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Abrikosov string in NÄ2 supersymmetric QED
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~Received 29 May 2000; published 26 January 2001!

We study the Abrikosov-Nielsen-Olesen string inN52 supersymmetric QED with (N52)-preserving
superpotential, in which case the Abrikosov string is found to be 1/2-BPS saturated. Adding a quadratic small
perturbation in the superpotential breaksN52 supersymmetry toN51 supersymmetry. Then the Abrikosov
string is no longer BPS saturated. The difference between the string tensions for the non-BPS and BPS
saturated situation is found to be negative to first order of the perturbation parameter.
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I. INTRODUCTION
The simplest theory where saturated strings exist in

weak coupling regime is supersymmetric electrodynam
with the Fayet-Iliopoulos term@1#. Topologically stable so-
lutions in this model and its modifications were conside
more than once in the past@1–4#. If we consider theN52
supersymmetric Yang-Mills theory softly broken near t
monopole or dyon singularities, Abrikosov strings devel
@5#. They have been discussed in the literature@6–9# previ-
ously. We can see them in the effective Lagrangians near
singularities@3#, where the superpotential for the monopol
~or dyons! can be written as

W5mu~aD!1A2M̃aDM , ~1!

whereM is the monopole field. Minimization of the potentia
yields the monopole condensation; as a result, the stan
Abrikosov-Nielsen-Olesen string~ANO string! appears with
a tension proportional to the mass of theN51 chiral fieldm.

We can expand theu(aD) term in Eq.~1! as

mu~aD!52maD1haD
2 1••• ,

where the zeroth-order approximation corresponds to the
ear term inaD which preservesN52 supersymmetry@7#.
Our task is to find the correction due to the quadratic term
aD . In Sec. II we investigate supersymmetric electrodyna
ics ~SQED! with only a linear term inaD . The Abrikosov
strings in this case are found to be 1/2 Bogomol’nyi-Pras
Sommerfield~BPS! saturated. In Sec. III, we consider th
additional quadratic term in the superpotential which d
stroys the BPS property. And the correction in the str
tension in this case is calculated numerically to the first or
of the perturbation parameter.

II. 1
2 -BPS SATURATED ABRIKOSOV STRINGS

ConsiderN52 supersymmetric electrodynamics@5#. The
‘‘photon’’ Am is accompanied by itsN52 superpartners
~photinos!—two neutral Weyl spinorsl andc, and a com-
plex neutral scalara. They form an irreducibleN52 repre-
sentation that can be decomposed as a sum of twoN51
representations:a and c are in a chiral representationF,
while Am andl are in a vector representationWa . The mat-
ter sector consists of twoN51 chiral multipletsM and M̃
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with opposite electric charge. In summary, the field cont
of each superfield is as follows:

F: a, c, F

Wa : Am , l, D

M : M , cM , FM

M̃ : M̃ , c M̃ , FM̃ .

The renormalizableN52 invariant Lagrangian is describe
in anN51 language by canonical kinetic terms and minim
gauge couplings for all the fields as well as a superpoten

W5A2FMM̃2mF; ~2!

here we replace theaD in Eq. ~1! by F for simplicity.
The Lagrangian in component fields is given by

L52
1

4
FmnFmn1]mā]ma1 ilsm]ml̄1 icsm]mc̄

1DmM̄DmM1DmM̃̄DmM̃1 icMsmDmc̄M

1 ic M̃smDmc̄ M̃1~A2icMlM̄1H.c.!

1~2A2ic M̃l M̃̄1H.c.!1~A2aMFM̃2A2acMc M̃

1A2aFMM̃2A2cc M̃M2A2ccMM̃1A2FMM̃

2mF1H.c.!1FF̄1
1

2
D21D~M̄M2 M̃̄ M̃ !

1FMF̄M1FM̃F̄M̃ . ~3!

Here we set the coupling constante51 for the convenience
which is not important in our later results. We stick to th
convention in what follows~see the discussion in Sec. IV!.
Here F, FM , FM̃ , andD are the auxiliary fields which are
given by

F5m2A2M̄ M̃̄ ,

FM52A2āM̃̄ ,

FM̃52A2āM̄ ,

D52~M̄M2 M̃̄ M̃ !. ~4!
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HereM ,M̃ are the lowest components of the correspond
superfields, respectively, with the electric charges61, e.g.,

DmM5]mM2 iAmM , DmM̃5]mM̃1 iAmM̃ .

