be estimated using perturbative QCD if t
photon virtuality Q2@Q0

2 (Q0;1 GeV) and the energys
@s0 (s0;1 GeV2), but x5Q2/s!1. Depending on the ap
proximations used, two models for the hard Pomeron
known: the Balitskiı˘-Fadin-Kuraev-Lipatov~BFKL! model
@8# and the double-leading-logarithmic Dokshitzer-Gribo
Lipatov-Altarelli-Parisi ~DGLAP! model ~see @9,10#!. The
rising energy dependence is interpreted perturbatively
caused by gluon bremsstrahlung with growing phase sp
for radiated gluons. The total cross section is predicted
rise steeply with energy as is confirmed by data from HER
The energy dependence, parametrized assDe f f(Q

2), reveals
the exponent to increase withQ2 up to De f f;0.5.

In terms of the QCD light-cone dipole approach one c
treat DIS at smallx as an interaction of a tiny size,;1/Q,
quark-antiquark fluctuations surrounded by a gluon clo
which is much larger~logarithmically! than theq̄q pair.

B. Soft interaction limit: The two scales for light hadrons

A new scheme for performing explicit calculations for th
interaction of light hadrons has been suggested in@11#. It
exploits the smallness of the gluon correlation radius wh
has been estimated in many approaches. In particular,
model developed in Ref.@12# extends the perturbative meth
ods of light-cone QCD to the nonperturbative region, intr
ducing the light-cone potential into the Schro¨dinger equation
for the Green function that describes the propagation o
quark-gluon interacting pair. The interaction potential fix
by the data for large mass soft diffraction turns out to
rather strong, leading also to a short separationr 050.3 fm
between gluons and the source~a quark or a gluon!. This
result is confirmed by the recent analysis@13# of HERA data
for diffraction which leads to an even smaller estimater 0
'0.2 fm ~but with large uncertainties!. Thus, a proton looks
©2001 The American Physical Society01-1
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in the infinite momentum frame like three valence qua
surrounded by small gluon clouds as illustrated in Fig. 1

Such a two-scale structure of light hadrons appears
only in the model@12#, treating the vacuum fluctuations a
Weizsäker-Williams gluons. The smallness of the gluo
clouds of the valence quarks is confirmed by the study of
gluon form factor of the proton employing QCD sum rul
@14#. The Q2 dependence of the form factor turns out to
rather weak, corresponding to a small radius of the glu
distribution which was estimated at the same valuer 0
'0.3 fm. The small gluon correlation radius;0.3 fm ap-
pears also from lattice calculations@15#. It is also predicted
by the liquid instanton model@16,17# and is related to the
instanton sizer0;0.3 fm. The experimental observation of
small cross section for large mass soft diffractive dissoc
tion has led to a small value ofr 0 @12,13# and this, quite in
general, can be taken as confirmation of a small size clou
any kind of gluonic vacuum fluctuations surrounding the v
lence quarks. These are usually referred to asconstituent
quarks although nothing specific~about mass, additivity
etc.! is assumed beyond the simple statement that the clo
of vacuum fluctuations dressing the valence quarks are m
smaller than the mean hadronic radius.

Of course the transverse size of the gluonic spots
creases with energy since the weights of higher Fock c
ponents grow as powers of ln(s) @11,17#. Such a behavior is
specific to gluonic fluctuations. Nevertheless, the mean
of the fluctuation clouds is still small compared to the ra
of light hadrons in the energy range of modern accelera
~see@11# and below!. The ratio of the constituent quark ra
dius r 0 to the mean interquark separationRh squared serves
as a small number. Correspondingly, one should single
two different contributions to the total inelastic cross se
tions.

The first one is due to the soft interaction which is una
to resolve the structure of the constituent quarks and ex
them. This contribution can be treated as the cross sectio
interacting hadrons made of structureless valence qu
which can be viewed as theskeletonof the hadrons. One ca
try to evaluate it using either the naive two-gluon exchan
approximation@18–21,17,22# or more sophisticated nonpe
turbative approaches such as string crossing and rearra
ment @23# or the interaction of overlapping Wilson loops
the stochastic vacuum model@24,25#. This part of the cross
sections0(Rh) is controlled by the mean interquark sepa
tion Rh and is independent of energy since the size of
quark skeleton of the hadron is constant.

The second contribution to the total cross section com
from the semihard interaction able to resolve the small s

FIG. 1. A skeleton of three valence quarks in the proton, s
rounded by gluon clouds of much smaller size than the mean q
separation.
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of the constituent quarks and to excite them, giving origin
the gluon radiation. This cross section is proportional to
size of the constituent quark,}r 0

2. The radiation of each new
gluon leads as usual to an extra power of ln(s) which expo-
nentiates to as1(r 0)sD dependence. However, the energ
independent terms1(r 0) needed for the exponentiation o
these logarithms is rather small (}r 0

2) and cannot match the
large terms0(Rh).

Thus, we arrive at the following general structure of t
total cross section which corresponds to a two-scale sch
for the hadronic structure:

s tot5s̃01s1~r 0!S s

s0
D D

, ~1!

where s̃05s0(Rh)2s1(r 0). Parametrically, s0(Rh)
@s1(r 0).

The double scale structure of light hadrons~i.e., small
constituent quarks versus large interquark separation! leads
to the structure of the total cross section, Eq.~1!, rather more
complex than the usually assumed overall behavior}sD. Of
course, in the spirit of the leading-logarithmic approxim
tion, one can neglect the constant terms0 ass→`, but then
D should not be compared with the experimental data av
able in the energy range wheres0 gives an important con-
tribution. The effective slope of the energy dependence m
in fact, be substantially smaller:

De f f5S 12
s̃0

s tot
DD. ~2!

