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Charged lepton flavor violation from massive neutrinos inZ decays

J. I. Illana*
Deutsches Elektronen-Synchrotron DESY, Platanenallee 6, D-15738 Zeuthen, Germany

and Departamento de Fı´sica Teo´rica y del Cosmos, Universidad de Granada, Fuentenueva s/n, E-18071 Granada, Spain

T. Riemann†

Deutsches Elektronen-Synchrotron DESY, Platanenallee 6, D-15738 Zeuthen, Germany
~Received 18 October 2000; published 6 February 2001!

The present evidence for neutrino masses and lepton flavor mixings allows us to predict, in the standard
model with light neutrinos, the branching rates for the decaysZ→em, mt, et of less than 10254, while present
experimental exclusion limits from CERN LEP 1 are of the order of 1025. The GigaZ option of the TESLA
Linear Collider project will extend the sensitivity down to about 1028. We study in a systematic way some
minimal extensions of the standard model and show that GigaZ might well be sensitive to the rates predicted
from these scenarios.
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I. INTRODUCTION

Lepton flavor violation searches are as old as our kno
edge about the existence of at least two different kinds
leptons: the electron and muon. A prominent example o
lepton flavor violating~LFV! process is

m→eg. ~1.1!

This reaction has not been observed so far, and the
experimental upper limit of its branching fraction is@1#

BR~m→eg!5
G~m→eg!

G~m→nmen̄e!
,1.2310211. ~1.2!

At the Z factory CERNe1/e2 collider LEP, searches fo
quite similar LFV processes, but this time directed to theZ
boson, became possible:

Z→em, mt, et. ~1.3!

The corresponding branching ratios are

BR~Z→ l 1
7l 2

6!5
G~Z→ l̄ 1l 21 l 1 l̄ 2!

GZ
, ~1.4!

and the best direct limits~95% C.L.! are @2#

BR~Z→e7m6!,1.731026 @3#, ~1.5!

BR~Z→e7t6!,9.831026 @3,4#, ~1.6!

BR~Z→m7t6!,1.231025 @3,5#. ~1.7!

These~and many other! observational facts may be de
scribed with the concept oflepton flavor conservation~LFC!
in neutral current reactions. In the standard model of e
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troweak interactions~SM! @6–8#, lepton flavor is exactly
conserved. However, the model may be extended in suc
way that virtual, LFC breaking corrections can appear. O
mechanism relies on the assumption of neutrinos with fin
masses and lepton mixing~from a nondiagonal mass matri
of the gauge symmetry eigenstates! @9–11#, leading to tiny
rates for all the above processes caused by LFV one-l
effects. Historically, thenSM—the standard model, enlarge
with massive, mixing neutrinos—was the first theory allo
ing such predictions thanks to its renormalizability@12–14#.
For the reaction~1.1! and similar low-energy reactions lik
m→e2e1e2 or n1→n2g the first studies were reported i
Refs.@15–17#, and for the LFVZ decays~1.3! in Refs.@18#
and @19#.1

The most general matrix element for the interaction of
on-shell vector boson with a fermionic current, as shown
Fig. 1, may be described by four dimensionless fo
factors.2 At one-loop order, it is convenient to parametrize

M52
igaW

4p
«rūf 2

~p2!Gruf 1
~2p1!, ~1.8!

with aW5g2/(4p), « being the boson polarization vecto
and

Gr5gr~ f V2 f Ag5!1
qn

MW
~ i f M1 f Eg5!srn . ~1.9!

Above, f V and f A stand for vector and axial-vector coupling
and f M and f E for magnetic and electric dipole mo
ments/transitions of equal/unlike final fermions. The for
factors depend on the momentum transfer squaredQ25(p2
2p1)2. For an on-shell photon, current conservation impl

1Soon afterward, related calculations were performed in the c
text of flavor nondiagonal quark production with a heavy virtual t
quark exchange@20–22#.

2For an off-shell vector boson two more form factors contribu
©2001 The American Physical Society04-1



f
r-

on

a
l

ve

en-
w-
r

rder

de-

ns
of
d
of

ew

ino
d by

aw
V

er-

e
s;

a

a

J. I. ILLANA AND T. RIEMANN PHYSICAL REVIEW D 63 053004
two additional conditions: (m22m1) f V50 and (m2
1m1) f A50. This means that LFVm decays are exclusively
due to dipole transitions, while for LFVZ decays all
f V , f A , f M , f E are, in principle, nonzero.

The general expressions for the branching ratios are3

BR~m→eg!5
12aW

p

MW
2

mm
2 ~ u f M

g u21u f E
g u2!, ~1.10!

BR~Z→ l 1
7l 2

6!5
aW

3

24p2

MZ

GZ
F u f V

Zu21u f A
Zu2

1
1

2cW
2 ~ u f M

Z u21u f E
Zu2!G . ~1.11!

Notice that while the muon total width isGm

5aW
2 /(384p)mm

5 /MW
4 , theZ width is GZ'aW /cW

2 MZ . That
is why BR(Z→ l 1

7l 2
6) is naturally by an order ofaW smaller

than BR(m→eg). Furthermore, theMW
2 /mm

2 enhancement o
Eq. ~1.10! is compensated due to the chirality-flipping cha
acter of the dipole form factors, proportional to the fermi
massmm .

