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Supersymmetric three-form flux perturbations on AdS5
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We consider warped type IIB supergravity solutions with three-form flux andN51 supersymmetry, which
arise as the supergravity duals of confining gauge theories. We first work in a perturbation expansion around
AdS53S5, as in the work of Polchinski and Strassler, and from theN51 conditions and the Bianchi identities
recover their first-order solution generalized to an arbitraryN51 superpotential. We find the second order
dilaton and axion by the same means. We also find a simple family of exact solutions, which can be obtained
from solutions found by Becker and Becker, and which includes the recent Klebanov-Strassler solution.
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I. INTRODUCTION

The duality proposed by Maldacena@1# between type IIB
string theory in AdS53S5 and N54 Yang-Mills theory in
four dimensions has been an arena for amazing theore
advances in the past few years. This duality applies t
conformal four dimensional theory, and so as it stand
cannot shed light on confining gauge theories such as Q
However, from it one can deduce dualities involving syste
with less supersymmetry, including confining gauge theor

In addition to their relation to gauge theories, deform
tions of AdS5 with reduced supersymmetry are of interest
their connection to the proposal of Randall and Sundr
@2,3#. These authors suggested that the hierarchy prob
could be solved in a higher dimensional space with a la
warp factor. Such warped spaces can be realized in st
theory in various ways, most directly by bringing togetherN
D3-branes on a Calabi-Yau manifold to produce a region
is locally AdS53S5 @4#. In the simplest case there isN54
supersymmetry, but one is ultimately interested in at m
N51.

One means of reducing the supersymmetry is by pertu
ing the Hamiltonian, which corresponds to perturbing t
boundary conditions on AdS53S5 @5,6#. The breaking ofN
54 to N51 by mass terms has been studied from vario
points of view @7–12#. The supergravity dual to this per
turbed theory appears to contain a naked singularity, but
recent paper@13#, Polchinski and Strassler~PS! showed that
this singularity is actually replaced by an expanded br
source, so the theory is tractable.

The supersymmetry can also be be reduced by pla
D3-branes at a singular point, such as an orbifold or conif
point @14–17#, rather than a regular point. To break the co
formal invariance it is necessary in addition to introdu
fractional branes@18,19#. Again the supergravity dual ap
pears at first to be singular@20#, but recent work by Kle-
banov and Strassler~KS! has shown that the true solution
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nonsingular@21#. Somewhat surprisingly, explicit branes a
not involved; rather, the distinctive feature of the nonsingu
solution is a reduced~spontaneously broken! symmetry.

In this paper we explore warped type IIB supergrav
solutions with unbrokenN51 supersymmetry. Our initia
goal is to understand the supersymmetry of the PS solut
The N51 mass in the gauge theory is dual to a three-fo
flux in the supergravity solution; we work in the same a
proximation as in PS, treat this flux as a perturbation.

In Sec. II we review the type IIB supergravity fields an
supersymmetry variations, and the zeroth order type IIB
lution that corresponds to the Coulomb branch of theN54
gauge theory. In Sec. III we first solve the conditions f
unbrokenN51 supersymmetry at first order around a ge
eral Coulomb branch solution. We then impose the Bian
identities and find that the general solution is characteri
by one holomorphic functionf and one harmonic function
c. We verify that this general solution to the supersymme
and Bianchi conditions also satisfies the equations of mot
The holomorphic function corresponds to an arbitraryN
51 superpotential, while the harmonic function correspon
a higher dimension perturbation.

The KS solution also involves a three-form flux, but th
cannot be regarded as a perturbation. In Sec. IV we no
simple class of exact solutions, which includes the KS so
tion and itsN52 version@22#. This class is actually a spe
cial case of a class of M/F theory solutions found by Bec
and Becker@23–25#.

In Sec. V we make concluding remarks. An append
contains various extensions of the work in Sec. III: the s
ond order solutions for the dilaton and axion~which can be
obtained easily because they decouple from the other se
order perturbations!; a simple particular solution; and, a ver
fication that the solution obtained here agrees with that fo
in PS ~in particular, that the normalizable solution is dete
mined in terms of the warp factor!.

