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Reggeized gluon interactions due to a single quark loop are studied in the full triple-Regge limit and in
closely related helicity-flip helicity-pole limits. Triangle diagram Reggeon interactions are generated that
include local axial-vector effective vertices. It is shown that the massless quark triangle anomaly is present as
a chirality-violating infrared divergence in the interactions generated by maximally nonplanar Feynman dia-
grams. An asymptotic dispersion relation formalism is developed which provides a systematic counting of
anomaly contributions. The asymptotic amplitude is written as a sum over dispersion integrals of triple dis-
continuities, one set of which is unphysical and can produce chirality transitions. The physical-region anomaly
appears in the generalized real parts, determined by multi-Regge theory, of the unphysical discontinuities. The
amplitudes satisfy a signature conservation rule that implies color parity is not conserved by vertices containing
the anomaly. In the scattering of elementary quarks or gluons the signature and color parity of the exchanged
Reggeon states are such that the anomaly cancels. At lowest order, it cancels in individual diagrams after the
transverse momentum integrations are performed.
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I. INTRODUCTION new manifestation of the () anomaly which we believe
plays a crucial dynamical role in producing a transition to
Multi-Regge limits within QCD have the virtue that they hadron and Pomeron Reggeon diagrams.
are,a priori, close to perturbation theory at large transverse We present direct calculatiohshowing that the anomaly
momentum while in the infrared transverse momentum reis present in the triple-Regge six-Reggeon interaction vertex
gion very strong constraints imposed by analyticity andobtained from the “maximally non-planar” Feynman dia-
t-channel unitarity must also be satisfigld2]. Many calcu- grams that appear in three-to-three quark scattering. The six-
lations[3—9] have shown that if gluons and quarks are givenReggeon interaction that appears in elastic scattering
a mass via spontaneous symmetry breaking the unitarity corReggeon diagramsiand in the inclusive cross-section
straints are satisfied perturbatively, in an elegant and minihelicity-pole limit) has been studied previously by a number
mal manner, by Reggeon diagrams containing onlyof authors in the context of looking for BalitSkiadin-
Reggeized gluons and quarks. If there are circumstances uraev-Lipatov(BFKL) Pomeron interactionfl2]. In this
which the symmetry breaking can be removed smoothly Wease, however, only helicity non-flip interactions are in-
may hope to see an accompanying fransition to Reggeafy|yed and there is no possibility for the anomaly to appear.
diagrams containing hadrons and the Pomeron with, ideally, e diagrams we study contain a single quark loop and

a connection to perturbation theory maintained at large trangpq anomaly appears in the lirfst we study because an un-

verse momentum. : . . L :
. . hysical singularity combination in which every quark

The purpose of this paper is to demonstrate that wherﬁ) . : i .
guarks are massless high-order Reggeized gluon interactiorﬁ)eéof;iga_ﬁlre'ncghnii I?Jc;gtilznori]ns\r/]v?ilc%pggoea(:hufrlzhii iiéﬂggonc
of a particular kind contain an infrared divergence that can glon. 9 q P

be understood as the infrared appearafid® of the (1) carries zero momentum and undergoes a chirality transition
quark anomaly. Although, of course, QCD contains or”yproduces théinfrared anomaly. There are, however, many

vector interactions, in multi-Regge limits effective vertices ©Pvious possibilities for a cancellation. We have to sum over
are generated by quark loops which involve products ofhe different choices for the quark that carries zero momen-
y-matrices. The full triple-Regge linfiis sufficiently intri- E?m' Oerr all diagrams of”th|skl:||nd, and Iflnally, ovekr Ia" other
cate(as are the helicity-flip helicity-pole limits that we also inds o d|agrams as we '.W i€ non-pianar quark 10op dia-
study) that both the axial-vector couplings and the orthogo-9"2mSs provide the_ essential analytic structure of Regge cut
nal momenta needed to generate the triangle anomaly aff?UP!ings, other diagrams are needed for the Reggeon Ward
present. Since the triple-Regge vertices involved appear % entity canc_ellatl_on$13] that (mdwectly) reflect the under-
essential components in the Reggeon diagrétBbthat de- ying gauge invarianceA priori such cancellations might be

scribe the formation and scattering of bound states, this is §¥Pectéd to include cancellation of the anomaly. However,
the Reggeon Ward identities include gluon self-interaction

contributions that cannot produce the chirality transition in-

*Email address: arw@hep.anl.gov

This is a limit of three-to-three scattering amplitudé4], not to
be confused with the incorrectly named “triple-Regge” limit of the  2In a companion papdtl4] we present an abbreviated version of
one-particle inclusive cross section that is actually a “non-flip the central calculation together with a very brief overview of other
helicity-pole” limit. arguments in this paper.
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volved in the anomaly divergence. As a result, Reggeomelated diagrams required by Reggeon Ward identities. Once
Ward identities are violated by the anomaly and do not prethe discontinuities involved have been isolated, the study of
vent its occurrenceln an Abelian theory the corresponding cancellations reduces to a discussion of signature and the
Ward identities do produce a cancellatijon. symmetry properties of color factors.

Chirality transitions are well known to be produced by The amplitudes that contain the anomaly have special
non-perturbative interactions, such as those due to instag@nalytic properties. In particular, they satisfy a very impor-
tons. From the point of view of the dispersion theory ontant signature conservation rul@ithough we do not discuss
which we ultimately base our analysis, the anomaly appear$ in this paper, we expect this rule to lead to the even sig-
in the generalized real parts that multi-Regge theory provideBature of the Pomeron in hadronic Reggeon diagraifise
for perturbatively calculated unphysical asymptotic disconti-Signature rule implies that the anomaly chirality transition be
nuities. It is just because the multiple discontinuities are unaccompanied by a color parity violation and, most likely,
physical that they can contain chirality transitions. Our hopegequires that all Reggeon states coupling to the anomaly
is to eventually show that, in appropriate circumstances, thé&rry anomalous color parifyot equal to the signatureFor
chirality violating processes dominate the soft background t&olor zero Reggeon states, anomalous color parity implies
a hard scattering process and, in doing so, provide a funddb€ quantum numbers of the winding-number current for ei-
mental origin for the parton model outside of leading-twistther the complete state or a sub-component. In addition,
perturbation theory. However, a more immediate propertycolor parity violation by the anomaly vertex requires a sym-
that must first be established is that the chirality violationmetric d-tensor and so requires at least(Slfor the gauge
produced by a single Reggeon interaction cancels in elemeigroup. When the external scattering states are elementary
tary scattering processes where it clearly should not appeafiuarks (or gluong anomalous color parity Reggeon states
This certainly includes helicity conserving processes thafannot appear and the anomaly cancels. At lowest-order, it
have only elementary perturbative QCD ingredients for accanc_els in ir_ldividual diagrams after the transverse momen-
companying interactions and may well extend to any proces&/m integrations are performed.

where the chirality violation cannot be linked tBeggeizedl Far more important, of course, is determining when the
gluon configurations with the quantum numbers of theanomaly does not cancel. For high-order multi-Regge ampli-
winding-number current. tudes that have clusters of particles in initial and final states

Since mu|ti_Reggeon “states” are virtual, exchanged,(that pOtentia”y form bound Stat)3$here is, as we br|3ﬂy
configurations that do not directly produce particle states, th&laborate in Sec. VI, no reason for anomalous color parity
chirality and Reggeon Ward identity violation associatedR€ggeon states and the anomalous Reggeon interactions to
with the anomaly does not produce any fundamental conflickancel and they are likely to be a pervasive phenomenon.
that requires a cancellation within a Reggeon vertex. Rathefowever, the infrared divergences are then suppressed by
such cancellations are secondary effects within the full scattVard identity zeros of the accompanying interactions. Nev-
tering process that have to be traced. The number of Fey@rtheless, the associated ultra-violet effects of the anomaly
man diagrams contributing to even the lowest-order three-toShould not be suppressed and we expect the consequence to
three quark scattering processes of the kind we study is verge a power(rather than a logarithmjcviolation of unitarity
large [O(100)] and some diagrams, the maximally non- bounds. o o _
planar diagrams in particular, produce several anomaly con- Avoiding the violation of unitarity by the anomaly is, we
tributions. Therefore, even though we make no attempt t®€lieve, the core problem in finding the full multi-Regge
calculate the full Reggeon interaction vertex, understandingmatrix of QCD. Our proposal, outlined if2], is that this
diagrammatically when the anomaly occurs and how andan be achieved by enhancing the anomaly in the infrared
when the necessary cancellations take place would be vefggion so that the ultra-violet effects are dominated by infra-
difficult. red divergences that can be absorbed into the definition of

Fortunate|y, we are ab|én princip'e at |ea9tto System- Reggeon State_S. To aChieVe this iS-Very subtle. The anomaly
atically count all anomaly contributions by using the QOes produce infrared d|verg(_ences if an anomalous color par-
asymptotic dispersion relation formalism developed[2h ity “Reggeon condensate’{with the quantum numbers of
and[15]. In this formalism the full asymptotic amplitude is the winding-number qurre?)t|s introduced. In the program
constructed as a relatively simple sum over dispersion inteoutline we gave previously13] we demonstrated that in a
grals of multiple discontinuities. Multi-Regge theory then al- color superconducting phase of QQMith the gauge sym-
lows the multiple discontinuities to be converted to ampli-metry broken from S(B) to SU2)] such a condensate can be
tudes containing generalized real parts by introducingconsistently reproduced in all Reggeon states by anomaly
appropriate signature factors and, for the lowest-order ampliinfrared divergences. We also showed how the perturbative
tudes we consider, the signature factors have a particulari?ggeon diagrams are replaced by diagrams containing had-
trivial form. A very important feature of the asymptotic dis- fons and a Reggeon field thedRFT) supercritical Pomeron
persion relation we use, which is not present in the simpler
case of multi-Regge production processes, is that there is a
set of unphysical triple discontinuities that contribute. Indeed 37hjs “condensate” is actually a “wee-parton” contribution in a
we find that the anomaly appears only in the amplitudeghysical Reggeon state, rather than a vacuum condensate and so
given by multiple discontinuities of this kind obtained from need not be parity violating, as a true vacuum winding-number
the maximally non-planar diagrams and, also, the closelgondensate surely would be.
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[2], with restoration of the full S(B) symmetry producing,
in principle, the RFT critical Pomeragfi6].

In [13] we assumed the existence of the anomaly. While
the properties we assumed were essentially correct there are
significant differences. Having understood the full structure
of the anomaly we hope to implement our previously out-
lined program in detail in future papers. If we successfully
obtain a unitary(Reggeon Smatrix as we hope, it will be
very close to perturbation theory, and the connection with
the parton model should be clear. In effect, the non-
perturbative properties of confinement and chiral symmetry
breaking will be obtained as a consequence of regulating the
anomaly so that unitarity is satisfied in the Regge region.

In this paper, apart from brief discussions in Secs. Il and
VII, we will not enlarge on what we believe to be the dy- FIG. 1. The class of Feynman diagrams studied.
namical role of the anomaly divergences. Instead we will

focus entirely on the technical problem of studying themomentaPl, P,, and P; whose spacelike components are
asymptotic behavior of Feynman diagrams, setting up therthogonal to each other. This limitiefined precisely in the
necessary multi-Regge formalism, and isolating the occurnext sectionis discussed i13] for some simple diagrams
rence of the anomaly. We have organized the paper in gut otherwise has not been discussed in QCD. In this paper
manner that we hope will allow a reader to extract some&ye will study Feynman diagrams of the kind illustrated in
general understanding of our results without necessarily alzjg. 1 in which the three particles scatter via gluon interac-
sorbing all of the underlying multi-Regge theory. Section Il tions involving a single quark loop—the solid circle. In most
is a general outline of the purpose of the paper and a sunpf our discussion the scattering particles will be single
mary of its contents that, as far as possible, avoids teChnnguarks and the coupling3;, G,, andG, will be the lowest-
language. Section Il describes the triple-Regge and relategrder elementary couplings. However, in discussing anomaly
helicity-pole limits in terms of light-cone variables. Section cancellations we will also allow these couplings to have the
IV is devoted to the calculation, using light-cone co- more general properties associated with bound-state scatter-
ordinates, of triple-Regge contributions from three specifigings.

diagrams. This allows us to illustrate how the anomaly oc- The quark loop initially contains a sufficiently large num-
curs as an infrared divergence of Reggeon vertices. We cofyer of quark propagators that there are no ultra-violet diver-
centrate on the kinematic structure of diagrams and ignorgences. At finite momentum, this loop also has no infrared
color factors until we have set up the necessary machinery tgjvergences, even when the quark mass is zero. If the gluons
discuss cancellations. We Study one diagram that ObViOUSIMre massive, the g|u0n |Oops also have no divergence prob-
does not contain the anomaly, one that might have anomalgms. For most of our analysis we will, for simplicity, set the
contributions but actually does not and one, a maximallygluon mass to zero. This means that the diagrams we study
non-planar diagram, that does. At the end of the section Wgi|| formally have infrared divergences at zero gluon trans-
discuss how the anomaly contributions from maximally non-yerse momentum, just where the anomaly divergence occurs.
planar diagrams cancel. In Sec. 5 we develop the asymptotigitimately the interplay between these divergences is crucial
dispersion relation and multi-Regge formalism that ulti- and has to be discussed in detéit.is well known that the
mately allows us to systematically discuss all anomaly congluon infrared divergences cancel for Reggeon states carry-
tributions. In Sec. VI we Study the Complete set of dOUbIeing zerot-channel color but do not produce Confinem)gm.
discontinuities and conclude that only those originating fromgec. v we will briefly mention using gluon mass to
maximally non-planar diagrams, and diagrams closely rezyoid anomaly cancellations. In the main body of the paper
lated by Reggeon Ward identities, give amplitudes that conge simply ignore the divergences due to the zero mass of the
tain the anomaly. We finally discuss the role of color factorsg|yon.

in cancellations in Sec. VII. We then briefly discuss dia- | the limits we consider the most important contributions
grams which give anomaly contributions that we do not ex-come from regions of the gluon loop integrations where a

pect to be canceled. number of the propagators in the quark loop and the scatter-
ing quark systems are either on-shell or close to on-shell. We
Il. OUTLINE AND SUMMARY will be particularly interested in diagrams for which, with

. o ~_ appropriate quantum numbers in the(:Qiz) channels, all

The triple-Regge limit(and closely related helicity-flip e relevant quark lines are precisely on-shell in the leading
helicity-pole limits') can be formulated as the high-energy, contribution. (We discuss below which propagators are in-
near-forward, scattering of three particles carrying Iight—likevowed_) If the propagator poles are used to carry out light-
cone longitudinal momentum integrations the integrals over

gluon loop momenta reduce to two-dimensional “transverse

“4A helicity-pole limit isolates the leading helicity amplitude that momentum” integrals. The leading contribution then has the

ultimately gives a physical particle amplitude. form
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3
I f d?kind®kip- - - 6% (Qi—kin—kiz— - - )Gi(kia Kiz, -+ )
=1

P1+P2+P3+ 2.2
kikiz- - -

R(Q1,Q2,Q3.K11,Ki2,- - ). (2.7)

(Note that, in contrast to simpler multi-Regge limits, the  Gauge-invariance relates diagrams of the form of Fig. 1 to
transverse momenta in eatkhannel can not be taken to be other diagrams involving the triple-gluon coupling. We will

in a common plang. make brief references to such diagrams in the context of
Provided thata;=1+0(g?), i=1,2,3 we can write Reggeon Ward identity cancellations. However, we do not
attempt to calculate Reggeon vertices corresponding to all

P,+ P+ Py~ SH2SH2Sl2 diagrams of a fixed-order. Rather we concentrate on demon-

strating the presence of the anomaly in contributions from
particular diagrams and on determining when and how such
X (1) (@1t @2 @324 O(g?), (2.2)  contributions cancel. The infrared divergence we are looking

for requires[10] a quark triangle Landau singularity and so
whereS;; = (P;+ pj)2, This is the lowest-order triple-Regge diagrams of the kind we have isolated are the important ones.