In fact, in @11# it is found thatDe f f'D/2.

C. Outline of the paper

This paper is organized as follows. In Sec. II we calcul
the cross section of gluon radiation in high energy hadro
interactions. It is shown that valence quarks contribute ad
tively to the radiation cross section due to the short-ran
correlation of the radiated gluons. Moreover, the sum of
multigluon radiation cross sections which depend on ene
as powers of lns exponentiates in the leading-logarithm
approximation to the energy-dependent powersD. The expo-
nent proportional to the running QCD couplingas turns out
to be rather large,D50.1760.01, compared to what is be
lieved to be demanded by the present data for the total c
section. However, gluon radiation contributes with a rath
small factor proportional to r 0

2'1 mb. This energy-
dependent fraction of the total cross section is fully p
dicted. The large energy-independent part of the cross
tion is due to the interaction of the valence quarks with
gluon radiation. This cross section is related to the la
hadronic size, rather than tor 0, and cannot be evaluate
perturbatively. Although it can be estimated in models, e
as is done in the stochastic vacuum model@24,25#, the un-
certainty of such calculations is too large, and we prefer
treat s̃0 as a free parameter, which turns out to be the o
unknown of the model.

-
rk
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SOFT QCD DYNAMICS OF ELASTIC SCATTERING IN . . . PHYSICAL REVIEW D63 054001
The rising total cross section eventually violates t
Froissart-Marten bound at very high energies, but the pa
elastic amplitude at small impact parameters is already v
close to the limit imposed by unitarity and may easily bre
it down. The procedure of unitarization of the elastic part
amplitudes is described in Sec. III. We use the stand
quasieikonal model, but we compare also with a differ
QCD-motivated approach.

The model is analyzed with respect to the total cross s

tion data in Sec. IV. The only parameter of the model,s̃0,
can be fixed by comparison with the data at any chosen
ergy. Then, the energy dependence is predicted in g
agreement with the data. The slope of forward elastic s
tering needs no new parameters and is also well predict

In the standard Regge phenomenology the energy de
dence of the total cross sections and of the elastic slope
controlled by the intercept and slope of the Pomeron tra
tory, respectively, which are independent parameters. H
ever, one may expect them to be correlated since in QCD
cross sections depend on the hadronic sizes due to c
screening@18–20,26#. An attempt to incorporate this prop
erty was made recently in@27#. Here we develop this ap
proach, treating more consistently the phase space for
radiated gluons.

The comparison with the data turns out to be most eff
tive in the impact parameter representation. First of all,
radius of interaction exposes explicitly in this case. Seco
unitarity imposes severe restrictions on the elastic partial
plitude for central hadronic collisions@28#, which slows
down the energy dependence of the partial amplitu
@29,28#. Third, the color dipole representation in QCD intr
duced in@30# became a popular tool to study high ener
QCD dynamics in DIS, Drell-Yan reactions, etc., since co
dipoles are the eigenstates of the interaction at high ener
In this respect, the impact parameter representation is
able for a direct comparison of the data with a dynami
model ~see, for instance,@31#!. And last but not least, the
shape of the amplitude in the impact parameter space is
lated to the shape of the amplitude as function of momen
transfer in a wide range oft, rather than only in the forward
direction.

In Sec. V we analyze the available high energy data fr
ISR and Sp̄pS for pp andp̄p elastic scattering to extract th
partial elastic amplitude in the impact parameter represe
tion. We follow the procedure suggested by Amaldi a
Schubert@29# who performed a similar analysis of ISR da
and concluded that the total cross section rises due to pe
eral interactions while the partial amplitude for central co
sions is energy independent. This is usually treated a
manifestation of unitarity saturation. However, the para
etrization of the amplitude used in@29# was based on the
geometrical scaling model which assumes that the ratio
the total cross section to the elastic slope is independen
energy. This assumption unavoidably leads to a constant
tial amplitude at zero impact parameter~see Fig. 9!.

The geometrical scaling is known to be broken beyo
the ISR energy range; therefore we perform the analysis
ferently, in a less model-dependent way. We fit thet depen-
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dence of the cross section independently at each energy
suming no correlation between different energies, except
normalization which is adjusted to fit the energy-depend
total cross section and ratio of real to imaginary parts of
forward elastic amplitude. Thet-dependent imaginary part o
the amplitude arising from the fit is then Fourier transform
to the impact parameter representation at each energy. Tb
dependence of the partial amplitudes found this way is v
close to what our model predicts. Not only is the shape of
partial amplitude well reproduced, but also its developm
as a function of energy.

In Sec. VI we compare the data for the partial amplitud
at different energies and conclude that they hardly vary
b'0, but rise steeply with energy at largeb.1 fm. The
effective Pomeron trajectory is a steeply rising function
the impact parameter. Our model correctly predicts this
pendence.

The results of the paper are summarized in Sec. VII. F
ther evidence of the large value ofD suggested by data o
diffraction in DIS and particle production at midrapidities
soft hadronic collisions is reviewed.

II. EXCITATION OF VALENCE QUARKS:
NONPERTURBATIVE GLUON RADIATION

To calculate the energy-dependent total cross section
should sum up the various contributions of different Fo
components of the incoming hadron. To avoid double cou
ing, we sum the cross sectionssn of the physical process o
the radiation ofn gluons:

s tot
hN5(

n
sn

hN . ~3!