II. REVIEW OF TYPE IIB SUPERGRAVITY

A. Fields and variations

The massless bosonic fields of the type IIB superstr
theory consist of the dilatonF, the metric tensorgMN and
©2000 The American Physical Society01-1
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MARIANA GRAÑ A AND JOSEPH POLCHINSKI PHYSICAL REVIEW D63 026001
the antisymmetric 2-tensorBMN in the NS-NS sector, and th
axion C, the 2-form potentialCMN and the four-form field
CMNPQ with self-dual five-form field strength in the R-R
sector. Their fermionic superpartners are a complex W
gravitino cM (g11cM52cM) and a complex Weyl dilatino
l (g11l5l). The theory hasN52 supersymmetry gener
ated by two supercharges of the same chirality. The
scalars can be combined into a complex fieldt5C1 ie2f

that parametrizes theSL(2,R)/U(1) coset space.
We want to find background that preserve some sup

symmetry. Assuming that the background Fermi fields v
ish, we have to find a combination of the bosonic fields su
that the supersymmetry variation of the fermionic fields
zero. The equations for the variation of the dilatino and gr
itino have been found in@26#, whose conventions we use
We use subindicesM ,N, . . . 50, . . . ,9; m,n50,1,2,3 and
m,n, . . . 54, . . . ,9

dl5
i

k
gMPM«* 2

i

24
gMNPGMNP«, ~2.1!

dcM5
1

k S DM2
1

2
iQM D «1

i

480
gM1 . . . M5

3FM1 . . . M5
gM«

1
1

96
~gM

PQRGPQR29gPQGM PQ!«* . ~2.2!

Here

PM5 f 2]MB, QM5 f 2Im~B]MB* !, ~2.3!

B5
11 i t

12 i t
, f 22512BB* . ~2.4!

The supersymmetry parameter« is a complex Weyl spinor
(g11«52«), andDM is the covariant derivative with respe
to the metricgMN . The field strengths are

G(3)5 f ~F (3)2BF~3!
* !, F (3)5dA(2) , ~2.5!

F (5)5dA(4)2
k

8
Im~A(2)`F ~3!

* !, ~2.6!

with A(2)5C(2)1 iB (2) complex andA(4) real.

B. Black 3-brane background

For any distribution of D3-branes aligned along t
m-directions, the background is

ds25Z21/2hmndxmdxn1Z1/2dxmdxm, ~2.7!

Fmnlrm5
1

4kZ
e [mnlr]m]Z,

Fmnpqr52
1

4kZ
emnpqrs]

sZ, ~2.8!
02600
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with t constant andG(3)50. ForN D3-branes atxm50,

Z5
R4

r 4
, R454pgNa82, ~2.9!

where r 25xmxm; the spacetime is then AdS53S5.1 More
generally,Z is any function of thexm, and

2]m]mZ~xm!5~2p!4a82gr3~xm!, ~2.10!

wherer3(xm) is the density of D3-branes in the transver
space.

For this background the dilatino equation~2.1! is auto-
matically satisfied. The gravitino variations~2.2! in this
background are

kdcm5]m«2
1

8
gmgw~12G4!«, ~2.11!

kdcm5]m«1
1

8
«wm2

1

8
gwgm~12G4!«, ~2.12!

where G45 ig0123 is the four-dimensional chirality and w
have defined

wm5]m ln Z, gw5gmwm . ~2.13!

The spin connection has been calculated for tangent sp
axes M̂ parallel to the Cartesian coordinate axesM. The
Poincare´ supersymmetries are independent ofxm and so the
vanishing ofdcm implies that

G4«5«. ~2.14!

The vanishing ofdcm then implies that

«5Z21/8h ~2.15!

whereh is any constant spinor such thatG4h5h. We can
decompose

h5z ^ x ~2.16!

wherez is any four-dimensional anticommuting spinor wi
positiveG4-chirality andx is any six-dimensional commut
ing spinor with negativeG6-chirality. There are two suchz
and four suchx, giving eight complex or 16 real supersym
metries.