behavior for the amplitudes that interest(asd, in particu- Most of our discussion will be concerned with the lowest-
lar, potentially contain the anomaly Consequently, the order diagrams, illustrated in Fig. 3, in which the scattering
transverse momentum integrations, together with the gluogtates are quarks and there are just two-gluons exchanged in
propagators and the external couplings, are straightfor- €acht-channel. This simplest set already conta®&100)
wardly interpreted as the leading-order contribution of multi-diagrams and so counting all possibilities will be a very dif-
Reggeon states in which each gluon is regarded as a lowedtcult thing to do unless we have a very systematic proce-
order Reggeon. As illustrated in  Fig. 2, dure.
R(Q1,Q,,Q3.K11,Kp1,---) can then be extracted as a  TWo conceptually distinct calculational methods can be
“Reggeon interaction vertex.” In general, the lowest-orderused to arrive at Eq2.1). The arguments for placing propa-
contribution to this vertex will survive as higher-order cor- gators on-shell are related but differ in important ways that
rections add Reggeization effects to the exchanged gluon¥e want to emphasize. The most popular calculational
and modify theG; couplings. In particular if there is an method is applied directly to Feynman diagrams and utilizes
infrared divergence in the lowest-order vertex this wouldlight-cone co-ordinategor Sudakov parametersThe large
also be expected to survive as higher-order effects are addefght-cone momenta are routed through a diagram and if a
Since one propagator in the quark loop is placed on-sheffrge momentum is carried by a propagator it must be on-
for each gluon loop integration, only three of the original Shell, or close to on-shell, if it is not tgowen suppress the
loop propagators are off-shell. The effective vertices proasymptotic behavior. If there is no corresponding intermedi-
duced by the longitudinal integrations contain, in general@te state in which the propagator is on-shell then, in a
both local and non-local components. Byr) definition, the  leading-log calculation, only the close to on-shell configura-
local Components are products Qf matrices that in some tion contributes and a real IOgarithm is generated. In hlgh-
cases reduce tqsfy Coup"ngs_ C|ear|y' if there iS an Odd Ol’del’S_ a Careful diS_CUSSiOﬂ Of the C|OSing Of |0ng|tud|na| in-
number of ys's then, a priori, the U1) triangle anomaly tegration contours in the Complex plane is required, t(_) make
could be present in the reduced loop. Intrinsically, Reggeo§ure that the propagator pole involved cannot be avoided by
diagrams are most unambiguously defined at low transverd@e distortion of an integration contour. In general, the con-
momentum. Therefore, we look for the infrared manifesta-{ribution of a real, close to on-shell, configuration reflects the
tion of the anomaly as a divergence that is present when thrésence of a cross-channel branch cut.
quark mass vanishd40]. This divergence occurs when the ~ The second, much less intuitive, calculation method em-
remaining three off-shell quarks go on-shéfiroducing a _ploys_adlspersmn relatl_o[rS] which conf@ms discontinuities
complete loop of on-shell quarkswWe will not be able to N which the relevant lines are specifically on-shell. Real

identify the full Lorentz structure but we will find the char- @mplitudes involving logarithms corresponding to close to
acteristic chirality violation. on-shell configurations in a particular channel are reproduced

by dispersion integrals over the intermediate states in the
cross channel that they are related to. The dispersion relation

— (313)(a1+ a37a2)/2(523)(a2+ az—aq)l2

k,-integrals

B

reggeon interaction

R(Qll Q2IQ3Ik111 k21l .. ’)
FIG. 3. Quark scattering diagrams with two gluons in each
FIG. 2. Generation of a Reggeon vertex. t;-channel.
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formalism generally has the advantagearticularly in a

gauge theorythat fewer diagrams need to be calculated. In

higher orders, in principle, dispersion relations for produc-

tion amplitudes must also be introduced. However, the

simple relationship between the signature factors and discon- - 4
tinuities for Regge amplitudes can be exploif&dto short-

cut, at least part of, such calculations. The dispersion relation

approach sometimes has the disadvantage that a cancellatio

which manifests itself via the closing of a contour in the
direct diagrammatic approach can appear as a more elaborate
cancellation between discontinuities, dependent on signature FIG. 4. A diagram with an anomaly contribution.
and quantum number properties. For our purposes, however,
the crucial feature of the dispersion relation method is thathe phases due to the square-root branch cuts in eagh of
the ambiguity of which on-shell configurations contribute iss,;, andss;. In particular the amplitude can be extended to
resolved by the unambiguous process of taking the necessanggative values of the invariants where the amplitude is real
discontinuities. and there are no discontinuities. Of course, &) is only
As we already implied, because we are interested in thene possible way to write the large momentum factor
low-order behavior of a large number of relatively compli- (P,+P,+P3+) in terms of large invariants. To justify this
cated diagrams we will not attempt a complete diagrammatigarticular choice it is necessary to calculate higher-order cor-
analysis. In fact, although there are three distinct large morections and see the appropriate Reggeization effects appear.
menta to be routed through diagrams, in the configuratiolThe asymptotic dispersion relation provides a sum over all
that interests us the crucial quark loop carries finite momenallowed possibilities and multi-Regge theory incorporates
tum. This makes the ambiguity as to which quark propagathe higher-order corrections and generalizes the extension of
tors should be placed on-shell particularly serious. Fortuthe amplitude away from the discontinuities via the introduc-
nately, the asymptotic dispersion relation formalismtion of phases and signature factors.
developed in2] and[15] provides a fundamental basis for ~ As part of our effort to organize the paper to provide
calculating triple discontinuities and assembling them tosome benefit for a general reader we begin, in Sec. lll, by
form the complete asymptotic amplitude. We will see thatformulating the triple-Regge limits we discuss in terms of
the structure of multiple discontinuities, although involving light-cone kinematics. As a result, in Sec. IV we are able to
subtleties crucial for the emergence of the anomaly, is relainitially discuss some diagrams directly in terms of light-
tively simple and that the problem of counting contributionscone co-ordinate calculations without developing the mul-
from all diagrams becomes straightforward. Indeed, wheniple discontinuity formalism. This allow us to illustrate how
the amplitude is Regge-behaved, the relationship betweethe anomaly occurs. We study all three diagrams shown ex-
discontinuities and the full amplitude is such that Reggeormplicitly in Fig. 3. The first diagram, fairly obviously, does not
interaction vertices can be extracted from multiple disconti-contain the anomaly since it generates only vector effective
nuities directly. The most important subtlety, for our pur- vertices. The second diagram containgseeffective vertex,
poses, is that the dispersion relation includes unphysical dissut the necessary light-like momentum cannot flow through
continuities that can contain the chirality transitionsthe diagram. The third diagram of Fig. 3 actually gives more
necessary for the anomaly to appear. In fact this feature caghan one Reggeon interaction contribution containing the
be regarded as the main consequence of the increased coamomaly. When this diagram is redrawn as in Fig. 4, the
plexity of the triple-Regge limit, compared to the multi- “maximally non-planar” property is apparen{The cou-
Regge limits previously studied. plings to the quark loop by the two gluons in the same
To illustrate the general idea behind using multi-Regget-channel are separated, in both directions around the loop,
theory to obtain amplitudes from multiple discontinuities we by couplings to gluons in the other twtechannels. As we
note that when the leading-order amplitude has the form oélready alluded to above, this non-planarity property ensures
Eq. (2.1), discontinuities can be taken trivially using Eq. that such diagrams unambiguously contribute to Regge cut
(2.2, e.q., vertices. When the hatched lines are placed on-shell by the
_ gluon loop longitudinal integrations a triangle diagram
[Discls,,~ (81 "%— (67?51 "*=2(51)"%. (2.3 Reggeon interaction is generated as shown. The local cou-
pling component is shown in Fig. 5. In obtaining these local
Indeed if Eq.(2.1) were derived as an asymptotic multiple couplings we have used the special light-cone co-ordinates
discontinuity ins;,, Sy andsz; and the momentum behav- discussed in Appendix B. It is straightforward to show that
ior interpreted using Eq(2.2), the asymptotic result has a the necessarys couplings are present within the products of
trivial extension away from the discontinuity by including y-matrices shown.
To illustrate how the appropriate momentum configura-
tion for the anomaly appears we first define the light-like
vector

SThis particular multiple discontinuity is forbidden by the Stein-
mann relations, but for pedagogical reasons we ignore this for the
moment. nc=(1,cosb,siné; ,0) (2.9
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%
q1+k
q;= Qi/z
Ak,
1"6 = % q+q+ 9 =0
d,+k; 'Yii =7 ‘!‘.71

27,7

q2_ k2

FIG. 5. A triangle diagram Reggeon interaction.
and the orthogonal space-like vector
Ny, =(0,—siné,;,cosf ,0). (2.5
We then take
di kit datka=0(aq)N e,
d2— kot g3 tks=In;c+O(Q)N e, (2.6)
A1~ Kyt d3—kg=—1In;c+O(@)Nyc, -

We also take the loop momentuk+O(q) and letq—0
with
(Ql_kl)_)_2|(11110101 (q2_k2)_>2|(11051101( 7)
2.

and

q;—1(0,1-1,0), k3—I1(0,1-2 cosb,.,1—2 siné,.,0).

(2.9
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(a) (b) (c)

FIG. 6. Tree diagrams for triple discontinuities.

crucial way to the asymptotic behavior and are essential for
the appearance of the anomaly.

The multi-Regge Sommerfeld-Watson representations are
quite different for the triple discontinuities of Fig(# and
those of Figs. @) and Gc). The 24 combinations of the first
kind form signatured amplitudes with three possible signa-
tures. Each of the sets of Figs(bd and &c) provide only
four distinct signatured amplitudes leading to a “signature
conservation” rule. This rule is superficially the same as the
usual Gribov signature rule for the triple-Regge vertices ap-
pearing in elastic scattering Reggeon diagrams. However, its
origin is quite different. We anticipate that this signature rule
will ultimately lead to the even signature property of the
Pomeron when we finally extract the physiGatrix from
Reggeon diagrams.

Section VI has a very simple purpose and result. We
study all contributions of diagrams of the form of Fig. 3 to a
particular particular physical region double discontinuity and
look for the anomaly in the contributions to six-Reggeon
interactions. We show that only the double discontinuities
originating from a maximally non-planar diagram give an
amplitude that contains the anomaly, apart from the diagram

In the limiting configuration the momenta corresponding tothat is closely related to the non-planar diagram by Reggeon

the hatched lines of Fig. 4 are on-shell. Also

q5=05=ki=k5 (2.9

and only the lightlike momenturk,.=1 n . flows through

Ward identities. This implies that to fully discuss the cancel-
lation of the anomaly we only have to add a relatively simple
discussion of color factors to our discussion at the end of
Sec. IV. This we do in Sec. VII. We also discuss processes in
which the anomaly does not cancel but rather gives predomi-

the triangle graph of Fig. 5. As a result, the anomaly diver-,5nt ultra-violet effects.

gence appears and gives

(1—cosb,.—sin6,;)?1?

e~ ] . (2.10

IIl. KINEMATICS: TRIPLE-REGGE LIMITS

In order to extract the asymptotic behavior of Feynman

The physical scattering process corresponding to the momef§iagrams using familiar light-cone techniques, we begin by
tum configuration(2.7) and (2.8) is discussed in more detail formulating the triple-Regge limits we study using light-cone

in Sec. V.

momenta. In Sec. V we will relate this formulation of limits

In Sec. V we describe the asymptotic dispersion relatiorf® the usual description of multi-Regge limits in terms of
that holds in the triple-Regge limit. The physical-region @ngular variables.

triple discontinuities that appear are relatively simple. Using
tree diagrams in which an internal line represents a channel
discontinuity, the triple discontinuities are of three kinds, as ) _ _
illustrated in Fig. 6. There are 24 of the first kind, illustrated ~We consider the three-to-three scattering process illus-
in Fig. 6a), that are related to one-particle inclusive crosstrated in Fig. Ta) and define momentum transfe@y, Q,
sectiongvia optical theorems There are 12 contributions of andQs as in Fig. Tb). Consider first the “full triple-Regge
the form of Fig. 6b). The asymptotic dispersion relation also limit” in which each of Py, P,, and P3 are taken large
contains 12 triple discontinuities of the form of Figicp  along distinct light-cones, witkQ;, Q, andQj fixed, i.e.
which, unlike those of Figs. (&) and &b), do not occur in N

any of the physical regions. However, they contribute in a P1—P1=(P1,p1,0,0), p;—

A. Light-cone description of the triple-Regge limit

Qlﬂ(alaalv‘hz,%Q)
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(b)

FIG. 7. Three-to-three scattering.

Q2—>(a2 vQ217a2 +023)
(3.2

I:)2_> PZ+ :(p2701p210)1 p2_>oo

P3—>P§r=(p3,0,0p3), p3— Q3—>(E13'Q31aQ32,E13)-

Momentum conservation requires that
Q1 +92+93=0, O;+02+0s=0,

U2+ 010+ G3=0, Qz+0iz+ Q=0 (3.2

and so there are a total of five independgrariables which,
along with P, P,, andP3, give the necessary eight vari-
ables. (Obviously P;,=P;—Q;, i=1,2,3. Also we omit
light-cone components of both tH& and theQ; that go to

zero asymptotically, but are necessary to put the initial an

final particles on mass-shell.
In terms of invariants, writings;; = (P; + Pj)z, sijr = (P;
- Pjr)z andsilj/:(Pir+Pjr)2, the limit (31) giVeS

S12~S172/~ = S12~ —S1/2—~2P1P2,
(3.3

Sp3~ —Spr3—~2P2P3,  S31~S3r1—2P3P1,

Pl_)P]J_r:(pl!plroio)v pl_>oo
P,—P; =(p2,002,0), pp—

P3— P; =(p3,0,0p3), pz—>

where now the constraints of momentum conservation are

Qu12- T 0212~ T 033=0, Q13+ 0231t03=0 (3.10

giving three independery variables. As our notation indi-

cates, the helicity-flip limit is naturally expressed in terms of

the light-cone variables introduced in Appendix B.
We can obviously also define additional helicity-pole lim-
its by taking
U3z = 03— Ggp= 023~ 01 —0 (3.1

Uz3- = 02— 023=U13— 01— 0 (3.12

PHYSICAL REVIEW D 63 016007

while for invariants of the forms;,»=(P;+Q,)%=(P;
+P,—P,)?

S102 ~2P1- Q2—>2p1(a2_ d21),

S133~2P1-Q3—2p3(Gz—ay), (3.4

3233’—’2p2(613_Q32)a S317—2P3(d1—d13),s - - - -

Note that there is no constraint on the relative magnitudes of
the Q;. They can lie in either a spacelike plare(s in the
notation of[11] and of Appendix D or in a plane with a
timelike componentg—t in the same notation

B. Light-cone description of helicity-flip helicity-pole limits

We can take a “helicity-flip helicity-pole limit,” in addi-
tion to the triple-Regge limit, by also taking

~ = = — (3.5
S133S31rr (03— 031) (01— 1a)
S 1
=~ - 3 (3.6
S233S322 (O3~ 0U32) (02— 23)

(#ntroducing the notation of Appendix B, this limit is there-

ore equivalent to taking

021~ =02~ G21= 31— d3—0 (3.7
12~ =01~ G1o= Gz~ 43— 0. (3.8
With this additional limit taken
Q1—(d112- ,d112- »0112- ,013)
Q2— (0212~ ,U212- 10212~ ,023) (3.9
Q3—(0d33,033,033,033)
|
or
O13- = 01— 0O13= Uz~ G —0 (3.13
U31- = 03— 031= z1— Gp—0 (3.19

corresponding to further sets of light-cone co-ordinates de-
fined as in Appendix B. Note that for all three helicity-pole
limits, the Q; must lie in thes—s region, i.e., a spacelike
plane in which the Euclidean constraint

(3.19

[Qil+1Qj|=[Qu Vi,jk
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ALAN R. WHITE PHYSICAL REVIEW D 63 016007

FIG. 10. The one loop integrd| .

flow through this loop. We can then use directly, for each
scattering quark, argumentseviewed in Appendix €that
apply when a fast quark scatters off a slow system.

