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Influence of the U„1…A anomaly on the QCD phase transition
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TheSU(3)r3SU(3)l linear sigma model is used to study the chiral symmetry restoring phase transition of
QCD at nonzero temperature. The line of second order phase transitions separating the first order and smooth
crossover regions is located in the plane of the strange and nonstrange quark masses. It is found that if the
U(1)A symmetry is explicitly broken by theU(1)A anomaly, then there is a smooth crossover to the chirally
symmetric phase for physical values of the quark masses. However, if theU(1)A anomaly is absent, the region
of first order phase transitions is significantly enlarged and it is found that there is a phase transition for
physical values of the quark masses provided that thes meson mass is at least 600 MeV. In both cases, the
region of first order phase transitions in the quark mass plane is enlarged as the mass of thes meson is
increased.
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The ultimate goal of relativistic heavy ion experiments
to probe the phase diagram of quantum chromodynam
~QCD!. General theoretical considerations indicate that
sufficiently high temperatures there should be a transi
from ordinary hadronic matter to a chirally symmetr
plasma of quarks and gluons@1#. The order parameter fo
this phase transition is the quark-antiquark condensate.
sults from lattice gauge theory predict the temperature of
transition to be about 150 MeV@2#. The order of the phase
transition, however, seems to depend very much on the n
ber of quark flavors and their masses@3#.

Classically, the matter part of the QCD Lagrangian w
Nf flavors is invariant under the symmetry groupSU(Nf) r

3SU(Nf) l3U(1)A . The axialU(1)A symmetry is broken
to Z(Nf)A by a nonvanishing topological susceptibility@4#
and theSU(Nf) r3SU(Nf) l symmetry is spontaneously bro
ken to the diagonal group of vector transformation
SU(Nf) r 1 l5SU(Nf)V , by a nonvanishing expectation valu
for the quark-antiquark condensate. TheSU(Nf) r

3SU(Nf) l3U(1)A group is also explicitly broken by the
effects of nonzero quark masses. It was shown by Pisa
and Wilczek that for three or more massless flavors,
phase transition for the restoration of theSU(Nf) r
3SU(Nf) l symmetry is first order, while for two massles
flavors the phase transition is second order@1#.

The U(1)A symmetry may also be restored, if only pa
tially, since instanton effects are Debye screened at high t
peratures@5,6#. There are now two possibilities: either th
U(1)A symmetry is restored at a temperature much gre
than theSU(Nf) r3SU(Nf) l symmetry or the two symme
tries are restored at~approximately! the same temperatur
@7#. Recent lattice gauge theory computations have dem
strated a rapid decrease in the topological susceptibility aTc
@8# and random matrix models also indicate that the t
symmetries are restored simultaneously@9#. Perhaps more
dramatically, it was also shown that the topological susc
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tibility vanishes atTc in the large-Nc limit @10#. On the other
hand, the fate of theU(1)A anomaly in nature is not com
pletely clear since instanton liquid model calculations in
cate that the topological susceptibility is essentially u
changed atTc @11#. Additionally, other lattice computation
which measure the chiral susceptibility find that theU(1)A
symmetry restoration is at or below the 15% level@12,13#.

Unlike the idealized massless quark limit, there are
general theoretical arguments which require that a ph
transition exists for massive quarks. Indeed, some lat
simulations indicate that for physical quark masses, no ph
transition occurs@3,14,15#. The general consensus from la
tice computations is that in the plane of light quark mas
~see Fig. 1! there is a first order region bounded by a line
second order transitions. Outside this region, there is
phase transition, but rather a crossover characterized b
rapid but smooth and continuous decrease of the qu
antiquark condensate. Given the present difficulties with p
forming lattice computations with realistic quark masses a
a large number of sites, it is useful to complement t

-

FIG. 1. The phase diagram on the (mu,d ,ms) plane as obtained
from lattice computations. These results are a compilation of d
from the JLQCD and the Columbia groups taken from Refs.@3# and
@14#. The plot is from Ref.@14#.
©2001 The American Physical Society01-1
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present lattice results with effective models that capt
some of the relevant dynamics of QCD. Some work for th
flavors has been done in this direction@16–19#. In these
works, theSU(3)r3SU(3)l linear sigma model was used t
study the order of the chiral symmetry restoring phase tr
sition as a function of the current quark masses with the r
of the up-down to strange quark masses held fixed. In R
@16,17,19#, a loop expansion is used to compute the effect
potential and in Ref.@18# a mean-field analysis of this mode
was presented. The effects of the restoration of theU(1)A
symmetry on the spectrum of hadronic observables in he
ion collisions were addressed within the context of t
model in Ref.@20#.