The lowest Fock component (n50) of a hadron contains
only valence quarks. For the sake of simplicity we assu
the beam hadron to be a meson; the generalization t
nucleon is simple and is done below.

The contribution to the total cross section correspond
to the interaction without any gluon radiation has the form

s0
hN5E

0

1

daqE d2RuC q̄q
h

~aq ,R!u2s q̄q
N

~R!. ~4!

Here the valence quark wave function of the hadro
C q̄q

h (aq ,R), depends on the transverseq-q̄ separationR ~see
Fig. 2! and the fractionaq of the light-cone momentum o
the pair carried by the quark. The energy-independent B
cross section of interaction of a largeq̄q dipole with a
nucleons q̄q

N (R) cannot be calculated perturbatively since t
separationR is large. It cannot be adjusted directly to th
experimental data since the data include the contribu
from gluon bremsstrahlung leading to the energy depende
of s q̄q

N . Instead, we treats0
hN as a free parameter.

The next contribution to thes tot
hN comes from radiating a

single gluon. The radiation is possible only due to the diff
ence between the amplitudes for theq̄q andq̄qG Fock com-
ponents. Otherwise the interaction does not alter the com
1-3
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KOPELIOVICH, POTASHNIKOVA, POVH, AND PREDAZZI PHYSICAL REVIEW D63 054001
nation of Fock states and they remain coherent; i.e., noth
new is produced. Another way to explain this is to say t
the interaction with the target can free the gluon fluctuat
only if it resolves it, i.e., discriminates between the intera
tion amplitudes for two Fock componentsuq̄q& and uq̄qG&.

The contribution to the total cross section correspond
to radiating a single gluon reads@11,12#

s1
hN5E

0

1

daqE d2RuC q̄q
h

~R,aq!u2

3E
aG!1

daG

aG
E d2r

9

4
$uC q̄G~RW 1rW,aG!u2s q̄q

N
~RW 1rW !

1uCqG~rW,aG!u2s q̄q
N

~r !2ReCqG* ~rW,aG!C q̄G

3~RW 1rW,aG!@s q̄q
N

~RW 1rW !1s q̄q
N

~r !2s q̄q
N

~R!#%. ~5!

HereaG is the fraction of the hadron momentum carried
the gluon which is assumed to be small; the notation for
radii is obvious from Fig. 2. The first and second terms in
curly brackets correspond to the emission of the gluon fr
the quark and antiquark, respectively, and the third term
the interference between them.

The nonperturbative wave function for a quark-glu
Fock component was derived in@12#. Neglecting the quark
mass the wave function reads

CqG~rW,aG!ua!152
2i

p
Aas

3

eW* •rW

r 2
expS 2

r 2

2r 0
2D , ~6!

whereeW is the polarization vector of the massless gluon. T
mean separationr 050.3 fm is related to the nonperturbativ
light-cone potential describing the quark-gluon interaction
is fixed by the data on large mass diffractive dissociat
corresponding to the triple-Pomeron limit. The mean qua
gluon separationr 0 is much smaller than the distanceR be-
tween the quarks. Therefore, one of theqG wave functions
in Eq. ~5! can be neglected, leaving a factor of 2~a factor of
3 in the case ofNN scattering! since bothq andq̄ can radiate
the gluon.

At small separationsr;r 0, the dipole cross section
s q̄q

N (r ) can be evaluated perturbatively and the approxim

tion s q̄q
N (r )5Cr2 can be used. The two-gluon approximatio

FIG. 2. A picture for the Fock stateuq̄qG& in the impact param-
eter plane.
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gives for the factorC'2.3 using an effective gluon mas
mG50.15 GeV to incorporate confinement andas50.4 ~see
below!.

Thus, the contribution of theuq̄qG& Fock component to
the total cross section summed over polarization of the ra
ated gluon takes the form

s1
hN5

4as

3p
lnS s

s0
D9

4
Cr0

2 . ~7!

Here ln@s/s0#5ln@(aG)max/(aG)min# originates from the inte-
gration over aG in Eq. ~5!, where (aG)min52/sr0

2

'(1 GeV2)/s, but (aG)max is ill defined. It should be smal
enough, say,;0.1, to make sure that the quark-gluon wa
functions in Eq.~5! are independent ofaG . Then, assuming
that the quark carries a fraction one-third of the proton m
mentum, we estimate the values0;30 GeV, which we use in
what follows.

The radiation of each new,nth, gluon can be treated a
the radiation by an effective quark, which is the valen
quark surrounded byn21 gluons. It should be resolved b
the soft interaction with the target as being different from t
radiation of n21 gluons. Therefore, it provides the sam
mean cross section 9Cr0

2/4 and the factor 4as/3p as in ~7!.
This is illustrated in Fig. 3 in the 1/Nc approximation, i.e.,
replacing each gluon by aq̄q pair. According to the genera
prescription@32,12# of the light-cone approach, the radiatio
cross section in the impact parameter representation is
portional to the total cross section of a colorless system m
of all the final state partons~solid lines in Fig. 3! plus the
initial state partons replaced by antipartons~dashed lines!.
Since the radiation of gluons withaG!1 does not affect the
impact parameter of the radiating quark, all the solid and
corresponding dashed lines have the same impact pa
eters. Therefore, those quark-antiquark~solid-dashed! pairs
which are color neutral do not contribute to the cross sect
The only quark contributing is the one that radiates the
gluon and that changes color in a color-octet state with
antiquark as shown in Fig. 3. Thus, the total cross section
the multiquark configuration is reduced to one for the oct
octet dipole with mean separationr 0, i.e., 9Cr0

2/4.
In conclusion, thenth term in Eq.~3! reads~for a single

valence quark!

sn
qN5

1

n! F4as

3p
lnS s

s0
D Gn9

4
Cr0

2 . ~8!