FIG. 8. The simple planar diagram. We begin by reducing each loop integral involving gluon

propagators to a “transverse momentum” integral by carry-

is satisfied. This is necessary for the helicity-flip limit to be aing out longitudinal integrations. For a general diagram there
physical region limit. In fact the; lie in the s—s region  Will be an ambiguity as to which light-cone co-ordinates to
provided only thag;; - are sufficiently small. use and also which quark propagators to use to perform lon-
gitudinal integrations. For Fig. 8, however, each gluon loop
momentum naturally passes through only one line of the
quark loop and there is no ambiguity as to how to proceed.

In this section we calculate directly contributions to the If we draw Fig. 8 as describing a physical scattering pro-
triple-Regge limit from selected diagrams. We will not at- cess with time in the upward vertical direction, as in Fig. 9,
tempt to be complete in our discussion and will not includeit is clear that each of the quark propagators marked with a
color factors. The counting of all contributions from all dia- hatch can be naturally close to mass-shell and contribute to
grams has to be done via the multiple discontinuityintermediate states as part of the scattering process. Since we
asymptotic dispersion relation formalism that we develop inare only looking for interesting contributions in this section,
Sec. V. In anticipation of this formalism we first look for We will not give a complete contour-closing argument as to
on-shell configurations that form intermediate states in thavhether a particular on-shell configuration is definitively
scattering and extract the corresponding Reggeon interactioRresent asymptotically. Rather if propagators are close to
We will show that the necessary axial triangle diagram apMmass-shell during a scattering process we will take this as an

pears in the contributions of a maximally non-planar dia-indication that a leading asymptotic contribution may be ob-
gram. tained if these propagators are put on-shell by performing

corresponding longitudinal momentum integrations. Each
loop integral has the fornh; illustrated in Fig. 10.RiD de-
notes the remainder of the diagram besides the two gluon
We begin with the first diagram of Fig. 3, which is also propagators shown. We choose a combination of conven-
discussed iM13]. This planar diagramalmost obviously  tional light-cone co-ordinates for each loop, ii&. the nota-
contains no anomaly and, as we discuss shortly, will notion of Appendix B k;;+, kjj-, andk;, , i=1,2,3. In the
contribute at all to the six-Reggeon interaction if all-orders|imit P;+—, we can use Eq9C2)—(C7) to approximate
Reggeization of quarks and gluons is exploited. Neverthethe initial and final state spinors I+ /m and so write each
less, we begin with it since it is the simplest to evaluate andaf the threel; (in Feynman gaugen the form
to use to illustrate our general methods. The notation we use
is illustrated in Fig. 8. o [ o | Bii+
We will not specify the direction of the quark line but li=g fd K m
rather sum over both possibilities in the diagrams we discuss.

IV. CALCULATION OF FEYNMAN DIAGRAMS

A. The simple planar diagram

yulBi—ki+m] ty,

Because we are interested in infrared contributions from the Bii+ || 9pa 9up b
central quark loop we can suppose that large momenta do not F —(Q- “k)2 iaB
| | |
vvvlvvvvv** 2 Pit 4 2 2
1N A N =97 | dkid(ki-—(kii, —m%)/2p;;+)
i X—y———RD_ (4.2)
B § kf (Qi—k;)? '
NAAAAAAY
P2 Pl P3 As discussed above, we have replaced the hatched quark
propagator of Fig. 10 by a-function. Using thiss-function
FIG. 9. A physical scattering process. to perform thek;; - integration we obtain
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[ ki R =g? [ i a2 my

X[y~ (ki+Kk)]%-RP

:ng dkii* 5(kii+ki*+ki+ki*

FIG. 11.RP_ _ for Fig. 8.
— (ki ki) 2= m?)yi-
. 1 ~
|i:92EJ d?kii, dkii+2—2Ri?— i~ X[yi+-ki-+-- ']Yi*RP
m ki (QiiL —kKiiL) '

(4.2) =0%y-7+%-R°=0*y-R°. (43

Using Egs(4.1)—(4.3) for each of thek; integrations, Fig.

where we have usel;,-~1/p; +—0, together withQ,- & 9ives the asymptotic amplitude

=0, to eliminate the longitudinal momentum components in D11+ P+ Pagt
the gluon propagators. _ , P 01(QD)I1(QD) I Q)T - 5

For Fig. 8 the remaining;;+ integrations can be per- m
formed very simply. As illustrated in Fig. 11, the two gluons
X . . ; X ,Q5, 4.4
in |; are separated by the single quark line Wltlﬁlﬁ that (Q1,Q2.Q3) @4
carries the only dependence &p+. We again replace the whereJ;(Q?) is the familiar two-dimensional integréC9)
hatched propagator for this line by the correspondingandI'; , . (Q;,Q,,Q3) can be identified with a particular
é-function and use it to carry out th, ;. integration, i.e. we component of the tensor that the triangle diagram contributes
write to the three-point function of three vector currents, i.e.

d?k Tr{y;-(K+m)y,-(K+Qy+m) yz-(k+Qq+m)}

F172737(Q1,Q2,Q3,m):if (KR=m?)([k+Q )2~ m?)([k+Q,]>-m?) +

Note that Eq(4.4) has been derived in the full triple Regge The singularities oRD_y_ are all on the positive axis in the
limit (3.1) in which the Q; do not lie entirely in thekj,  M?2-plane and so the contour integration owdf could be
plane. While thel; factors depend only on the corresponding closed to zero if the largh1? behavior were appropriate. In
Qiz, the triangle diagram factof’i,z,s,(Ql,Qz,Qg,m) the lowest-order diagram we are discussing this is provided
will have a dependence on the light-like momentg q,,  PY duark-antiquark exchange which is just divergent enough
andqs of Eq. (3.1). In the helicity-pole limit(3.9) the mag- to prevent the_ contour C'F’Si”g- The_ref_or_e, the Reggepn ver-
nitudes of the light-like momenta are identified with one of {€X €an be written as an integral at infinity and its main role

the spacelike components of t@e. This limit can clearly be will be to provide contributions that cancel less planar dia-
taken smoothly withiri™ grams and produce Reggeon Ward identity zeroes at zero

A priori, it is straightforward to choose the quantum num_transverse momentum points. It is well-known from studies

bers of theQ;-channels so that the lowest-order contribution[ﬂ:| 9f QED th"."t planar diagrams give contnbuthpS with
is associated with two-Reggeon exchange in each chann¥gTy little analytic structure that, typically, can be written as
(color zero would be the simplgstn this case, thd;(Q2) contour integrals at infinity or equivalently as a subtraction
factors would be associated with the two-ReggeonI statd @ dispersion relation. The presence of the planar diagram
However, as we remarked at the beginning of this subontributions can, in fact, be deduced by studying the non-
section, since Fig. 8 is planar, we expect that if Reggeizatioflanar contributions and demanding that the Ward identity
effects are added it ultimately does not provide a couplingFonstraints of gauge invariance be satisfied.
for two-Reggeon states. We can briefly describe how this In higher-orders the quark-antiquark Reggeization illus-
happens for Fig. 8 as follows. trated in Fig. 12 will appear. If the Reggeization effects are
We performed thek,+-integration by using the hatched summed to all ordereyhich does not destroy the validity .of
propagator contained iRy_ _ as illustrated in Fig. 11. This the low-order approximationthe reduced power behavior
integration can instead be written as an integral over thavill allow the closing of theM? contour to give zero. Con-

“missing mass” cross-energy sequently the analytic structure of the triangle Reggeon in-
teraction we have extracted will disappear as higher-order
M?=(k;+Q,)2. (4.6)  contributions are includedn parallel with the well-known
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reggeized
quark \

->

reggeized /
antiquark
FIG. 14. The box and triangle diagrams generated by Fig. 13.
FIG. 12. Quark-antiqguark Reggeization.
sible routes. The first is shown in Fig. (BB The second
AFS cancellation[18]). We anticipate that only diagrams would be that shown in Fig. 1B) if the external momentum
with sufficient non-planarity to prevent any possible contourfiow was kept as in Fig. @).
closing will survive as Reggeization effects are included. If we routek3 asin F|g 13a), then there are two possib|e
The Reggeon Ward identities will appear as properties ofjuark propagators, each marked with a dot, that could be
these diagrams that follow from the shifting of integration ysed to perform thég--integration. If the time-ordering of
yariables that becomes allowed once Reggeization effects afBe Scattering process is essentia”y represented by FQQ), 13
included. then it would appear that only the lower dotted propagator
The presence of the anomaly would, of course, be eXgives a quark state that can be part of an on mass-shell in-
pected to interfere with integration shifts and could be foundermediate state. The upper dotted propagator appears to de-
in the ultra-violet region this way. However, it is just be- scribe a virtual exchange that will be a long way from mass-
cause we expect this to be a very subtle issue that we ha@]e” However, when the diagram is redrawn as in F|g
focussed on finding the anomaly in the infrared region.13(b), in the scattering process now described, the role of the
While Egs. (4.4 and (4.5 demonstrate how, as a lowest- two propagators is interchanged. It is now the lower propa-
order approximation, the full four-dimensional triangle dia- gator that is virtual and far from mass-shell. Clearly the two
gram can appear as an effective interaction in the triplecontributions obtained by using the two possible propagators
Regge limit, since only vector couplings, i.e. the, appear  to perform theks: -integration must be added.
there is no pOSSlb”lty for the anomaly infrared divergence. Consider first the contribution of the upper dotted propa-
We must proceed further to find diagrams that generate ator in Fig. 18a). After the longitudinak, andk, integra-
Reggeon interaction containing the effectiyg coupling  tions have been performed we will be left with the box-
necessary to produce the anomaly. For the next diagram W§agram integral illustrated in Fig. 14. Thas- integration
study ays coupling does appear. However, we then find thatcan be done by again utilizing the evaluation of Fig. 10. With
the correct tensor and momentum structure for the fU"the dotted propagator rep'aced b)ﬁ.éunction7 the relevant
anomaly divergence is still absent. factors in thekss+ integration are

B. A diagram with some nonplanarity

_ | _ | dilss 0kt Q02— ),
In all other diagrams besides that of Fig.(&art from
those that are simply twisted versions of this diagrame or X ((kz+k+Q3)- y+m)ys-
more of the gluon loop momenta flows through more than

one line of the quark loop. This introduces an extra complex-

ity in carrying out the integrations over the longitudinal = | dkagr 8((kg-+Qaz-kage - +)y2-
gluon momenta. The next diagram we consider, the second

shown in Fig. 3, introduces the minimal complexity of this X ((Kg-+Qgz-)- ya++--)va-

kind. This diagram can be redrawn as in Fig(dl3or as in
Fig. 13b). There is just one gluon loop momentum, kg,
that flows through more than one line of the internal quark  =2(yo— y>,— y3) t2iysy, +- - (4.7
loop. Thek; andk, Iongitudir)al integrations are straightfor- where, in the last line, we have used the identity

ward and can be performed in the same way as we did for the
longitudinal integrations of Fig. 8. Fd«; there are two pos-

=7Y2-Y3+tYys-t -

YoV =9apVn T I Ya— Garn Vot i €uapy ¥ vs- (4.9

2, & 9 The omitted terms generate only what we call “non-local
> | k2 ks) | <@ = /k// P couplings.” As elaborated in Appendix C, a non-local cou-
% P 8 3 oy 3 3 pling is generated whenever the momentum dependence of
5’1 L 5: the integrated propagator does not simply scale out of the
B Py ) P, integral, as it does for the part of E4.7) that we have
(@) b) written explicitly.

Focussing on thes-interaction produced by E¢4.7), the
FIG. 13. (a) A diagram with some nonplanarityb) The same  asymptotic amplitude, with all longitudinal integrations per-
diagram redrawn. formed, can be written as
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glzp11+ P22+ Pas+ f d?kyy, f d%kop. J’ d?kaa;
m® Kep (Q1—kq1)?) Kby (Qa—Koz )?) K3a (Qa—Ksa))?

f 4 T y1-(K+ Q1+ m) ysy;(K+Ks+m)ys-(K+m)}
X | d%k +...
(k=m?)([k+Qq]%—m?)([k+kz]*—m?)

4.9

where ksz- =0 andkgs+ is determined from theS-function used in Eq(4.7), and that part of the amplitude not written
explicitly now contains either a vector coupling or a non-local coupling in place ofihg coupling. If we again remove the

k;; , integrations, the gluon propagators, andphe dependence that are all associated with the three two-Reggeon states, Eq.
(4.9 gives a six-Reggeon interaction containing the triangle diagram of Fig. 14, i.e.

Tr{y1-(K+ Q1+ m)ysy; (k+Kg+m)ys-(k+m)} o

I'*(Q1,Q3,ksz )= f d*k 4.1
(Q1Qs ks ) (k—m?)([k+ Q1 ]%—m?)([k+kg]>~m?) (410
|
where we still haveéks3- =0 andkss+ is to be determined by Kag-=Kzo—Kaz, Kz =Kzo—Kazz, Kaq,
the mass-shell constraint of Ed4.7), thus giving the
-dependence of Ed4.10. ~
Qadep 44.10 Ko3=Kapt Kaz—Kao- (4.11

Since I'#(Q;,Q3,ks3,) contains ays coupling, it is
straightforward to identify it with a component of the tri- Thek,, integration can again be performed using the evalu-
angle diagram tensor for an axial current and two vectoltion of Fig. 10. However, instead of E¢4.7), the ks,

currents. However, the maximal singularity associated Withntegration of the upper dotted propagator of Fig(a 3jives
the anomaly requires specific momenta and tensor compo-

nents to be present. We must have two tensor components
that can project on to the same light-cone component—this j dkaz- 8((kg+k+Qg)?—m?)y,-
would have to bey;- andygy;. The third vertex must then
carry spacelike momentum @(q)—0, implying that we X ((kg+k+Qgz)- y+m)ys-
should takek;~q—0. Finally a finite light-like momentum
parallel ton;- must enter at the;s vertex. But the light-cone =f dksy- 8((Kz-+ Qa3 )kap-t -+ )y
component ofQ, is orthogonal tan,-. This conflict implies
that a kinematical configuration producing the maximal X ((Kg-+Qgz-)- yo-+---)ys-
anomaly divergence cannot occur.
=Y2-Y2-Y3- T
=0+---. (4.12

C. Alternative light-cone coordinates
and absence of the anomaly Now no local terms appear. Only omitted “non-local” terms
are generated. Evaluation of the contribution from the lower
We can give a direct argument that there is no anomaly indotted propagator in Fig. 18 will similarly give no local
the full Reggeon interaction produced by Fig.(d3 This  terms. While a distinction between the contributions of local
argument will be important for the general analysis of dis-and non-local couplings may be difficult to maintain in gen-
continuities in Sec. VI. eral (after integration if we assume that the anomaly can
In Appendix B we have shown that light-cone co- appear only when an appropriate locgs coupling is
ordinates and associatedmatrices can be introduced using Present, then we have demonstrated its absence in the dia-
any two light-like momenta whose space components ar§ram of Fig. 13.
orthogonal. The Regge limit calculations of Appendix C _ _
demonstrate that equivalent results are obtained using such D. A maximally nonplanar diagram
co-ordinates and we use various co-ordinates of this form Finally we study the third diagram of Fig. 3. In this case
elsewhere in the papéncluding the discussion of helicity- there will be clear anomaly contributions which, when gen-
pole limits in the previous sectionin particular let us repeat eral external couplings are present, cancel only after all dia-
our evaluation of Fig. 1@), with k3 routed as shown, but for grams of this kind are summed. As illustrated in Fig. 4, this
theks longitudinal integration use co-ordinates in whitj- diagram has a “maximally non-planar” property—which
and nz+ are the basic light-ike momenta. Ol co-  produces a “maximal complexity” in terms of evaluating
ordinates are now the longitudinal gluon momentum integrations.
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oA
e 2 3 -q.-
le +Pll P3, Pl, +P2' P3’ q2 k2 > T < q3 k3
=Ky => s 7-
F i rm + kv r qi=Qi/2
el D=k y=> ammmrnmn %- i=1,2,3
v Tonrnnns T 1 d,+k;-> <-9.+k
s 7 3tK;
P, B Py P B Py
(a) (b) FIG. 17. The quark loop in Fig. 18).