The form factors are model dependent. In the approxim
tion of massless electrons~for m→eg! or massless externa

leptons ~for Z→ l̄ 1l 2!, there isonly one independent form
factor in each case. In the simplest assumption ofn Dirac
virtual neutrinosn i with massesmi , the mixings factor out
and one can write

m→eg: f M
g 5 f E

g[
sW

16

mm

MW
(
i 51

n

Vm iVei* Vg~l i ;lQ!,

~1.12!

Z→ l̄ 1l 2 : f V
Z5 f A

Z[
1

4cW
(
i 51

n

V l 1iV l 2i* VZ~l i ;lQ!,

~1.13!

f M
Z 5 f E

Z50, ~1.14!

where V is the lepton-flavor mixing matrix andVg/Z are
vertex functions, fully describing the amplitudes. We ha
introduced the neutrino mass ratiosl i5mi

2/MW
2 and the vir-

tuality of the Z boson lQ5Q2/MW
2 , that becomeslZ

3For the quark flavor-changingZ→q̄1q2 , multiply by a color fac-
tor Nc53.

FIG. 1. The effective LFV vertex.
05300
-

5MZ
2/MW

2 on its mass shell.4 Owing to the unitarity of the
mixing matrix, the amplitudes vanish for massless or deg
erate virtual neutrinos, in exact analogy with the Glasho
Iliopoulos-Maiani ~GIM! cancellation in the quark secto
@23#.

We have strong evidence for neutrino masses of the o
of some fractions of eV and large mixings@24,25#. For small
neutrino masses, a power-series expansion of the muon
cay amplitude yields@15–17#

Vg~l i!1;0!'constg1l i1O~l i
2!, ~1.15!

and similarly for theZ decay,5 but with complex coefficients
@18,27,28#:

VZ~l i!1;lZ!'constZ1~2.56222.295i !l i1O~l i
2!.
~1.16!

The constant terms drop out after summing over then gen-
erations of mixing neutrinos, but there survives contributio
to the branching fractions proportional to the fourth power
the mass ratiomi /MW , for nondegenerate neutrinos, an
thus unfortunately very small. Therefore an observation
such LFV decays would be indicative to the existence of n
physics with a new, large mass scale involved.

Consider now the hypothetical case of large neutr
masses. Neutrinos with large masses are accommodate
many extensions of the SM like grand unified theories@29#
or superstring-inspired models with anE6 symmetry @30#.
Heavy neutrinos are also well motivated by the sees
mechanism@31–33#. From the exact expression of the LF
m decays@34#,

Vg~l i ;0!5constg1F~l i !; ~1.17!

F~x!5
x~126x13x212x326x2 ln x!

~12x!4 , ~1.18!

one obtainsF(x@1)→2. In contrast, for the LFVZ decays
@19#;

VZ~l i@1;lQ!'constZ1
l i

2
1O~ ln l i !. ~1.19!

Let us summarize the phenomenologically relevant diff
ences between the LFVm andZ decays:~i! the very different
origin of the form factors intervening~dipoles in them case
and mostly vector and axial vector in theZ case!; ~ii ! the
‘‘typical size’’ of the rates due to the different powers of th
coupling constantaW appearing in the branching fraction
and ~iii ! for fixed mixings, theZ branching ratio rises with
virtual neutrino masses while them branching ratio reaches
plateau.

4The valuesMW580.41 GeV,MZ591.187 GeV,cW5MW /MZ ,
g5e/sW , andGZ52.49 GeV will be taken throughout this work.

5This is in clear distinction to Eq.~6! of Ref. @26# ~with a loga-
rithmic mass dependence!, where from the recent neutrino data
prediction was derived to be BR(Z→m7t6)'O(1028– 1025).
4-2
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In the rest of this work, we will concentrate on one-loo
induced LFVZ decays. For these and other rareZ decays, the
branching fractions are typically

BR~Z→rare!;S aW

p D 2

;O~1026!. ~1.20!

There are many studies on such processes, in relation to,
CP violation @35,36#, heavy neutral singlets@37,38#, super-
symmetry@39,40#, and superstrings@41,42#, or induced by a
mixing with a heavyZ8 @43#. See also the summary report
the LEP 1 workshop@44# and the later study on the hig
luminosity LEP 1 project@45#, in particular Ref.@46#. The
discovery reach of LEP 1 was indeed not very large, a
comparing the experimental limits~1.5!–~1.7! with the order
of magnitude of the potential effects~1.20!.

In a few years from now, a new high energye1e2 linear
collider could be constructed. Interesting enough, with
GigaZ option of the TeV Energy Superconducting Line
Accelerator~TESLA! project one may expect the productio
of about 109Z bosons at resonance@47#. This huge rate,
about a factor 1000 higher than the one at LEP 1, will ma
possible checks of the SM and its minimal supersymme
extension~MSSM! at the two-loop level@48#, as well as
searches for any kind of rareZ decays with unprecedente
precision. A careful analysis@49# shows that in particular the
LEP 1 discovery limits could be reduced to

BR~Z→e7m6!,231029, ~1.21!

BR~Z→e7t6!,k36.531028, ~1.22!

BR~Z→m7t6!,k32.231028, ~1.23!

with k50.2– 1.0. This means one might have a chance
observation if the lepton mixings are not tiny and the mas
of the neutrinos are at least of the order of the weak sc
Furthermore, in view of the expected sensitivities it mig
well be that the predictions are such that not only
asymptotic limit for large internal masses butan exact cal-
culation of the effective vertex is needed: at least, it will be
important to know where the large-mass limit fails.

