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Four-neutrino oscillation solutions of the atmospheric neutrino anomaly

G. L. Fogli, E. Lisi, and A. Marrone
Dipartimento di Fisica and Sezione INFN di Bari, Via Amendola 173, I-70126 Bari, Italy
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In the context of neutrino scenarios characterized by four~three active plus one sterile! neutrino species and
by mass spectra with two separated doublets, we analyze solutions to the atmospheric neutrino anomaly which
smoothly interpolate betweennm→nt andnm→ns oscillations. We show that, although the Super-Kamiokande
data disfavor thepurenm→ns channel, they do not exclude its occurrence, with sizable amplitude,in addition
to the nm→nt channel. High energy muon data appear to be crucial in assessing the relative amplitude of
active and sterile neutrino oscillations. It is also qualitatively shown that such atmosphericn solutions are
compatible with analogous solutions to the solar neutrino problem, which involve oscillations ofne in both
sterile and active states.
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I. INTRODUCTION

Four-neutrino (4n) models, involving the three known
active states (ne ,nm ,nt) plus one hypothetical sterile sta
(ns), are being intensively studied in the context of the c
rent neutrino phenomenology, since they can accommo
~through three independent mass square differences! the
three sources of evidence forn flavor oscillations coming
from atmospheric, solar, and accelerator neutrino exp
ments. In particular, 4n spectra with mass eigenstates org
nized in two doublets~212 models! seem to be favored by
world neutrino data@1#. Updated reviews on such 4n models
and on their phenomenology can be found, e.g., in@2–4#, to
which the reader is referred for an extended bibliography
for details that are not repeated in this work.

According to the conventional wisdom, 212 models are
often assumed to imply, for the solar and atmospheric os
lation channels, either

nm→nt ~atmospheric!, ~1a!

ne→ns ~solar!, ~1b!

or

nm→ns ~atmospheric!, ~2a!

ne→nt ~solar!, ~2b!

in addition to inter-doubletnm→ne oscillations with small
amplitude, required to explain the Liquid Scintillator Ne
trino Detector~LSND! signal @5,6#.

Such simplifying assumptions are challenged by the
cent Super-Kamiokande~SK! observations, which tend to
disfavor ~dominant! oscillations intons of both atmospheric
muon neutrinos~at ;99% C.L.@7,8#! and solar electron neu
trinos ~at ;95% C.L., in combination with world solarn
data @9#!. The MACRO experiment also disfavors atm
sphericnm→ns oscillations~at ;95% C.L.@10#!. However,
it seems premature to rule out the sterile neutrino hypoth
on the basis of the present information only@11,12#: on the
one hand, past experience on global data fits has shown
sometimes, hypotheses rejected~accepted! at 95% or 99%
0556-2821/2001/63~5!/053008~14!/$15.00 63 0530
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C.L. can surprisingly revive~die!; on the other hand, the
underlying 4n oscillation pattern might be more complicate
@3,13,14# than assumed in Eqs.~1a!,~1b! or ~2a!,~2b!. In par-
ticular, instead of having decoupled active and sterile os
lation channels, one might have mixed~active1sterile! fla-
vor transitions of the kind@15#

nm→n1 ~atmospheric!, ~3a!

ne→n2 ~solar!, ~3b!

where the statesn6 , as discussed later in more detail, re
resent linear~orthogonal! combinations ofnt andns through
a mixing anglej,

n151cosjnt1sinjns , ~4a!

n252sinjnt1cosjns . ~4b!

The oscillation modes~3a!,~3b! represent generalizations o
both modes~1a!,~1b! and~2a!,~2b!, to which they reduce for
sinj50 and 1, respectively. For generic values of sinj, the
final states in atmosphericnm and solarne flavor transitions
are linear combinations ofns andnt , with coefficients to be
constrained by experiments.

In this work, we quantitatively study atmospheric fou
neutrino oscillations in the context of 212 spectra, for un-
constrained values of sinj5^n1uns&. It is shown that the state
n1 ~into which nm oscillates! can have a sizablens compo-
nent, which is testable through high-energy atmosphe
muon data. Our atmosphericn results are also qualitatively
compared with recent 4n solutions to the solar neutrino
problem@13,14#, which are compatible with a largens com-
ponent ofn2 . It is shown that both solar and atmosphe
neutrino oscillations are consistent with sizable flavor tran
tions to a sterile state.

The structure of this paper is as follows. In Sec. II w
introduce the theoretical 4n framework, and in Sec. III we
show the corresponding graphical representation of the
rameter space. Section IV reports a preliminary discussio
the SK experimental information, while Sec. V is devoted
©2001 The American Physical Society08-1



n-
V
I.
e

a

4
-

er
o

ta

fe
ot
m

co

o
iff
c
D

io

-

nd

s

wer

ed
ou-
et

tion

f

.

G. L. FOGLI, E. LISI, AND A. MARRONE PHYSICAL REVIEW D63 053008
a thorough SK atmosphericn data analysis, from which we
derive constraints on 4n mass-mixing parameters. Their co
sistency with solar neutrino data is discussed in Sec.
Remarks on alternative 4n scenarios are made in Sec. VI
Finally, conclusions and perspectives are reported in S
VIII.

While this work was being completed, our attention w
brought to the paper@16#, where 4n solutions to the atmo-
spheric neutrino anomaly have also been worked out. Then
scenario considered in@16# contains two additional param
eters as compared with ours~a mixing angles23 and aCP
violation phased1 @16#!, and most of the results shown ref
to such parameters, so that a direct comparison with
results is difficult. However, we agree with@16# on some
general features, namely, that atmosphericnm can have a
large transition amplitude tons ~in addition tonm→nt), and
that such transitions are consistent with solar neutrino da

II. THEORETICAL FRAMEWORK

In this section we define the theoretical 4n framework and
the notation used in our analysis. We also motivate a
data-driven assumptions, which considerably simplify b
the analysis and the understanding of the solar and at
sphericn oscillations.

A. General conventions

We order the neutrino flavor and mass eigenstates in
umn vectors as

na5~ne ,ns ,nm ,nt!
T, ~5!

n i5~n1 ,n2 ,n3 ,n4!T, ~6!

respectively (T5transpose). Such vectors are related by
unitary mixing matrixU,

na5Ua in i . ~7!