FIG. 15. Two scattering processes described by the diagram of

Fig. 4. For reasons that will become apparent, it will be desirable

to keep as much symmetry as possible in our kinematic
analysis, even at the cost of using a more complicated label-
The first point we note is that there is no natural choicejng for momenta flowing along the quark loop lines. There-
for routing the gluon loop momenta through the internalfore, we label the momentum flow into the internal quark
quark loop. Each momentum flows through three quarkoop of Fig. 15a) as in Fig. 17, where the: matrices that
propagators no matter in which direction we send it. As tocontribute in the triple-Regge limit are also shown. This time
which combinations of propagators can be simultaneously . <o the light-cone co-ordinatekki,-,K;,) to per-

close to mass-shell, we note that if we draw the scattering a8 rm thek, andk, integrations and to evaluate thematrix

in Fig. 153 then the hatched propagators can obviously beErace associated with the quark loop. For theintegration

simultaneously close to mass-shell and produce intermediate . . . .
y P we use conventional light-cone co-ordinates. The evaluation

states. However, if we redraw _the o!|agram as in Figbi5 .of the integrall; of Fig. 10 can be used to perform tke,-,
an alternative set of hatched lines is naturally chosen. It % andk,_ integrations
-, 3 )
ﬁ;l)sy tfo Cge;ro:gfotthﬁafcehcg dn?n Slf?t %:g?.?ﬁgggst\;g (tgi_threézThe remaining longitudinal integrations have to be carried
0P propag n ~1g. out usingd-functions for propagators belonging to the inter-
tributions were already recognized in Sec) Note that the L o )
nal quark loop.A priori there are six different options for

Z?SI((::Sr?t(ijnﬂirlesinlsn Fal\?wai@) C;Lrﬁesrt)ﬁgdhéﬁcéimi%ez idno:iible choosing the longitudinak; to be used to put the hatched
Y INS13 2'3! 9 lines in Fig. 17 on-shell. These possibilities are indicated

15(a) correspond to taking a double discontinuityss and schematically in Fig. 18.

Sqs3/ . This will be an important distinction in the following. We consider first which of the possibilities in Fig. 18 can

There are further scattering processes described by tr1_5"enerate the necessary local couplings. For dHenction

diagram we are discussing that involve interchanging ingoéssignment of Fig. 18), we note that both thk,, and the

ing and outgoing particles. For example, the processes qur integrations will be analagous to E€.12 in that the
Fig. 16. Such contributions will be included separately in the

: . T ' : potential point-coupling, involving the-matrix (within the
multiple discontinuity formalism of the next two sectio® |, merator of the on-shell quarkhat is multiplied by the
the language of the next section, one maximally non-planagomentum scaling thé-function momentum, is eliminated
Feynman diagram contains discontinuities associated Wity one of the adjacent-matrices. Hence no local coupling is
several different hexagraphsn this sub-section we will dis-  produced. For Fig. 18) the ko, integration similarly pro-
cuss only the contribution of Fig. 1& in detail. After we  duces no local coupling. For Fig. @8 it is thek;,- and the
have discussed Fig. (&, it will be obvious that the discus- k,, integrations, for Fig. 1) thek,,- integration, and for
sion immediately extends to Fig. 4 and that it also gen-  Fig. 18f) both thek,;,- andk,;- integrations, that produce
eralizes to the corresponding contributions from the diano local coupling. Consequently, with the light-cone co-
grams of Fig. 16. ordinates we have chosen, only thdunction assignment of
Fig. 18@) gives a contribution with local couplings from all
three integrations.
P, Py By P Py P,/ For the -function assignment of Fig. 18 we route mo-
1 1 1 menta through the quark loop of Fig. 17 as illustrated in Fig.
T 1 T 19. We calculate the local couplings generated as follows:

~ 1 T iy ky ka Kk, k3 k, k;
ky k; k, x k. k.
Py Py ST T N B, : ! :
X, k, X, X, X, X,
(a) (b) (e) (d) (e} (£}

(a) (b)

FIG. 16. Further scattering processes described by the diagram
of Fig. 4. FIG. 18. Possible choices @ffunction integrations for Fig. 17.

016007-12



TRIANGLE ANOMALY IN TRIPLE-REGGE LIMITS PHYSICAL REVIEW D 63 016007

| a0k k== )y (kK= 7+ miys = [z skt e (ke ye )
=Y3-Y2-v1-t- - (4.13

| dler k=K== 1)y k= ) 7+ My = [ oy Skt - oot )5
oy yrya e (4.14

[ e atka k)= (ke =) v+ -

:f dkag+ O((Kg-+Kiz-—Kag-)Kage + - - ) y1-((Kg-+Kyg- — Koz ) - ya++ - )y

=y1-Yarye-too-. (4.19

In each case the dots indicate the contribution of additional non-local couplings. We defer the evaluatiaftfohitteons for
the moment. The triangle diagram structure of the local couplings is illustrated in Fig. 20,
With all longitudinal integrations performed, the asymptotic amplitude obtained from Fig) ¢&n be written as

g'2 P11+P22+P3+ f d%ki1pr f %K1 f d%kaa
m® (A1t K1120) 21— Kaa20)?) (A2t Ka1o) (A2 — K120 )%/ (G tkaa )3 (03— Kaay)?

» f d4kTr{a’12(k+ Ky + A+ Ka+ M) yai(K+m) yoo(K— Ko+ dy + kg+m)} 4.16
([k+kq+ 0o+ k3]?=m?) (k2= m?)([k—k,+ g +k3]*—m?) .
|
where Y=y T Ty T s (4.19
Y31= Y3 Y2-Y1»  Y23=VY2-Y1-VY3»  Y12= VY1~ VY3tY2- 3,12: y"_'_—iy_'_'+y5 (4.20
(4.17
where
a.nd k117:k227:k33720, W|th klzf, k21,' and k33+ St|" to
be determined bys-function constraints. That part of the y T =yten T n Tt = (11,213 ).
amplitude not shown explicitly in Eq4.16 contains non- (4.21
local couplings at one, or more, vertices of the triangle dia- ) .
gram. To obtain the divergencéA\6) whenm=0, we must have a

Before extracting a Reggeon interaction from E416  component of the axial-vector triangle diagram ters6t™
we first separate out a potential anomaly generating partvith «=v having a lightlike projection and having an

Using, again, the identity4.8), we can write orthogonal spacelike projection. Singg; and y,3 have the
A sameys component, this requirement is met if we choose the
Y=y iy s (418 5 component from all three of thg;; . The finite light-like
momentum involved must simply have a projection on
) T T ill di i Tt
k+k; +9,+ ks n . (We will discuss how this occurs shortlyn
1 % % %%
k-d,+k
1 YRtk T,
b
k+k,-ko +k, WV k 1
A e e T -> YT Y-
v k+9,-k, ™ *%-
< T x T2
k-k,-d,+kj % - %-7-%-
FIG. 19. Momentum flow for thé-function assignment of Fig. FIG. 20. Local couplings generated by thAefunction assign-
18(a). ment of Fig. 18a).
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provides a distinct spacelike component in thedirection.  partially met when we take thes part of eitherys; or y,3

The anomaly infrared divergencéike the ultra-violet together with the vector parts of the remaining tag .

anoraflyt;]s atls_;o prlesg_nt n thefcorrespon_dllng tznizr ComtpoHowever, the necessary distinct spacelike component in the
nent of the triangle diagram for one axial an O VeCtor, girection is not present.

currents. SincAe the vAector part f, is identical to theys The threeys couplings give therfi=0) Reggeon interac-
component ofys; andvy,3, the requirements for this case are tion

- T{ysy " (K+Ky+do+K T T kysy T (k=Ko by K
FB(quququKl-KZvK3L,O):f d*k {75y ( 1+ b 3)75;/2 iad (2 2t 3)}+~--
(k+kq+0go+ks)ke(k—ky+qq +Kg)

(4.22
|
where, again, we note thds_tllf:k227=k33f=(_) and that g, =—ky,-=1,-, Uz1- = —Ko1-=l1-Qu1or = — Go1os -
Kio-, k-, and kggz+ remain to be determined by the (4.29
S-functions of Egs.(4.13—(4.15. Equation (4.22 corre-
sponds to the triangle diagram illustrated in Fig. 21. We then have
To see the maximal anomaly divergence we must be able
to take the I|m|t q3: _(ql+q2): _(|27+|17||27!|1710) (43@
(Ky+ Qo Kg) 2~ (0 + Qo+ Ky +ky)2 and so forg; to have the form3.1), we must have
~(kytd1—kg)*~q’—0  (4.23 lp-=—11-=1 =>Q3=4q5=—81%.  (4.3)

of Eq. (4.22 with a finite light-ike momentum flowing We choosd to be positive, we will discuss the implications
through the diagram that has a projectionron™~#. This  of this shortly. .
momentum flow must also be consistent with the three mass- The most general light-cone momentum form tpr+ k,

shell constraints determinink;,-, ky;-, andksg+ respec- —Ks that has a projection on™ ™~ # and is orthogonal to
tively, i.e. nzis

(k—gy+kqy)?=0 (4.24 q;+ky—ks~ni.=(1,cos6,,sin6,0)  (4.32

(k+q,—ky)2=0 (4.29 where 6, is arbitrary. Sincegiq,; +Kz101 =0, this requires

that
_ 2_
(k+k;—kyt+ks)°=0. (4.26 (1,1,0,00+(1,0),0) — (k3g+,Kzy K32, Kaz+) ~Nye
To find momenta satisfying all of the required constraints, =>ks=1(0,1-2 cosb,;,1—2sin 6. ,0)
we first consider the limiting configuration in whiap=0
and ask whether this can be realized with the loop momen- (4.33
tum k~qg=0 (as discussed in Appendix )A It will be so that
straightforward to subsequently add momenta thaCHe) .
We identify Fig. 21 with Fig. 44 by identifyingy; +k, (Ga—ka)2=4G2(1—Ccosbc),

—k3 with gq; andq,+ g, +kq+ Kk, with g,. This requires that
(in the fimit g—0) (datks)2=403(1—sinfic). (4.34

qutdztky+kp=0. (4.27) Finally, we must satisfy the last mass-shell condition

) (4.26). Writing
To satisfy EQs.(4.24 and (4.25 we takeq;—k; andq,
—ks lightlike, i.e. ki —ko+tks=—0;—Ka+Ks+ 201121 (4.395
qi—ki=(21-,2,-,0,0), dx—k;=(21;-,0,2,-,0) and using Eq(4.32 together with Eq(4.33 we obtain
= >gllz+ :Kllz+ ’ g212+ :E212+ (42& kl_ k2+ k3: - 2| (1,COS€|C ,Sln 0|C,0) + ZQ1127(1111110

(using again the co-ordinates of Appendi¥. BSince the +20,50,0,0,1 (4.3
light-cone components af; +k; andq,+k, cannot cancel,
satisfying Eq.(4.27 requires that and so Eq(4.26) becomes

016007-14



TRIANGLE ANOMALY IN TRIPLE-REGGE LIMITS PHYSICAL REVIEW D 63 016007

Atk +k; T By
77 --.__:11_]‘1 By
I+ k +k+k 5y ) \\ B 2 J27k2 By
q,+9,+
kj+ky-> 7 ¥ . B k=0 ™
MAaAy P
2
ql+k2_k3—k J",r’r
om B / ;:’:r:
Y » Py - a7k Py
d+kkg [ a,-kp . /
P, 1
FIG. 21. The triangle diagram corresponding To E522. 2
(a) (b)

. 2 2 2 2 FIG. 22. Physical scattering processes involving the anomaly.
219115 (1—cosc—sinfc) = —q1= 110+ =112~ T 13 y 9P J Y

(4.37)

or, equivalently, In fact, for <O the momentum configuration we have
arrived at does describe the scattering illustrated in Fig.
o 2 2 2 22(a), if this is interpreted as a space-time diagram with time
(A1 7ky)"=407= Q1= (dzTkp) directed up the page. This is the process already illustrated in
=4032=Q2%=—8lq 1, (1—C0SHc—Sinb;). Fig. 6(@) and it clearly is physical. The dashed lines carry
light-like momentum while the open line is the quark carry-
(4.38 ing zero momentumk=0) in the anomaly configuration—

22 2 »  thisis the quark that, as explained in Appendix B, undergoes
105(9 that asQ3~1"—0 then also ¢;+ky)"~(qz1kz) the chirality transformationl>0 gives the process illus-

. - . trated in Fig. 22b) which, however, is unphysical in that a
2 Equatlon(_4.37) can apparently bg satisfied for arbitrary spacelike gluon appears for longer than on-shell particles.
q; by choosinggy,,- andq;s appropriately. However, there

) | e light-like i ; o which The hatched lines in Fig. 28 are again on-shell and are
is a subtlety. To give light-like intermediate states in whichy,o same Jines that are hatched in Fig(@l5However, the
the scattering takes place as in Fig.(d5we must takel

, . on-shell lines cannot give discontinuities in this configura-
>0. The time component df, —ky+ks, i.e. tion. Rather the asymptotic amplitude has to be interpreted as
extrapolated away from wherever the discontinuities were
—21+20y15- (4.39  taken, as discussed briefly in Sec. II.

To explicitly see the anomaly divergence we add a space-
like momentum ofO(q) orthogonal to botm,. andn; and
let g— 0 with | fixed. For fixedn,. we can choose

should also be positive. This requirgg;,_ >1>0, but then
Eq. (4.37) can only be satisfied if

q112_<2|(COSH|C+SIn0|C—1)<2|(\/§—1)<| gwiﬂlcl:i(O,_S”]alc,Coselc,o) (441)

(4.40
so that Eq(4.39 cannot be positive. We conclude that if the It is the component o, +q2+k, +k; in this direction that
S(E.)c_mtnbutes ks can also have a component, but it does not

mass-shell constraints that we have imposed are to be as ntribute. To evaluate the form of the R n interaction
ciated with taking discontinuities, then the anomaly can onlyCO ute. 1o evaluate the form of the Reggeo eractio

: : . (4.22 with q—0 as in Eq.(4.4), we work in the frame in

occur simultaneously if the scattering process takes place |§1 ; . . o .
an unphysical region. As we will discuss at length in the nextW+h'_Ch the light cone mpmentum.SZ) Cén_b? |dent|f|ed' with
in Eq. (A5). Projecting each of the ™~ " # onn, gives

section, there is indeed an unphysical region where the masdt
shell constraints can give discontinuities and the anomal§t factor
can occur. That unphysical scattering processes must play a

fundamental role in the occurrence of the anomaly should (1—cosé,.—sinb,)? (4.42
not be a surprise because of the chirality transition that has to
be involved. and so using EqA6) we obtain

(1—cosb.—sin.)21%(qy+ gtk +ky)-nie, Q3

(4.43
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2
t,=Q,

2
FIG. 23. Twisted diagrams. ti=Q

which manifestly changes sign when., — —n., with n
fixed.
Since contributions with both signs fay,, are presentin

the integral(4.16) of the Reggeon interaction, the crucial requires spontaneous symmetry breaking which would ex-

question is whether there is a cancellation. It is fundamental,,q our analysis considerably. In fact, the symmetry break-
that, since we integrate ove., the two possibilities are ing of the QCD gauge symmetry from &) to SU2), dis-
related by a parity transformation interchanging the 1 and 2, ssed at several points in this paper, does introduce a
axes. The two pos;ibilities are a[so related by reversing thg,,ssive S(D) singlet gluon and the required transverse mo-
space component in,. and keeping Eq(4.4]) as the or-  menum asymmetry is produced when this combines, not
thogonal spacelike momentum. As we discuss in Appendixyith 5 single massless gluon, but with three massless gluons

A, from either perspective the result is the same, the sign Of4rying the quantum numbers of the winding-number cur-
the anomaly contribution is reversed.