We perform a complete recalculation of the branch
ratio ~1.4! in presence of heavy Dirac or Majorana neutrin
and study the prospects for GigaZ in view of present, rela
experimental facts. We also compare to earlier studies
revise some of them. Many technical details of more pe
gogical character may be found in Ref.@27#. In Sec. II the
case of Dirac neutrinos is considered; Majorana neutrinos
treated in Sec. III and our conclusions are drawn in Sec.
The Appendix collects notations, conventions and useful
pressions for the tensor integrals and the vertex function
well as their low and large neutrino-mass limits.

II. LFV Z DECAYS IN THE nSM

The simplest extension of the SM accounting for non
nishing LFV Z decay rates consists of extending the parti
content of the SM with three right-handedn singlets, thus
forming three massive, mixing neutrino statesà la
05300
.g.,
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Kobayashi-Maskawa. This is in conformity with compatib
results from present solar, atmospheric, reactor, and acce
tor neutrino experiments.

On basically the same footing one may also study the c
of an additional sequential, but heavy neutrino state. T
case implies the existence of a heavy charged lepton as w
in order to keep total lepton numberL conserved.6 It is not a
very favored scenario but we consider it as a simple ap
cation.

The final state charged leptons may be assumed mass
The amplitude is then purely left handed and it is describ
by a single form factor,

M52
igaW

16pcW
V~Q2!«Z

r ūl 2
~p2!gr~12g5!ul 1

~2p1!.

~2.1!

Using the same vertex functionVZ introduced in Eq.~1.13!
one has

VDir~Q2!5(
i 51

n

V l 1iV l 2i* VZ~l i ;lQ!. ~2.2!

In the ’t Hooft Feynman gauge, the amplitude receives c
tributions from the set of diagrams of Fig. 2:

VZ~l i ;lQ!5yW~ i !1yWW~ i !1yf~ i !1yff~ i !

1yWf
~ i !1yS~ i !. ~2.3!

The vertex diagrams D1 to D5~Fig. 2! yield, respectively,

yW~ i !52~y i1ai !@lQ~C01C111C121C23!22C2411#

2~y i2ai !l iC0 , ~2.4!

yWW~ i !52cW
2 ~2I 3

i L!@lQ~ C̄111C̄121C̄23!26C̄2411#,
~2.5!

yf~ i !52~y i1ai !
l i

2

2
C02~y i2ai !

l i

2 FlQC2322C241
1

2G ,
~2.6!

yff~ i !52~122sW
2 !~2I 3

i L!l i C̄24, ~2.7!

yWf
~ i !522sW

2 ~2I 3
i L!l i C̄0 . ~2.8!

The self-energy corrections to the external fermion linesS
contribute with

yS~ i !5 1
2 ~y i1ai24cW

2 ai !@~21l i !B111#. ~2.9!

The definitions of weak neutral vector and axial-vector co
plings are as usual:

6A fourth generation of quarks is also needed to keep the the
anomaly-free.
4-3
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FIG. 2. Feynman diagrams fo
the lepton-flavor changingZ de-
cay. In the case of virtual, ordi-
nary Dirac neutrinos, theZn in j

vertices in D1 and D3 are flavo
diagonal. The analogous quark
flavor changing process can b
obtained by replacingl k by down
quarks andn i by up quarks.
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y i5I 3
i L22QisW

2 5I 3
i L~124W

2 uQi u!, ~2.10!

ai5I 3
i L, ~2.11!

and the dimensionless one-loop tensor integralsC0 , C̄0 , Cab ,
C̄ab , and B1 are given in the Appendix, taking argumen
l i5l j for the C functions.

The form factorV describing the amplitude~2.1! is finite
and no renormalization is needed, as expected because
is no tree-level coupling of aZ boson to two fermions of
different flavor. Nonetheless, a nontrivial cancellation of
finities takes place, sinceC24, C̄24, andB1 are UV divergent.
Actually, the vertex functionVZ(l i ;lQ) is still infinite but
hasdivergences independent ofl i , that makes possible th
cancellation of the divergent terms in the amplitude, tha
to unitarity of the mixing matrix.

A. Contributions from light neutrinos

Disregarding the controversial results of the Liquid Sc
tillation Neutrino Detector~LSND! accelerator experiment
all neutrino experiments are compatible with the oscillat
of three neutrino species. We will now estimate the LF
branching ratios under the assumption that there are t
generations of light neutrino flavors and that their mixing
given by the unitary mixing matrixV constrained by the
experiments. The mixing is described by three anglesq12,
q13, q23, and oneCP-violating phased as in the quark
Cabibbo-Kobayashi-Maskawa~CKM! case.7

A global analysis of atmospheric neutrino data favo
nm2nt oscillations@50#,

7Oscillation experiments cannot distinguish between the Dirac
Majorana character of the neutrinos. If they happen to be Major
particles, two additionalCP-violating ‘‘Majorana’’ phasesa, b are
needed since forstrictly neutral particles less phase factors may
‘‘eaten’’ by redefining complex fermion fields. They are set here
a5b50.
05300
ere

-
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s

Dmatm
2 5Dm23

2 .~1 – 6!31023 eV2, ~2.12!

sin2 2qatm5sin2 2q23.0.8– 1.0. ~2.13!

The solar neutrino deficit is compatible withne2nm oscilla-
tions @50#,

Dm(
2 5Dm12

2 .10210– 1025 eV2, ~2.14!

sin2 2q(5sin2 2q125free. ~2.15!

There are solutions for vacuum and matter oscillations co
patible with a wide range of masses and mixing angles,
though the large mixing angle~LMA ! solution with maximal
mass splitting seems favored. From reactor searches, t
are no hints ofne2nt oscillations@51#, which allows us to
assume

sin2 2q1350. ~2.16!