III. PERTURBATIVE SOLUTIONS

A. Supersymmetry conditions

The PS solution@13# was obtained in a perturbation ex
pansion in powers ofG(3) around the D3-brane solutio
~2.7!,~2.8!. This expansion was justified in PS because it w
found, in large regions of parameter space, that the D3-br
density dominated the density of the 5-branes that appe

1Note thatk andg are related, 2k25(2p)7a84g2.
1-2
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SUPERSYMMETRIC THREE-FORM FLUX . . . PHYSICAL REVIEW D63 026001
in the resolution of the naked singularity. We can expand
supersymmetry parameter in the same way:

«5«01«11•••, ~3.1!

where, as above,

«05Z21/8h5Z21/8z ^ x. ~3.2!

We are looking for solutions withD54, N51 supersym-
metry so only one choice of the spinorx is kept.2

It is convenient to adopt complex coordinateszi for the
6-dimensional part of the metric:

z15
x41 ix7

A2
, z25

x51 ix8

A2
, z35

x61 ix9

A2
. ~3.3!

In these coordinates, the six-dimensional part of the me
~2.7! is

gi ̄5Z1/2d i ̄ . ~3.4!

By an SO(6) rotation we can chooseh such that

g i«05g ı̄«050. ~3.5!

We now expand the supersymmetry equations in pow
of G(3) . In the PS solution, the dilaton, metric, and five-for
receive no first order correction so the first order dilati
equation is just

G«050 ~3.6!

where G5GMNPgMNP5Gmnpg
mnp. Expanding in complex

coordinates and using the property~3.5!, this is

05Gi jkg i jk«013Gı̄ jkg ı̄ jk«05Gi jkg i jk«016Gj
jkgk«0 .

~3.7!

The spinors in the two terms are independent, so

Gi jk5Gj
jk50. ~3.8!

The first order term indcm50 is

2
1

8k
gmgw~12G4!«11

1

96
gmG«0* 50. ~3.9!

From the structure of the equations we can assume tha«1

~like «0* ) has the opposite chirality to«0, namelyG4«15
2«1,3 and so this determines

«15
k

24S2
gwG«0* . ~3.10!

2IIB backgrounds withN51 supersymmetry were studied i
Refs. @27,28#, but with the assumption that the transverse dim
sions are compact and without brane or other sources.

3A term of the same chirality would have to be proportional to«0

and so can be absorbed in the latter.
02600
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We have defined

S25gwgw5Z21/2wmwm . ~3.11!

The first order term indcm50 becomes

]mj2
1

2
Z21/2Ggmh* 50, ~3.12!

wherej5Z21/2S22gwGh* . We have used the identity

gM
PQRGPQR29gPQGM PQ522GgM2gMG. ~3.13!

For m5 ı̄ , the property~3.5! immediately gives

] ı̄j50 ~3.14!

so thatj is a spinor holomorphic in thezi and

Gh* 5Z1/2gwj~z!. ~3.15!

The final,m5 i equation then becomes

Gg ih* 52Z1/2] ij~z!. ~3.16!

This can also be written withi→m, as the ı̄ components
hold trivially.

We now wish to expand Eqs.~3.15!,~3.16! in terms of the
components ofG. The most general holomorphic spinorj of
the correct chirality is

j~z!5ah* 1
1

2
b ı̄ ̄g

ı̄ ̄h* , ~3.17!

wherea(z) and

b̂ ı̄ ̄~z!5Z21/2b ı̄ ̄ ~3.18!

are holomorphic. The factor ofZ21/2 arises because it is th
gm̂, with tangent space index, that are matrices with cons
coefficients, whereas

gm5Z21/4gm̂ ~3.19!

are position-dependent. Also,

Gh* 5Gı̄ ̄ k̄g
ı̄ ̄ k̄h* 13Gı̄ ̄kg

ı̄ ̄kh*

5Gı̄ ̄ k̄g
ı̄ ̄ k̄h* 16Gı̄

ı̄ ̄g
̄h* , ~3.20!

and

Gg ih* 53Gl ̄ k̄g
l ̄ k̄g ih* 13Gl jk̄g l j k̄g ih*

56Gi ̄ k̄g
̄ k̄h* 26Ḡ

̄ k̄g i
k̄h* 112Gi j

jh* .

