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Atmospheric neutrino anomaly without maximal mixing?
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We consider a pattern of neutrino masses in which there is an approximate mass degeneracy between the two
mass eigenstates most coupled to thenm andnt flavor eigenstates. Earth-matter effects can lift this degeneracy
and induce an effectively maximal mixing between these two generations. This occurs ifne’s contain compa-
rable admixtures of the degenerate eigenstates, even if they are not large. This provides an explanation of the
atmospheric neutrino anomaly in which theab initio introduction of a large mixing angle is not required. To
test this possibility we perform a detailed analysis of the 52 kiloton-year SuperKamiokande data, and we find
that in a large region of parameter space the corresponding confidence levels are excellent. The most recent
results from theCHOOZ reactor experiment, however, severely curtail this region, so that the conventional
scenario with nearly maximal mixing angles, which we also analyze in detail, is supported by the data.
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I. INTRODUCTION

The results of the SuperKamiokande~SK! Collaboration
on the atmospheric neutrino deficit@1# can be explained in
terms of neutrino oscillations@2#. It is natural to analyze the
data in the context of the most general mixing pattern
three neutrinos, since that is their known number. Three g
erations are necessary if oscillations are to explain the at
spheric and solar@3# anomalies: a scheme with only tw
neutrinos cannot account for both effects.

Let Ū, with (ne ,nm ,nt)
T5Ū•(n1 ,n2 ,n3)T, be the

Cabibbo-Kobayashi-Maskawa~CKM! matrix in its most
conventional parametrization, reviewed by the Particle D
Group @4#:

Ū[Ū23Ū13Ū12[S 1 0 0

0 c̄23 s̄23

0 2 s̄23 c̄23

D
3S c̄13 0 s̄13e

id

0 1 0

2 s̄13e
2 id 0 c̄13

D S c̄12 s̄12 0

2 s̄12 c̄12 0

0 0 1
D ~1!

with s̄12[sinū12, and similarly for the other sines and co
sines. Several groups have performed analyses of a
spheric and solar data in terms of three-neutrino mixing@5#,
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as described by Eq.~1!, or including sterile neutrinos@6#. It
is common to these studies to restrict to a ‘‘minim
scheme,’’ in which the mass-square difference relevan
atmospheric oscillations dominates over the one relevan
solar neutrinos:Dm̄23

2 @Dm̄12
2 . In this scenario, the numbe

of parameters describing oscillations at terrestrial distance
reduced to three,s̄13, s̄23, andDm̄23

2 , while those most rel-

evant to solar neutrinos ares̄12, s̄13, andDm̄12
2 . The best fit

of the atmospheric data@7# is

Dm̄23
2 ;2.831023 eV2, sin2~2ū23!;1, s̄13

2 ;231022.
~2!

The angle ū23.p/4 is close to maximal, to explain th
dearth of muons in the SK data.

The situation for solar neutrino oscillations is less defin
@8#. The combined solar experiments allow for three differe
regions of parameter space. The solar deficit can be in
preted either as Mikheyev-Smirnov-Wolfenstein~MSW!

~matter enhanced! oscillations@9# with an angleū12 that can
be large or small, or as nearly maximal vacuum oscillatio
ū12.p/4. The corresponding mass differences,Dm̄12

2

51026 to 1024 eV2, or some 10210 eV2, are significantly
below the range deduced from atmospheric observatio
giving support to the minimal scheme. IfDm̄12

2

;O(1023) eV2, it can have non-negligible effects on atm
spheric data that have been recently studied@10#.

As is well known, the field of neutrino oscillations is pe
meated by a tally of implausible facts and coincidences.
cillations over a distanceL occur if Dm2L/En;1. In the
various data samples used by the SK Collaboration, the
erage neutrino energies are roughly 1, 10, and 100 GeV
that for the value ofDm23

2 in Eq. ~2!, the ‘‘right’’ distances to
de
©2001 The American Physical Society01-1
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measure an effect are 280, 2800, and 28 000 km: the siz
our planet and the energies in the cosmic ray spectrum h
been chosen snugly. Something entirely similar can be
about the low-mass or ‘‘just-so’’ solution to the solar ne
trino problem. Moreover, the solar and atmospheric neutr
‘‘anomalies’’ could have been observed only if the effec
are large. This requires surprisingly large mixing angles,
cept for the ‘‘small-angle’’ MSW solution to the solar neu
trino problem, for which the ambient matter elegantly e
hances the effect of a small vacuum mixing. Considera
theoretical effort has been invested in arguing that large n
trino mixings are natural, as small quark mixings are b
lieved to be.