The matrix of squared neutrino masses~in then i basis! is
defined as

M5diag~m1
2 ,m2

2 ,m3
2 ,m4

2!1l21, ~8!

where the terml21 reminds that the overall mass scalel is
unconstrained, as far as oscillation experiments are c
cerned. We define three independent mass square d
ences, phenomenologically related to the evidence for os
lations coming from solar, atmospheric, and LSN
experiments,

dm25m2
22m1

2 ~solar!, ~9a!

m25m4
22m3

2 ~atmos.!, ~9b!

M25m3
22m2

2 ~LSND!. ~9c!

With the above definitions, the neutrino evolution equat
in the flavor basis,
05300
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na5Hna , ~10!

is governed by the Hamiltonian

H5
1

2E
UMU†1A2GFdiagS Ne ,

1

2
Nn,0,0D , ~11!

where the first~kinematical! term @17# depends on the neu
trino energyE, and the second~dynamical! term @18# de-
pends on the neutrino weak interactions with backgrou
electrons~with densityNe) and neutrons~with densityNn)
in matter.

B. Approximations concerning 4n masses and mixing

Motivated by the current 4n oscillation phenomenology
~see@2–4# and references therein!, we assume that the mas
eigenstates are organized in two doublets~212 spectrum!,

m1.m2,m3.m4 ~12!

with three widely different mass squared differences,

dm2!m2!M2. ~13!

Figure 1 shows our reference mass spectrum, with a lo
‘‘solar neutrino doublet’’ (n1 ,n2), and an upper ‘‘atmo-
spheric neutrino doublet’’ (n3 ,n4), separated by a relatively
large LSND mass gap. Other phenomenologically allow
212 spectra can be obtained by interchanging the two d
blets (M2→2M2), as well as the two states in a doubl
(dm2→2dm2, or m2→2m2, or both!. We anticipate that,
under the approximations discussed below, the oscilla
physics in such alternative 212 spectra is equivalent~under
appropriate changes of variables! to that in the spectrum o

FIG. 1. The reference 4n mass spectrum adopted in this work
8-2
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Fig. 1. Therefore, our reference choice in Fig. 1 does
represent a limitation, as far as 212 spectra are considered1

We also anticipate that, under the same approximations,CP
violation effects turn out to be unobservably small in curre
experiments, so that the mixing matrixU can be effectively
taken as real,

U†.UT. ~14!

Further assumptions about the mixing matrixU can be
adopted by comparing positive disappearance results a
mass scaledm2 ~solar ne→ne) and m2 ~atmosphericnm
→nm) with negative disappearance results at the mass s
M2 in short-baseline accelerators~no nm→nm) and reactors
~no ne→ne) ~see, e.g.,@3#!. Such results imply that thenm
component of the atmospheric doublet (n3 ,n4) must be large
to explain the atmosphericnm anomaly, but must be small in
the other doublet (n1 ,n2), in order to avoid largeM2-driven
nm→nm oscillations at short-baseline accelerators. Ana
gously, thene component of the solar doublet (n1 ,n2) must
be large to explain the solarne deficit, but it must be small in
the other doublet (n3 ,n4), in order to avoid largeM2-driven
ne→ne oscillations at reactors. Therefore, one can take

Um1
2 1Um2

2 .0, ~15!

Ue3
2 1Ue4

2 .0. ~16!

Some remarks on the above two assumptions are in or
In 4n models embedding LSND, Eqs.~15! and~16! must be
slightly violated—at the few permill level—in order to get
nonzero value for the small~few permill! LSND nm→ne
oscillation amplitude, given by ALSND54uUm3Ue3
1Um4Ue4u254uUm1Ue11Um2Ue2u2 @2–4#. A few permill
violation makes little difference in the analysis of curre
solar and atmospheric neutrino data, and will be neglecte
the following. One cannot exclude, however, more gene
scenarios in whichUm1

2 1Um2
2 is taken close to the weake

upper limits allowed by accelerators~of the order of ten per-
cent@20#! and can thus play a nonnegligible phenomenolo
cal role @3,16#. Such scenarios are beyond the scope of
present work.

The simplifying assumptions~15! and ~16! lead to a spe-
cific texture for the matrixU,

U.S Ue1 Ue2 0 0

Us1 Us2 Us3 Us4

0 0 Um3 Um4

Ut1 Ut2 Ut3 Ut4

D , ~17!

1Although our work is focussed on 212 spectra, we will also
briefly comment upon alternative 311 spectra~a triplet plus a loner
state! in Sec. VII. In fact, the standard arguments against 311 mod-
els ~see, e.g.,@1#! appear now to be somewhat less compelli
@12,19# in light of the most recent LSND data@6#.
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with the following implications. The statenm (ne) must be a
linear combination ofn3 andn4 (n1 andn2),

nm51ccn31scn4 , ~18!

ne51cvn11svn2 , ~19!

wherec5cos, s5sin, and we have introduced two mixin
anglesc and v ~ranging in @0,p/2#). The corresponding
orthogonal combinationsn1 andn2 , defined as

n152scn31ccn4 , ~20!

n252svn11cvn2 , ~21!

must be a linear combination of the remaining flavor sta
nt andns ,

n151cjnt1sjns , ~22!

n252sjnt1cjns , ~23!

wherej is the third~and last! mixing angle needed to param
etrize a unitary matrixU of the form ~17!. In terms of
(v,c,j), the matrixU reads explicitly

U5S cv sv 0 0

2svcj cvcj 2scsj ccsj

0 0 cc sc

svsj 2cvsj 2sccj cccj

D . ~24!

By defining the rotation matrices

Uj5S 1 0 0 0

0 cj 0 sj

0 0 1 0

0 2sj 0 cj

D , ~25!

Uc5S 1 0 0 0

0 1 0 0

0 0 cc sc

0 0 2sc cc

D , ~26!

and

Uv5S cv sv 0 0

2sv cv 0 0

0 0 1 0

0 0 0 1

D , ~27!

the mixing matrixU can also be written as

U5UjUcv , ~28!

where the commutation property@Uv ,Uc#50 has been
used:

Ucv[UcUv5UvUc . ~29!
8-3
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Finally, it is useful to introduce a new flavor basisna8
defined as

na85~ne ,n2 ,nm ,n1!T, ~30!

related to the standard flavor basis by aj-rotation,

na85Uj
Tna . ~31!

In such basis, the neutrino evolution Hamiltonian reads

H85
1

2E
UcvMUcv

T 1A2GFUj
TdiagS Ne ,

1

2
Nn,0,0DUj .

~32!