In the lowest-order diagrams we have discussed the tran.g,(—ent
verse momentum integrations are sufficient to produce a can-
cellation. We first integrate ovekz so that there is a sym-
metry underks;— —Kks. For 1#0 this is not sufficient to In this section we describe the asymptotic dispersion re-
produce a symmetry under., ——ny, . However, if we lation formalism, together with the multi-Regge theory based
also integrate ovek; andk, then since the external cou- on it, that is needed to systematically study the contribution
plings are simple constants there will also be symmetry unef quark loops to triple-Regge vertices in QCD. There will
der g; +ki—q;—k;, i=1,2. If we then add the two contri- be some overlap with Sec. IV ¢fL3]. However, the treat-
butions we have discussed from Figs(d5and 18b) then  ment we gave in13] is missing several crucial elements that
all contributions to the amplitude, apart from the anomaly,we discuss here. As a result, we have made the following
will be completely symmetric under<:2. The antisymme- essentially self-contained.
try of the anomaly then requires that it cancel.

In higher-orders the external Reggeon couplings A Angular variables: s- and t-channel physical regions
Gn(q;,ki) aquire non-trivial momentum dependence. For L . : .
fixed helicity h these couplings need not be symmetric under We begm W'th.the introduction of the angglar vanaples
gitki<q;—k;. To discuss cancellations in this case it is that Pro"',‘,’e the Imkﬂbetween asymptotic I|m|t_s Faken_m a
necessary to add the contributions from the twisted diagramg'reCt' or s-chaTneI, ) and pamal;wave analysis in various
of Fig. 23 and also to discuss the signature properties of the®0SS-channels” or ‘t-channels.” We use the variables
Reggeon states. If the external couplings have sufficientlyf1+Z2:23,U12,Uz3 and U corresponding to the “Toller dia-
asymmetric transverse momentum dependence as might §62M of Fig. 24. The definition of these varlables. via stan-
expected, for example, if they contain the chirality violation 9&rd Lorentz frames as well as complete expressions for in-
produced by an instanton interaction, then the anomaly neeffiant variables in terms of them, is given in Appendix D.
not cancel. We will reserve a more extensive discussion of/€ discuss their definition in threechannel physical re-
this for Sec. VII. Here we simply remark that, for elementary9ions where thé, are positive and in fous-channel physical
quark scattering, both the color factors and all three of thé®9ions where thg are negative. The variables introduced in
k;-integrations are symmetric also in higher-orders when wdhe different regions are related by' analytic cor'ltlnuatlion_. The
sum over all diagrams of this form and so the anomaly can? (5”0_' ”;eti) are independent variables but singe=e'“
cellation continues to hold. =e'"i7") where eachv; is an azimuthal angle in the

Finally, we note that a relatively trivial way to break the ti-channel, we have
transverse momentum symmetries that cancel the anomaly in
an individual diagram would be to introduce masses for Uplpgug =€ ("1 72el (27 valei(va=rd =1~ (5.7)
some, or all, of the gluons. In particular, it would be suffi-
cient if one of each of the pairs of gluons were massive andhoosing any two of the;; , together with the; and thez; ,
the other massless. The cancellation would be restored aft@fves the appropriate eight independent variables. In the fol-
the summation over all the diagrams of Fig. 23 unless thdowing we will take ug; and ug,=u,3 as our independent
two gluons were distinguished by additional quantum num-~ariables and, for simplicity, relabel them as=us;; and
bers besides their mass. Introducing a gluon mass, of course,=us,. Equation(5.1) then gives

FIG. 24. A Toller diagram for the six-particle amplitude.

V. MULTI-REGGE THEORY
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U discuss the consequences of this only qualitatively in Sec.
Upp=—. (5.2 VII. To keep our discussion in this section as simple as pos-
sible we will treat the scattering quarks kinematically as if
they were scalar particles. Also, since this section will be

particular multiple discontinuities or, in the classification we concerned with abstract kinematics and analyticity proper-

introduce below, the particular hexagraphs that we focus Oﬁes, we will continue to ignore coldfand any otherguan-
) . L . : um numbers. In Sec. VII, both color quantum numbers and
in the following. As we will indicate, the alternative choices

iate for other h h the existence of two helicities will be important when we
are appropriate lor other nexagrapns. . discuss discret€, P, and T transformations on amplitudes.
In principle, since we will be considering the scattering of

. X s . In this section we will refer only to th€ PT combination.
particles with spin(i.e. quark$ we should add additional \eyertheless the presence of both helicity and color should

azimuthal angles to describe the rotation of helicities. How,g kept in mind.

ever, as we already saw in the Iast_section, for th_e_lowest— As we show in Appendix D, all invariants are polynomial
order quark-gluon couplings there is-¢hannel helicity-  functions of thez;=cosé, the sing and the cosy (uj
conservation. It is trivial to carry out helicity projections and =ei“ij), The following approximations give the leading be-
show that the lowest-order couplings are also helicity-havior when all thez; are large and are easily derived from
independent. In discussing anomaly cancellations at the ergs. (D17) and (D18). These approximations will be suffi-
of the last section we saw that the higher-order helicity de<cient for us to describe the behavior of invariants in the lim-
pendence of these couplings is important. However, we wilits we discuss:

This choice ofu;; variables is appropriate for discussing the

t1—4m2 1/2
5122'~51'3'3~_51'22'~_313'3—>2(T> Nty b, t3) 2y
~7; (5.3
2—4m2 12 o
52331"“5271/1"‘_S2/33/"‘_52111*>2 T A (t11t21t3)22
3—4m2 1/2 P
53111"’53!2/2""_53111/"’_532/2—>2 T )\ (tl,tz,t3)23
""23 (55)
1 tat+t;—ts
S137~S1731~ —S13~ — S1r3— — 4(ty— 4m?) Y(t;— 4m?) 1 (1_25)1/2(1_23)1/2( U+ u + Wzlzs
1
~2123u1 1+0|— (56)
Uy
1) tatt,—t;
323~3273!~ _3237"’_5273—>_4(t2_4m2)1/2(t3_4m2)1/2-(1_25)1/2(1_25)1/2 UZ+U_2 + \/E\/E 2223
~2,73u; [1+0(uy)] (5.7
21112 2 1/2_ 201/2 21 Un Uz2| 3=t~
812"\"5112/""’_512/~_Sl/2—>_4(t1_4m ) (t2_4m ) _(1_21) (1_22) u_2+u_l + Wzlzz
~2Z1Z5(ug fuy)[ 14+ O(uy/ug)]. (5.8

A(t1,t2,t3) is the familiar triangle function defined explicitly and within a fixeds-channel physical region. Note that all
in Eq. (D7). The branch-points ak(t;,t,,t;)=0 in Egs. invariants are unchanged whep— 1/u;,u,— 1/u,.

(5.3 —(5.5 play an important role when analytic continua- In each of the threet-channels ti=Qi2>4m2 and
tion is discussed, both between the different physical regionk(t,,t,,t3)>0. Also, in the particular channel that we refer
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to as thet; channel () —oo<izi<oo, 0<uq, U<

1Qil>1Qj|+Qul- (5.9 (i) —w<izj<w, 0<-—U;,Uy<o

The choice of signs in Eq$5.3)—(5.5) is a convention which L B (5.12
is irrelevant in thet-channels since (i) —oe<izi<eo, 0<Up,—Up<e

—1<z=<1, |ul=1 (5.10 (iv) —o<izi<oo, 0=<-—U;,—Uy<o,

i.e. thez take both positive and negative values. Note, how-Clearly the kinematic structure of tieechannel physical re-
ever, that the sign convention can be reversed by, for ex@ions is quite complicated. This is reflected in the variety of
ample, interchanging the role @, andQ, when introduc- !(lnemanc I|m_|ts that can be taken. Nevertheless, all the lim-
ing the variables via standard frames defined in thdts are described by the same multi-Regge theory.
ts-channel. This is discussed in Appendix D.

In each s-channel physical region there are four sub- B. Definition of limits via angular variables
regions[11] distinguished by the relative value of the.
There are three §—t" regions in which\ (t;,t,,t3)>0 and
one of the thred-channel constraintés.9) is satisfied. The 21,25,23—%, t,tyta,Uq,u, fixed.  (5.13
* s—s” region is the remaining part of the physical region in
which \(t;,t,,t3)<0. The relationship between the three Helicity-pole limits are those in which one or two of thg
t-channels and the sub-regions of arehannel is illustrated are taken either large or small. This can be, but need not be,
topographically in Fig. 54. For our analysis of anomaly can-combined with taking one or more of tize large.
cellations it is important that a change of sign of all thes We will distinguish two distinct helicity-pole limits in-
equivalent to a change of sign af/?(t,t,,t3). Thisis ap-  volving u; andu,. The first is
parent from Eqs(5.3—(5.9). .

Each of the thres—t sub-regions of the fous-channel Z3,Up,Up— (Or Ug,Up,—0) ty,ty,t3,25,7; fixed.
physical regions also has two distinct parts, in one of which (5.14
thez; each have_a ce_rtain sign and the other in v_vhich they al hen applied to the relevant discontinuiwyith P, andP,,
have the opposite sign. This removes the antisymmetry o , ) . . . N
the signs in Eqgs(5.3—(5.5. Which part of the physical ar_1d P and P.Z.’ respectlvely |dent|f|e“xith|s limit CO,',n(’f'd?S
region corresponds to a particular set of signs ofzhis a with the fam|l|ar_(|ncqrrectly namep trlple—_Regge limit
convention determined by the choice of sign forOf the one-particle inclusive cross section. The second

AY2(t1,t5,t3). When thet; satisfy thes—t sub-region con- helicity-pole limit is
straint the fours-channel physical regions are

The full triple-Regge limit is defined to be

Z3,U;,Uy P00 (Or Ug,u, *—0) ty,ty,t5,24,2, fixed.
() 21,2,,25=1, 2,2,,23<—1, |y=1 (519

For reasons that will soon become apparent, we refer to the
limit (5.14) as the “non-flip limit” and the limit(5.15 as the
(i) —21,2,,23=1, —2,,2,,2z3<—1, |u|=1 “helicity-flip limit.” The helicity-pole limits are formulated
in terms of theu;; variables we have chosen and, as we
the initial particles carry momenta;,, P,, andP; (5,17  discuss further below, they are controlled by singularities in
corresponding complex helicity planes directly related to an-

the initial particles carry momenta,, P,, andP3

(i) z1,—2,,23=1, z4,—2,,23<—1, |uy]=1 gular momentum plane Regge singularitites. Clearly we can
define corresponding limits for any choice of thg.
the initial particles carry momenta;, P,,, andP3 In ans—t part of ans-channel physical region the triple-
) Regge limit is a physical limit but the helicity-pole limits are
(iV) 21,2p,—23=1, 21,2,,—23<-1, |uj|=1 not. In thes—s region both the triple-Regge limit and the

he initial il i helicity-pole limits are physical. With the approximations
the initial particles carry momentd, , P,, andPs, . We wi (5.3—(5.9) the inter-relation between the helicity-pole limits
encounter subtleties associated with the doubling of th 5.14 and (5.15 and the triple-Regge limit5.13 is appar-
range of the; in individual physical regions at several points ot |t is also straightforward, usingg.4), to identify the

in the following. The physical regiofi) is that in which the yjnje Regge limit(5.13 and the light-cone formulated limit
limits of Sec. Il are defined and in which the diagrammatic(;l)_ Clegagrly ®.13 g

analysis of the last section is carried out. That the disconti-

nuities apparently evaluated in Fig. (&b are no longer P,~2,, Py~2z,, Pa~z,. (5.16
present in the region where the anomaly occurs is a particular

consequence of the separation of the physical region into twpor the helicity non-flip limit(5.14 we have, from Egs.

distinct parts. (5.9—-(5.98),
In the s—s sub-region the physical range of theandu;
in the same four physical regions is S12~ 1791~ —Sq ~ — Sy ® (5.17
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(5.18
(5.19

Sp3™~ —Spr3~Z3Up,  Sz17~Szr17~ZzUg

S122 ,S133 +S233 #®,  Sg1r~Szr22~Z3.

Becauses;, /> we cannot reproduce the non-flip limit

(5.14 with the light-cone variables of Eq3.1). However,
for the helicity limit (5.15), the behavior5.17) is replaced

by
(5.20

S19™~ S0~ — Sy~ — 5172~U1U2_1.

Therefore, we can formulate the helicity-flip limit in terms of

the variables of Eq(3.1) as

Pi~uy, Py~uy', Ps~z3 (5.2))

together with

q12—=<i1—q12= Q32— 613—>Oa
(5.22
O21- =02~ 021=031— 03— 01— 013470, 0~ 0y3+0.
We can also take the helicity-flip lim{&.15 in conjunc-
tion with the triple-Regge limit so that

21,25,23,UU, T =0, ty,t,,t5, fixed.

(5.23
Note, from Eqgs(5.6)—(5.8), that in this last limit

323~23U£11 S31~Z3U1,  Sio7 Zlu122u£1 (5.249
and so ifz;~z,~z; then

(5.25

It is important to keep account of the andt, depen-
dence in Eqs(5.3—(5.8) when the limit(5.23 is taken with
t,,t,~0. Therefore, using Eq$3.5 and(3.6) we can write

(for smallgs1-,012-)

$23,513<S12-

S 1
U+ O(1)~ —=  =>y~—— (5.26
S133S311 VtaOor
S 1
u; Wi+ 0(1)~ —2— =>uy i~ .
S233 S322 NCLITs (5,27

As we will see below, the helicity-flip limit selects lead-

ing (flipped) helicities from the full triple-Regge vertekThe

non-flip limit similarly selects non-flipped leading helicitigs.

Equationg5.26) and(5.27) imply that while the helicity-flip
is directly expressed as

O1o-021-—0, t;=03,t,=q3, fixed (5.28
this limit is also reached if
qingﬁo, CI12*aCI21*=t3 ﬁXed. (529)
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C. Dispersion theory and asymptotic cut structure

A fundamental ingredient for our multi-Regge analysis is
the existencé2,15] of an “asymptotic dispersion relation”
that breaks the full triple-Regge asymptotic amplitude up
into components that each have a distinct set of asymptotic
cuts. The dispersion relation is writtenn, z,, andz; with
tq,t,,t3,u; andu, kept fixed. It is initially written with all
thet;<0 and with\(t;,t,,t3)>0 so that physical contribu-
tions are obtained from as—t region of each of the four
s-channels. However, we expect the form of the dispersion
relation to remain unchanged as we continue between
s-channel sub-regions and also to thxhannels.

The most important featur2,15] is that the asymptotic
cut structure of multiple discontinuities can be treated as if
there were only normal threshold cuts satisfying the Stein-
mann relations, i.e. no double discontinuities in overlapping
channels. This asymptotic structure, in turn, matches natu-
rally with the asymptotic formulas obtained from multi-
Regge theory. At a fundamental level, this match is presum-
ably a consequence of the close relationship between multi-
Regge analyticity and the primitive analyticity domains of
field theory, i.e. the simple off-shell analyticity properties of
field theory survive asymptotically on-sh¢ll9]. In physical
regions the asymptotic validity of the Steinmann relations
can be derived withirS-matrix theory by showing that the
“bad boundary-values” in which a variety of complications
due to higher-order singularities appear, are hidden in multi-
Regge limits. In the particular dispersion relation that we use
in this paper an additional fundamental complication arises
in that there are essential contributions from non-physical
triple discontinuities.