FIG. 3. Radiation of the second gluon in the leadin
logarithmic~s! approximation as seen in the 1/Nc approximation

when each gluon is replaced by aq̄q pair. Solid quark lines corre-
spond to the final state; dashed lines correspond to the initial s
configurations.
1-4
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Note that this expression is different from the DGLAP@9# or
BFKL @8# Pomerons which rely upon the two large sca
1/x and Q2, and whose extrapolation to the soft hadron
physics~smallQ2) is not legitimate. In this case diffusion o
gluons in the transverse plane does not provide extra lo
rithms, but is taken into account in the next section.

Summing up the powers of logarithms in Eq.~3! we ar-
rive at the following expression for the total cross section

s tot
pp5s̃0

pp13
9

4
Cr0

2S s

s0
D D

, ~9!

where

D5
4as

3p
, ~10!

s̃0
pp5s0

pp2
9

4
Cr0

2 . ~11!

Since each of three valence quarks can radiate@see Eq.~5!#,
the second term in Eq.~9! acquires a factor of 3.

The structure of Eq.~9! reflects the physical input illus
trated in Fig. 1, as discussed in the Introduction~Sec. I B!.
The energy dependence of the cross section is related to
excitation of the small spots~constituent quarks! inside the
hadron, while a large energy-independent contribution co
sponds to the soft interaction of the valence quarks skele
of the hadrons leading to no gluon radiation. These two p
of the cross section cannot match to provide a power dep
dencesD as a common factor, as is usually assumed to be
case in the so-called soft Pomeron approach@6,21,22#. This
is the origin of the more complicated form we find, i.e.,
the structure of Eq.~9! or, which is the same, of Eq.~1!. The
energy-dependent part of the cross section, i.e., the se
term in Eq.~9!, is suppressed by the smallness ofr 0

2 and is
expected to be relatively small at medium-high energies,
grows more steeply with energy than the overalls tot

pp . Note
that such a structure of the total cross section was also
gested in@33#, however with a different physical motivation
It was found to fit well the data on total cross section~see
below!.

The powerD in Eq. ~9! is related to the Pomeron inte
cept, aP(0)511D, and can be predicted using Eq.~10!
provided the QCD couplingas at virtuality ;1/r 0 is known.
In Gribov’s theory of confinement@34,35# the radius of a
constituent quark is at the borderline between the pertu
tive and the nonperturbative QCD regimes. At larger d
tances, the chiral symmetry breaks down and pseudo G
stone pions emerge.1 At smaller distances, perturbative QC
is at work. The corresponding critical value ofas is @34,35#

ac5
3p

4 S 12A2

3D'0.43. ~12!

1The Pomeron properties at large distances related to pion lo
have been employed in the model suggested in@36#.
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Another way to evaluateas is to average the running QCD
coupling weighted with the transverse momentum distrib
tion of radiated gluons:

^as&5

E
0

`

dkT
2as~kT

2!
ds~qN→qGX!

d~ ln aG!dkT
2

E
0

`

dkT
2ds~qN→qGX!

d~ ln aG!dkT
2

, ~13!

where the transverse momentum distribution of gluons ra
ated in quark-nucleon interaction is given by Eq.~130! of
@12#.

The standard phenomenological way to extendas(kT)
down to small valueskT→0 is to make a shift in the argu
ment,kT

2⇒kT
21k0

2 . The valuek0
2'0.25 GeV2 was estimated

in @35# using dispersion techniques@37# of higher twist ef-
fects in hard reactions.

We evaluated Eq.~13! using the dipole cross sectio
s q̄q(r)}12exp(2r2/r0

2) which is proportional tor2 at small
r, but levels off at large separations. The nonperturba
quark-gluon interaction taken into account in@12# is very
important, since it squeezes the quark-gluon fluctuati
down to a mean sizer T;r 0, substantially increasing the
mean transverse momenta of radiated gluons. Corresp
ingly, the mean valuêas& turns out to be rather small. Fo
the parameterr0 varying within a reasonable interval 0.
,r0,1 fm we found the mean coupling varying betwe
^as&50.38 and 0.43 which agrees well with the critic
value, Eq.~12!. Substituting the central value of^as& into
Eq. ~10! and using the interval as the uncertainty foras we
get

D50.1760.01. ~14!

This value is about twice as large as the value 0.08 usu
believed to be required by data. This value, however, can
be compared directly with the soft Pomeron intercept wh
it is assumed that the whole cross section is proportiona
sD. The value of Eq.~14! is just the second term of Eq.~9!
and the overall energy dependence is much less steep
consequence of the large value of the constant terms̃0

pp . We
will show later ~see Sec. IV! that the predicted energy de
pendence of the cross section~9! is in a good accord with the
data and corresponds to an effective valueDe f f'0.1. First of
all, however, we should take care of unitarity since the cr
section~9! violates the Froissart bound at larges.

III. IMPACT PARAMETER REPRESENTATION,
UNITARIZATION

Although the total cross section stays well below t
Froissart-Martin bound up to the present highest energ
the partial amplitude at small impact parameters dem
strates a precocious onset of the unitarity restrictions wh
are already important in the energy range of existing ac
erators.