Taking this information into the standard parametrization
the mixing matrix@2# one has

V5S c12 s12 0

2
1

&
s12

1

&
c12

1

&

1

&
s12 2

1

&
c12

1

&

D . ~2.17!

Using the unitarity ofV and l 1Þ l 2 ,

BR~Z→ l 1
7l 2

6!5
aW

3 MZ

192p2cW
2 GZ

3U(
i 51

3

V l 1iV l 2i* @VZ~l i ,lZ!2VZ~0,lZ!#U2

.

~2.18!

Performing a well justified low neutrino mass expansion
the vertex function~see Appendix Sec. 1!, one finds@18,27#

r
a

4-4
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FIG. 3. Contribution of one neutrino generationi to the LFVZ→ l 1
7l 2

6 decays for ordinary Dirac neutrinos in the small and large neutr
mass regions, and the analogous quark case. The mixing factor has been set toV l 1iV l 2i* 51.
r

re
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n,

i-
VZ~l i ,lZ!2VZ~0,lZ!5a1l i1O~l i
2!, ~2.19!

a152.562322.2950i . ~2.20!

Therefore BR(Z→ l 1
7l 2

6) goes as mi
4 for low neutrino

masses. This behavior is shown in Fig. 3. It is valid ove
large mass range until aboutmi'30 GeV, i.e., just below
the Z mass.

Taking now into account the phenomenological squa
mass differencesl i j [Dmi j

2 /MW
2 and the mixing angles

~2.12!–~2.16!, one can determine the finite expectation:

BR~Z→m7t6!.3310263us12
2 l122l23u2

'~1 – 30!310255, ~2.21!

and the upper limit:

BR~Z→e7m6!.BR~Z→e7t6!

'6310263c12
2 s12

2 l12
2 &4310260.

~2.22!

These extremely small rates are far beyond experime
verification. This justifies taking the light neutrino sector
massless in the following sections where we discuss ex
sions providing larger rates.
05300
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B. Contributions from one heavy ordinary Dirac neutrino

Assume the neutrino of generationN to be the only heavy
one, mixing with a light sector with negligible masses. The
using again the unitarity of the mixing matrix:

BR~Z→ l 1
7l 2

6!5
aWMZ

192p2cW
2 GZ

uV l 1NV l 2N* u2uVZ~lN ;lZ!

2VZ~0;lZ!u2. ~2.23!

In the large Dirac neutrino mass limit, the following approx
mation works well~see Appendix Sec. 2!:

VZ~l;lZ!5
1

2 F24cW
2 De1l1S 32

lZ

6
~122sW

2 ! D ln l

1
1

18
~2662lZ196sW

2 15sW
2 lZ!

1
1

3
~2812lZ232sW

2 24sW
2 lZ!y arctanS 1

2yD G
1OS ln l

l D , ~2.24!

with

y5A1/lZ21/4. ~2.25!
4-5
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FIG. 4. Upper limit of BR (Z→m7t6) as-
suming a light neutrino sector mixing with:~i!
one heavy ordinary~thick-solid! or singlet~thin-
solid! Dirac neutrino of massmN1

; ~ii ! two heavy
right-handed singlet Majorana neutrinos~dashed
lines! with massesmN1

andmN2
.
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The vertex function contains a constant term proportiona
De52/(42d)1g1 ln 4p, divergent in d54 dimensions.
This term drops out in the physical amplitude, as expec
since the unitarity of the mixing matrix demands the subtr
tion of VZ(0;lQ), with identical divergences. Its expressio
can be found in Sec. 1 of the Appendix. For an on-shellZ,

VZ~lN ;lZ!2VZ~0;lZ!5 1
2 @lN12.88 lnlN

2~6.9912.11i !#1O~ ln lN /lN!.

~2.26!

The exact results are depicted in Fig. 3, where the sim
calculation withQ250 @52# is also displayed. We find agree
ment with earlier calculations@19#, also for quark flavor-
changingZ decays@21,22#. Of course, the results forQ2

50 are a good approximation only whenmN
2 @MZ

2.
For a study of the size of the branching ratios, the kno

edge of the light-heavy mixing elements involved in E
~2.23! is crucial. Their values do not only influence potent
LFV processes but also flavor-diagonal ones. Using a gen
formalism developed in Ref.@53# one can exploit measure
ments of flavor diagonal processes~checks of lepton univer-
sality and CKM unitarity,Z boson invisible width, etc.! @54–
57# to obtain indirect experimental bounds on such ligh
heavy mixings@58#, defined as

sn l

2 [U(
i

V lNiU2

. ~2.27!

The most recent indirect bounds@59#,

sne

2 ,0.012, ~2.28!

snm

2 ,0.0096, ~2.29!

snt

2 ,0.016, ~2.30!
05300
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are only improved by the impressive accuracy of thedirect
searches for LFV processes involving the first two lept
generations. In fact, for heavy enough neutrinos one can
write Eq. ~1.10!:

BR~m→eg!'
3a

8p
sne

2 snm

2 , ~2.31!

and from Eq.~1.2! a stringent ‘‘mass-independent’’ limit ca
be extracted@60#:

sne

2 snm

2 ,1.431028. ~2.32!

The limit above sends theZ→em process beyond any ex
perimental reach, even if the neutrinos are very heavy.