The discontinuities involved are physical in two-four scat-
tering processes, but not in the three-three processes we dis-
cuss. As a matter of principle, the presence of discontinuities
outside the physical region, as well as their explicit form, can
not be discussed directly from a®&matrix starting-point.
However, as we alluded to above, the dispersion relation can
also be based on the field theory formalism of generalized
retarded functions, by starting with spacelike masses and uti-
lizing the primitive analyticity domains[19,20. The
asymptotic structure of the dispersion relation should persist
straightforwardly on-shell, with the standard discontinuity
formulas holding. The triple discontinuities that are unphysi-
cal in our problem will appear directly in the field theory
formulation just because they satisfy the Steinmann rela-
tions. As we will see, these discontinuities are manifestly
present in Feynman diagrams and they are esssential to ob-
tain consistent multi-Regge behavior. In fact, as we have
already noted several times, they are crucial for the appear-
ance of the anomaly.

The dispersion relation gives the leading triple-Regge be-
havior (up to powergas a sum over triple discontinuity con-
tributions allowed by the Steinmann relations, i.e. we can
write

M(P1,P2,P5,Q1,Q2,Q3)

:; ME(Py,P,,P3,Q1,Q,,Q3) +MP°. (5.30
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M? contains all non-leading triple-Regge behavior, double-giving a unique product ofasymptoti¢ z; half-axes lying in
Regge behavior, etc. and the sum is over all triptetsf  the first part of the(i) physical region in Eq(5.11. All
three non-overlapping, asymptotically distinct, cuts. For eacliriplets of the Fig. €) kind similarly correspond to a unique

triplet C of cuts in invariants, sag=(s;,S,,S3), We write product of (asymptoti¢ z half-axes. There are 6 possible
combinations of initial and final subenergies so there are 6
MS(P,,P,,P3,Q:,Q,,Q3) triple discontinuities of this kind in each physical region,
three in each part, making a total of 24.
1 o, AYtu,si,sy,sp) A triplet having the form of Fig. ) is
T amye) O RS T s
| _ _ _
(2 1omme sl s Cb=(S13,S2137 ,S123)- (5.36
X{s;>sjo,Vi} (5.3 .
Since
whereA¢ is the triple discontinuity
5123: 531+ 512+ 523_ 3m2 (537}

A(t,U,51,5,50-3)
(wherem is the mass of the scattering partigleke cut in
_ c . . . S123 Will be distinguished from the asymptotic cutssg, and
_2’ (=DM(L,w,5,%105,*108*i0).  (5.32 S,3 only whens;, is large. Consequently, the contribution of
the s1p3 cut, as a distinct asymptotic cut, is effective as a cut
The sum ovek is over all combinations of and— signsin in s;, (particularly in the helicity-pole limit discussed below
Eqg. (5.32 and (—1)¢ is positive when the number of in which s;5>S13,S53). In the following, therefore, we will
signs is even. The integration region in £§.31) is bounded use Eq.5.8) also as an approximation faf,3. In this case,
by finite, but arbitrary, values, of thes; and the asymptotic the invariants of’, are large and positive when
relation between the;, ands; has to be used to change
variables from theg; back to thes;. Because of the validity 2123,2523,2)2,;>12y,2;,23> 1, 71,75,73<—1.
of the Steinmann relationd ¢ can be expressed in terms of (5.39
normal phase-space integrals. Therefore, we can take mul- ) ) )
tiple discontinuities simply by putting appropriate lines on NOW there are two regions for each triplet, one in each part
mass-shell(For the low-order Feynman diagrams we discus<f the relevant physical region. A closely related complica-
the subtlety of the boundary values for the amplitudes in thdion is that the invariants in the triplet
discontinuity formulag15] will not appear) Cor=(S11a 1S33.517277) (5.39
D. Triple discontinuities are also real and positive in the two regions of E535.

As we discussed in Sec. Il, the triple discontinuities are ofThe two sets of cut§, andC,, both satisfy the Steinmann
three kinds corresponding to the tree diagrams of Fi¢m, 6 relations. Since they are asymptotically equivalent the multi-
6(b), and &c). These are the distinct possibilities consistentRegge representations we derive will not be able to distin-
with the Steinmann relations. If we consider only thede-  guish between them(Their existence, however, is another

pendence, the asymptotic relatiofts3)—(5.8) reduce to feature that is crucial for the potential appearance of the
anomaly) If we start from Feynman graphs each triple dis-
S1227 7~ S173/3™ ~S1r227 7~ ~S133™ 21 continuity has to be computed separately and added to the
dispersion relation. All triple discontinuities of this kind
S233 ~S2r1/17™ T Spr3y ~ T Sa17 22 similarly occur in equivalent pairs and also appear in both
parts of the physical region involved. Since each triplet is
S3117~S3r212™~ —Sgr11/ ™~ — S32~Z3 again characterized by an initial and final subenergy there are
24 in total, or twelve equivalent pairs—three in each physi-
S13~S1137~ —S13~ —S1/3~21Z3 cal region.
A triplet of the Fig. Gc) kind is
S237 2131~ T Spz ™ T Spr3™ 2273
Cc=(513,52137,S172). (5.40
S127~ 8172/~ —S122~ ~ S112~ Z1Z3. (5.33 L L _
These three invariants are not all positive in any physical
A triple discontinuity of the Fig. @) kind is region. However, they are all positive if
Ca:(313,52/3/ ,311/3). (534) 212312223’_2122>1H_i21!_iZZ!iZ3>11
(5.4)
From Eq.(5.33, the invariants of’, are large and positive 121,12y, —iz3<—1.
when
Therefore each triplet of this kind gives two unphysical re-
2125,2923,23> 121,25 ,25> 1 (5.35  gion contributiongon the asymptotic imaginary axe® the
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asymptotic dispersion relation. For the discontinuities to
have physical intermediate states, the invariants should sat-

isfy one of the constraints

$15= (VSa +s12)%  Sora=(VS1at Vs112)?,

S1/5=(\Syr3+ V5192 (5.42

This separates the triple discontinui.40 into three com-

PHYSICAL REVIEW D 63 016007

ts v FIG. 25. Hexagraphs related
t, by cyclical rotation of the
1 t;-channels.
t2
MH=2 MY(P1,P2,P3,Q1,Q2.Q:), (544
€

where the sum is over all triplet§ of asymptotic cuts in
which each cut is an “allowable discontinuity” of the hexa-
graph H.

The hexagraphs associated with a particular Toller dia-
gram are obtained by redrawing the tree diagram in all pos-
sible ways(in a plané with the internal lines drawn as hori-

ponents in each of the physical regions. This separation igontal lines and the internal vertices drawn separately, with

clearly well-defined in the&helicity-pole limit in which one

relative angles of 120°, and joined to the horizontal lines.

of the invariants is much larger than the other two and thid~or the Toller diagram of Fig. 24 we draw an initial hexa-

will be sufficient for our purposes. The triplet

Cer=(S1131,523,S12/) (5.43

is asymptotically equivalent to the tripl€t,. Indeed, apart
from their occurrence in unphysical regions, the triplets o
the Fig. Gc) kind share all the doubling and pair-wise
equivalence properties of the Fighbs kind. We will see that
the two kinds have closely related asymptotic represent
tions.

Each of the asymptotic equivalences we have discussqI
identifies initial and final state discontinuities. Such discon-

tinuities typically arise from distinct contributions in indi-

vidual Feynman graphs. However, the multi-Regge theor)}

we will develop requires the multiple discontinuities to be
closely related. Note that when the physical range forzhe
is pure imaginary, in ars—s sub-region, each unphysical

triple discontinuity region asymptotes to the real axes on

which a physical region appears in the t subregions. This
will mean that the standard definition of signatured ampli-
tudes can be applied for the unphysical triplets in shes
regions.

E. Hexagraph notation for triple discontinuities

a

graph, say the first graph of Fig. 25, and then form the addi-
tional graphs of Fig. 25 by cyclical rotation of the
t;-channels.

Hexagraphs have many uses in addition to the classifica-
tion of discontinuities that we describe below. One of the

fsimplest is that, as we noted above, an independent set of

angular variablegand their conjugate angular momentum
and helicity variablescan be put in one-to-one correspon-
dence with the lines of the grafiithe z; (and conjugatd;)
variables can be associated with the horizontal lines while an
Hdependent set of the; can be associated with the sloping
Ines. Helicity-pole limits can then also be associated directly
with a hexagraph. For the first hexagraph of Fig.(2ad all
hose of Fig. 2p the u; and u, variables used above are
naturally associated with the sloping lines, while for the
other two graphs in Fig. 25 one of the alternative choices of
the u;; is appropriate.

We form a further set of hexagraphs from each of those
shown in Fig. 25 by making twist®f one half of the graph
relative to the othgrabout each of the horizontal lines of the
graph. In Fig. 26 we have shown again the first hexagraph of
Fig. 25 together with the seven hexagraphs related to it by
twisting. Twisting also the other two hexagraphs in Fig. 25
gives a total of (X2x2=8)X3=24 which is the total
number of hexagraphs associated with the Toller diagram of

To develop our multi-Regge analysis we introduce aFig. 24.

“hexagraph” notation[2,15] for classifying the triple dis-

The multiple discontinuities associated with a particular

continuities. The hexagraphs link each triple discontinuity toh€xagraph all appear ifor, in the case of the unphysical
a particular t-channel and determines its contribution to discontinuities, are associated witife same part of a par-

asymptotic behavior via a Sommerfeld-Watson representdiculars-channel physical region, which we therefore associ-

tion. Our inclusion of the unphysical triple discontinuities

ate directly with the graph. The physical region involved is

will involve conventions that may appear somewhat arbitraryPPtained by regarding the external scattering particles as en-
but it will be clear that the asymptotic representations wel€ring from the bottom of the hexagraph and exiting at the

eventually obtain for both the Fig.() and the Fig. &)

top. (In a loose way, the hexagraph represents a time-

triple discontinuities are essentially independent of how they?rdering in the scattering with the time axis vertical on the

are mapped onto the hexagraph formalism.

The full sum over triple discontinuities in E@5.30 is
broken up into partial sums forming a hexagraph amplitude
Each hexagraph amplitudd" contains a sum of triple dis-
continuity integrals, i.e.

. SAlthough we will make only minimal reference to it in this paper,
this correspondence plays a vital role in all aspects of the multi-
Regge theory for a general multiparticle amplitude.
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2 2’ 2
3 3’ 3
R 2 :
3 3 3
1 1 1
2 2 2
- 3 ¥ 3 .
2 2 2 FIG. 26. Eight hexagraphs re-
v ¥ 1 s 1 ¥ lated by twisting.
1 1 1
2 2 4
, 3 3 3
2’ 2’ 1
1 R 1 5 = ,
1 1 2

page) Each hexagraph is also associated with a particulathe same physical region and changing the sign of
t-channel. This channel is obtained by interpreting the grapi/4(t ,t,,t5) or, equivalently, interchanging the role of 1
as representing a scattering in which external particles entend 2 in thet;-channel associated with this set of hexa-
from the left of the hexagraph and exit to the right. A twist of graphs|[In ans—s sub-region, the effect is equivalent to the
a hexagraph produces a changesahannel, but leaves the (parity) transformation of inverting, in space, the triangle
t-channel unchanged. formed byQ;, Q,, andQ3. This is the same parity trans-

Each of the three hexagraphs in Fig. 25 is associated witformation that we discussed as relevant for anomaly cancel-
the same part of the sansechannel which, with the conven- lations in the previous sectign.
tions we have chosen, i5,,2,,z3=1, i.e. the first part of The rules for associating cuts with hexagraphs are as fol-
region (i) of Eq. (5.11). The first is associated with the lows. A cut of a hexagraph is any path drawn through the
t-channel in whichQs| > |Q4|+|Q,|, as are all the graphs graph (along internal lines that enters and exits only be-
of Fig. 26. The second and third graphs in Fig. 25 are assaween non-horizontal lines. This cut defines an invariant
ciated, repectively, with thechannels in whicHQ,|>|Q,| channel corresponding to all the particles emitted akove
+]Qs] and |Qq|>|Qs|+|Q,|. Twisting similarly generates absorbed belowhe cut. An asymptotic cut is an “allowable
all the other graphs associated with théshannels giving, discontinuity” of a hexagraph if it is asymptotically equiva-
finally, 3 hexagraphs for each part of eagbhannel and 8 lent to a cut of the hexagraph. The cuts of the first hexagraph
hexagraphs for eadhchannel. of Fig. 26 are shown in Fig. 27, together with the corre-

The partial-wave analysis that follows this sub-section,sponding allowable discontinuities. To include unphysical
introducing complex angular momenta and helicities, is cardiscontinuities in the hexagraph formalism we adopt the con-
ried out in thet-channel. A twist gives a change of sign of vention that a cut passing through a vertex via only the slop-
thez; (and, if it exists, thay;) associated with the chosen line ing lines(the last cut in Fig. 2rinduces a reversal of incom-
and so is associated with signature. We do not distinguising and outgoing particles on one or other of the two parts of
scattering processes related b 8T transformation which  the cut separated by the verté¥Ve believe this convention
interchanges all incoming particles with all outgoing par-will generalize appropriately to more complicated hexagraps,
ticles. We could equally well regard tlsechannel scattering but we have not studied this in detail.
particles as entering from the top of the diagram and the To form a tripletC the three cuts must be “asymptotically
t-channel scattering particles as entering from the right of thalistinct” from each other and also satisfy the Steinmann re-
diagram. (Although, as we noted at the beginning of this lations. A first triplet formed from the cuts of Fig. 27 is the
section, it is important to note that there are helicities andsetC, in Eq. (5.34 above and a second triplet @§ in Eq.
color quantum numbers that distinguish the amplitudes ref5.36. The asymptotically equivalent triplef,, is also
lated by aCPT transformation. present, as are the tripléf involving the unphysical cug;

In Fig. 26 we have also shown tl@&P T reversed version and the asymptotically equivalent triple€,,. Up to
of the last hexagraph to emphasize that the associateasymptotic equivalence one of each of the three kinds of
s-channel is the same as that of the first hexagraph, but wittriplets identified in Fig. 6 is associated with the hexagraph
the 1 and 2t-channels interchanged. As a result, althoughwe have chosen. Fal, andC,, we associate only the triple
our choice of an initial hexagraph appears to treat the 1 andiscontinuity in regiore,,z,,z3>1 with the hexagraphiThe
2 channels differently, this distinction is remové&ap to a triple discontinuity inz;,z,,z3<—1 is associated with the
sign conventiop once we have formed the complete set ofhexagraph obtained by three twistsor C. andC., we as-
graphs. That the combination of twists in all three channelsociate only the triple discontinuity in the region
does not result in a ne&channel is the same phenomenon,Imz;,Imz,,—Imz;>1 with the hexagraplwith the triple
already noted, thain ans—t sub-region there are two dis-  discontinuity in Imz;,Imz,,—Imz;<—1 associated with
tinct z-plane regions in eack-channel in Eq.(5.1). A  the hexagraph obtained by three twists.
change of the sign of all threg is equivalent to remaining in If we now consider the last hexagraph of Fig. @8soci-
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FIG. 27. Cuts and allowable discontinuities for the first hexagraph of Fig. 26.

ated with the regionsz;,z,,zz<—1 and Imz;,Imz,, identification in the next section. Consequently, if the
—Imzs<—1) the tripletC, is replaced by hatcheql _Ilne.s of Fig. 1) are placed on-shgll by taklng d|§-
continuities in 6,3 ands,.3,) then the amplitude obtained is
associated with the hexagraph of Fig. 27.
Car=(s Sya.S1107) (5.45 In summary, there_ are thr_ee asymptotically distinct sets of
a’ T AS137 192321130 ' cuts uniquely associated with each hexagraph. The triplet
having the form of’, determines the product af axes to be
) ) associated with the hexagrathe s;;,. invariant involved
The tripletsC,,Cy ,C. andC,, again appear. I—!owevgr, as We myst be positiveand also the invariants used to describe the
stated above, we keep only the triple discontinuities inremaining cuts. The remaining cuts are each pairwise equiva-
2;,2p,23<—1andImz;,Imz,,~Imzz<—1. With the con-  |ent and appear in two parts of a physical region. Conse-
vention that we have adopted for the unphysical discontinuiguently, from the total of 24 hexagraphs there are 48 asymp-
ties, the initial and final state double discontinuity totically distinct triple discontinuities contributing to the
(s13,52:37) characterizes all three kinds of triplets and candispersion relation.
therefore be used to identify the hexagraph. We will use this For M we can write straightforwardly

MCa:

1 fdsigdsé,g,dsil,gACa(;,9,313,sé,3,,511,3)

— ; - - (5.46
(2i) (S13—513)(S;13: —S2/3/)(S11/3~ S11/3)

where the integration region can be takeq &sz,,z3>7,}. It follows from the representatiofb.46) that for smalls,3,s,: 3

ands;; 3, M% can be expanded as

[

Ca_ n
M*a= E o C%nrsrln\’s’sz'B’SrlZS (5'47)

m,n,r=

where thec?, are functions of they; andt; only. The analogues ofM‘ for each of the hexagraphs have analagous
representations and expansions. The expan&aty) places an important constraint on our partial-wave analysis in the next
sub-section.