In this paper, I present results concerning the order of
chiral symmetry restoring phase transition as a function
the current quark masses using theSU(3)r3SU(3)l linear
sigma model without fixing the ratio of the masses. In ad
tion, the effects of theU(1)A anomaly on the order of the
QCD phase transition are investigated. Here, the Cornw
Jackiw-Tomboulis~CJT! @21# formalism is used to derive
gap equations for the condensates and the tadpole-resum
scalar and pseudoscalar nonet meson masses at nonzero
perature. The derivation of and the solutions to this se
equations in a variety of limits have been presented e
where@22#. The results agree qualitatively with earlier stu
ies on a lattice@3,14,15# and with other studies using th
SU(3)r3SU(3)l linear sigma model@16–19#. In the pres-
ence of an explicitU(1)A symmetry breaking term, I find
that for physical values of the strange and nonstrange cur
quark masses, there is no phase transition but rather a sm
crossover. For smaller values of the masses, the phase
sition is first order with a line of second order transitio
separating the first order and the crossover regions. In
absence of an explicitU(1)A symmetry breaking term, the
region of phase transitions is greatly enlarged. In particu
if the s meson mass is greater than 600 MeV, then the tr
sition is driven to first order for physical values of the qua
masses. In both cases, the region of first order phase tr
tions is enlarged as the mass of thes meson is increased.

The most general renormalizable theory compatible w
the flavor symmetries of QCD is theSU(3)r3SU(3)l linear
sigma model. While this model cannot account for the f
dynamics of QCD, on the line of second order phase tra
tions the only relevant dynamics are determined by the s
metries of the theory. So, in the vicinity of this line, the u
of the SU(3)r3SU(3)l linear sigma model is appropriate
Its Lagrangian is given by

L~F!5Tr~]mF†]mF2m2 F†F!2l1@Tr~F†F!#2

2l2Tr~F†F!21c@Det~F!1Det~F†!#

1Tr@H~F1F†!#. ~1!

Here,F is aU(3) matrix defined byF5Ta(sa1 ipa). The
Ta5l̂a/2 are the generators ofU(3) wherel̂a are the Gell-
Mann matrices withl05A2/3I . TheTa are normalized such
that Tr(TaTb)5dab/2.

The parameters of the Lagrangian are the bare massm, a
background matrix fieldH5h0T01h8T8 , a cubic couplingc
03790
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and two quartic couplings,l1 andl2 . The various patterns
of symmetry breaking and the parametrizations of the c
pling constants for this Lagrangian were studied in@22# and
will only be briefly reviewed here. ForH50, c50 andm2

.0, the Lagrangian has a globalSU(3)r3SU(3)l3U(1)A
symmetry. The effects of theU(1)A symmetry breaking by a
nonvanishing topological susceptibility~i.e. the presence o
instantons in the QCD vacuum! are included by settingc
Þ0 which reduces the symmetry toSU(3)r3SU(3)l . For
nonzeroH, chiral symmetry is explicitly broken.

I assume that there are nonzero vacuum expectation
ues for thes0 ands8 fields which I denote bys̄0 and s̄8 .
After shifting these fields by their expectation values a
following @23#, the Lagrangian can be rewritten as

L5 1
2 @]msa]msa1]mpa]mpa2~mS

2!absasb

2~mP
2 !abpapb#1~Gabc2

4
3 Fabcds̄d!sasbsc

23~Gabc1
4
3 Habcds̄d!papbsc22Habcdsasbpcpd

2 1
3 Fabcd~sasbscsd1papbpcpd!2has̄a , ~2!

where

Gabc5
1
6 c@dabc2

3
2 ~da0d0bc1db0da0c1dc0dab0!