In the next subsection, it will be shown how the aboven
Hamiltonian can be effectively decoupled in two~solar and
atmospheric! 2n sub-Hamiltonians.

Effective Hamiltonians for mixed active-sterile oscilla
tions in matter have been recently discussed also in R
@3,16#. We can make contact with thef i j notation of @3#
through the identificationsv5f12, c5f34, and j5f24,
valid under the approximationsf23.0 @equivalent to Eq.
~15!# and f13.f14.0 @equivalent to Eq.~16!#. Analo-
gously, we can make contact with theu i j notation of @16#
through the identificationsj5u34 and c5u24, valid under
the approximationu23.0 @equivalent to Eq.~15!#.

C. Approximations related to atmosphericn ’s

As far as atmospheric neutrinos are concerned, we neg
in first approximation the small (n1 ,n2) mass square differ
encedm2, and take the inter-doublet mass square differe
M2 very large. The matrixM in Eq. ~8! for atmospheric
neutrinos can then be written as

MA.diag~2M2,2M2,0,m2!. ~33!

By inserting suchMA in Eq. ~32!, one obtains that~i! The
angle v is rotated away; and~ii ! as M2→`, the states
(ne ,n2) @or, equivalently, (n1 ,n2)# oscillate with very high
frequency (}M2), and effectively decouple from the state
(nm ,n1). Therefore, only the evolution of (nm ,n1) is rel-
evant,

i
d

dx S nm

n1
D .HA8 S nm

n1
D , ~34!

the Hamiltonian being given by

HA85
m2

4E S c2c s2c

s2c 2c2c
D 1A2GFS 0 0

0
1

2
sj

2Nn
D , ~35!

where we have subtracted an inessential termm2/4E from
the diagonal elements ofHA8 .

Equation~35! for atmospheric neutrinos is equivalent
the familiar one describing thenm→ns Hamiltonian, pro-
vided that the usual mass and mixing parameters are id
fied with m2 andc, and that the neutron densityNn is mul-
05300
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2 . For increasing values ofsj

2 , one gets a
smooth interpolation from purenm→nt oscillations (sj

2

50) to purenm→ns oscillations (sj
251), passing through

mixed active-sterile transitions (0,sj
2,1).

Equation~35!, which has been derived for the referen
4n spectrum of Fig. 1, trivially holds also for for spectr
with negativedm2 or negativeM2 ~being independent o
such mass parameters!. Concerning the case of negativem2,
one can easily prove~by swapping the statesn3 andn4), that
it is equivalent to the case of positivem2, modulo the re-
placementsc→cc ~and n1→2n1), which corresponds to
swap the first two octants ofc, and thus does not need
separate treatment~as far ascP@0,p/2#). It follows that the
sign of m2 is irrelevant at the octant boundary (c5p/4),
namely, at maximal atmosphericn mixing. For atmospheric
antineutrinos, the same considerations as for neutrinos ap
provided that the neutron density is taken with opposite si

D. Approximations related to solar n ’s

As far as solar neutrinos are concerned, the atmosph
neutrino doublet (n3 ,n4) can be seen as a couple of ‘‘far
mass eigenstates, separated from (n1 ,n2) by a largeM2 gap.
At zeroth order indm2/m2 and inm2/M2, the matrixM in
Eq. ~8! for solar neutrinos can then be written as

MS.diag~0,dm2,M2,M2!. ~36!

By inserting suchMS in Eq. ~32!, one obtains that~i! The
angle c is rotated away; and~ii ! as M2→`, the states
(nm ,n1) @or, equivalently, (n3 ,n4)# oscillate with very high
frequency (}M2), and effectively decouple from the state
(ne ,n2). Therefore, only the evolution of (ne ,n2) is rel-
evant,

i
d

dx S ne

n2
D .HS8S ne

n2
D , ~37!

the Hamiltonian being given by

HS85
dm2

4E S c2v s2v

s2v 2c2v
D 1A2GFS Ne2

1

2
cj

2Nn 0

0 0
D ,

~38!

where we have subtracted an inessential term (dm2/4E

1A2GF
1
2 cj

2Nn) from the diagonal elements ofHS8 .
Equation ~38! for solar neutrinos is equivalent to th

familiar one describing two-family oscillations, provide
that the usual mass and mixing parameters are ident
with dm2 andv, and that the background fermion density
taken asNf5Ne2 1

2 cj
2Nn . For increasing values ofsj

2 , one
gets a smooth interpolation between purene→ns oscillations
(sj

250 and Nf5Ne2 1
2 Nn) and purene→nt oscillations

(sj
251 and Nf5Ne), passing through mixed active-steri

transitions (0,sj
2,1).

Equation~38!, which has been derived for the 4n refer-
ence spectrum of Fig. 1, trivially holds also for spectra w
8-4
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negativem2 or negativeM2 ~being independent of such ma
parameters!. Concerning the case of negativedm2, one can
easily prove~by swapping the statesn1 and n2), that it is
equivalent to the case of positivedm2, modulo the replace-
ment sv→cv ~and n2→2n2), which correspond to swap
the first two octants ofv, and thus does not need a separ
treatment~as far asvP@0,p/2#). It follows that the sign of
dm2 is irrelevant at the octant boundary (v5p/4), namely,
at maximal solarn mixing.

E. Summary and remarks about the 4n framework

We have introduced a 212 four-neutrino scenario, base
on a few phenomenological approximations, which emb
at the same time both active and sterile oscillations of atm
spheric and solar neutrinos. The final statesn1 and n2 for
atmospheric and solar flavor transitions (nm→n1 and ne
→n2 , respectively! represent orthogonal combinations
nt andns through a mixing anglej @Eqs.~22! and ~23!#.

The anglej governs the relative amount ofns andnt in
the statesn6 , and thus also the amplitude of matter effec
Whenj→0, the staten1 ~oscillation partner ofnm) is domi-
nantly ant , while the staten2 ~oscillation partner ofne) is
dominantly ans ; and vice versa forj→p/2. For j5p/4,
both solar and atmospheric neutrino oscillations are simu
neously and democratically distributed into the active a
sterile channels.

Atmospheric neutrino oscillations are governed by an
fective 2n Hamiltonian with vacuum mass-mixing param
eters (m2,c), and with an effective fermion density in matte
given byNf5

1
2 sj

2Nn @Eq. ~35!#. The case of negativem2 is
equivalent to swap the first two octants ofc, and thus it does
not need a separate treatment.