At this point, it is important to realize that, although th
branching fractions for large neutrino masses grow as

BR~Z→ l 1l 2!}sn l 1

2 sn l 2

2 mN
4 , ~2.33!

there is a ‘‘natural’’ upper limit for the heavy neutrino mas
In this case of one sequential heavy neutrino, whose ma
acquired exclusively by a Yukawa coupling to the Hig
field, such a limit is determined by partial-wave unitari
bounds from the processNN→NN via Higgs/Z exchange
@61–63#:

mN&880 GeV. ~2.34!

For illustration, we show the less constrained upper lim
for Z→m7t6 in Fig. 4 ~thick-solid line!, assuming the
present~indirect! upper bounds on the corresponding mi
ings ~2.29! and~2.30!. The curve has been cut at the pertu
bative unitarity bound~2.34!. Of course, since there are a
least two unknowns, a neutrino mass and a combination
mixings, the LFVZ decays cannot improve the bounds
the mixings without assuming a value for the heavy neutr
mass~es!. This is in contrast to the LFVm decays for suffi-
ciently heavy neutrinos~2.31!.
4-6
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III. LFV Z DECAYS IN THE nSM WITH RIGHT-HANDED
MAJORANA SINGLETS

Let us now consider the case when the heavy neutr
are Majorana particles. Actually this is a very interesti
possibility since such states belong to the particle conten
most grand unified theories~GUT!, such as SO~10!. Further-
more, they may participate in the seesaw mechanism,
explains the smallness of the observed neutrino masse
introducing a general Majorana neutrino@64# mass matrix,
incorporating ordinary Dirac mass termsmD , of a size typi-
cal to the charged lepton sector, and lepton-number viola
Majorana mass terms at a higher scaleMR@mD . Majorana
mass termsMRnR

c vR1H.c., with nR being right-handed sin-
glets under the SM group, are gauge invariant, but viol
lepton number by two units. The physical states after dia
nalization of the mass matrix are, respectively, light a
heavy Majorana neutrinos with masses

mn'mD
2 /MR , mN'MR@mn . ~3.1!

If there is only one generation of heavy neutrinos, th
light-heavy mixings are fixed to be very small,

sn'mD /MR'Amn /mN, ~3.2!

leading to unobservable LFV effects.
But this is not the case when one includesseveralright-

handed Majorana neutrinos with intergeneration mixin
@58,65,66#. We will focus on the most conservative case
two heavy right-handed singlets.

A. LFV with Majorana neutrinos

Let us considernG generations of charged leptons~Dirac
fermions!, whose left-handed components (l L

0

5eL ,mL ,tL ,...) belong to the same isodoublet asnG left-
handed neutrinos (nL

05ne ,nm ,nt ,...) and, in addition,nR

right-handed neutrino singlets. The interaction eigensta
are a mixture of physical states given by@58,67,68#

l Li
0 5(

j 51

nG

Ui j
l Ll L j

, ~3.3!

nLi
0 5 (

j 51

nG1nR

Ui j nL j
, ~3.4!

where n5h nc are nG1nR Majorana fields ~i.e., self-
conjugate up to a phaseh!.

In the charged-current interactions, one must replace
leptonic mixing matrixV by its generalized version, the rec
angularnG3(nG3nR) matrix B,

Bi j [(
k51

nG

U
ki

l L* Uk j . ~3.5!

Therefore, in the physical basis,
05300
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at
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2LCC5
g

&
Wml Li

0 gmPLnLi
0 1H.c.

5
g

&
WmBi j l Lig

mPLnL j1H.c., ~3.6!

wherePR,L5 1
2 (16g5).

But the main feature distinguishing Dirac and Majora
cases is the existence ofnondiagonal Zn in j vertices~flavor-
changing neutral current!, coupling both left- and right-
handedcomponents of the Majorana mass eigenstates to
Z boson,

2LNC
Z 5

g

2cW
Zm@nLi

0 gmPLnLi

0 2nLi
0cgmPRnLi

0c#

5
g

2cW
Zmn i@Ci j g

mPL2Ci j* gmPR#n j , ~3.7!

where nL
0c5CnL

0T is the charge conjugate ofnL
0, which is

right handed, and

Ci j [(
k51

nG

Uki* Uk j , ~ i , j 51, . . . ,nG1nR!, ~3.8!

a quadratic (nG1nR)2 matrix. Such flavor-changing neutra
current vertices appear in graphs D1 and D3 of Fig. 2 wh
Majorana neutrinos couple directly to theZ, and aW or a
Goldstone bosonf is exchanged:

yW~ i , j !52Ci j @lQ~C01C111C121C23!22C2411#

1Ci j* Al il jC0 , ~3.9!

yf~ i , j !52Ci j

l il j

2
C01Ci j*

Al il j

2 FlQC2322C241
1

2G .
~3.10!

The other diagrams remain unchanged compared to the D
case and the resulting form factor reads8

VMaj~Q2!5 (
i , j 51

nG1nR

Bl 1iBl 2 j* VZ~ i , j !, ~3.11!

VZ~ i , j !5yW~ i , j !1yf~ i , j !1yWW~ i !1yff~ i !

1yWf
~ i !1yS~ i !. ~3.12!

We have used the Feynman rules in Refs.@70# and @71# to
properly handle interactions involving Majorana particles

8We have compared our formulas with Eq.~B1! of Ref. @69# and
found disagreement, in particular the appearance of a tensor inte
C22 at several instances.C22 is UV finite and has no numerica
impact on the amplitudes for large neutrino masses, where we
full agreement. However, the rearrangement of Eq.~3.14! leads to
the well established Dirac vertices only when using our expressi
4-7
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It turns out convenient to cast Eq.~3.12! as

VZ~l i ,l j !5d i j F~l i !1Ci j G~l i ,l j !1Ci j* Al il jH~l i ,l j !.
~3.13!