For M% we can write

1 [ dsids), 5, ds; A% (t,U,805,5),5, .5
MCo J’ $190S;/3/dS10A 13:57/37 +5129) (5.49

3
(2mi) (333_313)(S£r3/_32'3')(5123_3123)
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but the integration region has two componen{g; (z,,z3
>z0}) contributing to one hexagraph and{z{,z,,

z3<—2zy}) contributing to the other. For small
S13,S2737 5123, EQ. (5.48 gives the expansion
Cp— b n r
M= ;ZO ConnrS15S9/3/S113 - (5.49

This expansion has strong implications for the partial-wave

expansions that we discuss nexl® has an identical
representation td1%. M andM’’ have analagous repre-
sentations to Eg.(5.48 but with the integration
regions {Imz;,Imz,,—Imz;>Imzy} and {Imz;,Imz,,
—Imzy<-—
(5.49 will have the same strong implications.

F. Partial-wave expansions

Imzy}. The expansions corresponding to Eqg.

PHYSICAL REVIEW D 63 016007

Since we must have a non-negative powesqf; to obtain
a term in the expansio(b.47), we see that we must have

(5.53

We can repeat this last discussion e by rewriting
Eq. (5.5 as

(Zl)d

— (le3u1)(J3+J1_J2)/2(ZZZ3U2_1)(J3+J2_J1)/2

ng n
(ZZ)d_n -n, 0(23)U11U22

—1\(J1+J3,—J3)/2, N1—J1, Jo—N

2 U R e A TR T
Jat+3,—3,)12 Jat+Io—37)/2 Jy+3y-33)12
~(513)( 3tJ1—J2) (52,3,)( 3+J2—J1) (3123)( 1+J2—J3)

(5.59

where we have used Eb.8) for s;,53 (~S;,) instead of Eq.
(5.5. Now the requirement of a non-negative power $gy3

X Cp(Ug,Up)

To develop the multi-Regge theory associated with themplies that terms in Eq(5.49 can contribute only to those
Toller diagram of Fig. 24 we begin by writing a partial-wave terms in Eq.(5.50 with
expansion for each set of hexagraph amplitudes that are re-
lated by twisting and, therefore, have the sarabannel. For
the set of amplitudes corresponding to the hexagraphs of Fi

Ja=<J;+J,. (5.59

26 we write

; MH(ZLZz,Za,Ul,Uz)

o, (20);

(Zz) o —nolZ3)
J1.,35.03=0 “ n2.0
[ng|<Jyp.[nal<J;

Ing+naf<J3

n n

Xujtu,?ay . (5.50
Our analysis will be focused on the sub-series in &0
with n;,—n,>0 andn,,—n;>0. In our notationn,; and
—n, are center-of-mass helicities in thg-channel. There-

%lnce the invariants iM‘ have the same asymptotic form
(apart from a sighas those iM% this last argument applies
directly to M. We see, therefore, that the asymptotic con-
tributions of the triple discontinuitie$!“ and M (M’
andM®') appear in a distinct part of the partial-wave expan-
sion (5.50 to that of M%. As a result, the Sommerfeld-
Watson representation discussed in the next sub-section is
very different in the two cases.

An additional requirement for Eq5.54) to correspond to
aterm in Eq(5.47) is that the powers of the invariants in Eq.
(5.54) must be integer. This places a further restriction on the
partial-waves thaM‘ andMC can contribute to. In fact, if
we constrainl; +J,—J; to be an even integer, then no fur-
ther constraint on thé; is required(other than that they be
positive integers This is equivalent to the signature con-

fore, if n; andn, have opposite signs, this corresponds tostraint

same sign t-channel” helicities and thereforéat “zero
mass” =t; or t,=0) to opposite sign $-channel” helici-

ties. For this reason, we will refer to amplitudes with oppo-

site signs fom, andn, as “helicity-flip” amplitudes.

Writing Eq. (5.50 for M we can compare the expansion
obtained with the expansiofb.47). In the same leading-
power approximation that gives Eq&.3—(5.8), we can
write

(Zl)d

ny N2 Jd1Jz.33 Ny o
(Zz)d_n n, o 2B U 2127700, U,

=(2123U1)7%(2,23U, )JZZJ3 e Jzunl JlUJZ "2,

(5.51

Using Egs.(5.3)—(5.7) we can therefore write
(Zl)d (Zz)d_n -n, 0(23)U21U22

(5.52

IR
~(819)"1(Spr3/)72(S11:3) 3717 Y2¢,(uy , Uy).

(5.5

where at this stage;=*+1 whenJ; is even/odd. For this
signature constraint on partial-wave amplitudes to be
matched by the definition of signature via triple discontinui-
ties that we give below, it must be that sum of the triple
discontinuitiesM and M%' is symmetric with respect to
the two parts of the physical region where they appear. Simi-
larly the sum ofM% and M’ must be symmetric with re-
spect to the two regions in which they appear.

Note that if we consider leading helicity physical ampli-
tudes(i.e. with |n;|=J;, i=1,2) then ifn,,n,>0, necessar-
ily

T1ToT3= 1

Jz=ni+n,=J,+J5. (5.57
ConsequentlyJ;<J;+J, is only possible for(leading
helicity-flip amplitudes. It was observed by Detar and Weis
[21], in their study many years ago of the dual-model triple-
Regge vertex, that the terms in the vertex wiglssentially
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the sets of cutd1 and M contribute to partial-wave am- the implications of signature for phases, etc. it is, of course,
plitudes satisfying inequalities of the for(B.55. However, essential to utilize the analytic formulation.
the S-W formalism that we use was not developed at the time In at-channel the twisting process does not involve inter-
of the Detar and Weis paper. changing incoming and outgoing particles. Therefore, a sig-
nature twist becomes @P rather than e&CPT transforma-
tion. The charge conjugation part of the transformation will
eventually be very important for our discussion of the
As in elementary Regge theory, it is necessary to introanomaly. However, if we ignore quantum numbers then a
duce signature before making Froissart-Grib&¥G) con-  signature twist is effectively &channel parity transforma-
tinuations of partial-wave amplitudes and introducingtion of the final state relative to the initial state. In order to
Sommerfeld-WatsortS-W) representations. We define sig- have three independent parity transformations, we must have
natured hexagraph amplitudes a dependence on invariants that involve directly the mo-
menta at the central vertex, i.e. tQg. In Fig. 27, onlys; /3
has this property. This is why only triplets of thig kind

G. Signature and the Sommerfeld-Watson representations

MH,I: MH,(71,72,7'3)

1. - - - — produce three independent signatl_Jres. _
= g[M + 7 M+ 7,M 27+ 7gM 8T - 7y 1M 12 The S-W transform of Eq(5.50 is obtained by convert-
ing the sums oven,,n,, andJ; to integrals. Initially this
+ 1M B+ 17 MBI+ 7 7 7M1 2 TH] process is carried out with, andz, small, although we will

then use the representation to discuss largandz,. The
conversion of sums over, ,n,, to integrals effectively rep-
resents most of the asymptotic cuts as cuts inuthandu,

(5.58

wherer;==*=1 , andZ/H is the hexagaph obtained from the ; . :
hexagraptH by a twist about the ith horizontal line. The full Planés and therefore is most naturally carried out inshe
amplitude, or rather the sum over hexagraph amplitudes, is S "€gion where largei, and u, is part of the physical

recovered as a sum over signatured amplitudes, i.e. regions. . o
The treatment of that part of the expansion satisfying Eq.

(5.53 is straightforward. This contaird “a together with the

> MHr=MH+MTH+ MTH+ MBH+ MTA%H 4 v 2T corresponding contribution from all the hexagraphs of Fig.
z 26. To illustrate the structure of the S-W transform we first
+MBAOH AR (5.59 omit the complications due to signature ardfectively) as-

sume a F-G continuation can be made éta alone. Be-
For hexagraph amplitudes of the formM% and M%, Eq. cause the definition oﬂfho changes non-analytically at
(5.58 is a simple generalization of the analytic definition of =0 we must make separate continuations fgr,n,,n;
signature for elastic scattering amplitudes, where combina+n, =0. Forn;,—n,,n;+n,=0, we can write
tions of amplitudes with right and left-hand cuts are formed.

For M% amplitudes it becomes the standard definition in the MCa 1 f dnl(U1)n1J dny(uy)™
S—s region. ~(2m)3%)- sinwn; J- sinwn,
In writing the initial dispersion relatios.30 we are, of
course, assuming a generalization of the usual crossing rela- o dJ; di3+n o(23)
tion that there is a single analytic function that connects all X f i r oz
the physical region amplitudes. When quark quantum num- Ny =31=1ng=0 Jy oy, SIN 7(J3—= N1+ )
bers and helicities are involved, there are additional subtle- N2=J2=Inzl=0
ties in the crossing relation. These subtleties are resolved if Jp J2
we assume that our analytic definition of signatured ampli- X don,(20)don,(22)8c, ;. (560

tudes in Eq.5.58 is equivalent to the following alternative

“group-theoretic” definition of signature. Beginning with an where each integration contour is asymptotically parallel to

N-point amplitude in a particulas-channel, we form the the imaginary axis gnd chosen to_reproduce the partial-wave
positive (or negative signatured amplitude, with respect to a SUM when closed in the f‘fpmp”a_t‘f half-plabecause of
particular internal line of a Toller diagram, by addingr ~ the Symmetry unden; —u, =, u,—u, %, N;<0n,=0 gives
subtracting the amplitude obtained by making a complete@n identical contribution The contourCy, .y, imposes Eqg.
CPT transformation on all external particles connected(5.53 i.e.

(through the diagramto one end of the internal line. The

fully signatured amplitude is formed by carrying out this JitJ=N;+n;{+Ny,—n,<Jj (5.6)
procedure for all internal lines of the Toller diagram. In this

way, signature is introduced at the amplitude level withoutand so has the form shown in Fig. 28. Theand < labels
introducing spectral components. It is an operation definedor the n; integrals indicate that they reproduce the associ-
directly on the external states and so is often easier to impleated positive-negative helicity sums.

ment. Although the equivalence of the two definitions has For smallz, i=1,2, a twist in theith channel corre-
only been proven in the simplest cases, we have no reason $ponds tau;— —u; andz,— —z;. For smallz;, and integer
doubt that the equivalence is true in general. To understang—|n;|=N;,
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J;=n3;-n3
+N;+N,-1

J;=Nn;-ny
+N,+N,

J3 =Ni-Ny
+N;+N,+1
CNy+N,

FIG. 28. The contour in thd; plane.

do (—2)= (=D’ "dy (2).

(5.62

Consequently foM% we can adapt Eq5.60 to represent

the sum over amplitudes involving twists in the 1 and 2physical pointsn,; andn, will generally have opposite signs.
channels by making the replacement

(up)"dgl, ()= (up)"dg, (2) +7i(—u)"dgl, (~2)

i=1,2. (5.63

PHYSICAL REVIEW D 63 016007

tudes that already have specificand 7, signatures, we can
introduce signature forz— — z3 by writing

J3 J3
dn1+ n2,0( Z3)— dn1+ n2,0( Z3)

J
+ramr(— )M NS (= 73). (5.649
Of course, we also write
ac, 30> 8¢, 00> 7 (5.69

The construction of signatured F-G continuati@ns ; n >

that are equal to the physical partial-waves at ‘“right-
signature” points (i.e. J;= even/odd for rj}=+/—, i
=1,2,3) is described in detail if2].

The S-W transform of that part of the expansim50
that satisfies E(5.55, and so contains botkl“® and M,
requires extra discussion. When E®&.55 is satisfied at

(For leading helicities this must be the case, as we noted
above) Consider that part of Eq(5.50 with ny,—n,,n;
+n,=0. Equation(5.55 becomes

N;+n;+N>,—n,—J;=even integer 0.

(5.66

A twist in the 3 channel is more complicated since Temporarily ignoring the full signature problem, we can

J
ds
ny+n,,0

(z3) depends om,; andn, as well as];. For ampli-

1
MC— Wf dny dny(up)"(up)"™

(The symmetry undeu;—uj *,u,—u,

write

©

N;+n No—n
2 dop Mz dof, "(22)
1:N2=

N;+N, even

J
dJs dni+ n2,0(z3)

X

Cjy. . LT . m
3S|n7r(n1+n2)sm§(‘]3—nl—n2)3|n§(n1—n2—J3)

! implies thatn,

<0,n,=0 gives an identical contributionThe integration
contours are again asymptotically parallel to the imaginaryever, we note that the arguments of two of the denominator
axis and the contouC;_ is as shown in Fig. 29. This contour sine factors in Eq(5.67) are already restricted to even inte-

now imposes Eq(5.66. Poles at negative integer, are

produced when
=even integex 0

the poles
collide with

atlz—ny+n,—N;—N,
those at J3—n;—n,

=even integer0. As always the> labels onag, ; -, refer
to distinct F-G continuations made for distinct combinationscontinuation resolves this anbiguity. We will resolve it by

of helicity signs.