Solar neutrino oscillations are governed by an effect
2n Hamiltonian with vacuum mass-mixing paramete
(dm2,v), and with an effective fermion density in matte
given by Nf5Ne2 1

2 cj
2Nn @Eq. ~38!#. The case of negative

dm2 is equivalent to swap the first two octants ofv, and thus
it does not need a separate treatment.

The sign ofM2 ~namely, the occurrence of a solarn dou-
blet heavier or lighter than the atmosphericn doublet! is
irrelevant under our approximations, as far as current os
lation experiments are concerned. Such a sign can instea
relevant in other contexts, such as in supernovae~see, e.g.,
@21#! in big-bang nucleosynthesis~BBN! ~see, e.g.,@22,23#
and references therein! and, for Majorana neutrinos, in neu
trinoless double beta decay (0n2b) ~see, e.g.,@24–26# and
references therein!. In particular, BBN data can probe ne
~sterile! neutrino species in addition to the three active n
trinos, and thus constrain 4n scenarios. However, at presen
such constraints do not appear to be stable enough@27# to
really exclude specific 4n models with great confidence, e
pecially if one elaborates upon a possible tension betw
the most recent BBN and cosmic microwave backgrou
data@28#. Moreover, subtle effects of sterile neutrino osc
lations in the early universe@29#, which are still subject to
intensive studies~see@30# and references therein! might pro-
vide ways to evade or mitigate standard BBN bounds. C
straints from 0n2b decay can also be evaded by assum
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Dirac neutrinos. For such reasons, we postpone the dis
sion of ~potentially important but presently uncertain! addi-
tional BBN and 0n2b bounds to a future work, while in this
paper we prefer to focus on a homogeneous set of neut
oscillation data~SK atmospheric!.

Finally, we point out that the reduction from the gene
4n oscillation Hamiltonian~32! to effective 2n forms for
both atmospheric and solar neutrinos@Eqs. ~35! and ~38!,
respectively# justifies a posteriori our neglect ofCP viola-
tion phases~unobservable in 2n scenarios!, and thus the ini-
tial position ~14!. An alternative proof of the vanishing o
~observable! CP violation effects in our framework can als
be obtained by applying our approximations~13!, ~15! and
~16! to the 4n Jarlskog invariants explictly worked out i
@31#.

III. GRAPHICAL REPRESENTATIONS

In our 4n framework, it turns out that the mixing param
eter spaces for atmospheric and solar neutrinos can be
fully represented in triangular plots, embedding unitarity
lations of the kindU1

21U2
21U3

251 through the heights
projected within a triangle with equal sides~and unit total
height!.2 Such unitarity relations hold for the four columns
the mixing matrix U characterizing our framework@Eq.
~17!#, and can be separated into two constraints on the at
spheric (n3 ,n4) doublet,

Um3
2 1Ut3

2 1Us3
2 51, ~39!

Um4
2 1Ut4

2 1Us4
2 51, ~40!

and two constraints on the solar (n1 ,n2) doublet,

Ue1
2 1Ut1

2 1Us1
2 51, ~41!

Ue2
2 1Ut2

2 1Us2
2 51. ~42!

As we will see below, it is sufficient to implement just on
unitarity relation in one triangle plot for each doublet, th
other relation being a consequence. We choose to implem
Eq. ~40! for atmospheric neutrinos and Eq.~42! for solar
neutrinos.

Figure 2 represents the ‘‘atmospheric neutrino triangle
embedding the unitarity constraint~40!, which is related to
the flavor composition ofn4,

n45Um4nm1Ut4nt1Us4ns ~43!

5scnm1cccjnt1ccsjns ~44!

5scnm1ccn1 . ~45!

In the triangle plot, the upper, lower left and lower rig
corner are identified withnm , nt , andns , respectively. The
heights projected from a generic pointn4 inside the triangle

2Triangle plots have been already introduced and discusse
detail in the context of 3n mixing, see@32,33#.
8-5
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onto the lower, right, and left side represent the eleme
Um4

2 , Ut4
2 , and Us4

2 , respectively. Whenn4 coincides with
one of the corners~mass eigenstate5 flavor eigenstate!, no
oscillation occurs. Generic inner points describe mix
~active1sterile! atmospheric neutrino oscillations, smooth
interpolating from purenm→nt ~left side! to pure nm→ns

~right side!. In the upper triangle plot of Fig. 2, the (sc
2 ,sj

2)
parametrization is also charted. The lower triangle p
shows explicitly thatn4 is a linear combination ofnm and
n1 , with n1 confined to the lower side~being a linear com-
bination of nt and ns). Notice that, once the pointn4

5(sj
2 ,sc

2) is fixed, the position ofn3 is also determined in
the same plot at the coordinates (sj

2 ,cc
2), and there is no need

for a separate triangle embedding the constraint~39!. The
pointsn3 andn4 are then symmetrically placed onto the lin
joining the statesnm and n1 ~of which they are orthogona
combinations!.

Figure 3 represents the ‘‘solar neutrino triangle,’’ embe
ding the unitarity constraint~42!, which is related to the fla-
vor composition ofn2,

n25Ue2ne1Ut2nt1Us2ns ~46!

5svne2cvsjnt1cvsjns ~47!

5svne1cvn2 . ~48!

In the triangle plot, the upper, lower left and lower rig
corner are identified withne , ns , andnt , respectively. The
heights projected from a generic pointn2 inside the triangle
onto the lower, right, and left side represent the eleme

FIG. 2. The atmosphericn parameter space, in the triangul
representation. See the text for details.
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Ue2
2 , Us4

2 , and Ut4
2 , respectively. Whenn2 coincides with

one of the corners~mass eigenstate5 flavor eigenstate!, no
oscillation occur. Generic inner points describe mix
~active1sterile! solar neutrino oscillations, smoothly interpo
lating from purenm→s ~left side! to pure nm→nt ~right
side!. In the upper triangle plot of Fig. 3, the (sc

2 ,sv
2 ) param-

etrization is also charted. The lower triangle plot shows
plicitly that n2 is a linear combination ofne and n2 , with
n2 confined to the lower side~being a linear combination o
ns andnt). Notice that, once the pointn25(sj

2 ,sv
2 ) is fixed,

the position ofn1 is also determined in the same plot wi
coordinates (sj

2 ,cv
2 ), and there is no need for a separate t

angle embedding the constraint~41!. The pointsn1 and n2
are then symmetrically placed onto the line joining the sta
ne andn2 ~of which they are orthogonal combinations!.