~3.21!

Expanding the condition~3.16! in components, we have

] ia56Z21/2Gi j
j50, ~3.22!

-

1-3
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where we have made use of the earlier condition~3.8!. Thus,
a is constant~which the Bianchi identities will require to
vanish!. For b, we have

Z] i b̂ ̄ k̄56~Gi ̄ k̄1Gl̄
l̄ [ ̄gk̄] i !. ~3.23!

In order to analyze this condition it is useful to define

f l~z!5
1

2
ê l

̄ k̄b̂ ̄ k̄~z!,

Gil 5
1

2
ê l

̄ k̄Gi ̄ k̄ , Gı̄ l̄ 5
1

2
ê l̄

jkGı̄ jk . ~3.24!

Here ê is the numericale-symbol, with constant values 0
61 regardless of index positions. Then the condition~3.23!
becomes

Z] i f l53~Gil 1Gli !. ~3.25!

From the symmetry ini and l it follows that

f l~z!5] lf~z!, b ı̄ ̄~z!5Z1/2ê ı̄ ̄
l] lf~z! ~3.26!

in terms of a general holomorphic functionf(z). Then the
full content of condition~3.16! is

] ia~z!50, Gil 1Gli 5
Z

3
] i] lf~z!. ~3.27!

Similarly expanding the final condition~3.15!, we find

Gı̄ ̄ k̄5
1

6
ê ı̄ ̄ k̄] l̄ Z] lf,

Gil 2Gli 52
1

6
Z21/2~a] ̄Zê ̄

i l 14] [ if] l ]Z!. ~3.28!

In summary, the conditions forN51 supersymmetry are
conveniently written by separatingGil andGı̄ l̄ into symmet-
ric and antisymmetric parts,

Gil 5Sil 1Ail , Gı̄ l̄ 5Sı̄ l̄1Aı̄ l̄ . ~3.29!

Then Sı̄ l̄ is completely undetermined, while Eqs.~3.8!,
~3.27!,~3.28! fix the rest in terms of one constanta and one
holomorphic functionf:

Gi jk5Aı̄ l̄50,

Sil 5
Z

6
] i] lf,

Ail 52
1

12
aZ21/2] ̄Zê ̄

i l 2
1

3
] [ if] l ]Z,

G ı̄ ̄ k̄5
1

6
ê ı̄ ̄ k̄] l̄ Z] lf. ~3.30!
02600
B. Bianchi identities and equations of motion

We now impose the Bianchi identitydG(3)50 on the
background. Expressed in terms of the fields~3.29!, these
take the form

ê ̄ k̄ l̄] iḠ k̄ l̄56] ̄Gi j , ~3.31!

] ı̄Ḡ k̄2] ̄Gı̄ k̄52 êab
k̄ê

ci
̄]aGbc , ~3.32!

ê jkl] ı̄Gjkl56] jGı̄ ̄ . ~3.33!

~We usea,b,c as well asi , j ,k,l for holomorphic indices.!
Equation~3.31! reduces to

] if] j] ̄Z50. ~3.34!

Thus the Bianchi identity~3.31! holds except at the location
~2.10! of the D3-branes, where it should break down beca
these carry 5-brane charges as well in the PS solution.

Equations~3.32!,~3.33! constrain the remaining compo
nentsḠ k̄ :

] ı̄Ḡ k̄2] ̄Gı̄ k̄52
1

24
aZ1/2~ ê k̄ ı̄ ̄wlwl̄ 2 ê ı̄ ̄

l
wlwk̄!

2
1

6
êab

k̄ê
c

ı̄ ̄]bf]a]cZ, ~3.35!

] iGı̄ ̄50. ~3.36!

Taking ] i of identity ~3.35! and using identity~3.36! gives

]2Ḡ k̄52
1

12
a] i@Z1/2~ ê k̄ ı̄ ̄wlwl̄ 2 ê ı̄ ̄

l
wlwk̄!#

2
1

3
êab

k̄ê
ci

̄]b] if]a]cZ ~3.37!

