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Note on solitons in brane worlds
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~Received 7 August 2000; published 29 January 2001!

We obtain the zero-mode effective action for gravitating objects in the bulk of dilatonic domain walls.
Without additional fields included in the bulk action, the zero-mode effective action reproduces the action in
one lower dimension obtained through ordinary Kaluza-Klein~KK ! compactification, only when the transverse
~to the domain wall! component of the bulk metric does not have a nontrivial term depending on the domain
wall world volume coordinates and the tension of the domain wall is positive. With additional fields included
in the bulk action, a nontrivial dependence of the transverse metric component on the domain wall longitudinal
coordinates appears to be essential in reproducing the lower-dimensional action obtained via ordinary KK
compactification. We find, in particular, that the effective action for the charged (p11)-brane in the domain
wall bulk reproduces the action for thep-brane in one lower dimension.
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I. INTRODUCTION

Recently, phenomenologists have actively considered
possibility that the existence of additional compact spa
dimensions may account for the large hierarchy between
electroweak scale and the Planck scale, the so-called hi
chy problem in particle physics. In this scenario, our fo
dimensional world is confined within the world volume of
three-brane, within which the fields of the standard mo
are contained. The earlier proposal@1,2# relies on a large
enough volume of the compact extra space for solving
hierarchy problem. A more compelling scenario proposed
Randall and Sundrum~RS! @3–5# assumes that the spacetim
is nonfactorizable, in contrast with the conventional view
Kaluza-Klein ~KK ! theory that the spacetime is the dire
product of the four-dimensional spacetime and the comp
extra space. Such a point of view of spacetime was a
previously taken @6–13# as an alternative to compac
compactification—namely, as a mechanism to trap ma
within the four-dimensional hypersurface without having
assume that the extra space is compact. However, wh
new in the RS model is that it is not just matter but a
gravity that is localized within the hypersurface. The exp
nential falloff ~as one moves away from the brane! of the
metric warp factor accounts for the large hierarchy betw
the electroweak and the Planck scales in our fo
dimensional world, which is assumed to be located aw
from the wall.

Since gravity is shown to be effectively compactified
one lower dimension~even when the extra spatial dimensio
is infinite! in the bulk of the RS domain walls@4#, it is of
interest to study various gravitating objects in such a ba
ground.~Some of the previous works on a related subject
Refs. @14–18#.! In our previous works@19–21#, we at-
tempted to understand charged branes in the bulk of the
type domain wall. It turns out that the domain wall bu
background is so restrictive about the possible gravita
objects that nondilatonic domain wall bulk in general do
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not allow charged branes. One of the ways to get around
difficulty is to allow the bulk cosmological constant term
have the dilaton factor. In fact, unlike the nondilatonic d
main wall of RS, dilatonic domain walls can be readily rea
ized within string theories. It is observed@19# that even the
dilatonic domain wall effectively compactifies gravity. Th
warp factor of the dilatonic domain wall that traps gravi
also decreases within the finite allowed coordinate inter
around the wall as a powerlaw, instead of exponentia
within the infinite allowed coordinate interval just like th
nondilatonic domain wall of the RS model@3–5#, and be-
comes zero at the end of the allowed finite coordinate in
val. So anyway one can also use such dilatonic domain w
for tackling the hierarchy problem.

