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Superspace gauge-invariant formulation of a massive tridimensional 2-form field
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By dimensional reduction of a massive supersymmetricB`F theory, a manifestlyN51 supersymmetric
completion of a massive antisymmetric tensor gauge theory is constructed in 211 dimensions. InN512D
53 superspace, a new topological term is used to give mass to the Kalb-Ramond field. We introduce a massive
gauge invariant model using the Stu¨ckelberg formalism and an Abelian topologically massive theory for the
Kalb-Ramond superfield. An equivalence of both massive models is suggested. Further, a component field
analysis is performed, showing a second supersymmetry in the model.
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I. INTRODUCTION

Antisymmetric tensor fields appear in many field theori
In particular, the Kalb-Ramond~KR! gauge field plays an
important role in strong-weak coupling dualities amo
string theories@1# and in axionic cosmic strings@2#. On the
other hand, a first order formulation of the non-Abeli
Yang-Mills gauge theory (BF YM model! @3,4# makes use
of a two form gauge potentialB to contribute to a discussio
of the problem of quark confinement in continuum QCD@5#.
Another interesting aspect of the~311!-dimensionalB`F
term (F5dA is the field strength of a one form gauge p
tentialA) is its ability to give rise to gauge invariant mass
the gauge field@6#. This property has been used to obtain
axion field topologically massive and an axionic charge o
black hole as well@7#. In addition, the existence of the Higg
mechanism to the Kalb-Ramond gauge fields was dem
strated by Rey@8# in the context of closed strings. On th
other hand, if coupled to open strings, the KR field becom
a massive vector field through the Stu¨ckelberg mechanism
Also, we can mention a topologically massive Kalb-Ramo
field in a D53 context that was introduced in Ref.@9#.

It is known that massless string excitations may be
scribed by a low-energy supergravity theory and that a m
less gravity supermultiplet of graviton, dilaton and Kal
Ramond fields appears in all known string theori
However, the spectrum of theD54 @10# and D53 @11#
compactified theory fromD510 supergravity, contains th
massive antisymmetric tensor fields. Thus, since supers
metry places severe constraints on the ground state and
mass spectrum of the excitations, supersymmetric me
nisms of mass generation are of considerable importanc
particular, alternative methods for mass generation can
an important role in the context of superstrings.

In this work we review some aspects of theN512D
54 BF model. In particular we call attention about a ferm
onic topological term~to the best of our knowledge, this term
has not been discussed in the literature!. However, the main
new results of this paper are the construction in aN51
superspace of aN522D53 topological model, and theN
512D53 superspace mass generation mechanism for
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Kalb-Ramond field. The latter is constructed using a te
that we callBw, obtained from a dimensional reduction o
the N512D54 BF model.

This work is organized as follows. In Sec. II we constru
an N512D54 superspace version of theU(1) BF model.
In Sec. III, by means of a dimensional reduction procedu
we obtain a massive antisymmetric tensor field into aN52
2D53 supersymmetric topological massive gauge invari
theory. In contrast to several works onD53 BF models, we
have considered here a topological term which involve
KB and a pseudoscalar field with derivative coupling. In S
IV an alternative model with an explicit mass breaking te
is constructed inN51 superspace and a supersymmetric v
sion of the Stu¨ckelberg transformation@12# is used to restore
the gauge invariance of the model. In Sec. V we have
dressed aN51 superspace mechanism to generate mass
Kalb-Ramond field without loss of gauge invariance. Act
ally, this mechanism is a superspace version of the topol
cal massive formulation of Deser, Jackiw, and Temple
@13#. Finally, our results are summarized in Sec. VI.

II. THE NÄ1ÀDÄ4 EXTENDED BF MODEL

Let us begin by introducing theN512D54 supersym-
metric BF extended model. For extended we mean that
include mass terms for the Kalb-Ramond field. This ma
term will be introduced here for later comparison to the t
dimensional case. Actually, this construction can be seen
superspace and Abelian version of the so-calledBF-Yang-
Mills models @3#.

As our basic superfield action we take1

SBF
SS5

1

8E d4xH 2 ikF E d2uBaWa2E d2ūB̄ȧW̄ȧG
1

g2

2 F E d2uBaBa1E d2ūB̄ȧB̄ȧG J , ~2.1!

where Wa is a spinor superfield strength,Ba is a chiral
spinor superfield,D̄ ȧBa50, k and g are massive param
eters. Their correspondingu expansions are

1Our spinorial notations and other conventions follow Ref.@14#.
©2000 The American Physical Society05-1
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Wa~x,u,ū !54ila~x!2@4da
bD~x!12i ~sms̄n!a

bFmn~x!#ub

14u2saȧ
m

]ml̄ȧ ~2.2!