~note that]252] i] ı̄). Symmetry in̄ k̄ now implies that

a50. ~3.38!

Inverting Eq.~3.37! gives

Ḡ k̄52
1

3]2
êab

k̄ê
ci

̄]b] if]a]cZ. ~3.39!

To be precise, this final component is not completely de
mined, because Eq.~3.37! allows us to add any harmoni
tensor, subject to the earlier conditionsA ̄ k̄5] jG ̄ k̄50.
The general solution is then

G ̄ k̄52
1

3]2
êab

k̄ê
ci

̄]b] if]a]cZ1] ̄] k̄c ~3.40!

for c any harmonic function.
In summary, the full solution to the supersymmetry co

ditions and Bianchi identities is given in Eqs.~3.30! ~with
a50) and ~3.40! in terms of one holomorphic functionf
1-4
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and one harmonic functionc. In the Appendix we give the
explicit form for G(3) in the special case where the cro
derivatives of the holomorphic functionf are zero.

Now we will verify that all such solutions satisfy th
equations of motion as well. To the order we are workin
the only nontrivial equation of motion is that forG(3) :

d* G(3)14ikG(3)`F (5)50. ~3.41!

In the 3-brane background, for transverseG(3) , this becomes

d@Z21G(3)
1 #50, G(3)

1 [G(3)1 i 6* G(3) ~3.42!

where *6 means the dual in the six-dimensional space w
respect to the flat metricdmn .

Defining for G(3)
1 the tensorsGi j

1 , G ı̄ ̄

1 , and their sym-
metric and antisymmetric parts, in parallel to the earlier d
nitions for G(3)

1 , on finds that

Gı̄ ̄ k̄
1

5Ai j
15Sı̄ ̄

1
50,

Gi jk
1 52Gi jk , Aı̄ ̄

1
52Aı̄ ̄ , Si j

152Si j .
~3.43!

The only nontrivial component is then

Si j
15

Z

3
] i] jf, ~3.44!

and the nontrivial equations of motion

] [ i~Z21Sj ]k
1 !5] ı̄~Z21Si j

1!50 ~3.45!

are immediately seen to be satisfied.
In Appendix A 1 we carry this to second order for th

dilaton and axion, and in Appendix A 2 we find the explic
form of Gı̄ ̄ for specialf.

C. Discussion

On the gauge theory side, the perturbation studied in
is, in N51 notation, a mass term for the three chiral sup
fields. More generally, anyN51 superpotential would pre
serve one supersymmetry, and so it is natural to identify
holomorphic functionf with the superpotential. Let u
check that the dimensions are correct, first for the case
pure AdS space whereZ5R4/r 4. Let f be homogeneous o
degreek, corresponding to a perturbation of dimensionD
5k11. In this case all terms involvingf in the solution
~3.30!,~3.40! for Gmnp scale asr k26, and all terms in the
inertial frameGm̂n̂p̂ as r k235r D24. This is the correct scal
ing for the nonnormalizable solution dual to an operator
dimensionD @5,6#, confirming the interpretation off as dual
to a superpotential perturbation. We have verified that
supergravity solution forf5mzizi reproduces the nonnor
malizable solution

G(3)5r 24~T(3)24V(3)/3! ~3.46!
02600
,

h

-
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-

e

of

f

e

where~in the notation of PS! the nonzero components ofT
are

Ti ̄ k̄5mê i ̄ k̄ , ~3.47!

and V(3)/3 is T(3) projecting out components orthogonal
xm.

The PS solutions also have a normalizable part; with
inclusion the solution must still be supersymmetric. The
lutions we have found here have no independent norma
able part; in particular, we will see thatc corresponds to
higher dimensional operators. Rather, the normalizable
is already determined in terms off and Z. With expanded
5-branesZ has terms subleading in 1/r , and through the so-
lution ~3.30!,~3.40! these generate the normalizable part
G(3) . In the Appendix we verify that the componentGı̄ ̄ k̄
obtained here is in agreement with PS.