A final peculiarity of the observed atmospheric neutri
oscillations involves the matter contribution to the effecti
squared mass of electron neutrinos:

A[2A2GFEnne , ~3!

wherene is the electron number density in the Earth. Fo
typical average terrestrial density of 5 g/cm3 and En

510 GeV, A;3.731023 eV2, again in the ballpark of
Eq. ~2!. This last coincidence suggests the existence o
‘‘small-angle solution’’ to the atmospheric neutrino problem

In the ‘‘small-angle’’ scheme we study, the large o
servednm disappearance is generated in the following w
Let n2 and n3 be almost degenerate, and heavier thann1.
When neutrinos traverse the Earth, the degeneracy is li
by matter effects, enhancingnm-nt oscillations@11#. We find
that the consequent transitions are maximal if the elec
neutrino has comparable vacuum admixtures of the dege
ate mass eigenstates,Ū(e2).Ū(e3), even if these quanti
ties are not large.

We perform an analysis of atmospheric zenith angle d
in the context of three-family mixing with one scale dom
nance as that in@7#, and find that an explanation of the a
mospheric neutrino anomaly not involving nearly-maxim
neutrino mixing indeed exists, but is disfavored by t
complementary information from reactor neutrinos. For
current experimental situation, nearly maximal neutrino m
ing angles seem to be unavoidable. The titles of the chap
and appendixes specify the structure of this paper.

II. APPARENT LARGE MIXINGS INDUCED BY MATTER
EFFECTS

A. From small to large angles

In a three-family scenario, let one neutrino mass eig
state be much lighter than the other nearly-degenerate
Their squared mass matrix can be written as

MK
vac. Diag@m1

2 ;m21m2
2 ;m21m3

2#, ~4!

whereK stands for the ‘‘kinetic’’ eigenbasis~as opposed to
the flavor basis!, vac is for vacuum, andm i

2!m2. The de-
gree of degeneracy assumed for the two heavier neutr
embodies three conditions: their mass differenceDm23

2 [m3
2

2m2
2 is much smaller than their common mass scalem2; it is

also small enough not to induce observable oscillations o
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terrestrial distances (Dm23
2 L/En!1 for the relevant energie

and lengths of travel!; and it is smaller than the effectiv
mass excess induced on electron neutrinos by matter eff
Dm23

2 !A, with A as in Eq.~3!. De facto, these conditions
simply amount toDm23

2 !1024 eV2. In practice we can se
m i

250 in the analysis of oscillations over terrestrial bas
lines.

For the mass pattern of Eq.~4!, one of the three neutrino
mixing angles and theCP-violating phase of the CKM ma-
trix U are unobservable. This is readily checked. We para
etrize the CKM matrix in the unconventional orderU
[U12U13U23, as follows:

U[U12U13U23[S c12 s12 0

2s12 c12 0

0 0 1
D S c13 0 s13

0 1 0

2s13 0 c13

D
3S 1 0 0

0 c23 s23e
id

0 2s23e2 id c23

D ~5!

with s125sin(u12), etc. The vacuum mass matrix in flavo
spaceMF

vac[UMK
vacU† does not depend ons23, or on d.

The mixing matrix is effectively reduced toU[U12U13.
In the approximation we are discussing,m2 is the only

relevant mass-scale difference and the vacuum trans
probabilities between different neutrino flavors are

P~ne→nm!54s12
2 c12

2 c13
4 sin2S m2L

4En
D ,

P~ne→nt!54s13
2 c13

2 c12
2 sin2S m2L

4En
D ,

P~nm→nt!54s13
2 c13

2 s12
2 sin2S m2L

4En
D . ~6!

The probabilitiesP(ne→nm) and P(ne→nt) are quadrati-
cally suppressed for smalls12 ands13, while P(nm→nt) is
quartically suppressed. The situation in matter, however
drastically different.

It is convenient to work in the ‘‘kinetic’’ basis wherein
MK

vac is diagonal. The effect of matter is fully encrypted in
modification of the squared mass matrix:

MK
mat[MK

vac1U†S A1B 0 0

0 B 0

0 0 B
D U, ~7!

where, as is well known,B arises from flavor-universa
forward-scattering neutral current interactions whileA, given
by Eq. ~3!, arises from the charged-current contribution sp
cific to n̄ee andnee scattering.

To illustrate how matter effects lift the vacuum dege
eracy between two mass eigenstates, we diagonalizeMK

mat to
first order in A/m2, temporarily assumed to be small~the
exact formulas, used in the numerical results, are prese
1-2
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in Appendix A!. To order zero in this expansion there a
two equal eigenvalues, so that we must follow the usual ru
of degenerate perturbation theory. WriteMK

mat5M [0]

1M [1] with

M [0]5S 0 0 0

0 m21As12
2 Ac12s12s13

0 Ac12s12s13 m21Ac12
2 s13

2
D ,

M [1]5S Ac12
2 c13

2 Ac12c13s12 Ac13c12
2 s13

Ac12c13s12 0 0

Ac13c12
2 s13 0 0

D , ~8!

where we have subtracted the common entryB, which plays
no role in neutrino mixing. We must diagonalizeM [0] ex-
actly to lift the degeneracy inM vac, then the second term ca
be consistently treated in perturbation theory.