The Dirac vertex function~2.3! is then

VZ~l i !5F~l i !1G~l i ,l i !. ~3.14!

The form factor~3.11! is UV finite, but the vertex function
VZ(l i ,l j ) is not. The divergences are such that they exa
cancel due to unitarity relations among the mixing mat
elements ofB and C @27,58#. The same relations allow to
write VMaj in terms of only the heavy sector, assuming t
light sector being massless:

VMaj~Q2!5 (
i , j 51

nR

Bl 1Ni
Bl 2Nj

* $dNiNj
@F~lNi

!2F~0!1G~lNi
,0!

1G~0,lNi
!22G~0,0!#1CNiNj

@G~lNi
, lNj

!

2G~lNi
, 0!2G~0, lNj

!1G~0,0!#

1CNiNj
* AlNi

lNj
H~lNi

, lNj
!%. ~3.15!

B. nSM with two heavy Majorana singlets

In the simple case ofnR52 heavy right-handed single
neutrinosN1 andN2 , mixing with a massless sector, theB
andC matrices are fully determined by the ratio of the tw
physical heavy masses squaredr[mN2

2 /mN1

2 and the light-

heavy mixingssn l

2 , here

sn l

2 [(
i

uBlNi
u2. ~3.16!

Their explicit values are@58#

BlN1
5

r 1/4

A11r 1/2
sn l

, ~3.17!

BlN2
5

i

A11r 1/2
sn l

, ~3.18!

CN1N1
5

r 1/2

11r 1/2(
l

sn l

2 , ~3.19!

CN2N2
5

1

11r 1/2(
l

sn l

2 , ~3.20!

CN1N2
52CN2N1

5
ir 1/4

11r 1/2(
l

sn l

2 . ~3.21!

The mass ratior is a free parameter and the light-hea
mixings are constrained by present experiments as show
Sec. II B. Upper values for the branching ratios ofZ
→m7t6, obtained from the experimental bounds given t
heavy massesmN1

,mN2
, are also displayed in Fig. 4.
05300
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The case of two equal-mass Majorana neutrinosmN1

5mN2
is equivalent to one heavy singlet Dirac neutrino,9 and

it approaches rapidly the ordinary Dirac case for sm
masses. This phenomenon is just another example of
‘‘practical Dirac-Majorana confusion theorem’’@72# ~see
also the recent discussion in Refs.@73# and @74# and refer-
ences therein!. If both massesmN1

and mN2
are small, the

amplitude goes asArlN1
5mN1

mN2
/MW

2 with the same glo-

bal factora1 as in the ordinary Dirac case~2.20!. This can
been seen in Fig. 4 not far below theZ peak, where the
branching ratios grow withlN1

2 and scale with the ratio o

the two neutrino masses squared.
If one of the neutrinos has the mass of theZ boson, the

imaginary parts of the amplitudesVDir,Maj @coming from the
substraction~s! at lN50# dominates, both for the Dirac an
the Majorana cases. This happens since the real parts
slowly varying forMN<MZ , while the imaginary parts van
ish for MZ,MN1MN8 . Further, since these imaginary par
necessarily come from accounting the subtractions of
zero mass limits, they are independent of the value ofr. This
results in common values of the branching ratios formN1

5MZ for any value ofmN2
. Nevertheless, the substraction

the light sector implied by the unitarity constraints is not t
same for the cases of a heavy ordinary Dirac neutrino
heavy Majorana singlets. One finds explicitly

Im~VDir!

sn l 1
sn l 2

521.0524,
Im~VMaj!

sn l 1
sn l 2

522.0653. ~3.22!

The expansion of the form factor~3.15! in the large neu-
trino mass limitlN1

@1, at fixedr, leads to~see Appendix
Sec. 2!

VMaj~Q2!5sn l 1
sn l 2

H ( lsn l

2

~11r 1/2!2 S 3

2
r 1

r 21r 24r 3/2

4~12r !
ln r DlNi

1
1

2 S 32
122sW

2

6
lQD ln lN1

J 1O~1!, ~3.23!

that agrees with Ref.@58# for the unphysical valuelQ50.
The constant in front of the leading term coincides forr
51 with the ordinary Dirac case, except for an extra dam
ing factor( lsn l

2 , that makes the Dirac singlet case in partic

lar, and the Majorana case in general, more sensitive to
present bounds on the light-heavy mixings. The constan
front of the ln l term, subleading but not so much mixin
suppressed, is identical to the one in the ordinary Dirac c
~2.24!.

9In fact, two equal-mass Majorana neutrinos with oppositeCP
parities form a Dirac neutrino.
4-8
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We have cut again the curves at large neutrino masses
perturbative unitarity condition on the decay width of
heavy Majorana neutrino@75,76#,

GNi
.23

aW

8MW
2 mNi

2 (
l

uBlNi
u2<

1

2
mNi

, ~3.24!

leads to a constraint on the mass and the light-heavy mix

mN1

2 [
1

r
mN2

2 ,
2MW

2

aW

11r 1/2

r F (
k51

3

snk

2 G21

. ~3.25!