Finally, Fig. 4 shows the link between the solar and
mospheric parameter spaces, which follows from the f
that the variable sin2j must represent the same abscissa
both triangles of Figs. 2 and 3. By putting the two triangl
on top of each other, it follows that then1 and n2 points
must be placed on the same vertical line, and that coupl
points inside the atmospheric and solar triangles must
placed on iso-sj

2 lines ~slanted dashed lines in Fig. 4!. It will
be shown that such ‘‘commonj ’’ constraint will signifi-
cantly reduce the solutions that would be separately allow
by solar data only or by atmospheric data only.

IV. SUPER-KAMIOKANDE ATMOSPHERIC n DATA
AND EXPECTATIONS

In the previous sections we have set the theoretical fra
work, as well as the graphical representations, for our an

FIG. 3. The solarn parameter space, in the triangular represe
tation. See the text for details.
8-6
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FOUR-NEUTRINO OSCILLATION SOLUTIONS OF THE . . . PHYSICAL REVIEW D 63 053008
sis of 4n oscillation solutions to the atmosphericn anomaly.
In this section we present the data used in the fit, and ma
first discussion~to be refined later! of the relative importance
of different data samples in constraining the mixing of atm
sphericnm with ns .

Figure 5 shows the Super-Kamiokande data used in
x2 analysis, as graphically reduced from@7#, corresponding
to a detector exposure of 70.5 kTy. The reported errors
statistical only (61s). Systematic errors are treated as
@32#. The data are shown as binned distributions ofe-like and
m-like event ratesR, normalized to no-oscillation expecta
tions R0 in each bin, in terms of the lepton zenith angleq.
The distributions refer to sub-GeV~SG! leptons, multi-GeV
~MG! leptons, upward stopping~US! muons, and upward
through-going~UT! muons, according to the SK terminolog

FIG. 4. Graphical representation of the link existing between
solar and atmospheric parameter spaces.

FIG. 5. Super-Kamiokande data on the zenith distributions
lepton events induced by atmospheric neutrinos.
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@7,32#. The total number of data points used in the fit is 5
The SK data on neutral-current enriched samples@8#, which
are also useful in testing the presence of ans component
@34#, are not included in the present analysis.

Although our main results are based on accurate calc
tions @32# of the full zenith distributions in Fig. 5, it is usefu
to gain some prior understanding of the physics by mean
~partly! averaged quantities such as the popularm/e double
flavor ratio for SG and MG events, the up-down asymme
of MG events, and the vertical-to-horizontal ratio of U
events. We follow the SK conventions for such quantit
@7,8#, namely, data withucosqu,0.2 are removed in the up
down asymmetry, and the separation between ‘‘vertical’’ a
‘‘horizontal’’ through-going muons is conventionally take
at cosq520.4.

Figure 6 shows the double ratioRm/e of MG events vs SG
events. The corresponding SK data are shown as a c
~with statistical and total 1s error bars!. The theoretical ex-
pectations at maximal mixing are shown as a solid line
pure nm→nt oscillations (sj

250 in our notation! and as a
dashed line for purenm→ns oscillations (sj

251). Such lines
connect the points calculated at6m25n310m eV2, with
m525,24, . . . ,21, andn51,2, . . . ,9~the sign ofm2 is ir-
relevant at maximal mixing,sc

251/2). Cases with 0,sj
2

,1 ~not shown! would give lines intermediate between th
solid and the dashed ones. The ‘‘trajectories’’ of the theor
ical points start atRm/e.1 for small m2 ~no-oscillation
limit !, and end atRm/e.1/2 for largem2 ~averaged oscilla-
tions!.

e

f

FIG. 6. Double ratio of muon-to-electron events for multi-Ge
events (y-axis! and sub-GeV events (x-axis!. The theoretical expec-
tation at fixed~maximal! mixing and for runningm2 is shown as a
solid curve for pure active oscillations, and as a dashed curve
pure sterile oscillations. The cross with error bars~statistical and
total! represents the SK data.
8-7
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From Fig. 6 we learn that the double ratio is not a go
variable to discriminate betweennm→nt andnm→ns oscil-
lations, since the separation of the two corresponding cu
is much smaller than the experimental error. In fact, the m
ter effects which should distinguish thens channel are sup
pressed both by the relatively low energy of SG and M
events and by integration over the zenith angle. On the o
hand, the combined SG and MG information onRm/e in Fig.
6 is sensitive tom2, and favors the range;@1023,1022#
eV2, with ;431023 eV2 being the value closest to the da
for both oscillation channels. We conclude that the SG a
MG m/e double ratios give valuable information onm2,
rather than on the flavor of thenm oscillation partner.

A better sensitivity to the sterile component of thenm
oscillation partner can be gained by improving the zen
angle information and by probing higher energies, wh
matter effects are larger@35#. Figure 7 shows the ratio o
vertical to horizontal (V/H) upward through-going muons v
the up-down asymmetry of multi-GeV muons (U2D/U
1D). As in Fig. 6, solid ~dashed! lines refer tonm→nt

(nm→ns) oscillations at maximal mixing,sc
251/2. In addi-

tion, Fig. 7 shows, as a dotted line, the case of mixed act
sterile oscillations with equal amplitude@n15(ns1nt)/A2,
namely,sj

251/2]. The trajectories of the theoretical poin
start and end at small values of the up-down asymmetry
expected in the limitsm2→0 ~no oscillation! and m2→`
~averaged oscillations!, after passing through negative valu
~corresponding to a suppression of the upgoing muon ra!.

FIG. 7. Vertical-to-horizontal ratio of upgoing muon ratesvs the
up-down asymmetry of multi-GeV muon events. The theoreti
expectation at fixed~maximal! mixing and for runningm2 is shown
as a solid curve for pure active oscillations, as a dashed curve
pure sterile oscillations, and as a dotted curve for mixed ac
1sterile oscillations of equal amplitude. The cross with error b
represents the SK data.
05300
d

es
t-

er

d

h
e

e-

as

The V/H ratio should also take back its no-oscillation val
as m2→`, although the highest values reported in Fig.
(m251021 eV2) is not ‘‘asymptotic’’ enough to show this
behavior. TheV/H variations withm2 are rather small in the
pure nm→ns case, when compared with the correspond
variations in the purenm→nt case, as a consequence of t
strong damping of the sterile transition amplitude in matte
high energies@35#. Intermediate variations ofV/H occur for
the mixed active1sterile case~dotted line!; therefore, the
V/H asymmetry is a sensitive probe ofsj

2 through the effects
of the matter termA2GFsj

2Nn/2.
The recent SK data@7#, shown in Fig. 7 as a cross wit

error bars~statistical and total at 1s) clearly favor the pure
nm→nt case ~solid line!, as compared with the purenm
→ns case~dashed line!. By themselves, such data cann
exclude an intermediate situation with large mixing ofnm
with nt and ns ~dotted line!. In such case, however, the fa
vored values ofm2 are rather large@;O(1022# eV2), in
contrast with the information coming from them/e ratio in
Fig. 6. Therefore, the interplay of different pieces of da
seems to indicate clearly an upper bound on thens compo-
nent ofn1 ~namely, onsj

2).