The imaginary part of the partial amplitude correspond
to the total cross section~3! can be decomposed into th

ps
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terms related by unitarity to the radiation of different numb
n of gluons:

Im gP~s,b!5(
n

Im gn~s,b!, ~15!

wheregn(s,b) is the partial elastic amplitude which depen
on the energy and on the impact parameterb. Upon perform-
ing the Fourier transform of thet-dependent elastic ampli
tude, the integral overbW gives the corresponding termsn

hN in
Eq. ~3!. We assume that thet dependence of the lowest Foc
component which is related to the spatial distribution of v
lence quarks is given by the product of the electromagn
form factors of the colliding hadrons~we confine our consid-
erations topp and p̄p collisions!, Fp

2(t). For simplicity we
use the standard dipole form for the proton form fac
Fp(t)5(12t^r ch

2 &/12)22, where ^r ch
2 & is the mean charge

radius squared related to the slope of elastic scattering o
valence quark skeleton byB052^r ch

2 &/3.
We keep the samet dependence for higher Fock comp

nents in Eq.~3! corresponding to gluon radiation by a pr
jectile valence quark interacting with the target proton;
slope of these components, however, should increase line
with the number of radiated gluons due to their random w
in the impact parameter plane with a step;r 0

2 for the radia-
tion of every new gluon:

Bn5
2

3
^r ch

2 &1
nr0

2

2
. ~16!

The Fourier transform of the square of the dipole form fac
leads to the following shape for the partial amplitudes@26#:

Im gn
pp~b,s!5

sn
hN~s!

8pBn
y3K3~y!, ~17!

where y25(4b2/Bn)3, K3(y) is the third order modified
Bessel function andsn

hN are given by Eq.~4! and ~8!. The
normalization of the partial amplitude is fixed by the re
tion, s tot52 *d2b Im g(b,s).

The partial amplitude~15! rises with energy and eventu
ally would lead to a violation of the unitarity boun
Im g(s,b)<1, unless unitarity corrections are introduce
Unfortunately, this is not a well-defined procedure since d
ferent recipes can be found in the literature.

The simplest known way to restore unitarity is to eikon
ize the partial amplitude~15!:

Im GP~b,s!512exp@2Im gP~b,s!#. ~18!

At very highs this amplitude approaches the black disk lim
@1#, Im GP(s,b)→Q@R2(s)2b2#, with radius R(s)
5r 0D ln(s/s0). Correspondingly, at high energies,

D lnS s

s0
D@

^r ch
2 &

r 0
2

, ~19!

all hadronic cross sections reach the maximal universal
ergy growth allowed by Froissart-Martin’s bound:
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s tot
hN~s!→2pr 0

2D2 ln2S s

s0
D . ~20!

The eikonalization procedure~18! would be suitable if the
incoming hadrons were eigenstates of the interaction@30#.
Hadrons, however, are subject to diffractive off-diagonal e
citation, and the eikonal form of unitarization should be co
rected in a way similar to Gribov’s inelastic corrections@38#
for hadron-nucleus cross sections. The lowest order unita
correction in Eq.~18! comes from the quadratic term in th
exponent expansion ofG(b,s). It has to be modified using
the Abramovsky-Gribov-Kancheli~AGK! cutting rules@2# to
include single diffraction:

Im GP5Im gP2
1

2
~ Im gP!2@11D~s!#1O~gP

3 !, ~21!

where D(s)5ssd(s)/sel(s) is approximately 0.25 in the
ISR energy range and decreases slightly with energy}s20.04

@39,40#. Indeed,sel(s)5s tot
2 (s)/(16pBel)}s0.1, but the en-

ergy dependence of the diffractive cross section is rather
~due to stronger unitarity corrections!, ssd(s)}s0.06. Asymp-
totically, as s→`, D(s) vanishes sincesel(s)} ln2 s and
ssd(s)} ln s.

The inelastic corrections to higher order terms in the
pansion~18! are poorly known. A simple way to keep Eq
~21! and to include diffraction into the higher terms is
modify Eq. ~18! as

Im GP~b,s!5
1

11D~s!
„12exp$2@11D~s!#Im gP~b,s!%…,

~22!

which is known as the quasieikonal model@41#.
A more consistent way of unitarization suggested in@33#

prescribes to use the eikonal expression~18! in terms of the
color dipole cross sections and then average it over the tr
verse separations of all partons. Unfortunately, this pro
dure is simple only if the dipole cross sections depend q
dratically on the separation parameter, which is definit
incorrect fors q̄q

N (R) in Eq. ~4!. If it were true, one would
haveD(s)51 which would exceed 4 times the experimen
value. We have tried this unitarization prescription as w
and found that the results still agree with the data pretty w
Nevertheless, we use for further applications Eq.~22! since it
explicitly exploits experimental information, correctly repro
duces the lowest unitarity correction~21!, and is rather accu-
rate within the energy range of interest.

IV. COMPARISON WITH FORWARD SCATTERING
DATA

All the parameters in Eqs.~7!, ~17!, and~22! are known,
except the Born cross sections̃0. Although it may be esti-
mated in various models, none of these is sufficiently relia
and we choose to determine it so as to best reproduce
data. As soon as the absolute normalization of the total c
section is fitted at some energy and the parameterss̃0 is
fixed, the energy dependence can be predicted. For this c
1-6
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parison we selected the data@42# for s tot
p̄p atAs5546 GeV as

being the most precise. In addition, this energy value is h
enough that we neglect the Reggeon contribution. We ca

late s tot
p̄p from

s tot52E d2b Im G~b,s!, ~23!

using Eq.~22!, and fix our only unknown parameter ats̃0
539.7 mb.