To order A/m2, the flavor and kinetic mass matrice
MF

mat andMK
mat , are

MF
mat5U12U13UmatMK

matUmat
† U13

† U12
† , ~9!

MK
mat5Diag@Ac12

2 c13
2 ;m2;m21A~s12

2 1c12
2 s13

2 !#, ~10!

where

Umat[S 1 0 0

0 c23
mat s23

mat

0 2s23
mat c23

mat
D , ~11!

and the sine of the mixing angle in matter is

s23
mat5s12/As12

2 1c12
2 s13

2 . ~12!

There are two important points to notice. First, instead
one mass difference as in vacuum, we have two:

Dm12
2 ;m2,

Dm23
2 5A~s12

2 1c12
2 s13

2 !, ~13!

one ofO(m2), the other ofO(A), the matter-induced mass
Second, the matrixUmat plays the same role as the mixin
matrix U23 in the generic mixing scenario of three neutrino
The effect of matter is simply to split the degenerate eig
values and induce the effective angles23

mat of Eq. ~12!. The
crucial point is that this angle can be large even ifs12 ands13
are small. To this order inA/m2, the condition for maximal
mixing is s135s12/c12; in a parametrization-independe
language, this is equivalent to the requirement that the m
ing between the second and third eigenstates with the e
tron flavor state be the same:U(e2)5U(e3).

B. Oscillation probabilities

For the Earth’s electron density appearing inA, Eq. ~3!, it
is a good approximation@12# to consider a piecewise
constant density profile: a negligible density for neutrin
03300
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traversing the atmosphere,rm55 g/cm3 for the mantle, and
rc511 g/cm3 for a core of 3500 km radius. The matte
induced squared ‘‘mass’’ can then be expressed asA
52A2GFEn^ne(cn)&, where the electron density is averag
over the neutrino trajectory, andcn is the cosine of its zenith
angle. The oscillation probabilities depend on the two m
differences of Eq.~13! and have the same form as th
CP-conserving part of the general three-flavor vacuu
transition probabilities:

Pnanb
~En ,cn!524(

k. j
Re@Wab

jk #sin2S Dmjk
2 L~cn!

4En
D ,

~14!

with Wab
jk [@Ua jUb j* Uak* Ubk#, and U[U12U13Umat . The

distanceL(cn) is

L~cn!5R^@A~11 l /R^ !22sn
22cn#, ~15!

where R^ is the radius of the Earth andl;15 km is the
typical height at which primary cosmic rays interact in t
atmosphere.

Consider thenm↔nt entry of Eqs.~14!:

Pnmnt
~En ,cn!5sin2~2u23

mat!sin2S Dm23
2 L~cn!

4En
D 1O~s12

2 ,s13
2 !.

~16!

Even if s12 ands13 are small,Pnmnt
can be maximal, since

u23
mat.p/4 for s12.s13. In the limit s12,s13→0, Dm23

2 →0
and the oscillation probability vanishes: there cannot be
cillations if all CKM angles are zero.

Large nm→nt oscillations take place fors12,s13 small,
but bounded from below by the conditionDm23

2 R^ /En

;O(1). For this parameter range one should still check t
size ofne→nm ,nt transitions, which are not observed. Th
turns out not to be a problem for the atmospheric anom
because thenm /ne flux ratio is close to 2, and in the regio
of maximal mixing and small vacuum anglesP(ne→nm)
;P(ne→nt). Consequently, the number of disappearingne
can be compensated by the number ofnms that oscillate into
nes @13#. But a largene disappearance probability can lead
a violation of the stringent bounds imposed by theCHOOZ

experiment@14,15#. We shall see thatCHOOZ, but not SK,
disfavors our small-angle scenario.

C. Relation to the conventional scenario

The degenerate-neutrino scenario involves only o
vacuum mass difference in the description of terrestrial
periments. This is also the case in the scenarios consider
most previous analyses of atmospheric data, even with th
families @5#, but with a single dominant mass difference.

As it turns out, the degenerate scenario is exactly equ
lent to the conventional one of@5# with D̄m23

2 52m2 ~in
vacuum oscillations the sign of this difference would be u
observable!. To see this equivalence explicitly, it suffices
1-3
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consider their vacuum CKM matrix, which is written in th
customary orderŪ[Ū23( s̄23)Ū13( s̄13), and to obtain from it
the matrix of Eq.~5! via the substitutions:

s̄23
2 5

s12
2 c13

2

s12
2 1s13

2 c12
2 ,

s̄13
2 5c12

2 c13
2 . ~17!