Ba~x,u,ū !5eiusmū]m@ ica~x!1ubTab~x!1uuja~x!#,
~2.3!

where

Tab5T(ab)1T[ab]524i ~smn!abBmn12«ab~M1 iN !.
~2.4!

Our conventions for supersymmetric covariant derivativ
are

Da[
]

]ua
1 isaȧ

m
ūȧ]m ,

D̄ ȧ[2
]

]ūȧ
2 iuasaȧ

m
]m . ~2.5!

We call attention to the electromagnetic field strength a
the antisymmetric gauge field which are contained inWa and
Ba , respectively. In terms of the components fields, the
tion ~2.1! can be read as

S5E d4xH F2
ik

2
@jl2 j̄ l̄ #

1
k

2
@casaȧ

m
]ml̄ȧ1c̄ ȧ~ s̄m!ȧa]mla#

1
k

2
BmnF̃mn2kDNG

1g2F 1
8 ~cj1c̄ j̄ !1

1

2
BmnBmn2

1

2
~M21N2!G J

5E d4xF S ik

2
J̄g5L1

k

2
C̄gm]mL1

k

2
BmnF̃mn2kDND

1g2
„

1
8 C̄J1 1

2 BmnBmn2 1
2 ~M21N2!…G . ~2.6!

In the last equality above, the fermionic fields have be
organized as four-component Majorana spinors as follow

J5S ja

j̄ȧD ; L5S la

l̄ȧD ; C5S ca

c̄ȧD , ~2.7!

and we denote the dual field-strength definingF̃mn

[ 1
2 «mnabFab. Furthermore, we use the following identitie

C̄L5c̄l̄1cl,

C̄g5L5c̄l̄2cl,

C̄gmL5csml̄1c̄s̄ml. ~2.8!
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The superfield action~2.1! is a particular case of the ac
tion proposed in Ref.@15#. However, a point of difference
must be noted. In contrast with@15#, we have not considered
coupling with matter fields and a propagation term for t
gauge fields. On the other hand, our superspaceBF term was
constructed in a distinct and simpler way. A quite simil
construction was introduced by Clarket al. @16#.

The off-diagonal mass termjl ~or J̄g5L) has been
shown by Brooks and Gates@17# in the context of super-
Yang-Mills theory. Note that the identity

g5smn5
i

2
«mnabsab ~2.9!

reveals a connection between the topological behavior
noted by the Levi-Civita tensor«mnab , and the pseudo-
escalarg5.

So, it is worthwhile to mention that this term has top
logical origin and it can be seen as a fermionic counterpar
the BF term. In our opinion, this fermionic mass term d
serves more attention and will be investigated elsewhere

III. THE NÄ2ÀDÄ3 TOPOLOGICAL MODEL

As it is well known, theBF model inD53 consists in a
one form field (‘‘B’ ’ field ! and one form gauge fieldA. So,
the Chern-Simons term is simply the identification ofB and
A. However, as has been shown in Ref.@9#, after dimensional
reduction of the four-dimensionalBF model, an interesting
additional term arises, namely, a topological term which
volves a 2 form and a 0 form. We will call it aBw term. A
quite similar model was presented in a Yang-Mills versi
by Del Cimaet al. @18#, and its finiteness was proved in th
framework of algebraic renormalization.

Following the procedure of Ref.@9#, we will carry out a
dimensional reduction in the bosonic sector of Eq.~2.6!. Di-
mensional reduction is usually done by expanding the fie
in normal modes corresponding to the compactified ex
dimensions, and integrating out the extra dimensions. T
approach is very useful in dual models and superstrings@19#.
Here, however, we only consider the fields in higher dime
sions to be independent of the extra dimensions. In this c
we assume that our fields are independent of the extra c
dinatex3.

Therefore, after dimensional reduction, the bosonic se
of Eq. ~2.6! can be written as

Sbos.5E d3x$@k«mabVmFab1k«mnaBmn]aw2kDN#

1g2@ 1
2 BmnBmn2VmVm2 1

2 ~M21N2!#%, ~3.1!

whereVm is a vectorial field andw represents a real scala
field. Notice that the first term in right-hand side of Eq.~3.1!
can be transformed in the Chern-Simons term if we iden
Vm[Am. The second one is the so-calledBw term.