It is realized@20# that chargedp-branes, as observed i
one lower dimension, should rather be regarded as cha
(p11)-branes in the bulk of domain walls~if one wishes to
regard charged branes in the brane world as being origin
from 10 or 11 dimensions of string theories!, because
chargedp-branes in the bulk of domain wall backgrounds a
not effectively compactified to the chargedp-branes in one
lower dimension on the hypersurface of the wall. We stud
@21# the dynamics of probes in the background of su
charged branes. In this paper, we check whether s
charged (p11)-branes in the domain wall bulk effectivel
describe the corresponding chargedp-branes in one lower
dimension or describe different physics in one lower dime
sion by obtaining the effective action for such chargedp
11)-branes in the bulk of the domain walls. The study of t
effective action of the brane world scenario can generica
provide one with the physical implications of the RS mod
such as any possible deviations of the effective low
dimensional theory of the RS model from ordinary Einste
gravity. In fact, for the first RS model@3# with negative
tension domain wall included~with nontrivial radion field!, it
was pointed out@22# that the lower-dimensional effectiv
theory is described by Brans-Dicke~BD! theory @23#, rather
than by Einstein’s general relativity. In the case of the s
ond RS model@4# with only a positive tension domain wa
and its dilatonic generalization, we find that the zero-mo
gravity effective action in one lower dimension is that
©2001 The American Physical Society03-1
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BRIEF REPORTS PHYSICAL REVIEW D 63 047503
Einstein’s general relativity. Also, we find that the effecti
action for the bulk (p11)-brane has exactly the same for
as the action for thep-brane in one lower dimension that
obtained from the action for the (p11)-brane through ordi-
nary KK compactification onS1. Therefore, for the gravitat
ing configurations under consideration in this paper, we fi
no deviation from Einstein’s general relativity and from o
dinary KK compactification. Our result on the bulk charg
(p11)-brane case implies that when there are additio
bulk fields the RS gauge of metric perturbations should
modified to include the transverse~to the domain wall! met-
ric perturbation, and yet gravity can be localized around
domain wall.

II. DILATONIC DOMAIN WALL SOLUTION

We begin by discussing theD-dimensional extreme dila
tonic domain wall solution studied in Ref.@19#. The total
action for the domain wall is the sum of the bulk action

Sbulk5
1

2kD
2 E dDxA2GFRG2

4

D22
]Mf]Mf1e22afLG ,

~1!

and the following world volume action:

SDW52sDWE dD21xA2ge2af. ~2!

Here, L is the bulk cosmological constant,sDW is the do-
main wall tension, andg is the determinant of the induce
metricgmn5]mXM]nXNGMN on the domain wall world vol-
ume, whereM ,N50,1, . . . ,D21 andm,n50,1, . . . ,D22.

In this paper, we consider the domain wall solution in t
conformally flat form as follows:

GMNdxMdxN5C@hmndxmdxn1dz2#, e2f5C (D22)2a/4,
~3!

where the conformal factorC is given by

C~z!5S 11
D12

D
Quzu D 4/(D22)(D12)

,

D5
~D22!a2

2
2

2~D21!

D22
. ~4!

Through the boundary condition atz50 and the equations o
motion, one can relateL andsDW to the parameterQ of the
solution in the following way:

L52
2Q2

D
, sDW52

4

D

Q

kD
2 . ~5!

In this paper, we assume thatQ.0, so that the tensionsDW
of the wall is positive whenD,0. In particular, the domain
wall solution of the RS model@3–5# corresponds to the
(D,a)5(5,0) case of the above general solution.
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III. ZERO-MODE EFFECTIVE ACTION

In this section, we study the (D21)-dimensional effec-
tive action obtained from the total action by integrating ov
the extra spatial coordinate. We shall consider only the z
modes of the fields, because the gravitating configurati
under consideration in this paper are independent of the e
spatial coordinate.

We consider the following form of the bulk metric:

GMNdxMdxN5C@gmndxmdxn1h2dz2#, ~6!

whereC is given by Eq.~4!, andgmn and h depend onxm,
only. When the bulk action has no additional field
D-dimensional equations of motion are guaranteed to be
isfied whenh51 andgmn is Ricci flat ~cf. Ref. @24#!. When
there are additional bulk fields,h can have a nontrivial de
pendence onxm, as can be seen from examples of the so
tions for charged branes in the bulk of dilatonic domain wa

First, we consider the case of no additional bulk field
The total action~1! 1 ~2! reduces to the following form:

S5
1

2kD
2 E dD21xdzA2gÃ2/(D12)

3FRg28
D21

D22

Q

D H d~z!2
DQ

4~D21!
Ã22J 2

2Q2

D
Ã22G

1
4

D

Q

kD
2 E dD21xA2g

5
1

2kD
2 E dD21xA2gF2

2DQ21

D14
Rg2

4Q

D
~11122!G ,

~7!

where Ã[11@(D12)/D#Quzu. Since the domain wall is
located atz50, the fields in the world volume action tak
the formse2af51 andgmn5gmn ~in the static gauge!. Note
that, in the last equality, we integrated over all possible v
ues ofz: Namely,