The scalar potential is minimized at

F5FM5FM̃50, D50, ~5!

which occurs when

a50, MM̃5
m

A2
, and uM u5uM̃ u. ~6!

Then the supersymmetric transformations which prese
N52 supersymmetry are given by

da5A2jl1A2«c,

dc5 i jD2 i jsmnFmn1A2«F1A2ism«̄]ma,

dF52A2i jsm]ml̄1A2i ]mcsm«̄,

dAm52 i jsmc̄1 icsmj̄2 i«sml̄1 ilsm«̄,

dl5A2jF̄1A2ismj̄]ma1 iD«1 ismnFmn«,

dD5]mcsmj̄1jsm]mc̄1]mlsm«̄1«sm]ml̄,

dM5A2«cM1A2j̄ c̄ M̃ ,

dM̃5A2j̄ c̄M1A2«c M̃ ,

dcM5A2«FM1A2ism«̄DmM1A2smj̄DmM̃̄22i ājM ,

dc M̃5A2smj̄DmM̄1A2ism«̄DmM̃1A2«FM̃22i ājM̃ ,

dFM5A2iD mcMsm«̄22j̄ l̄ M̃̄22i ājcM ,

dFM̃5A2iD mc M̃sm«̄22j̄ l̄M̄22i ājc M̃ , ~7!

where the spinorial indices are suppressed.
Without loss of generality, we can assume that the Ab

kosov string axis lies along thez axis, while the string profile
depends only onx,y. Then we obtain the saturation equ
tions by requiring the fermionic field transformations in Eq
~7! to vanish as follows:

F125A2~A2M̄ M̃̄2m!,

~D11 iD 2!M50, ~8!

~D12 iD 2!M̃50,

with the constraint determining the parameter of the resid
supersymmetry,

i t3j5«, ~9!
04501
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which reduces the number of supersymmetries from 8 to
The Abrikosov-Nielsen-Olesen string is 1/2-BPS saturate

The ansatz which goes through Eq.~8! is

M5S m

A2
D 1/2

eif f ~r !,

M̃5S m

A2
D 1/2

e2 if f ~r !, ~10!

Af522
g~r !

r
,

with the boundary conditions

f ~0!5g~0!50,

lim
r→`

f ~r !51,

lim
r→`

g~r !52
1

2
.

The profile functionsf (r ) andg(r ) satisfy the first-order
differential equations

f 85
f

r
~112g!,

g85
1

2
r ~12 f 2!A2m, ~11!

where a prime denotes differentiation overr.
One can calculate the string tension as follows:

T5E d2xH 1

2
F12

2 1D1M̄D1M1D2M̄D2M1D1M̃̄D1M̃

1D2M̃̄D2M̃1~m2A2M̄ M̃̄ !~m2A2MM̃ !

1
1

2
~M̄M2 M̃̄ M̃ !2J

5E d2xH U 1

A2
F122~A2M̄ M̃̄2m!U2

1~D11 iD 2!

3M̄ ~D11 iD 2!M1~D12 iD 2!M̃̄ ~D12 iD 2!M̃

1
1

2
~M̄M2 M̃̄ M̃ !22A2mF122 i @]1~M̄D2M !

2]2~M̄D1M !#1 i @]1~ M̃̄D2M̃ !2]2~ M̃̄D1M̃ !#J .

~12!

Applying Eq. ~8! and neglecting the total derivative term
we get
5-2
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T52A2mE d2x F12. ~13!

III. SMALL PERTURBATION IN THE SUPERPOTENTIAL

We can add a small perturbation in the superpotential,
~2!,
f
s

-

04501
q.

W5A2FMM̃2mF1hF2, ~14!

whereh is a real small perturbation parameter.
Then we can go over the analysis in Sec. II in a simi

way. But the small perturbation will breakN52 supersym-
metry and the resultant Abrikosov string is no longer B
saturated which can be seen clearly in the string tension
T5E d2xH 1

2
F12

2 1D1M̄D1M1D2M̄D2M1D1M̃̄D1M̃1D2M̃̄D2M̃1~m2A2M̄ M̃̄22hā!~m2A2MM̃22ha!