Note that small mixing angles in the degenerate para
etrization may correspond to large mixings in the conv
tional one. In particular, a region of arbitrarily small mixin
angless12

2 ,s13
2 of our mass-degenerate scenario is mappe

a domain around the valuess̄23
2 ;1/2 ands̄13

2 ;1 of the con-
ventional parametrization. The most ‘‘natural’’ parametriz
tions are the ones in which the rotation matricesUi j act on
the mass eigenstates in order of decreasing degeneracy
conventional parametrization, used in the Particle D
Group book@4#, is natural for the quark sector with its hie
archical mass splitting, but not necessarily for the lepton s
tor. The parametrization we use, Eq.~5!, is natural for the
partially degenerate mass pattern that we are conside
@16#.

As we saw in the previous subsection, the presence
degenerate eigenstates in vacuum can lead to large trans
probabilities in matter. The enhacement of transition pr
abilities in matter in the context of three-family mixing wit
two degenerate neutrinos has been discussed before in@11#
and, in the context of the three-maximal mixing model,
@13#. The parametrization we use here clarifies the origin a
generality of the effect.

III. ZENITH ANGLE AND ENERGY DISTRIBUTION
OF THE SK EVENTS

The data of the SK collaboration, as well as their Mon
Carlo expectations for the case in which there are no neut
oscillations, are binned in the azimuthal angle of the o
served electrons and muons, and in their energy~in the case
of muons the level of containment within the detector a
distinguishes different data samples!. To reproduce these re
sults one must convolute neutrino fluxes and survival pr
abilities with charged-current differential cross sections a
implement various efficiencies and cuts. This being an ela
rate procedure, in Appendix D we check our results by
producing the no-oscillation Monte Carlo results of SK,
well as the neutrino ‘‘parent energy’’ spectrum: the azimu
ally averaged neutrino flux weighted with the integrated n
trino cross section and with the efficiencies of the vario
data samples.

In the rest of this section we review how the data a
binned, we specify our procedure, and we analyze the fit
the conventional oscillation scenario, as well as to our ma
degenerate alternative.

A. The data samples

The SK collaboration chooses to bin the observ
charged-lepton energies in a few samples. The electron
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didates are subdivided into sub-GeV~sgev! and multi-GeV
~mgev!. The muon candidates are distinguished as sgev
mgev, partially and fully contained~PC, FC!, and through-
going ~thru!. To set apart these categories, we introduce
lection functions Ths,l(El ,cl), with s5sgev, mgev andl
5e,m, that depend on the energyEl and on the cosinecl of
the azimuthal angle of the outgoing lepton (cl51 is verti-
cally down-going!. In computing the number of events, the
selection functions will weight the product of neutrino flu
and cross section. For the sgev events,

Thsgev,l~El ![Q@Eth,l2El #Q@El2Emin,l #, ~18!

with Eth,e(m)51.33 ~1.4! GeV, Emin,e(m)5100 (200) MeV
for e(m), respectively. For the mgev electron even
Thmgev,e(El)[Q@El2Eth,e#.

For the mgev muons, we must distinguish between p
tially and fully contained events:

Thmgev-PC,m~Em ,cm![Q@Em2Eth,m#PC~Em ,cm!,

Thmgev-FC,m~Em ,cm![Q@Em2Eth,m#FC~Em ,cm!, ~19!

where the functions FC(Em ,cm), PC(Em ,cm) measure the
fraction of the total fiducial volume in which a neutrino in
teraction could produce am with energyEm and zenith di-
rection cm that either stops before exiting the detector~FC!
or escapes~PC!. We have explicitly constructed FC(Em ,cm)
and PC(Em ,cm) using the shape and size of the detector a
the m range in water,Rw(Em), as a function of energy, an
describe this in Appendix C.

We have also devised a through-going muon selec
function Ththru,m (Em ,cm). The effective target mass of th
rock surrounding SK depends on energy via the muon ra
in water and in rock,Rr(Em). The observed muon energy
required to be greater thanEmin8 51.6 GeV, implying that its
trajectory must be longer than 7 m. The function Ththru,m
must account for the detector’s effective area for such trac
A(Em ,cm), which depends, via the muon range, on the mu
energy as it enters the detector, and on its zenith angle.
thermore, the selection function for through-going muo
must take into account that their flux, as given by SK,
defined as the number of events divided by the effective a
for a muon of energyEmin8 @17#. All in all,

Ththru,m ~Em ,cm![@Rr~Em!2Rr~Emin8 !#
A~Em ,cm!

A~Emin8 ,cm!
.

~20!

This effective area is given in Appendix C.