D

D12
Q21<z<2

D

D12
Q21

for the 22,D,0 case, and2`,z,` for the D,22
case@cf. Eq. ~4!#. ~TheD,22 case includes thea50 case,
i.e., the nondilatonic domain wall of the original RS mode!
WhenD.0 @in which casesDW given in Eq.~5! is negative
if Q.0], integration over all the possible values ofz, i.e.,
2`,z,`, will make the Einstein term diverge; i.e., th
(D21)-dimensional gravitational constant is zero and
gravity is not effectively compactified. So whensDW.0
~with Q.0), the effective action~7! reduces to the action fo
(D21)-dimensional general relativity with the gravitation
constant given by

kD21
2 52

D14

2D
QkD

2 , ~8!
3-2
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as can be seen from the last line of Eq.~7!. Note thatD is
always greater than24 for D.4, sokD21

2 .0 if D,0 and
Q.0. Note that it is essential thatsDW.0, in order for
Einstein’s gravity in one lower dimension to be reproduc
Namely, if sDW,0, the Einstein term would have diverge1

~unless the extra spatial dimension is truncated! and no can-
cellation of the extra terms in the action~7! would have
occurred~even if the extra spatial dimension is truncate!.
This is in accordance with the result of our previous wo
@19#, that gravity cannot be localized around the domain w
if D and Q are positive. So anyD-dimensional gravitating
objects in the dilatonic~as well as nondilatonic! domain wall
background with the bulk action given by Eq.~1! and the
metric given by Eq.~6! with h51 and Ricci-flatgmn effec-
tively describe the corresponding configurations in gene
relativity in one lower dimension, as long assDW.0, e.g.,
D,0 with Q.0. This confirms that the RS model can b
extended to the dilatonic domain wall case.

Now, we consider the case when the domain wall b
spacetime contains a charged (p11)-brane, where one o
the longitudinal directions of the brane is along the tra
verse direction of the domain wall, whose explicit solution
studied in our previous work@21#. The total actionS for this
case is give by the sum of the bulk action

Sbulk5
1

2kD
2 E dDxA2GFRG2

4

D22
~]f!21e22afL

2
1

2•~p13!!
e2ap11fFp13

2 G , ~9!

the domain wall world volume action~2!, and the following
additional world volume action for the charge
(p11)-brane:

Sp1152Tp11E dp12jFe2ap11fA2det ]aXM]bXNGMN

1
ADp11

2

1

~p12!!
ea1•••ap12]a1

XM1
•••]ap12

3XM p12AM1•••M p12
G ,

Dp115
~D22!ap11

2

2
1

2~p12!~D2p24!

~D22!
. ~10!

The consistency of the equations of motion requires thaa
andap11 satisfy the following constraint:

1The Einstein term in the effective action is finite; i.e., the effe
tive gravitational constantkD21 is nonzero if and only if the gravi-
ton KK zero mode is normalizable, i.e., if gravity is trapped on t
domain wall. Note, however, that the effective action may ha
undesirable terms such as a cosmological constant term in s
cases even if the KK graviton zero mode is normalizable.
04750
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aap1152
4~D2p24!

~D22!2 . ~11!

Guided by the explicit solution presented in Ref.@21#, we
take Eq.~6! as theD-dimensional metricAnsatzand the fol-
lowing as the remaining fieldAnsätze:

e2f5C (D22)2a/4e2f̃, Ap125C (D22)/2Ãp12 , ~12!

where the tilded fields@describing the parts of fields assoc
ated with the bulk (p11)-brane# depend onxm, only, andC
is given by Eq.~4!. Substituting the aboveAnsätze for the
fields into the total actionSand integrating overz, we obtain
the following effective action:

S5
1

2kD
2 E dD21xdzA2gÃ

2
D12FhRg2

4

D22
h~]f̃ !2

2
1

2~p12!!
h21e2ap11f̃F̃p12

2 28
D21

D22

Q

D
h21

3H d~z!2
DQ

4~D21!
Ã22J 2

2Q2

D
Ã22he22af̃G

1
4

D

Q

kD
2 E dD21xA2ge2af̃1Sp11

5
1

2kD21
2 E dD21xA2gFhRg2

4

D22
h~]f̃ !2

2
1

2~p12!!
h21e2ap11f̃F̃p12

2

12
~D14!Q2

D2 ~h211he22af̃22e2af̃!G1Sp11 ,

~13!