Now let us proceed to the dimensional reduction of t
fermionic sector of the model. First, note that the Loren
group in three dimensions isSL(2,R) rather thanSL(2,C) in
5-2
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D54. Therefore, Weyl spinors with four degrees of freedo
will be mapped into Dirac spinors.2 So the correct associa
tions keeping the degrees of freedom are sketched as

J5S ja

j̄ȧD→J65ja6 i ta ,

L5S la

l̄ȧD→L65la6 ira ,

C5S ca

c̄ȧD→C65ca6 ixa . ~3.2!

From Eq.~3.2!, we find that

CJ̄→ 1
2 ~C1J21C2J1!,

C̄gm]mL→ 1
2 ~C1gm̂]m̂L21C2gm̂]m̂L1!,

Jg5L→ 1
2 ~J1L11J2L2!, ~3.3!

wherehattedindex means three-dimensional space-time.
Thus, the dimensionally reduced fermionic sector of E

~2.6! may be written

Sf erm.5E d3xH ik

4
~J1L11J2L2!1

k

4
~C1gm̂]m̂L2

1C2gm̂]m̂L1!1
g2

16
~C1J21C2J1!J . ~3.4!

The actionS5Sbos.1Sf erm. is invariant under the follow-
ing supersymmetry transformations~here and in rest of the
paper, greek indices mean three-dimensional space-time!:

dla52 iDha2~smsn!a
bhbFmn ,

dra5 iD za2~smsn!a
bzbFmn ,

dFmn5 i ]m~hsnr2lsnz!2 i ]n~hsmr2lsmz!,

dD5]m~2hsmr1lsmz!, ~3.5!

d~ca6 ixa!5dC65 ihbT̃ba6zbT̃ba ,

dT̃ba52hbja1zlsbl
m ]mca ,

d~ja6 i ta!5dJ652 i zl~sm!lbTba7hl~s̄m!blTba ,
~3.6!

whereh and z are supersymmetric parameters, which in
cates that we have two supersymmetries in the aforem
tioned action.

2For details about spinorial dimensional reduction, we sugg
Refs.@20# and @21#.
02500
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IV. REMARKS ON SOME 3D SUPERSYMMETRIC
MODELS AND STÜCKELBERG FORMULATION

From the two topological terms introduced in Eq.~3.1! we
can setup two supersymmetric models. The first one, wh
involves a two and a zero form, can be expressed as

S5E d3xd2u~DaFBa1 1
2 g2BaBa!, ~4.1!

whereBa andF are spinor and real scalar superfields, whi
are defined by projection as

Bau5xa ,

D (bBa)u52iM ba5Mab5Bmn~smn!ab ,

DaBau52N,

DbDaBbu52va , ~4.2!

and

Fu5w,

DaFu5ca ,

D2Fu5F. ~4.3!

Here the supersymmetry covariant derivative is given
Da5]a1 iub]ab . So, in terms of components fields, th
action ~4.1! becomes

S5E d3x@~k]abwMba12kcava22kFN!

1 1
2 g2~4vaxa12ixa]baxb1MbaMab12N2!#.

~4.4!

Starting from the definitions of two spinor superfield
given by

Lau5ja ,

D (bLa)u52iVba ,

DaLau52G,

DbDaLbu52ra , ~4.5!

and

Wau5la ,

DaWbu5 f ab , ~4.6!

where

Vba[Vm~s̃m!ba ; f ab[~s̃m!ab f m; f m52
i

2
«mnrFnr ,

~4.7!
st
5-3
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we can propose another supersymmetric action, now inv
ing two 1-forms, namely

S5E d3xd2u~LaWa2g2LaLa!

5E d3x@~2rala2 iVab f ba!

2g2~4rava12i ja]bajb1VbaVba12G2!#.

~4.8!

It is easy to see that the superspace actions~4.1! and~4.8!
are not invariant under the following gauge transformatio

dBa5DbDaPb ,

dF50, ~4.9!

dLa5DaV,

dWa50. ~4.10!