Now we are in the position to predict the energy dep
dence for the total cross sections and compare it withpp and
p̄p data. The result depicted by the dashed curve in Fig.
in good agreement at high energies, but somewhat off
data at medium high energies. This is not surprising since
~secondary! Reggeon contribution is still missing and this
well known to be important at medium high energies.

In order to improve the description of the data one shou
therefore, add the contribution of leading Reggeons with
terceptaR(0)'1/2. This should be done directly in the pa
tial elastic amplitude:

Im G~s,b!5Im GP~s,b!1GR~s,b!@12Im GP~s,b!#.
~24!

The Reggeon term is suppressed by the absorptive co
tions which have the same origin as those which slow do

FIG. 4. Data for totalpp ~solid circles! and p̄p) ~open circles!
cross sections@43# at As.10 GeV. The dashed curve shows th
predicted energy dependence for the net Pomeron contribu
whose normalization is fixed by theAs5546 GeV data@42#. The

solid curves~bottom forpp and upper forp̄p) represent the result
corrected for the Reggeon contribution which is fitted to the da
05400
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the energy dependence of the diffraction cross section m
tioned above. The Reggeon term is parametrized as

Im GR~s,b!5
sR

4pBR~s! S s

s0
D aR(0)21

expS 2
b2

2BR~s! D ,

~25!

and BR5RR
212aR8 ln s. We fixed the standard values th

parametersaR(0)50.5 andaR850.9 GeV22, but fitted RR
2

53 GeV22. We also fitted the normalization factors whic
are very different forpp and p̄p because of the~approxi-
mate! exchange degeneracy. We foundsR

pp517.8 mb and

sR
p̄p532.8 mb. The result of the fit, shown in Fig. 4 by sol

curves, demonstrates good agreement with data. As an
pated, the Reggeon corrections are important only in the
energy range and below.

Sinces̃0 and all the Reggeon parameters are now fix
we can predict the slopes of elasticpp and p̄p scattering
~both the absolute values and energy dependence!. We cal-
culate the slope using the relation

Bel~s!5
1

2
^b2&5

1

s tot
E d2b b2 Im G~b,s!. ~26!

Once again, the results shown in Fig. 5 in comparison w
data forpp and p̄p scattering demonstrate good agreeme
Although we had some freedom in the choice of the pro
form factor and of the proton charge radius, this affects o
the absolute value of the slope. The energy dependenc

on

.

FIG. 5. Data for the elastic slope@44# and our predictions. The
upper and bottom curves and, correspondingly, the open and

circles belong top̄p andpp, respectively.
1-7
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fully predicted. Since it describes the data well, we correc
predict the effective Pomeron slopeae f f8 '0.25 GeV22.

Note that, often, phenomenological fits treat total cro
sections and slopes as controlled by different parameter
these cases, one cannot predict the energy-dependent
even if the total cross section is known.

The radiation of every new gluon leads to an expansion
the gluon cloud by a ‘‘step’’d^r 2&'(0.3 fm)2. Eventually,
the initial approximation of a small gluon cloud inside
large hadron will break down. This, however, will happ
only at very high energies. The mean number of gluons
quark,^n&5D ln(s/s0), is quite small,̂ n&50.5–0.8 at ISR,

about^n&'1.5 at Sp̄pS, and reacheŝn&'2 at the Fermilab
Tevatron. Therefore the mean radius of a constituent qua
still rather small and our approximation remains quite va
and we should expect it to break down only at very hi
energies which are well beyond the range of present ac
erators. Of course the radius of an constituent quark, i.e.,
radius of the gluon cloud, depends also on a reference fra
e.g., in the c.m. frame it is twice as small as in the rest fra
of the target.

V. ELASTIC SCATTERING DATA ANALYZED
IN THE IMPACT PARAMETER

The partial amplitude~22! has nontrivials and b depen-
dences. It is nearly energy independent for central collisio
but steeply grows with energy on the periphery as was
found in the analysis of the data by Amaldi and Schub
@29#. These properties are averaged out and hidden in
total or differential elastic cross sections. To extract inform
tion about the shape of the partial elastic amplitude in
impact parameter representation from the data on elasticpp

and p̄p scattering, we follow the procedure used in@29#.
However, to make the analysis less model dependent w
differential elastic cross section data independently at e
energy; thus, no model for the energy dependence is
volved. The geometrical scaling model used in@29# assumes
that the total cross section is proportional to the slope of
elastic differential cross section,s tot

pp(s)}Bpp(s). This rela-
tion is, however, a result due to the accidental closenes
the Regge model parameters characterizing the energy
pendence of the cross section,s tot

pp(s)}sD'11D ln s, and
of the slope, Bpp(s)5B0

pp12aP8 ln s, where aP8
'0.25 GeV22 and B0

pp'7.5 GeV22. Indeed, the effective
Pomeron interceptD5aP(0)21'0.08 is close to the ratio
2aP8 /B0

pp'0.067. Obviously, geometrical scaling may occ
only in a restricted energy range~namely, in the ISR energy
range used in@29#! and it had been predicted@1# to break
down at higher energies. This was confirmed later by

Spp̄S and Tevatron data.
Since we are interested in the Pomeron part of the ela

amplitude, the data for differential cross section of elasticpp

and p̄p scattering selected for the analysis cover the w
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range of high energies including2 CERN ISR Spp̄S @45#. We
do not include the data from the Tevatron since they
available only in too narrow a range oft which is not suffi-
cient for Fourier transformation. We parametrize the ima
nary and real parts of the elastic scattering amplitude i
model-independent way as

Im f ~ t !5(
i 51

3

aie
bi t, ~27!