V. RESULTS OF THE ATMOSPHERIC n ANALYSIS

In this section we present the results of our fit to t
atmospheric neutrino data of Fig. 5~55 data points!, as
obtained by calculating the SK zenith distributions f
unconstrained values of the three relevant parame
(m2,sj

2 ,sc
2). We discuss first the bounds on the ma

parameterm2, and then those on the mixing paramete
(sj

2 ,sc
2).

Figure 8 shows the value of the globalx2 as a function of
m2 ~in linear scale!, for four nm→n1 oscillation cases, cor-
responding to:~i! unconstrainedn1 ~thick solid line!; ~ii !
n15nt ~thin solid line!; ~iii ! n15ns ~dashed line!; and ~iv!
n15(ns1nt)/A2 ~dotted line!. In terms of the mixing angle
j, such cases correspond, respectively, to~i! unconstrained
sj

2 ; ~ii ! sj
250; ~iii ! sj

251; and~iv! sj
251/2. The parametersc

2

is left free in all four cases. The global minimum for th
unconstrained case (xmin

2 547.4) is reached a
(m2/eV2,sj

2 ,sc
2)5(3.231023,0.18,0.51). The slight prefer

ence for a nonzero value ofsj
2 at the point of minimumx2 is

intriguing, but not statistically significant, since the fit wit
sj

250 ~pure nm→nt oscillations, thin solid line! is only
slightly worse than the unconstrained fit~thick solid line!.

Concerning the statistical interpretation of the resu
shown in Fig. 8, some remarks are in order. In general,
can use thex2 function for two complementary purpose
@36#: ~1! to estimate the best-fit values of (m2,sj

2 ,sc
2) and

their uncertainties~parameter estimation!; or ~2! to test the
goodness-of-fit with some prior assumptions abo
(m2,sj

2 ,sc
2) ~hypothesis test!. In the first approach, the value

of (m2,sj
2 ,sc

2) minimizing thex2 function are taken as bes
estimates of the~unknown! true values of such parameter
The corresponding uncertainties are then obtained by all
ing a shift in thex2 function (Dx25x22xmin

2 ), with corre-
sponding confidence levels determined by the number of

l

or
e
s
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parameters in the model (NDF53 in our case!. From this
point of view, the case of purenm→ns oscillations, corre-
sponding toDx2/NDF514.7/3 in Fig. 8, is reached only a
99.8% C.L., and is thus strongly disfavored. In the seco
approach, one checks how well a specific hypothesis ab
the parameters fits the 55 SK data points, independentl
the existence of a globalx2 minimum at some point in the
parameter space. For instance, if order to test thea priori
hypotheses of purenm→nt or purenm→ns oscillations, one
should compare the absolutex2 value withNDF55522, the
two free variables beingm2 andsc

2 (sj
2 being fixed at 0 or 1,

respectively!. From Fig. 8, we then get that the probability
having a worsex2 is 63% for sj

250 ~pure nm→nt oscilla-
tions,x2/NDF549/53) and 18% forsj

251 ~purenm→ns os-
cillations, x2/NDF562/53). Therefore, although the pu
sterile case is clearly disfavoredin comparisonwith the pure
active case, it is not ruled outa priori in our oscillation
analysis. Having clarified such statistical issues, we proc
to estimate the mass-mixing parameters (m2,sj

2 ,sc
2) by using

the first approach, based onDx2.
In Fig. 8, all four cases show a preference form2.3

31023 eV2, which thus represents a very stable indicati
coming from the SK data, independently of the amplitude
the ns component. For the most general case~unconstrained
n1) we obtain

FIG. 8. Result of the globalx2 fit to the 55 data points of Fig. 5
as a function of the mass parameterm2, assumingnm→n1 oscilla-
tions for atmospheric neutrinos, and different options forn1 . The
mixing anglesc

2 is left unconstrained in all cases. The casen1

5ns provides the worst fit, but one cannot exclude a sizablens

component ofn1 .
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m2.3.221.6
12.331023 eV2~90% C.L.!, ~49!

by takingDx256.25 forNDF53.
Figure 8 also gives gives indications about the param

sj
2 . The casesj

250 ~thin solid line! gives results comparabl
to the best fit for unconstrainedsj

2 ~thick solid line!. The case
of a fifty-fifty admixture ofns andnt in n1 (sj

251/2, dotted
line! provides a fit that, although worse than for purenm
→nt , is still acceptable~its minimum x2 being only four
units above the absolute minimum!. However, the quality of
the fit worsen rapidly asn1 gets closer tons , the worst case
being reached for purenm→ns oscillations ~dashed line!.
Therefore, we expect to get an upper bound onsj

2 from the
analysis of the mixing parameters, which can be clearly r
resented in the triangle plot.

Figures 9 and 10 show the results of our analysis in
atmospheric triangle plot, for 10 representative~decreasing!
values ofm2. The first three columns of triangles refer to th
separate fits to sub-GeV electrons and muons~10110 bins!,
multi-GeV electrons and muons~10110 bins!, and upward
stopping and through-going muons~5110 bins!, while the
fourth column refers to the total SK data sample~55 bins!.
For each column, we find the minimumx2 from the fit to the
corresponding data sample, and then present sections o
allowed volume at fixed values ofm2 for Dx256.25 ~90%
C.L., solid lines! andDx2511.36 ~99% C.L., dotted lines!.
It can be seen that the low-energy SG data are basic
insensitive tosj

2 , since they are consistent both withnm

→nt oscillations ~left side! and with nm→ns oscillations
~right side!, as well as with any intermediate combination
the two oscillation channels. High-energy upgoingm data are
instead much more sensitive to thens component through
matter effects, which increase both with energy and withsj

2 ,
and tend to suppress them deficit @35#. Large matter effects
appear to be disfavored by the upgoing muon data, the ri
most part of the triangle being excluded at 90% C.L. T
multi-GeV data cover an intermediate energy range and
not as constraining as the upgoing muons; however, t
also show a tendency to disfavor a largens component. This
tendency is strengthened in the global combination of d
~fourth column!, leading to the upper bound

sj
2&0.67~90% C.L.!, ~50!

which clearly disfavors pure or quasi-purenm→ns oscilla-
tions. In particular, from our Figs. 9 and 10 we derive th
pure nm→ns oscillations (sj

251) are excluded at.99%
C.L., consistently with the SK analysis@7,8#.