However, if we reparametrizeLa and Ba through intro-
duction of the Stu¨ckelberg superfields3 Q andSa such that

La→~La!85La1
1

g
DaQ,

Ba→~Ba!85Ba1DbDaPb ,
~4.11!

and imposing thatQ andSa transform like

dQ52gV,

dSb52Pb, ~4.12!

we ensure gauge invariance for that superactions.
We remark that integrating out the superfieldBa in Eq.

~4.1! we arrive at a supersymmetric Klein-Gordon acti
and, if we do the same forLa in Eq. ~4.8!, we obtain a
Maxwell superaction. Observe that both these relations m
be understood as two duality transformations. We recall h
that an analogous connection in 4D pure bosonicBF-theory
was viewed as a perturbative expansion in the coupling
around the topological pureBF theory@4#. Thereupon, it may
be interesting to perform a similar investigation in the fram
work of action~4.1!.

V. NÄ1 SUPERSPACE TOPOLOGICAL MASS
GENERATION

In order to show the topological mass generation for
Kalb-Ramond two form field, we will construct a variatio
from the model~4.1!, by introducing the propagation term

3For historical reasons, it is important to cite here the first work
the best of our knowledge, in the framework of supersymme
Stückelberg formalism, namely Ref.@22#.
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for it. Before that, for illustration purpose, we quote th
bosonic action introduced in Ref.@9#:

S5E d3x@ 1
6 HmnrHmnr1kemnrBmn]rf1 1

2 ]mf]mf#,

~5.1!

whereHmnr , a three form field strength of theBmn field, is
defined as

Hmnr5] [mBmr]5]mBnr1]nBrm1]rBmn . ~5.2!

TheN51 superspace construction of the supersymme
version of Eq.~5.1! proceeds as follows. First, we introduc
a scalar superfieldG defined by

G52DaBa , ~5.3!

where Ba is the super-Kalb-Ramond field defined in E
~4.2!. Then, after looking the expression~4.1!, we find the
action

S5E d3xd2u@2 1
2 ~DaG2!1kBaDaF2 1

2 DaFDaF#.

~5.4!

Now it is straightforward to show that the topologic
term kBaDaF gives rise to a mass term for the super-Ka
Ramond field. The equation of motion associated withF is

Da~kBa2DaF!50. ~5.5!

Consequently,

kBa2DaF5C. ~5.6!

Since that the constantC can be absorbed byBa , we con-
clude that

kBa2DaF50. ~5.7!

Therefore the original action~5.4! can be rewritten as

S5E d3xd2u@~DaG2!1 1
2 k2BaBa#. ~5.8!

This exhibits a topological mechanism of mass genera
for the Kalb-Ramond field. Naturally, the topological ma
terms arise due to the coupling of theBa andF superfields.
In other words, this mass term results of the breakdown
the gauge invariance~4.9!.

Incidentally let us mention a possible equivalence sim
to that between massive topologically and self-dual theo
in D53 @13#. Indeed, starting from Eq.~4.1!, we can con-
struct an action by introduction of a mass term for the sup
field F, namely

S5E d3xd2u~DaFBa1 1
2 g2BaBa1mF2!. ~5.9!

It is easy to see that the equations of motion of Eqs.~5.9!
and ~5.4! are equivalent. So, the action~5.9! can be consid-

o
c

5-4
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ered locally equivalent to action~5.4!. On the other hand, i
would be interesting to investigate if this equivalence is p
served at quantum level.

VI. CONCLUSIONS

In this work, we have constructed anN512D53 su-
perspace action for a model involving an antisymme
gauge field. Our main point is a topological term that co
sists in a coupling of this 2-form field and a scalar field.
the best of our knowledge, in the form presented here,
model is completely new in the literature. A similar a
proach, but involving a 3-form and a scalar fields inN51
2D54, was introduced in Ref.@23#.

Starting from the so-calledB`F model inN512D54
superspace, we carried out a dimensional reduction to
three-dimensional space-time, in order to obtain our ba
model. The superspace construction for theB`F is known,
but we point out the appearance of a fermionic counterpar
the B`F term.
a

o-

. D
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We have introduced two massive gauge invariant mod
for an antisymmetric tensor field into aN512D53 su-
perspace. In the first, we resort to the Stu¨ckelberg formalism
and in the other, we construct an abelian topologically m
sive theory, and a topologically generated mass for the Ka
Ramond superfield is exhibited. An equivalence of both m
sive models is suggested. Furthermore, a component
analysis is performed, showing a second supersymmetr
the model.
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