Ref ~ t !5(
i 51

2

cie
di t, ~28!

where ai ,bi ,ci ,di are parameters to be fitted. The amp
tudes are related to the cross sections as

ds

dt
5@Ref ~ t !#21@ Im f ~ t !#2, ~29!

s tot54Ap Im f ~0!. ~30!

To make the normalization of the differential cross sect
data more reliable, first we perform a common fit of thepp

and p̄p total cross sections with the same Pomeron par
function of energy. Then we adjust the normalizations of
differential elastic cross section data to the optical poin
i.e., demand that 4Ap(ai5s tot at each energy. The dat
@46# for r(s) ratio of the real to the imaginary parts of th
amplitudes att50 were also involved in the analysis. We fi
these data by a smooth energy dependence and demand
(ci5r(ai for each energy included in the analyses of d
ferential cross sections. We performed two variants of
variant I, both c1 andc2 are used as free parameters in t
fit; variant II, c250 in Eq. ~28!.

The data in the fit and the results in variant I are depic
in Fig. 6.

As soon as the parameters in Eqs.~27! and~28! are found
we can calculate the partial amplitude in the impact para
eter representation at each energy:

G~b!5
1

2p3/2E d2qeiqW •bW f ~2q2!, ~31!

whereqW is the transverse component of the momentum tra
fer, t'2q2. It is normalized according to Eq.~23!.

A few examples of our results for ImG(b) corresponding
to variant I ~solid circles! and variant II~open circles! are
shown in Fig. 7 with spacing 0.2 fm in the impact parame
and for a few energies. The errors are calculated using
error matrix resulting from the fit.

2We rely upon the relative normalizations of differential cro
sections measured in differentt intervals at the same energy give
in @29#.
1-8
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One can see that atb50 the amplitude nearly saturate
the unitarity limit and hardly changes with energy, while
larger impact parameters the amplitude grows quite subs
tially.

Our predictions including the Pomeron contribution a
Reggeon part are compared with the data in Fig. 7. T
Reggeons shown by dashed curves are calculated forpp and
p̄p interactions for ISR and Sp̄pS data, respectively. Thei
contribution is quite a small fraction of the full partial am
plitude represented by the solid curves. The agreement
tween the data and our predictions is remarkably good,
pecially if we recall that the Pomeron part has no fr
parameters, except one,s̃0, adjusted to the total cross sectio
measured at one energyAs5546 GeV @42#. Both the pre-
dicted shape of the partial amplitude and its energy deve
ment are confirmed by the data.

VI. POMERON TRAJECTORY IN THE IMPACT
PARAMETER SPACE

The partial elastic amplitude rises with energy faster
peripheral than for central collisions. The energy depende
of Im G(b,s) at different values of the impact parameter
shown in Fig. 8 for variant I. One can see by eye that
upper curves corresponding to central collisions are ne
horizontal, while the bottom ones representing periphe
collisions rise steeply with energy. The curves show the
sults of the fit to the data for the energy dependence of

FIG. 6. The differential cross sections of elasticpp and p̄p
scattering at different energies. The first five panels show thepp

data from ISR@29#, the last one thep̄p data@45# from Spp̄S. The
curves show our fit, Eqs.~27!–~29!, in variant I.
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partial amplitude at different values of the impact parame
by the expression

Im G~b,s!5G0sD(b)1Im GR~b,s!, ~32!

in which the Reggeon term~25! is calculated with the pa-
rameters fixed by the fit to the total cross section data. T
exponentD(b) varies with impact parameter and is fitted
the data for what concerns its energy dependence in each
of b as is shown in Fig. 8. We ignored the data atAs
562 GeV since they are too much off the smooth interpo
tion of the data at lower and higher energies. The results
the fit for D(b) are plotted in Fig. 9 as a series of sol
circles corresponding to each of the lines in Fig. 8. Op
circles show the results of the fit corresponding to variant
The error bars are determined by the error matrix of the
Note that these values ofD(b) correspond to the Pomero
contribution since the Reggeon part is sorted out.

Although D(b) is very small;0.03 for central collisions
~i.e., nearb50), it increases dramatically~by nearly one
order of magnitude! at largeb. Thus, the data show that th
energy dependence of the total cross section origin
mainly from peripheral interactions. This confirms the obs
vation of @29#.

The systematic uncertainty of our analysis is rela
mainly to the choice of parametrization for the elastic amp
tude. The difference between variants I and II can be trea
as a characteristic estimate of this uncertainty. There is
significant difference between the two solutions.

FIG. 7. The imaginary part of the partial amplitude ImG(b) as
a function of the impact parameter at different energies. The

three panels correspond to the ISR, the last one to the Spp̄S data.
The curves show our theoretical prediction with Eq.~22! using the
parameters given in Table I and obtained fitting thet50 data~total
cross sections and slopes!.
1-9
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Our predictions plotted as solid curves in Fig. 7 can a
be translated into values for the effective exponentD(b),

De f f~b!5
d ln@GP~s,b!#

d ln s
, ~33!

using the theoretical amplitude~22! with the same param
eters already determined. The results are shown as a
curve in Fig. 9. It agrees well with the data.

The dashed curve shows the prediction of the simp
parametrization@6,7# for the elastic amplitude with powers
and exponentialt dependences for both the Pomeron a
Reggeon terms. Although the unitarity corrections are
glected, this parametrization is indeed quite successful in
scribing total cross sections and elastic slopes@7#. One can
see, however, that its agreement with the data in Fig.
quite poor. It overshoots the data for central~lack of unita-
rization! and peripheral collisions and has quite a differe
b-dependent shape. Nevertheless, one should not inte
the smallness ofD at b50 as a manifestation of saturation
unitarity.