1 9
2 d000da0db0dc0#,

Fabcd5
1
4 l1~dabdcd1daddbc1dacdbd!

1 1
8 l2~dabndncd1dadndnbc1dacndnbd!,

Habcd5
1
4 l1dabdcd1 1

8 l2~dabndncd1 f acnf nbd

1 f bcnf nad!,

~mS
2!ab5m2dab26Gabc s̄c14Fabcds̄cs̄d ,

~mP
2 !ab5m2dab16Gabcs̄c14Habcds̄cs̄d . ~3!

Here the summation runs over the indexn only anddabc and
f abc are the symmetric and antisymmetric structure co
stants, respectively, ofU(3).

The sa fields are members of the scalar (Jp501) nonet
and the pa fields are members of the pseudoscalar (Jp

502) nonet. Thep1,2,3 are the pions, thep4,5,6,7 are the
kaons and thep0 and thep8 are admixtures of theh and the
h8 with mixing angleuP. The situation with the scalar none
is not as clear and still somewhat controversial@24#. Thes0
and thes8 are admixtures of thes and thef 0(1370) with
mixing angleuS. The s1,2,3 are identified with thea0(980)
and thes4,5,6,7with the k meson.

The explicit symmetry breaking terms can be determin
~see, for instance, Ref.@22#!, to be h05(1/A6)(mp

2 f p

12 mK
2 f K), h85(2/A3)(mp

2 f p2mK
2 f K).
1-2
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BRIEF REPORTS PHYSICAL REVIEW D 63 037901
The gap equations~Schwinger–Dyson equations! derived
from the CJT effective potential@21# in the tadpole-
resummed approximation, or Hartree approximation,
found to be

~Sab~k!!2152k21m2dab26Gabcs̄c14Fabcds̄cs̄d

14FabcdE
k
Scd~k!14HabcdE

k
Pcd~k!,

~Pab~k!!2152k21m2 dab16Gabc s̄c14Habcds̄c s̄d

14HabcdE
k
Scd~k!14FabcdE

k
Pcd~k!,

ha5m2 s̄a23Gabcs̄bs̄c23GabcE
k
Scb~k!

13GabcE
k
Pcb~k!1 4

3 Fabcds̄ds̄bs̄c

14Fabcds̄dE
k
Scb~k!14Hbcads̄dE

k
Pcb~k!,

~4!

where, in the last equation,a50,8 andSab(k) @Pab(k)# are
the Green’s functions for the scalar@pseudoscalar# mesons.
S08(k) andP08(k), however, are nonzero on account of t
mixing between the singlet and the octet states. All ot
non-diagonal entries are identically zero. As such, it is n
essary to rotate these Green’s functions into the mass ei
basis since only physical fluctuations can contribute to
masses:

Uia
S Sab~k!U jb

S 5S̃i~k!d i j , Uia
P Pab~k!U jb

P 5P̃i~k!d i j , ~5!

whereUia
p 5d ia for i ,aÞ0,8 and whereUia

p is given by an
O(2) rotation byuP in the 0-8 block. The definition forUia

s

is similarly given byuP→uS. The thermal integral arising
from tadpole diagrams is

E
k
S̃i~k!5E d3k

~2p!3

1

ek@~M̃S
2! i #

S expH ek@~M̃S
2! i #

T J 21D 21

and similarly for the pseudoscalar tadpole integra
*kPcd(k). Here,ek@(M̃S

2) i #5@k21(M̃S
2) i #

1/2 is the relativis-
tic energy of thei th scalar quasiparticle with momentumk. I
have neglected the vacuum contribution arising from
loop integrals. Implementing a systematic renormalizat
scheme is difficult but possible in this approximation~see
@25#!. The results, however, are not significantly altered.

Since in the Hartree approximation the gap equations
not have an explicit momentum dependence, we can ass
that @Sab(k)#2152k21MS

2 whereMS depends on tempera
ture but not momentum, and similarly for@Pab(k)#21. Equa-
tions ~4! and ~5! are then fixed point equations and can
numerically solved simultaneously as a function of tempe
03790
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ture forMp , MK , Mh , Mh8 , Ms , Mk , M f 0
, Ma0

, s̄0 , s̄8 ,

uP anduS. The numerical solutions for a variety of param
eters are given in Ref.@22#.