The harmonic functionc produces solutions with the
sameSO(6) quantum numbers asf and with dimensionD8
greater by 4. This follows from Eq.~3.40!, where the two
terms have the same net number of derivatives but the
has an extra factor ofr 24 asymptotically fromZ. Both
branches appear in Table 2 of Ref.@29# ~see also Ref.@30#!.
Just as the superpotential perturbations correspond to op
tors of the forml il j] i] jf, the solutions given byc have the
dimensions andSO(6) quantum numbers of the operato
F2l̄ i l̄ j] ı̄] ̄c. We have not fully understood from the fiel
theory side why the latter are parametrized by a harmo
rather than holomorphic function.

IV. A CLASS OF EXACT SOLUTIONS

In this section we note an interesting class of exact so
tions with G(3) flux. We begin with a Calabi-Yau back
ground,

ds2̃5hmndxmdxn1dsK
2̃ , ~4.1!

with dsK
2̃ is a Ricci-flat metric on the transverse spaceK. The

dilaton-axion field is constant,

t5
u

2p
1

i

g
, ~4.2!

and the other IIB supergravity fields vanish,

F (3)5H (3)5F (5)50. ~4.3!

The dilatino variation vanishes trivially, while the gravitin
variation vanishes for

]m«̃5D̃m«̃50. ~4.4!

Thus there are twoD54 supersymmetries~from the real and
imaginary parts of«) for each covariantly constant spinor o
K.

Now introduce a warp factorZ(xm),

ds25Z21/2hmndxmdxn1Z1/2dsK
2̃ ~4.5!
1-5
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MARIANA GRAÑ A AND JOSEPH POLCHINSKI PHYSICAL REVIEW D63 026001
and a five-form flux~2.8!,

F55dx41* dx4 , x45
1

4kZ
dx0`dx1`dx2`dx3,

~4.6!

with constant dilaton-axion and vanishing three-form flux
The dilatino variation is zero, while

kdcm5]m«2
1

8
gmgw~12G4!«,

kdcm5D̃m«1
1

8
«wm2

1

8
gwgm~12G4!«. ~4.7!

There is then an unbroken supersymmetry@15#

«5Z21/8«̃ ~4.8!

for each covariantly constant spinor of chiralityG4«̃5 «̃.
This is the familiar multi-three-brane metric: it is a sourc
less solution to the equations of motion forZ a harmonic
function of the transverse coordinates, and more general
a solution with D3-brane sources

2¹̃ K
2 Z5~2p!4a82gr3~xm!. ~4.9!

Now we construct a solution with nonzeroG(3) . We need
on K a 3-formv (3) which is both closed and divergenceles

dv (3)5dK* v (3)50. ~4.10!

A harmonic 3-form on a compact manifold, or with suffi
ciently rapid falloff on a noncompact manifold, will hav
this property. By forming linear combinations~and taking a
complex conjugate if needed! we may assume that

* Kv (3)5 iv (3) . ~4.11!

ThenG(3)5Cv (3) solves the equations of motion, where t
metric, dilaton-axion, and 5-form are still of black 3-bra
form. TheG(3) equation of motion~3.42! is trivial. The field
equation for the metric, at constantt, is

RMN2
k2

6
FM PQRSFN

PQRS

5
k2

4
G(M uPQGuN)

PQ* 2
k2

48
gMNGPQRGPQR* .

~4.12!

For the black 3-brane ansatz, the left-hand side is

Lmn5hmn

1

4Z2
¹̃ 2Z, Lmn52g̃mn

1

4Z
¹̃ 2Z. ~4.13!

On the right-hand side, the condition~4.11! implies that
02600
.

-

is

,

GmpqGn
pq* 5

1

36
empq

rsten
pquvwGrstGuvw*

5
1

3
gmnGrstG

rst* 2GnpqGm
pq* , ~4.14!

and so

G(mupqGun)
pq* 5

1

6
gmnGpqrG

pqr* . ~4.15!