VII. SUMMARY, DISCUSSION, AND OUTLOOK

We present the first successful quantitative dynamical
scription of small angle elastic scattering of light hadro
The key points of our approach are the following.

~i! The data for diffractive gluon radiation~large mass
diffraction! demand a small transverse separationr 0
'0.3 fm between the radiated gluon and the valence qu
@12,13#.

~ii ! A new regime is found which allows explicit calcula
tions: the gluon clouds of valence quarks are much sma

FIG. 8. ImG(b) plotted at various values of b
50.0,0.2,0.4, . . . ,2.8 fm as afunction of energy. The values an
error bars correspond to Fig. 7. The lines correspond to the fit w
power dependence on energy.
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than the hadronic size,r 0
2/Rh

2!1. This is a different limiting
case compared to DIS where the gluon cloud is much lar
than theq̄q separation.

~iii ! The interference between amplitudes of gluon rad
tion by different quarks is suppressed as exp(2Rh

2/r 0
2), lead-

ing to an additivity of the valence quarks in the part of t
total cross section related to gluon radiation.

~iv! Since gluon radiation is controlled by the semiha
scaleQ;2/r 0, it can be evaluated perturbatively. The rad
tion cross section is suppressed by the small factorr 0

2

'1 mb, but steeply rises with energy}sD, whereD is given
by Eq. ~14!.

~v! The part of the total cross sections̃0 related to soft
collisions without excitation of the valence quarks is lar
since it is controlled by the large hadronic radius. It is ind
pendent of energy and may cause deviation from quark
ditivity.

~vi! The two-scale structure (r 0 versusRh) of light had-
rons unavoidably leads to the specific form~1! of the energy
dependence for the total cross section. The terms with
without gluon radiations are governed by different scales
cannot match in order to exponentiate into a common fac
sD for the whole cross section.

~vii ! While the second, energy-dependent term in Eq.~1!
can be evaluated perturbatively, none of current models
estimate reliably the first constant terms̃0. We treat it as a
free parameter and fix it by the normalization of total cro
sections. Then we predict the energy dependence of the

th FIG. 9. The exponentD(b) found by the fit to each point of Fig
8 with power dependence on energy at each value ofb. The solid
and open circles correspond to the fits with parametrizations I
II, respectively. Our predictions with Eq.~33! are shown by the
solid curve. The dashed curve demonstrates the prediction
single Regge pole model without any unitarity corrections.
1-10
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cross section and the forward elastic slope in good acc
with data.

~viii ! As a further rigorous test of the model, we perfor
a model-independent analysis of available high energy d
for the elastic differential cross sections and extract the p
tial amplitudes in impact parameter representation. O
model describes well the observedb and s dependences o
the partial amplitude.

~ix! We also extract the Pomeron trajectoryaP(b)51
1D(b) in the impact parameter representation.D(b) is very
small atb50 as a result of unitarity saturation, but rises
an order of magnitude for peripheral collisions, in good a
cord with our predictions.

Concluding, the strong interaction of radiated gluons
vital for present approach. It squeezes the gluon cloud
valence quarks and allows to apply perturbative QCD to c
culation of the radiation cross section. It is worth emphas
ing that it is not legitimate to mimic these nonperturbati
effects introducing an effective gluon massmG;0.7 GeV as
is frequently done in the literature. Indeed, only the lig
cone gluons interact nonperturbatively during their long li
time. However, thet-channel Coulomb gluons cannot b
treated on the same footing as the light-cone ones, their
time being always short. These gluons are massless and
propagate far away. To incorporate the confinement
should assign only a small effective massmG;LQCD to the
t-channel gluons. Making theset-channel gluons as heavy a
those on the light cone would suppress the factorC in Eq. ~9!
and the terms1 in Eq. ~1! by nearly an order of magnitude i
contradiction with data.

Note that our results explain the surprisingly high effe
tive Pomeron interceptD'0.2 observed in diffractive DIS. I
is known that diffraction is dominated by soft interactio
even at highQ2 and one could expect about a twice smal
value. However, the large mass diffraction related to diffr
tive gluon radiation corresponds to the second term in
~9!, i.e., the value ofD given by Eq.~14!.
.
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Although data for diffractive dissociation in soft hadron
collisions were used to fix the strength of the nonperturba
gluon interaction, one can further test the model, perform
a similar analysis of data for the differential cross section
single diffraction in the impact parameter representati
Such an analysis is in progress and will be published e
where.

In this paper we concentrate on calculation of the ela
hadronic amplitude related via unitarity to inelastic proces
such as gluon radiation. It is natural to extend the test of
model comparing directly to data for multiparticle produ
tion. In particular, the AGK cancellation@2# of unitarity cor-
rections leads to the inclusive cross section in the cen
region of rapidities, rising with energy assD, whereD has its
genuine value not disturbed by unitarity corrections. Such
analysis of data performed in@47# has led to a surprisingly
similar conclusions as ours. Namely,~i! the data cannot be
described by the energy dependence}sD in the whole en-
ergy range, but demand an additional constant term;~ii ! the
fit to data resulted inD50.17, exactly what is predicted b
our calculations.

Note that the model suggested in@48# which describes
multiparticle production in terms of energy-independe
string fragmentation and rising with energy minijet contrib
tion also goes along with the basics of our model.
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