The condensate and mass gap equations are solved
fixed m, c, l1 andl2 , while varying the background fields
h0 and h8 . The determination of the coupling constants
detailed in Ref.@22#. For cÞ0, the four couplings in the
Lagrangian are fitted to yield the physical tree-level mas
of the pion, kaon,s, h andh8, while for c50, the remain-
ing three couplings are determined from the physical tr
level masses of the pion, kaon,s and h. The background
fields are proportional to the current quark masses:mup

5mdown5a(h01h8 /A2), mstrange5b(h02A2h8). For sim-
plicity, I assume temperature independent proportiona
constants,a and b. Requiring that mp5138 MeV, mK
5496 MeV, mup5mdown510 MeV andmstrange5150 MeV
gives a54.6431026 @MeV#22 and b52.27
31026 @MeV#22.

To determine the order of the phase transition, I examin
the continuity of the order parameters as a function of te
perature. For a first order transition, the condensates are
tivalued functions of temperature in the vicinity of the pha
transition. For a smooth crossover, the condensates
smooth singlevalued functions of temperature and alw
nonzero. This behavior is demonstrated in Fig. 2. Only
nonstrange condensate is shown since both condensate
hibit qualitatively the same behavior.

The numerical results are plotted in Fig. 3. ForcÞ0,
these results agree with those of lattice groups@3,14,15#. For
ms51000 MeV, the authors of Ref.@18# report the ratio of
the critical current up-down quark mass to the physical
down quark mass formstrange/mup,down532 to be;0.01. The
corresponding value found in the present work is;0.20.
The larger value found here is most likely due to the inc
sion of thermal fluctuations from the scalar and pseudosc
nonets. Formup5mdown50, the transition is first order from
zero strange quark mass to some critical strange quark m

FIG. 2. Thes̄0 condensate for various values of the kaon ma
with a pion mass of 100 MeV. The kaon mass is 80, 200 and
MeV for curves~a!, ~b! and ~c!, respectively. Curve~a! is a first
order phase transition, curve~b! is close to second order and curv
~c! lies in the crossover region.
1-3
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For ms5800 MeV, this critical strange quark mass is abo
16 MeV, while forms5900 MeV, it is 260 MeV.

For c50, however, the results are dramatically differe
In particular, the line of second order transitions does
seem to approach the strange quark mass axis. Forms

5600 MeV, the physical point,mup>mdown>10 MeV and
mstrange>150MeV, is just outside the first order region. F
larger values of thes meson mass, the physical point is we
within the first order region. The results also seem to indic

FIG. 3. The lines of second order phase transitions in the p
of the nonstrange and strange current quark masses forms

5600 MeV,ms5800 MeV andms5900 MeV. The cases wher
the U(1)A symmetry is explicitly broken by the axial anomaly,c
Þ0, are shown on the left, and the cases where theU(1)A symme-
try is exact,c50, are shown on the right. The physical mass po
(mup,down510 MeV andmstrange5150 MeV) is indicated by the dia
mond.
tt
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that for c50 there is a first order phase transition for thr
flavors provided only that one of the flavors is sufficien
heavier than the other two flavors. The departure of the s
ond order phase transition line from the strange quark m
axis was also predicted using arguments from large-Nc chiral
perturbation theory in Ref.@26#.

At this point, it should be mentioned that the Hartree a
proximation sometimes predicts a first order transition wh
the transition is actually second order. For example, ren
malization group arguments predict a second order ph
transition for the massless limit of theO(4) linear sigma
model @1#, while the Hartree approximation predicts a fir
order transition~see, for instance, Ref.@25#!. This is not a
problem in the low quark mass region since the transition
expected to be first order. The location of the second or
line should not be significantly affected.

Additionally, the cubic and quartic couplings are fixe
and temperature independent. The running of the coupli
with temperature should be at most logarithmic, while t
integrals arising from the tadpole diagrams depend quad
cally on the temperature. So it is reasonable that the runn
of the couplings does not qualitatively alter these results.
the other hand, if the Coleman-Weinberg mechanism
strongly operative, some portion of the crossover region m
actually be driven to first order@27#.
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