B. Number of events

Let dFn(En ,cn)/dEndcn and dF̄n(En ,cn)/dEndcn be
the atmospheric neutrino fluxes ofn5ne ,nm and their anti-
particles, withEn being the neutrino energy andcn its zenith
angle~we use the Bartol code@18# of atmospheric neutrino
fluxes at the Kamiokande site!. Let ds(En ,El ,cb)/dEldcb

andds̄(En ,El ,cb)/dEldcb be the neutrino and antineutrin
1-4
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ATMOSPHERIC NEUTRINO ANOMALY WITHOUT . . . PHYSICAL REVIEW D 63 033001
charged-current cross sections, which depend onEn , on the
outgoing lepton energyEl , and on the cosine of the scatte
ing angle between the two particles,cb . In Appendix B, we
discuss in detail the cross sections used in our analysis.
zenith angle of the outgoing leptoncl , which is the mea-
sured quantity, is a function ofcn , cb , and of the azimutha
angle,f, of the outcoming lepton in the target rest frame

Let Ns,l
0 (c),Ns,l

osc(c) be the expected number of charge
current events in the samples (s5 sgev, mgev-pc, mgev-fc
thru! for l 5e,m and in the bin in the zenith cosine wit
central valuec, for the no-oscillation~0! and oscillation~osc!
hypotheses. For the sgev and mgev samples, the theore
prediction is given by

Ns,l
osc~c!5Ks,lE dEndcndEldcbdf Ths~El ,cl !

3~Q@cl2c1d#2Q@cl2c2d#!

3 (
n85ne ,nm

Fs~En ,El ,cb!
dFn8

dEndcn
Pn8n~En ,cn!

1s̄~En ,El ,cb!
dF̄n8

dEndcn
P̄n8n~En ,cn!G ~21!

for the oscillation hypothesis, withPn8n(En ,cn) and
P̄n8n(En ,cn) being the oscillation probabilities from flavo
n8 to flavor n for neutrinos and antineutrinos, respective
To obtainN0, take Pn8n5 P̄n8n5dn8n . The Q functions in
Eq. ~21! express the constraint thatcl be in the bin with
central valuec and width 2d50.4, the binning used in SK
for the sgev and mgev samples. Finally,Ks,l are normaliza-
tion constants, which ensure that the total number of eve
in each sample is the same as in the SK Monte Carlo data
the nonoscillation hypothesis. By choosing these factors
hand, we skirt the question of efficiencies for electron
muon detection and for single- or multiple-ring events:
we need to assume is that they are roughly constant with
given data sample, which we believe to be the case.
neglect the cross-talk between different samples. An imp
tant difference with the analysis of Ref.@7# is that we do not
use the unpublished neutrino parent energies obtained by
for the different samples, but we construct our own.

For the flux of through-going muons, we have

F thru
osc~c!5K thruE dfdcbdEmdcndEn Ththru,m ~Em ,cm!

3~Q@cm2c1d#2Q@cm2c2d#!

3 (
n85ne ,nm

Fs~En ,Em ,cb!
dFn8

dEndcn
Pn8nm

~En ,cn!

1s̄~En ,Em ,cb!
dF̄n8

dEndcn
P̄n8nm

~En ,cn!G ~22!
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for the case with oscillations. The width of the zenith ang
bins in this sample is 2d50.1.

C. Results of the analysis of the SK data

We have performed ax2 analysis of the oscillation hy-
pothesis in our mass-degenerate scenario, for both sign
m2, using the full 52 kiloton-year data sample gathered
the Super-Kamiokande collaboration in 848 days of expos
@19#. The case of negativem2 is exactly equivalent to the
conventional scenario considered in@7#, as shown in Sec. II.
The measured quantities are the 30 zenith angle bins m
sured by SK in the five types of data samples. The choice
an error correlation matrix is nontrivial, as there are lar
theoretical uncertainties in the input neutrino flux, which i
duce large correlations between the errors in the differ
measured quantities. We have constructed the error cor
tion matrix in the same way as the authors of@7#, to whom
we refer for details. To gauge the incidence of these ‘‘s
tematic’’ errors on the results, we have also performed
analysis with only statistical uncertainties.

In Fig. 1 we show, in the planes12–s13 and for several
positive values ofm2, the contour lines delimiting the al
lowed regions at 68.5 and 99% confidence. In Fig. 2
same information is displayed for negativem2. The region of
maximal mixing in the conventional parametrization corr
sponds to the valuess12;1 ands13;1/A2 of our parametri-
zation. This region is favored for the smaller allowed valu
of m2: the top two rows of Fig. 1. At the larger values ofm2,
however, the contours extend largely to a region with sign
cantly smaller vacuum angles, the oscillation probabilit
being enhanced by matter effects. We draw for compari
the line corresponding to maximal mixing in the perturbati
approximation of Eq.~12!, valid for the largerm2 values.
The allowed regions at small angles are close to this line

FIG. 1. 68.5,99% C.L. intervals allowed by SK data alone,
different values ofm2.
1-5



e
na

re
in
b
o
le

t

,
in
e
b
e

n

a

ons:

-

n-
n,
ed

ly

,
s
re
ave
the
-

-

s
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expected. At values ofm2 smaller than those shown in th
figure, the allowed regions shrink around the conventio
maximal-mixing solution.