However, the bound~50! still allows intermediate cases o
combined active1sterile oscillations with a sizablens com-
ponent. For instance, one cannot exclude that the sterile
trino channel may have the same amplitude as the active
(sj

250.5), or may even be dominant~e.g., sj
250.6, corre-

sponding ton1.0.77ns10.65nt). Furthermore, form2 in its
upper range~e.g.,m25531023 eV2 in Fig. 9!, a subdomi-
nantns component actually helps in the global fit to SK da
8-9
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FIG. 9. Results of the globa
x2 fit to atmospheric neutrino data
in the triangular representation
for decreasing values ofm2. See
the text for details.
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leading to a 90% C.L. allowed region which does not tou
the left side of the triangle~corresponding to the purenm
→nt channel!.

Figures 9 and 10 also provide bounds on the other mix
parametersc

2 , which governs the relative amount ofnm and
n1 on the atmospheric neutrino statesn3 and n4 @see Eqs.
~18!,~20! and Fig. 2#, and thus the overall amplitude ofnm
→n1 oscillations. From Figs. 9 and 10 we derive

sc
2.0.5160.17~90% C.L.!, ~51!

which favorsnm→n1 oscillations with nearly maximal am
plitude, as one expects from the observation of nearly m
mal average suppression (;50%) of upgoing MG muons
There is a slight asymmetry of the allowed regions with
spect tosc

251/2, which reflects the relative change of sign
vacuum and matter terms in Eq.~35! when passing from the
first to the second octant.

Figures 8, 9, and 10 demonstrate that, on the basi
present SK data on the zenith distributions of leptons
duced by atmospheric neutrinos, purenm→ns oscillations
are strongly disfavored, but one cannot exclude mix
active-sterile nm→n1 oscillations with n15cjnt1sjns ,
05300
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provided that the partial amplitude of the sterile channe
&67% @Eq. ~50!#. Since such bound is dominated by hig
energy muons, it is important to understand how such d
can improve the sensitivity tosj

2 in the future.
Figure 11 shows the zenith distributions of upwa

through-going muons at maximal (nm ,n1) mixing (sc
2

51/2) for n15nt ~left panel!, n15(nt1ns)/A2 ~middle
panel!, and n15ns ~right panel!. The solid~dashed! histo-
grams refer to6m25331023 eV2 (531023 eV2), the sign
of m2 being irrelevant at maximal mixing. From left to righ
sj

2 increases and matter effects also grow with it, produc
an increasing modulation of the zenith distributions. T
modulation, which is very strong for the oscillation probab
ity at fixed energies~not shown!, is largely smeared out in
Fig. 11 by integration over the energy spectrum and, t
lesser extent, by the presence of bothn andn̄ ~with opposite
matter terms! in the atmospheric neutrino flux. Therefore, th
modulation pattern of the UTm distribution might be more
clearly observed in future atmosphericn experiments@37#
aiming at improved energy reconstruction andm1/m2 sepa-
ration. Concerning the present SK data~Fig. 11!, the large
scatter of central values and the still large error bars prev
a clear discrimination of the theoretical distributions in t
8-10
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FIG. 10. As in Fig. 9, but for
lower values ofm2.
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left and middle panels, which anyway appear to provid
better fit than in the right panel. A reduction by a factor&2
in the uncertainties of the SK UTm sample appears necessa
for a decisive discrimination among the three cases show
Fig. 11. In conclusion, we can still learn a lot on thens
component ofn1 as we get more high-energy muon data
SK, as well as in MACRO, and possibly from future atm
sphericn experiments.

VI. LINKING ATMOSPHERIC AND SOLAR NEUTRINOS

Solar neutrino oscillations with both active and ster
states have been recently investigated in@13,14#, whose re-
sults can be interpreted, in our framework, through the id
tification c23

2 c24
2 [12sj

2 , u125v, and Dm21
2 5dm2. In

@13,14# it has been shown that there is a continuous se
solutions to the solar neutrino problem for unconstrainedsj

2 ,
ranging from pure ‘‘active oscillation solutions’’ (sj

251) to
pure ‘‘sterile oscillation solutions’’ (sj

250). In particular,
for sj

251 all the usual solutions to the solar neutrino proble
are present, either at smallv mixing ~matter-enhanced solu
tion! or at largev mixing ~matter-enhanced solution at lo
or highdm2, or vacuum solutions!. For decreasing values o
05300
a

in

-

f

sj
2 , all the solutions tend to shrink; however, the large m

ing ~LM ! ones~vacuum or matter-enhanced! eventually dis-
appear forsj

2&0.3– 0.4, while the small mixing~SM! solu-
tion still survives ~at ;99% C.L.! even for sj

250. Such
behavior is qualitatively reported in Fig. 12, through the t
angular representation of the parameter space. The plo
only qualitative, since the detailed behavior of any soluti
depends both on the confidence level adopted and on
specific value chosen fordm2, whose complete scan is be
yond the scope of this paper.

In Fig. 12, the allowed region at large mixing (sv
2 close to

1/2), which has the maximum likelihood atsj
251 ~pure ac-

tive oscillations, right side of the triangle!, gradually shrinks
when sj

2 decreases and eventually disappears. The allo
region at small mixing (sv

2 close to 0! covers instead the
whole sj

2 range.
As discussed in Secs. II and III, the solar and atmosph

solutions are coupled through the common anglej. Such
coupling can be visualized by putting the solar and atm
spheric triangles on top of each other, as shown in Fig
The results are qualitatively different for the SM and L
solutions to the solar neutrino problem, as shown in Figs.
and 14.
8-11
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Figure 13 shows, in gray, the regions globally allowed
the combination of solar and atmosphericn data, assuming
the SM solution to the solarn problem. The fact that atmo
sphericn data put an upper bound onsj

2 ~as quantitatively
discussed through Figs. 9 and 10! implies that also the frac
tion of the SM solarn solution at largesj

2 is excluded. How-
ever, there is still a continuous range of global solutions
sj

2Þ0, having a sizablens component for both solar an
atmosphericn oscillations. Therefore atmosphericn data
‘‘cut’’ a fraction of the SM solution to the solarn problem,
but the combination still allows solutions involving activ
1sterile neutrino oscillations for both atmospheric and so
neutrinos.