where F̃p125dÃp11 with (Ãp11)m1•••mp11

[(Ãp12)m1•••mp11z , kD21
2 is given by Eq.~8!, and we let

D,0 and made use of the constraint~11! in the form poten-
tial kinetic term. Note that the explicit expressions forh and
ef̃ are given in terms of the harmonic functionHp11 for the
D-dimensional (p11)-brane as@21#

h5Hp11
22(D2p24)/(D22)Dp11 , ef̃5Hp11

(D22)ap11/2Dp11 . ~14!

Note thatÃp12 andgmn are also given in terms ofHp11 but
we choose to leave it in the general form in the action, j
assuming such specific forms to ensure consistency with
D-dimensional equations of motion. Just as in the previo
case,gmn can contain a Ricci-flat metric without violatin
the equations of motion. So the scalar potential term of
(D21)-dimensional action in Eq.~13! becomes zero. The
(D21)-dimensional effective action in Eq.~13!, therefore,
becomes of the form of the bulk action for the dilaton
p-brane inD21 dimensions, obtained from the bulk actio
for the D-dimensional dilatonic (p11)-brane through ordi-
nary KK compactification onS1 along one of its longitudinal

-
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BRIEF REPORTS PHYSICAL REVIEW D 63 047503
directions. Next, we consider the world volume actionSp11
for the dilatonic (p11)-brane. In the static gauge with con
stant transverse@to the (p11)-brane# target space coordi
nates, the (p11)-brane world volume action~10! takes the
following form:

Sp1152Tp11E dp12xFe2ap11fA2detGab

1
ADp11

2
Atx1•••xpzG , ~15!

where a,b5t,x1 , . . . ,xp ,z. After substituting theAnsätze
for the fields in the above and integrating overz, we obtain
the following effective action:

Sp1152Tp11E dp11xdzÃ2/(D12)

3Fe2ap11f̃hA2detgãb̃1
ADp11

2
Ãtx1•••xpzG

52TpE dp11xFe2ap11f̃hA2detgãb̃1
ADp

2
Ãtx1•••xp

G ,
~16!

where Tp[@22D/(D14)Q#Tp11 and ã,b̃5t,x1 , . . . ,xp .
This is of the form of the world volume action for the (D
21)-dimensionalp-brane obtained from the world volum
action for theD-dimensional (p11)-brane through ordinary
KK compactification onS1 along one of its longitudinal di-
rections.
B

li,

n
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This result indicates that when there are additional fie
in the bulk action gravity can be trapped within the doma
wall even if the domain wall metric has a nontrivial pertu
bation along the transverse~to the domain wall! direction.
The zero mode of this transverse perturbation is identified
a scalar in one lower dimension. As we have seen from
dilatonic (p11)-brane solution in the domain wall bulk
such a zero mode of the transverse metric perturbation c
spires with the zero mode of the dilaton perturbation in su
a way that the possible scalar potential term or the cos
logical term in one lower dimension is eliminated. Thereb
a configuration in the domain wall bulk effectively describ
the corresponding configuration inan asymptotically flat
spacetimein one lower dimension.

On the other hand, the domain wall bulk spacetime is v
restrictive about the possible gravitating configurations. T
gravitating configurations with nontrivial transverse~to the
wall! metric component are not preferred if there are no
ditional fields in the bulk action, as it was shown@25–27#
that the zero mode of the transverse perturbation has to
ish. Also, without additional fields in the bulk action, th
zero-mode effective action with nontrivialh in Eq. ~6! yields
the potential term whose minimum is ath51, implying that
a solution having metric~6! with h51 is the classically pre-
ferred stable configuration. And only the dilatonic charg
brane with the dilaton coupling parameter satisfying the c
straint~11! is allowed in the bulk of a dilatonic domain wal
Because of this restriction, a nondilatonic domain wall bu
background cannot admit charged branes~with asymptoti-
cally flat spacetime in one lower dimension! and the current
RS-type models~dilatonic and nondilatonic! cannot admit,
for example, Reissner-Nordstro¨m black holes in one lower
dimension.
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