The minimumx2 is obtained forum2u;3.531023 eV2,
independently of whether the errors are taken to be pu
statistical, or estimates of flux uncertainties are also
cluded. This result is in good agreement with that found
the SK collaboration in a two-family mixing context. We d
not find such an agreement on the optimized mixing ang
The best-fit angles in our parametrization ares12

2

;0.42 (0.45) ands13
2 ;0.31 (0.33) for positive~negative!

m2, which in the conventional parametrization correspond
s̄23

2 50.48 (0.48) ands̄13
2 50.4 (0.37), not so far from the

so-called trimaximal mixing model (s12
2 51/2,s13

2 51/3) @13#.
As one can see in Fig. 1, for the optimalm253.5

31023 eV2, the valuess12;s13;0.5 are allowed at the 1s
confidence, corresponding toUe15c12c13;0.75. This means
that with ane that is dominantly the lightn1 mass eigenstate
we obtain a fit as good as the conventional maximal mix
one. This is the explicit quantification of our claim in th
abstract: an effectively maximal mixing can be induced
matter effects ifne’s contain comparable admixtures of th
heavier eigenstates, even if they are not large. TheCHOOZ

data, however, disfavor these relatively large-m2 and small-
angle solutions.

IV. CHOOZ CONSTRAINTS

The reactor experimentCHOOZ provides tight upper limits
on the n̄e disappearance probability in a domain withDm2

>1023 eV2 @14,15#. This entails very strong strictures o
Pn̄en̄m

andPn̄en̄t
at atmospheric distances.

We have constrained our analysis of atmospheric dat

FIG. 2. The same as Fig. 1, but for negativem2.
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comply with theCHOOZ results on the ratioR of observede1

events to the number expected in the absence of oscillati

R5

E dEnF~En!s~En!Pn̄en̄e
~En!

E dEnF~En!s~En!

, ~23!

whereF(En) is the spectrum of neutrinos, obtained by com
bining, in the appropriate proportions@15#, the decay spectra
of the different isotopes in theCHOOZ reactors@20#. In writ-
ing Eq. ~23! we have approximated the efficiency as a co
stant, for lack of better information. The cross sectio
s(En), including the threshold effects, has been obtain
from @21#. For the transition probabilities we can use Eq.~6!,
since matter effects are completely negligible.

The results of this combined SK-CHOOZ analysis are
shown in Fig. 3 for positivem2. The results for negativem2

shown in Fig. 4 are very similar. Clearly theCHOOZ data
favor the conventional maximal-mixing solution as the on
acceptable one.

In Fig. 5, we show the minimumx2 as a function of mass
for positivem2. On the left we include theoretical flux error
as in @7#, while on the right only statistical uncertainties a
taken into account. Reassuringly, the theoretical errors h
a small incidence on the results. In Fig. 6, we show
results for negativem2. For both signs of the mass differ
ence, the minimum of thex2 occurs at um2u52 –2.5
31023 eV2, which is slightly smaller than the value ob
tained in the combined analysis of@7# (um2u;2.8
31023 eV2). Concerning the mixing amplitudes, we find a
the best fit for the important@22,16# angleū13—in the con-
ventional parametrization—atū1356o, to be compared to 8o

FIG. 3. 68.5,99% C.L. intervals allowed by SK andCHOOZ data
for different values ofm2.
1-6
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found in @7#. However, thex2 curve is flat enough forū13
50 to be perfectly compatible with the data.

In Figs. 7 and 8 we show the impressive agreement
tween the SK zenith angle distributions and our best-fit
cillation hypothesis, obtained including theCHOOZ con-
straint.

Incidentally, for the trimaximal mixing model we getx2

542 (44) ~for 30 degrees of freedom: 31 data minus o

FIG. 4. The same as Fig. 3, but for negativem2.

FIG. 5. Minimumx2 as a function ofm2. The solid line corre-
sponds to SK1CHOOZ data, while the dashed line includes only S
data. The curves on the left plot include theoretical uncertaintie
in @7#, while the one on the right includes only statistical errors. T
horizontal lines correspond to 99% C.L. intervals for three degr
of freedom.
03300
e-
-

free parameterm2) for positive ~negative! m2 at um2u
51023 eV2, a mass value for which theCHOOZ constraint is
inoperative. Thex2 rises rapidly for largerum2u. The prob-
ability that this model is correct is below 10%.

V. CONCLUSIONS

The neutrino squared mass difference used to explain
atmospheric neutrino anomaly in terms of oscillations is

as
e
s

FIG. 6. The same as Fig. 5 but for negativem2.