FIG. 11. The zenith distribution of upward through-going mu
events for three different oscillation scenarios, involving pure ac
oscillations~left panel!, pure sterile oscillations~right panel! and
mixed active1sterile oscillations~middle panel! at maximal mix-
ing.

FIG. 12. Qualitative pattern of 4n oscillation solutions to the
solar neutrino problem at small or large mixing, in the triangu
representation of the parameter space.
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FIG. 13. Qualitative combination of the atmosphericn solution
with a typical small-angle solarn solution.

FIG. 14. Qualitative combination of the atmosphericn solution
with a typical large-angle solarn solution.
8-12
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The opposite happens for the LM solution to the so
neutrino problem. In this case, solar neutrino data cut
‘‘small sj

2’’ part of the atmospheric allowed region, as show
in Fig. 14, and the globally allowed solutions~gray inner
regions! represent genuine active1sterile oscillations, which
never reduce to the pure active or pure sterile subcases~the
sides of the triangles!. In particular, the points denoted b
stars in Fig. 14 represent a peculiar solution~which might be
dubbed ‘‘fourfold maximal mixing’’!, corresponding to
maximal mixing ofn6 with ns,t (sj

251/2), maximal mixing
of n3,4 with nm,1 (sc

251/2), and maximal mixing ofn1,2 with
ne,2 (sv

2 51/2). In this case, both solar and atmospheric n
trino oscillations are equally distributed among the act
and sterile channels.

In conclusion, it turns out that, at least qualitatively, 4n
scenarios with mixed active1sterile transitions for both sola
and atmospheric neutrinos are allowed by the combinatio
world oscillation data, with different mixing patterns dictate
by the solution assumed for the solar neutrino problem~ei-
ther small or large mixing!. Consistency between atmo
spheric and solar neutrino data in 4n models has also bee
recently found in an independent and somewhat differ
analysis@16#. Therefore, the hypothesis of a fourth, ster
neutrino is still compatible with present data and needs
ther theoretical and experimental investigations. Such res
clearly demonstrate that the two-flavor approximations of
used to analyze solar or atmospheric neutrinos data~in terms
of either pure active or pure sterile oscillations! are, in gen-
eral, not appropriate to explore the full parameter space
lowed by 4n models. Our 4n formalism and triangular rep
resentations can also be usefully applied to explore thenm
→ns discovery potential in long baseline accelerator exp
ments, as shown for the MINOS experiment in@38#.

VII. REMARKS ON 3 ¿1 MASS SPECTRA

The standard arguments disfavoring 311 spectra~triplet
1singlet! with respect to 212 spectra~two doublets! in the
interpretation of the current 4n oscillation phenomenology
@1# appear to be somewhat weakened@12,19# in light of the
most recent LSND data@6#, and should be perhaps revisite
quantitatively. Here we make just a few qualitative co
ments on the mixing pattern that is likely to emerge in 311
models characterized by a triplet (n1 ,n2 ,n3) ~mainly respon-
sible for solar and atmospheric oscillations! and by a
‘‘loner’’ state n4 ~mainly responsible for LSND oscillations!.

The absence~or weak occurrence, as in LSND! of oscil-
lations in all channels probed by short-baseline reactor
accelerator experiments is consistent withn4 being close to a
flavor eigenstate. The dominant flavor ofn4 cannot bene
(nm), otherwise the disappearance pattern of solarne ~atmo-
sphericnm) would remain unexplained. Moreover, if it wer
n4;nt , then the triplet (n1 ,n2 ,n3) would approximately be
a linear combination of (nm ,ne ,ns), and thus the atmo
sphericnm oscillation partner should be eitherne ~excluded!
or ns ~disfavored at*99% C.L.! or a linear combination of
ne and ns ~presumably disfavored!. Therefore, the favored
option for 311 spectra seems to implyn4;ns , with ~at
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least! a small subdominant component ofnm and ne in n4,
necessary to drive LSND oscillations~see also@12,39#!.3

Assuming n4;ns in 311 models, the triplet state
(n1 ,n2 ,n3) would then approximately be linear combin
tions of (ne ,nm ,nt), and the triplet phenomenology of sola
and atmospheric neutrinos would practically become equ
lent to that of a standard framework with three active neu
nos. Such 3n framework has been worked out in detail
previous papers@32,33,41#, where the reader can find th
corresponding constraints on the mass-mixing parameter
conclusion, it seems that the emerging mixing pattern for
311 spectrum implies, up to small ‘‘LSND perturbations,
an effective three-neutrino phenomenology for solar and
mospheric oscillations. In this case, it becomes importan
study how well one can experimentally discriminate suchn
option from pure 3n oscillations.

VIII. SUMMARY AND CONCLUSIONS

In the context of 212 neutrino models, we have thor
oughly analyzed the SK atmospheric data on the zenith
tributions of lepton events, assuming the coexistence of b
nm→nt andnm→ns oscillations, with a smooth interpolatio
between such two subcases. We have shown that, altho
the data disfavor oscillations in the purenm→ns channel,
one cannot exclude their presencein addition to nm→nt os-
cillations. High energy muon data appear to be crucial
assess the relative amplitude of the active and sterile osc
tion channels for atmospheric neutrinos. We have a
shown, in a qualitative way, that mixed active1sterile oscil-
lations of atmospheric neutrinos are compatible with ana
gous oscillations of solar neutrinos, with different mixin
pattern emerging from different choices for the solarn solu-
tions. Such results indicate that the solar and atmosph
neutrino phenomenology cannot be simply embedded in
usual two-family scenarios involving oscillations into eith
pure active or pure sterile states, and call for an extendedn
framework involving combined solutions. Further directio
to improve and constrain our present results might invol
on the one hand, a quantitative, global analysis ofworld
neutrino oscillation data and, on the other hand, the inclus
of non-oscillatory data which have not been considered
this work, such as those coming from astrophysics and c
mology, and from direct neutrino mass measurements.
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