In other words, expression~3.25! shows that the unaccep
able large-mass behavior of the amplitudes (}mN

2 ) is actu-
ally cured when a sensible light-heavy mixing~at most
}mN

22! is taken into account@77,78#. Masses beyond the en
points are acceptable only if the mixings are smaller than
upper bounds. Of course, since there are at least two
knowns, a neutrino mass and a combination of mixings,
LFV Z decays cannot improve the bounds on the mixin
without assuming a value for the heavy neutrino mass~es!.
This is in contrast to the LFVm decays for sufficiently heavy
neutrinos~2.31!.

We see from Fig. 4 that GigaZ has a discovery potent
preferentially in the large neutrino mass region, if the lig
heavy-mixings are not much below the present upper lim
Due to the different coupling structure, the simple sequen
Dirac neutrino case does not constitute a limiting case
large masses.

IV. CONCLUDING REMARKS

The sensitivity of the GigaZ mode of the future TESL
linear collider to rare, lepton-flavor violatingZ decays has
been studied. We have determined the full one-loop exp
tations for the direct lepton-flavor changing processZ
→ l̄ 1l 2 with virtual Dirac or Majorana neutrinos. This is a
interesting theoretical issue in view of the evidences for t
neutrino masses from astrophysics, which might be also
dicative for the existence of heavy neutrinos in some gr
unifying theory. Both the exact analytical form and the lar
and small neutrino mass limits of the branching ratios
given, thereby cross checking the existing literature. Fr
our numerical studies, taking into account the present exp
mental results, we conclude that:~i! the contributions from
the observed light neutrino sector are far from experime
verification (BR&10254); ~ii ! the GigaZ mode of the future
TESLA linear collider, sensitive down to about BR;1028,
might well have a chance to produce such processes, if he
neutrinos exist in nature and if they mix with the light on
in a sizeable way. Finally, we have shown that we could g
from observation of the LFVZ decays alternative informa
tions compared to the LFVm decays.
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APPENDIX: TENSOR INTEGRALS AND VERTEX
FUNCTIONS

We have introduced dimensionless two- and three-po
one-loop functions:

B1~l i ![B1~0;mi
2,MW

2 !, ~A1!

C̄..~l i ![MW
2 C..~0,Q2,0;mi

2,MW
2 ,MW

2 !, ~A2!

C..~l i ,l j ![MW
2 C..~0,Q2,0;MW

2 ,mi
2,mj

2!, ~A3!

from the usual loop integrals@14,79# with the tensor decom-
position ~Minkowski metric!:

Bm~p2;m0
2,m1

2!5pmB1 , ~A4!

Cm~p1
2,Q2,p2

2;m0
2,m1

2,m2
2!5p1

mC111p2
mC12, ~A5!

Cmn~p1
2,Q2,p2

2;m0
2,m1

2,m2
2!

5p1
mp1

nC211p2
mp2

nC22

1~p1
mp2

n1p2
mp1

n!C231gmnMW
2 C24. ~A6!

The tensor integrals are numerically evaluated with the co
puter programLOOPTOOLS @80#, based onFF @81#. All the
numerical results for the Dirac case have been caref
checked against an older approach described in Ref.@19#.

The following definitions of the integrals ind dimensions
are useful:

B1~l i !52
De

2
1E

0

1

dxx ln@~12l i !x1l i2 i e#, ~A7!

C24~l i ,l j !5
De

4
2

1

2 E0

1

dxE
0

x

dy ln Di j W
, ~A8!

C0,11,23~l i ,l j !52E
0

1

dxE
0

x

dy@12y,y~12x!#
1

Di j W

,

~A9!

with l i5mi
2/MW

2 , De52/(42d)2g1 ln 4p and

Di j W
[lZxy1~12l j !x1@2lZ1~l i21!#y1l j2 i e.

~A10!

To get the barred tensor integralsC̄, replaceDi j W
by

DWWi[lZxy2~12l i !x1@2lZ2~l i21!#y112 i e.
~A11!

The functionsB1 , C24, andC̄24 are UV divergent but the
physical amplitudes are finite.
4-9
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1. Light neutrino mass expansions

Let us first list the value of the necessary tensor integ
for massless neutrinos andlQÞ0 @19#:

B1~0!52
De

2
2

1

4
, ~A12!

C0~0,0!52c0 , ~A13!

C11~0,0!52
1

lQ
~c0211 ln lQ2 ip!, ~A14!

C12~0,0!5C11~0,0!, ~A15!

C23~0,0!52
1

lQ
2 F ~lQ12!c02

lQ

2
2212~ ln lQ2 ip!G ,

~A16!

C24~0,0!5
De

4
1

1

4lQ
@22~lQ11!c013lQ122~lQ12!

3~ ln lQ2 ip!#, ~A17!

C̄0~0!52 c̄0 , ~A18!

C̄11~0!5
1

lQ
~ c̄02B11!, ~A19!

C̄12~0!5C̄11~0!, ~A20!

C̄23~0!52
2

lQ
2 S c̄02B112

lQ

4 D , ~A21!

C̄24~0!5
De

4
2

1

2lQ
F c̄02B112

3

2
lQ1plQy

22lQy arctan~2y!G , ~A22!

with

lQ c05
p2

6
2Li2S 1

11lQ
D2

1

2
ln2~11lQ!1p ln~11lQ!i ,

~A23!

lQ c̄05
p2

6
2Li2~12lQ!

12Re Li2F ~lQ21!S lQ

2
211lQyi D G

22ReLi2S 12
lQ

2
2lQyi D , ~A24!