The field equation is then satisfied for

2¹̃ 2Z5~2p!4a82gr3~xm!1
k2

12
GpqrG

pqr̃* . ~4.16!

Note that it is the original, tilded, metric onK that appears
here. The Bianchi identity,

dF(5)524ikG(3)`G~3!
* , ~4.17!

is satisfied under the same condition~4.16!.
Not all these solutions are supersymmetric, but they

come so if we impose the additional condition that the~0,3!
piece ofv (3) vanish,

v (0,3)50. ~4.18!

To see this, note first that the self-duality condition~4.11!
implies in the notation of Eq.~3.43! that v150 or

v i jk5a ı̄ ̄5s i j 50, ~4.19!

wheres anda are the symmetric and antisymmetric parts
v, defined by analogy to the earlierSandA. Equation~4.19!
allows a~0,3! term v ı̄ ̄ k̄ , a ~1,2! term of the forma i j 50,
and a~2,1! term of the forms ı̄ ̄ . The ~0,3! piece has been
set to zero by condition~4.18!. The ~1,2! part must vanish,
elsea i j ê

i j
k̄ would be a harmonic~0,1! form, which does not

exist on a Calabi-Yau manifold. It follows that the only no
trivial component ofv (3) is the ~2,1! term s ı̄ ̄ . Now we
must consider the supersymmetry conditions, treating« ex-
actly. We claim that the fermionic fields remain invariant f
the same spinor~4.8! as in the absence ofG(3) . The terms
that do not involveG(3) in the variations~2.1!,~2.2! already
vanish, so those that involveG(3) must vanish separately. B
a calculation directly parallel to that which led to Eq.~3.30!,
one sees that the nonzero componentss ı̄ ̄ do not appear in
the variations, which therefore vanish.

Note the structure of this solution, with its strong rese
blance to the D3-brane Higgs branch solution. The fl
G(3)`G(3)* behaves like an additional D3-brane density, b
without the moduli of D3-branes—perhaps one can think
this flux as a sort of frozen density of D3-branes. In fact, t
freezing seems to be a manifestation of confinement: tak
K to be the deformed conifold, this is precisely the recent
solution @21#. For the conifold itself, we obtain the solutio
of Klebanov and Tseytlin@20#, which is singular because th
integrated D3-brane density diverges; the resolved coni
1-6
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would lead to a similar singular solution. ForR23R4/Z2 one
obtains anN52 analog of the KS solution@22#.

The solution found in this section resembles the solut
found by Becker and Becker for M theory on a Calabi-Y
four-fold @23#. In fact, it is a special case, if one takes t
four-fold to be a three-fold timesT2, and then takes the
T-dual onT2 as in Refs.@24,25# to obtain a type IIB solution.

V. CONCLUSIONS

We have verified the supersymmetry of the PS solution
first order in the perturbation, and of its generalization to
arbitraryN51 superpotential, and we have shown that t
condition together with the Bianchi identity determines t
solution. TheN51 conditions may be a useful method
find the exact solution, and so describe physics that is out
the approximation used in PS.

We have also found an interesting exact solution, wh
includes the KS solution but not the PS solution—the thr
form flux in the latter case is not of the form* KG(3)
5 iG (3) , and the dilaton is not constant. It would be useful
find a generalization which includes both solutions~and also
the recent solution@31#!, and so obtain a more univers
understanding of the supergravity duals of confining th
ries. The more general Becker-Becker solutions@23–25#
may be useful here.4 It is a further useful direction to incor
porate these noncompact solutions as local regions in a c
pactified space~as in@4#!, and so produce Randall–Sundru
type compactifications with large warp factors and fo
dimensional gravity.
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APPENDIX

1. Second order dilaton and axion

At second order in the expansion there is a noncons
dilaton and axion and a correction to the metric andF (5) .
These have recently been obtained directly from the eq
tions of motion by Freedman and Minahan@33#, who also
considered the finite temperature case. Here we will sim
verify that the supersymmetry equations determine the
ond order~zero temperature! dilaton and axion. The secon
order dilatino variation involves only these second order c
rections,

i

k
gMPM«0* 2

i

24
gMNPGMNP«150. ~A1!