1
1

2
~M̄M2 M̃̄ M̃ !21]1ā]1a1]2ā]2a12aāMM̄12aāM̃ M̃̄ J

5E d2xH U 1

A2
F122~A2M̄ M̃̄2m!U2

1~D11 iD 2!M̄ ~D11 iD 2!M1~D12 iD 2!M̃̄ ~D12 iD 2!M̃

1
1

2
~M̄M2 M̃̄ M̃ !22A2mF122 i @]1~M̄D2M !2]2~M̄D1M !#1 i @]1~ M̃̄D2M̃ !2]2~ M̃̄D1M̃ !#1]1~ ā]1a!

1]2~ ā]2a!22ha~m2A2M̄ M̃̄ !J , ~15!
so-
e

ue
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tu-

o
o-
where we have used the equation of motion for fielda:

2]1
2a2]2

2a52h~m2A2MM̃22ha!22aMM̄22aM̃M̃̄ .
~16!

To the first order ofh, we can still use the ansatz~10! for
the fieldsM, M̃ , and Am . After applying ansatz~10!, Eq.
~16! becomes, to first order inh,

]1
2a1]2

2a522hm~12 f 2!12A2ma f2. ~17!

Then the string tension turns out to be

T5E d2x$~2A2mF12!22ha~m2A2M̄ M̃̄ !%. ~18!

Then from Eqs.~13!,~18!, we can find the difference o
the string tensions between non-BPS and BPS saturated
ation to be

DT5E d2x$22ha~m2A2M̄ M̃̄ !%

522hmE d2x a~12 f 2!, ~19!

where we have used the ansatz~10!.
To see Eq.~19! more clearly, one can switch to dimen

sionless quantities
itu-

x→ 1

~A2m!1/2
x,

y→ 1

~A2m!1/2
y,

a→ha. ~20!

Then we get

DT52A2h2E a~12 f 2!d2x, ~21!

wherea, f, andx here are dimensionless.
We can solve Eqs.~11!,~17!, and calculateDT in Eq. ~21!.

The result is

DT522A2ph20.68,0. ~22!

IV. CONCLUSIONS

We investigated the Abrikosov-Nielsen-Olesen string
lution in N52 supersymmetric electrodynamics with som
(N52)-preserving superpotential. The string solution is d
to the superpotential rather than due to the Fayet-Iliopou
term. The Abrikosov string was found to be 1/2-BPS sa
rated which follows directly from theN52 supersymmetric
transformations. After theN52 supersymmetry is broken t
N51 by the perturbation in the superpotential, the Abrik
5-3
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sov string is no longer BPS saturated. And the string tens
in this case was found to be less than that of the BPS c
Here, we only investigate the ANO string with winding num
ber n equal to 1. For winding numbern.1, the whole pro-
cess is almost the same just with the ansatz~10! modified by

M5S m

A2
D 1/2

einf f ~r !,

M̃5S m

A2
D 1/2

e2 inf f ~r !,

Af522n
g~r !

r
.

For example, forn52, we get finally

DTn52522A2ph237.35. ~23!

Note that we have

Tn52,2Tn51 . ~24!

In fact, this relationship holds for winding numbern.1; just
replace the number 2 above withn. Actually, in this case, the
y,

04501
n
e.
Higgs boson mass in the effective Abelian Higgs mode
less than the photon mass@10#, which means that the theor
has type I superconductivity. In a type I superconductor,
tension of the vortex with winding numbern is less than the
sum of the tensions ofn vortices with winding numbern
51. Therefore, the vortices withn.1 are stable.

As we mentioned before, we have set the coupling c
stante51 for convenience, which is not important for ou
result~22!. However, if we increase the perturbation para
eterh, the strings with winding numbern.1 can be broken
by W-boson production at largeh. Furthermore, at largeh,
the N52 supersymmetric QED at hand enters the stro
coupling regime and is no longer under control. In this ca
the monopoles which play the role of matter fields can har
be considered as local degrees of freedom and the effec
N52 supersymmetric QED description breaks down@10#.
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