B52yFarctan~2y!1arctanS lQ21

32lQ
2yD G . ~A25!
05300
ls

After expanding the tensor integrals for small neutri
masses~see Appendix D.2 of Ref.@27#!, the vertex function
for the case of a light Dirac neutrino reads

VZ~l!1;lQÞ0!5VZ~0;lQ!1a1l1O~l2!, ~A26!

where the terms proportional tol ln l have cancelled out
and

VZ~0;lQ!522cW
2 De1

213lQ

2lQ
~ ln lQ2p i !

2
1

4lQ
2 ~7lQ

2 114lQ28!
~11lQ!2

lQ
c0

1
2

lQ
2 ~112lQ!~ c̄02B!

1
6

lQ
@py22y arctan~2y!#. ~A27!

Only the functionsC̄.. develop imaginary parts, and only fo
lQ.4l i . At the Z peak the numerical result is

VZ~0;lZ!522cW
2 De11.258411.0524i . ~A28!

The linear term in the expansion~A26! has the coefficient
@18,27,28#

a1~lZ!52
2

lZ
~11lZ!c01

1

2lZ
2 ~4lZ

225lZ26!c̄0

2
2

lZ
~ ln lZ2p i !1

1

8lZ
2 ~25lZ

2238lZ224!

1
1

2lZ
~22lZ!py

1
1

lZ
2 ~lZ

217lZ16!y arctan~2y!

1
3

lZ
2 ~3lZ12!y arctanS lZ21

32lZ
2yD ~A29!

52.562322.2950i . ~A30!

The behavior of Eq.~A26! is in contrast to the caselQ
50 for which @19,27,52#

VZ~l!1;lQ50!5 1
2 ~24cW

2 De16l12l ln l!1O~l2!.
~A31!

2. Heavy neutrino mass expansions

The limits of the necessary tensor integrals and the ve
function in the Dirac case for large neutrino masses can
found in Appendix D of Ref.@27#. We collect below the
large mass expansions of the tensor integrals that are
needed for the Majorana case, namely one or two ident
neutrinos running in the loop:
4-10
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B1~l i !52
De

2
1

1

2
ln l i2

3

4
1

ln l i

l i
2

1

2l i
1O~1/l i

2!,

~A32!

C̄0~l i !52
ln l i

l i
2F124y arctanS 1

2yD G 1

l i
1O~1/l i

3!,

~A33!

C̄11~l i !5C̄12~l i !5
1

2

ln l i

l i
1O~1/l i

2!, ~A34!

C̄23~l i !52
1

6

ln l i

l i
1O~1/l i

2!, ~A35!

C̄24~l i !5
De

4
2

1

4
ln l i1

3

8
1~261lQ!

ln l i

12l i

1F23015lQ124~42lQ!y arctanS 1

2yD G
3

1

72l i
1O~1/l i

2!, ~A36!

C0~l i ,l i !52
1

l i
1

ln l i

l i
2 2~121lQ!

1

12l i
2 1O~1/l i

3!,

~A37!

C11~l i ,l i !5C12~l i ,l i !5
1

4l i
1O~1/l i

2!, ~A38!

C23~l i ,l i !52
1

18l i
1O~1/l i

2!, ~A39!

C24~l i ,l i !5
De

4
2

1

4
ln l i1

1

8
1~291lQ!

1

36l i
1O~1/l i

2!,

~A40!

with

y5A1/lQ21/4. ~A41!

Substituting the expressions above in Eq.~2.3! one gets the
Dirac vertex function of Eq.~2.24!.

Besides, we need some additional expansions for two
jorana fermions with different large massesl iÞl j ,

C0~l i ,l j !52
1

l i2l j
F l i

l i21
ln l i2

l j

l j21
ln l j G

1
lQ

~l i2l j !
2 F11

1

2 S 12
2l i

l i2l j
D ln l i

1
1

2 S 11
2l j

l i2l j
D ln l j G1O~1/l3!, ~A42!
05300
a-

and, to a lower accuracy in the expansion parameters:

C11~l i ,l j !5
1

2

11 ln l i

l i2l j
1

l j ln l j2l i ln l i

2~l i2l j !
2 1O~1/l2!,

~A43!

C12~l i ,l j !5C11~l j ,l i !, ~A44!

C23~l i ,l j !52
1

6~l i2l j !
2

3F ~l i1l j !2
2l il j

l i2l j
~ ln l i2 ln l j !G

1O~1/l2!, ~A45!

C24~l i ,l j !5
3

8
2

1

4

~l i11!ln l i2~l j11!ln l j

l i2l j

2
lQ

2
C23~l i ,l j !1O~1/l2!. ~A46!

Actually, C11 andC12 are irrelevant for large neutrino masse
Finally, in Eq. ~3.15! we need loop integrals where on

neutrino mass is large and the other one vanishes. They
all irrelevant exceptC24 in this limit, but we show their ex-
pansions for completeness:

C0~l,0!52
ln l

l
2

ln l

l2 1
lQ

2l2 1O~1/l3!, ~A47!

C12~0,l!5C11~l,0!5
1

2l
1~31lQ!

1

6l22
ln l

l2 1O~1/l3!,

~A48!

C11~0,l!5C12~l,0!5
1

2l
1~312lQ!

ln l

6l2 1
lQ

3l2

1O~1/l3!, ~A49!

C23~l,0!52
1

6l
2~21lQ!

1

12l22
ln l

6l2 1O~1/l3!,

~A50!

C24~l,0!5
De

2
1

3

8
2

ln l

4
2

lQ

12l
1O~1/l2!, ~A51!

and

C0,23,24~0,l!5C0,23,24~l,0!. ~A52!
4-11
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