Inserting the first order solution, this becomes

4The relevance of these solutions to Randall-Sundrum comp
fication has recently been discussed in Refs.@32#.
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Pı̄g
ı̄h* 5

k2

242S2
Gg̃Gh* 5

k2

24
Gı̄ ̄] jfg ı̄h* . ~A2!

ExpandingB5B01dB, this is

f 0
2] ı̄dB5

k2

24
Gı̄ ̄] jf, ~A3!

which is integrable by Eq.~3.35!:

dB5
k2

12f 0
2

1

]2
Gı̄ ̄] i] jf. ~A4!

The condition~A3! allows an arbitrary holomorphic piec
F(z) in dB. This corresponds to an additionalN51 interac-
tion

E d2uF~F!WaWa. ~A5!

2. Particular solution

In Eqs. ~3.40! and ~A4! we have given the solutions in
terms of the Green function]22. Here we note that forZ
5R4/r 4 andf of the form

f5(
i 51

3

f i~zi ! ~A6!

~which includes the mass term12 mzizi as a special case! we
can give a closed form for each. Specifically,

G1̄1̄5
2R4

3r 6 F z̄2z̄2
]3f

z3
1 z̄3z̄3

]2f

z2 G1] 1̄] 1̄c ~A7!

~and the same permuted for the other diagonal terms! and

G1̄2̄5
2R4

3r 6
z̄1z̄2

]3f

z3
1] 1̄] 2̄c ~A8!

and permutations for the off-diagonal terms. For the sec
order dilaton and axion, we obtain

dB52
k2R4

144f 0
2r 4 S z̄1z̄1

]2f]3f

z2z3
1 z̄2z̄2

]1f]3f

z1z3

1 z̄3z̄3
]1f]2f

z1z2 D 1
k2

24f 0
2
] if] ı̄c1H~z!, ~A9!

whereH is any holomorphic function.

3. Comparison to PS

In this appendix we compare our solution to that of PS,
particular to verify that the normalizable part arises as arg
in Sec. III C. We focus on the solution with a single D
sphere. The PS solution was

ti-
1-7
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G(3)5* 6dv (2)1 idv (2)1dh (2) , ~A10!

whereh (2) is the background field, while thev (2) terms are
from the brane source.

The potentials are

v (2)52
a8

4w3
e i jkwidwj`dwkS 2 ln

A

B
1

2r 0w

A
1

2r 0w

B D ,

h (2)5
a8

2A2mw3
Tmnpdxn`dxpS 2ww,m ln

A

B
12~w1r 0!

3w2w,mF 1

A
1

1

BG12w2yy,mF 1

A
1

1

BG D , ~A11!

wherer 05pa8mN and

yi5
zi1 z̄i

A2
, wi5 i

zi2 z̄i

A2
,

A5y21~w1r 0!2, B5y21~w2r 0!2. ~A12!

This does indeed agree with the result in Sec. III. Co
sider for example the componentG1̄2̄3̄ , for which the earlier
result was

G1̄2̄3̄5
1

6
] l̄ Z] lf, ~A13!
tt

l.

.

02600
-

corresponding to the potential (G(3)5dL (2))

L ̄ k̄5
1

6
ê i

̄ k̄Z] if. ~A14!

For the 1̄2̄3̄ component,* 6dv25 idv2 and so the PS solu
tion takes the form

G1̄2̄3̄5d~h12iv! 1̄2̄3̄ . ~A15!

For the solution~A11! we find

~h12iv! ̄ k̄5
mNa82A2

AB
zi ê i

̄ k̄ . ~A16!

We should note the translation between Schwarz’s c
ventions, used here, and the conventions in PS:

F (5)
PS5

4k

g
F (5)

S , G(3)
S 5

k

g
G(3)

S . ~A17!

~The general normalization forG(3)
S beyond linear order is

more complicated; also we have assumed for convenie
that u50.! Noting also thatZ5R4/AB, the present~A14!
and PS~A16! results agree forf53A2(g/k)mzizi , which is
indeed the superpotential up to a numerical constant.
,
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