FIG. 7. Zenith angle distributions ofe andm SuperKamiokande
samples~squares! compared with the best-fit oscillation hypothes
m25231023 eV2 and close to maximal mixing. The errors show
are only statistical.
1-7
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the same order of magnitude as that induced by Earth m
effects, for a typical atmospheric neutrino energy. Trigge
by this coincidence, we set out to study—in a scheme w
three neutrinos and in minute detail—whether or not
large depletion of muon neutrinos observed by SK could
due, not toab initio large mixing angles, but to matter
enhanced smaller-angle mixings. Our suspicion turned ou
be correct: the SK data can be very satisfactorily explai
with mixing angles that are far from maximal. But the co
straints fromCHOOZ on the survival of electron antineutrino

FIG. 8. Zenith angle distribution of through-going muo
~squares! compared with the best fit oscillation hypothesis:m252
31023 eV2 and close to maximal mixing.
te
o

an
at
ro
tio
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disfavor our nonmaximal solution. The conclusion th
vacuumnm↔nt neutrino transition probabilities are near
maximal may be surprising, but it is here to stay.

Note added. After the completion of this work, a thre
family analysis was made public by the SuperKamiokan
Collaboration at various conferences@32#.
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APPENDIX A: OSCILLATION PARAMETERS

The exact diagonalization of the mixing matrix in Eq.~7!
results in the effective eigenmass differences:

Dm12
2 5

1

2
~m22A1A~m21A!224Am2c13

2 c12
2 !,

Dm23
2 5

1

2
~2m21A1A~m21A!224Am2c13

2 c12
2 !,

~A1!

and in a mixing matrix:
Umat5S 2~c12c132a1!/b1 0 ~c12c132a2!/b2

2s12/b1 s13c12/As12
2 1s13

2 c12
2 s12/b2

2s13c12/b1 2s12/As12
2 1s13

2 c12
2 s13c12/b2

D , ~A2!
nts

n-
for

ts,
s.
t of

so
’

ex-

e

where

a6[~A1m26A~m21A!224Am2c13
2 c12

2 !/~2Ac12c13!,

b6[A11a6
2 22a6c13c12. ~A3!

APPENDIX B: NEUTRINO CROSS SECTIONS

The proper treatment of neutrino cross sections in wa
and rock, at energies ranging from 100 MeV to hundreds
GeV, is an arduous art. We do not attempt an elegant
complete analysis. Instead, we use a treatment th
notwithsanding its oversimplifications—is capable of rep
ducing to an adequate level the observed total cross sec
r
f
d

—
-
ns

and scattering angle distributions, which are the ingredie
needed for the data analysis.

We simplify the neutrino cross sections in water by co
sidering only oxygen as a target, an isoscalar nucleus
which we ignore shadowing, but not Fermi-motion effec
which we treat as in@23#. We also neglect the muon mas
As the SK experimenters do, we build a cross section ou
three dominant contributions: quasielastic (n lN→ lN8),
resonant one-pion production, and ‘‘deep’’ inelastic. In
doing we ignore the small contribution of the ‘‘diffractive’
domain of relatively high energy, lowQ2.

For the quasielastic cross section we use the standard
pression reviewed in@23#, with MA51.0 GeV for the mass
describing the axial form factor. For one-pion production w
1-8
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use Eq.~22! of @24# for the excitation of theN* (1236) reso-
nance of spin and isospin 3/2. We assume that these co
butions saturate the cross section for an invariant mass o
final hadronsW<1.4 GeV. Above that value we use a dee
inelastic cross section with an exact Callan-Treiman c
straintF252xF1. For the structure functionsF2 andF3 we
use the compilation of@25#. As an excuse to extend this dee
inelastic cross section to values ofQ2 as low as 0.4 GeV2,
we usej scaling. This is known to deal correctly with th
higher-twist target-mass corrections@26# and to interpolate

FIG. 9. Total cross section over neutrino energy forn and n̄
charged-current scattering on an isoscalar target.

FIG. 10. Average scattering angle between the parent neu
and the lepton for quasielastic events.
03300
tri-
he
-
-

the resonant contributions in the sense of local duality@27#.
Alas, the structure functions are not extracted from the d
usingj scaling. But the authors of@28# have shown that, a
least in the case of electroproduction, a blinda posterioriuse
of j scaling improves the fit to the lowerQ2 data ~their
prescription consists in using the Bjorken-scaling cro
section expressions@4# and the structure functions extracte
at higherQ2, with the simple and not fully consistenta pos-
teriori substitutionx→j in the argument of the structur
functions!.

In Fig. 9, we plots
TOT

(En) as a function ofEn for neu-
trinos and antineutrinos. The curves are a bit below the av
able data at low energies, no doubt reflecting the absenc
a calculated diffractive contribution. The SK collaborato
as well as many other authors, extend the structure funct
down toQ250, thereby obtaining a slightly better ‘‘fit’’ to
the s

TOT
data. Rather than indulging in this inconsistent u

of the deep inelastic structure functions, we have chec
that our results on neutrino-mixing parameters are insens
to this kind of variations of the input.

An important quantity in the zenith angle analysis is t
average scattering angle between the lepton and the pa
neutrino. In Fig. 10, we show the average angle for qua
elastic events as a function of the lepton energy. This cu
is in perfect agreement with that obtained by the SK C
laboration@29,30#.

APPENDIX C: GEOMETRICAL ACCEPTANCES

The SuperKamiokande detector is a cylinder of heig
H536.2 m and radiusR516.9 m, of fiducial volumeV
5p(R22 m)(H24 m). Let a point within the detector b
labeled byy, the height from the bottom plane;z, the dis-
tance from the axis; andx, a third Cartesian coordinate. Le
o

FIG. 11. Parentn energies form-like ~sgev, FC-mgev, PC-
mgev! ande-like ~sgev and mgev! events.
1-9
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d(x,y,z) be the minimum distance from a point in the dete
tor to its wall, letsm ,cm ,tm be the sine, cosine, and tange
of the muon’s azimuthal angle and letEmin50.7 GeV be the
energy of a muon giving a 2.6 m track in water.

We find

FC~Em ,cm!5
2

VE0

R

dzE
0

2AR22z2

dxE
0

H

dyQ@d~x,y,z!22 m#

3$Q@2AR22z22x2yutmu#

3Q@y2Rw~Em!ucmu#1Q@2AR22z22x

2Rw~Em!usmu#Q@yutmu1x22AR22z2u#%,

~C1!

FIG. 12. Parentn energies for through-going muons.

FIG. 13. Zenith-angle distributions ofe, m sgev, and mgev
samples. The squares are the SK Monte Carlo results and the c
are our predictions, both for the no-oscillation hypothesis. The t
areas under the curves are normalized to be the same.
03300
-

PC~Em ,cm!5
2

V
Q@Rw~Em!

2Rw~Emin!#E
0

R

dzE
0

2AR22z2

dxE
0

H

dyQ

3@d~x,y,z!22 m#$Q@2AR22z22x2y

3utmu#Q@Rw~Em!ucmu2y#1Q@Rw~Em!usmu

22AR22z21x#Q@yutmu1x22AR22z2u#%,

~C2!

where the range of muons in water that we use,Rw(Em), can
be obtained from the expressions in@4#.

A muon produced with energyEm , after traveling a dis-
tance l in rock material, has an energyEm8 5Rr

21@Rr(Em)
2 l #; its remaining range in water isl w(Em ,l )5Rw(Em8 ). The
effective area for through-going muons of Eq.~20! is then
given by

A~Em ,cm!5
2

Rr~Em!2Rr~Emin8 !
E

0

Rr (Em)2Rr (Emin8 )

3dlE
0

R

dzH usmu E
0

H

dyQF l w~Em ,l !

2MinS 2AR22z2

usmu
,
@H2y#

ucmu D G
3QFMinS 2AR22z2

usmu
,
@H2y#

ucmu D 27 mGles
al

FIG. 14. Zenith-angle distributions of through-going muons
the nonoscillation hypothesis. The squares are SK Monte Carlo
sults and the circles are our predictions.
1-10
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1ucmu E
0

2AR22z2

dxQF l w~Em ,l !

2MinS 2AR22z22x

usmu
,

H

ucmu D G
3QFMinS 2AR22z22x

usmu
,

H

ucmu D 27 mG J ,

~C3!

where for the range of muons in rockRr(Em), we have used
the results in@17#.

All of the above expressions can be integrated explici
but the analytical results are not brief, or useful.

APPENDIX D: COMPARISON WITH THE SK
MONTE CARLO SIMULATION

We have not included in this analysis any nongeometr
detection efficiencies, as discussed in Sec. III. We have
malized the number of events in each data sample to
corresponding number in the SK Monte Carlo simulation
the nonoscillation hypothesis. This is tantamount to the
of an efficiency function which is not a function of energ
l
cs

m
v

-

A.

03300
,

l
r-
e

r
e

within each sample. A nontrivial check that this is indeed
sensible approximation is to compare the parent neutrino
ergy distributions in the different data samples with tho
worked out by the SK team. These distributions are defin
as the azimuthally averaged neutrino flux weighted with
integrated neutrino cross section and with the selection fu
tion for the various sgev and mgev data samples:

Ps,l~En!}E dcndEldcbdf Ths,l~El ,cl !

3Fs~En ,El ,cb!
dFn

dEndcn

1s̄~En ,El ,cb!
dF̄n

dEndcn
G .

All of the symbols in this expression have already been
fined. Our results, shown in Figs. 11 and 12, are in go
agreement with those obtained by SK@31#.

In Figs. 13 and 14 we compare the zenith angle dep
dence obtained in our calculation for the nonoscillation h
pothesis with the predictions of the SK Monte Carlo simu
tion @30#. The agreement is again rather good.
,
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