Equation(5.67) gives both even and odd valuesrof and
n,. Consequently Eq5.63 can again be used to introduce the crucial distinction between the contribution of the physi-

(5.67

ac,,3n,> -

signature in the 1 and 2 channels. Since we must impose Eq.
(5.56), we need not add any further signature effects. How-

ger physical values. Therefore, each term in the signatured

form of Eq.(5.67) could be modified by a phase factor of the
form (—1)F whereE is (equivalently either of these sine
function arguments. In principle the uniquenes of the F-G

determining the appropriate asymptotic phases of signatured
Regge pole amplitudes. We will find that this phase provides
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cal region discontinuities of thel> (andM%’) kind and the MG ~ zi1z327%
unphysical region discontinuities of tié‘ (andM ") kind. 2).,2,,
Z3,—®
H. Regge behavior *
a1—Nq1. ar,—Ns Ha
The Steinmann relations imply that for the hexagraph am- XN %:=0 fupt "tuy? ZBal,az,a3,Nl,N2
plitudes with physical region asymptotic cuts, these cuts are L
completely represented by signatured S-W integrals. Conse- +u’“1*Nlua2’N2,gi
C. C 1 2 ay,ay,az,Ni Ny
quently, forM*a and M*b the sums oveN;=J;—n,; and
N,=J,—|n,| should be uniformly convergent in the Regge fusr Ny eetNaga
. . . . . 1 2 g, a2,a3,Nl,N2
asymptotic region with the limits and sums in the S-W rep-
resentations liberally interchangeable. For the anomaly to ap- + ul‘“1+Nlu2‘“2+N2ﬂ§ al-—az,astlsz] (5.70

pear in a physical region in the configuration of Fig(&®2

.then it has.to be due a physical region singularity appearinghere B2 . .\ . is the Regge-pole residue of the

in an amplitude that has cuts only in a cross-channel or un; T

physical region. As we elaborate further below, the anomaly non-flip” ~ F-G a_mplltude acy>y>(J3,nl,n2_,N1,N2,tl

can appear in this way iM% (andM¢') amplitudes, where 'tg't3) at Ji=aj, i=123 andn=J—N;, i=12 and

it has to produce a divergence of thg and N, sums.A  B-aj.ay.a3N, N, 1S the corresponding residue of the

priori, it would appear that the anomaly could also appear iri'helicity-flip” F-G amplitude a; - ~(J3,n1,n,Nq,Ny,t;

the M% (and M%’) amplitudes, since they are so similar to -t,t3). Because of the symmetry under,—1/u;,u,

the M% amplitudes. However, we will give arguments below — 1/u,, the first and last sums in E¢5.70 can be identified,

that this is not the case. as can the second and third. When the hexagraph containing
For fixedN; andN,, the integrals oven,; andn, can be M is part of a larger hexagraph this symmetry is, in gen-

treated as integrals over eithey andn, or J, andJ,. Con-  eral, not present.

sequently asymptotic expansions can be obtained as either The contribution of Regge poles M (andM®), in the

Z,,Z,—% Of asuy (ul‘l),uz (uz‘l)—mo by pulling contours  triple-Regge limit, has less structure than E§.70. From

to the left (right) in the complex plane in the conventional Ed. (5.67) we obtain

manner. In this way, each of the triple-Regge and helicity- o o

pole limits defined above can be studied. The replacement of M™ ~ z,'z,%z;°

the df]’o by second-type representation functions proceeds in 221 :230

direct parallel with elementary Regge theo¥his is a tech- ¥

nical necessity to ensure that a genuine asymptotic expansion

is obtained but we will not describe it here. For our purposes

it is sufficient to assume that we simply pick up the leading

power behavior of thel} ((z) of the formz’, as contours. +uf1_N1u2_“2+N2,8‘; e aa Ny NS (5.7
The most important point for studying limits via the S-W BoEmEaT

transform is thatby analytically continuing-channel unitar- ~ Again the symmetry undeu; —1/u; ,u,— 1/u, implies that

ity equations in all complex angular momentum and helicity(in this casg the two terms in Eq(5.71) can be identified.

planesg it can be shown that the Regge singularities ofM% has an identical contribution but with, of course,

ac gn>=2ac>(J3,n1,n2, Ny, Ny ty .15 t5) occur at fixed Bgal’taz’anglszﬂlgcial’mz’astlsz‘

values of theJ;. In particular, Regge poles ali=a; To obtain the behavior of the full amplitude in the triple-
= a(tj) occurinag, > - (J3,N1,M2,N1,Na 1y .15,13) (the F-G Regge limit we addVia, M% andM% M%" and M, to-
continuation made from,,n,>0) at

—a3+Ny, ay—Ny ob
X > [uy Mg Negh

aq,a5,a4,N; N
N1+ Noeven 1720082

ni=a;—N;, NMy=a—N,, Jz=a3. (5.68

J; =Nn;=-Ny -2+N;+N,

Inac~ ~(J3,n1,ny,Ng, Ny ty.15,t3) (the continuation from
ni,—n,>0) the Regge singularities occur at

n=a;—N;, —ny=a,—N,, Jz=a; (5.69

etc. We will first study the contributions of Regge poles to
the S-W integral and then discuss ttminor) differences J, =N+, /J3 =n.+N,+2
when the Regge poles are replaced by Regge cuts. i,

In the triple-Regge limit, Regge poles give contributions
to each of the terms in the double sums in E@s60 and
(5.67). We initially omit the denominator sine factors since
they are modified by the introduction of signature. We can
then write the triple Regge pole contribution ‘= via Eq.
(5.60 as FIG. 29. TheC,, contour.
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gether with the analagous contributions corresponding to the  pjCapbec ~ (Zlul)al(Zzuz_1)“22a3ﬁa’bf 00
additional hexagraphs illustrated in Fig. 25. These contribu- Uy, 1y, 1 e maz.ash

tions will have the same form as Eg$.70 and(5.71) but z3,—%

with the indices 1, 2, and 3 cyclically rotated. Finally, the (5.73

twisted graphs also have to be added by incorporating signa- \ye see that distinct leading helicity amplitudes, i.e. non-
ture factors_,. Bef_ore discussing si_gna_ture in detall, it will b_eﬂip and flip, contribute in the distinct helicity-pole limits
useful to first discuss the contribution of Regge poles inyhijle the complete series of both amplitudes contribute in
helicity-pole limits. the full triple-Regge limit. This explains why we refer to
The non-flip helicity-pole limit(5.14) picks out only the  Eqs.(5.14 and(5.15 respectively as non-flip and helicity-
first term of the first(and identical thirg sum in EqQ.(5.70 flip limits. Note that in both limits the dependence on bpth
i.e. and z, is determined by thel; andu, dependence. This is
necessary for the amplitudes to be directly expressible in
terms of invariants, as we see in the next sub-section.

MC% ~ (zquq)*(Zouy)* 22532 . (5.7
ul,uz,( 1U2)"H(2212) 25 By iy g 00 (572 I. Asymptotic analytic structure

Zg We can now discuss how the cutsMfa, M, andMC
are represented asymptotically in triple-Regge formulas.
Again we discuss Regge poles in detail. We will then illus-
There is no triple-Regge contribution froM or M in  trate how the discussion generalises to Regge cuts. Similarly
this limit. In the helicity-flip limit each ofM%, M%, and to the rewriting of Eq(5.51) in the form(5.52), we can use
MC give contributions, i.e. Egs.(5.3—(5.7) to write

(o3 — —
,321@2,ag,O,o(Zlul)al(zzuz)a2233:,321,az,a3,0,o(2123U1)a1(2123U2)az(Zs)as 12
~ B,y 000518 “H(S213/) “X(S1113) "3 172 (5.74

showing how Eq(5.72 represents the cuts & in both the non-flip helicity-pole limit and the full triple-Regge limit. The
non-leading helicity terms in Eq5.70 that contribute in the triple-Regge limit are represented in terms of invariants by
writing

(5.79

u

Ny Na S133 Sair
1 M2

Nl( 32!337 337227 ) N2

S13 S23

The result is a power series expansion in terms of the invar&gis,Ss11 ,S2733 ,S3702 IN Which the Steinmann relations
determine there are no singularities. Therefore this series is convergent and the cut structure is fully represen{&d/dy Eq.
Similarly to Eq.(5.74) we can write

ZpZ3| *2
A gyas 223 I
,321,7&2,%0,0(21“1)&1(22“2 )a2233_B21,az,a3,0,0(zlz3ul)al( Uz) (zg)(*s7 @172

~ By ayas00(513) “U(S2r3) “A(S1113) "3 1172 (5.76

to see the cuts o1 also represented in the helicity-flip limit and in helicity-flip contributions to the triple-Regge limit.
For the helicity-flip contribution fronM % we utilize Eq.(5.8) and write

2223) (ap+ a3—a1)/2< 2122U1> (a1t ap—ag)l2

b -1 b -
B (ZqU7) *Y(ZU5 1) *225°= (z123u;) (@1t 23 aZ)/Z( U U
2 2

ay,—ay,a3,0,0 ay,—ay,a3,0,0
~ ﬁgl -~ ap.az0,00513) (a1¥asa2l2(sy, 4 ) (@2 T 3™ @(g pg) (a1t a2maa)f2 (5.77

showing how the cuts df1 are represented in the helicity-flip limit and in helicity-flip contributions to the triple-Regge limit.
For M we write, in close analogy,

—1\a,a —ay)l2 —ap)2 —ag)l2
lg(c:yl,—az,as,O,O(Zlul)al(ZZUZ )azzsgwlgzl,—az,cys,o,o(sls)(lllﬂz3 @2)l2(gy,4,) (@2t @37 )2 ) (a1t azmad)2 (5,78

To add signature factors to E¢p.74 note that forJ;—|n;|=N;=0
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(up)"dgh () +7i(—u)"dg,, (—2) 1+ re™
sinmn, . ;ﬂwluiz'l sinJ; (5.79
and
J J
dni+ n2,0(z3) + 7-37-17-2dn:‘)1‘-¢— n2,0( ~23) 3 1+ 7'17'2T3(3i (37317 92) 58
Sin’TT(\]g_\]l_Jz) Z;x|23| Sin’ﬂ'(\]g_\]l_\]z) ( ’ q
Therefore the signatured form of the S-W representatio&?) will give Eq. (5.74 multiplied by a factor
1+ Tlei a1+ ”rzei TN 1+ 175 7'3ei m(ag=a=ag)
. . . (5.89
sinmTa;y sinmTa, sinm(az— a1— as)
giving
a (S13) “1+ 71(—813) “1 || (S2r3r) “2+ To(—S2r31) “2 || (S11:3) “3 7“1 “2+ 7y 7o 73(— Sq103) “37 M1 2
Ba e '0’0 . N N — — (5.82
19293 sinmTaq sinmTa, sinm(as— a1— ay)

This expression now represents the leading heligign-flip) triple-Regge contribution of the sum of amplitudes correspond-
ing to the eight hexagraphs appearing in Fig. 26.

Each hexagraph can be identified with a term in &g82, with the phase appropriately representing the cut structure. It
is therefore straightforward to take discontinuities in Ef82 and to recover a single hexagraph amplitd&4), e.g.

(S2131)“2+ To( = S213/) “2|| (S11/3) 3“1 “2+ 7y Tp73(— S19/3) 37 U142
: — a aq
[DISC]513 2'3"‘1 '“2'“3’0'0(313) sinwTasy sinm(az— a1— as) (5.83
Di Di e ay wy| (S13) %32 T ToTy(— S1y1g) " M2 58
[ ISC]313[ |SC]52,3,— Bal,az,a3,0,0(513) (52’3’) Sin7T( a3— g — a2) ( . 4)
[DiSC]slg[DiSC]sz,S,[DiSC]sn,r&:Slgil,az,a3,o,o(513)a1(32'3’)a2(511'3)a37a17a2- (5.89
Note that for a Reggeized gluon with =1+ O(g?)

sinra,~ sinm(az— a;—ay)~0(g?) (5.86

and sincer;=—1V i, each discontinuity reduces the amplitude ®gg?). With two Reggeon states in each channet
—1V i. In this case the leading terms in each of the square brackets ifbBd cancel and taking discontinuities does not
introduce extra powers af?.

Moving on to the contributions t&/1% obtained from the signatured form of E(.67). As we noted earlier, for the
signature constraint.56 to also emerge from the hexagraph definition of signature, then it has to be that the sum of the
amplitudesM % andM%’ is equal in the two physical regions in which they appear, as must also be the amplttdasd
M. As we emphasized, the Regge amplitudes we discuss cannot distinguish the contribution of asymptotically equivalent
cuts. In the following, therefore, we identityi’ with the sum ofM% and M.

Since we only have two signature factors to add, &1 is replaced by

[l+ Tleiwa1+ Tzei a2+ T]_Tzei 7T(a1+a2)]

- - (5.87
Sin’ﬂ'(al_ az)Sinz(az-l- az— afl)Sinz(al—i- ay— 0.’3)
After adding the term corresponding to E§.67) from n,;+n,<0, we obtain the factor
1+ 7€' ™1+ 7pe' T2 4 7y el (et a2
[ 1 2 172 )] (58&

T T T
Sini(al-i— agz— az)SinE(a2+ az— al)sini(al-i- ar— ag)

The interpretation of the phases in terms of cut structure is now more subtler; Tiust of the hexagraph containing ‘%
sendss;,z— — Sq»3 in addition tos;3— —S;3. The corresponding triple-Regge behavior should therefore be

016007-29



ALAN R. WHITE PHYSICAL REVIEW D 63 016007

(—spp)(e1t a7 @ (sy 5 ) (02t 237 )2 — g g (eat aemad)lo= giman(s ) (aat asmadlX(s), o ) (a2t ag™ a2 g (aat o™ a)/2

(5.89

which is the phase-factor corresponding to theerm in Eq.(5.88). This phase is due to the contribution of two cuts rather
than the conventional single cut, as was the casé/far The 7, twist gives the analagous result and explainsthérm in
Eq. (5.88. Because of the signature constraititse) we haver, .= 3. We can obtain the corresponding phase forths,
term if we multiply bye' "(@s=@17@2) The presence or absence of a phase of this kind is the ambiguity if5 B that we
discussed at the end of Sec. VE. Invoking this phase, we can write the analogue(bf&gas

IBb ,O,O[(SlS)(al+ a37az)IZ(Sz/S,)(a2+a37a1)/2(3123)(a1+ ar—ag)l2

ap,—ay,ag
+ 7_1( _ 813)(a1+ a3—a2)/2(52,3’)(a2+ uz3—a1)/2( _ 5123)(a1+ ap—ag)l2

+ 1'2(513)(0(1-*—0(3_0(2)/2( - 52,3,)(“2'*'0‘3_0‘1)/2( — 5123)(‘11‘*'0‘2—113)/2

T T
+73(—sp9 (Mt a2 g, o, ) (@2t azma)lZ(g g (mFazmag)i2) / Sing(al"” az— az)SinE(a2+ az—aq)

T
><Sin§(a1+ ar—agz) (5.90

which is now the sum of the leading helicity-flip triple-Regge contributions of cuts of the formMCfin the hexagraphs of
Fig. 26.(Note that we can assign the factors in many different ways using the relations, ;=1 andri2= 1,i=123.)If
we assume thatﬁglv_azﬂajoyo is real then the phases of the four terms in ExJ90 naturally represent the four possible cut

structures. There are only four terms because of the equalities leading to the signature constraint.
Taking discontinuities in Eq5.90 (bearing in mind asymptotic equivalence

H H b (a1t agz—ay)l2 (ap+agz—aq)l2 (5123)(a1+a27a3)/2
[Discls, [DiSCls,,, =282, o on00(819 1" (s, 5,) (02 a3~ (5.91

T
S|n§(al+ al—ag)

and the triple discontinuity is

[Discls,  Discls, , [DisCls,, =882, o, ay00l 519 % D sy05) 02" 05~y (este2=adZ (5,99

al,—az,as,

Note that because
. 7T - 7T
sinz (@ +aj— ak)=5|n§(l+0(gz))=l+0(g4) (5.93

taking discontinuities, in lowest-order, simply introduces factors of 2 as in(E§). This simplicity holds for the leading
helicity amplitude andbecause the azimuthal angle sums are convergdsu for the full triple-Regge amplitude. Using Eq.
(2.2) we see that in lowest-order each of the amplitudes in(E®0 is pure imaginary.

Finally we come to the unphysical triplets of the fomfe. The Regge behavior obtained frdvif< has to have essentially
the same form as that obtained fravif>. However, with the appropriate choice of the phase ambiguity in(E67) we can
obtain, instead of Eq5.90), the triple-Regge amplitude

B(c:vl - ,a3,0,0[(sl3)(al+ a3—a2)/2(32,3,)(a2+ a3—a1)/2( _ 312)(a1+ ap—ag)l2

+ 74(— Sp9) (1T 3™ @2, o )@t azma)2(g y(artaz—ag)l2

+ 7'2(513)(a1+a‘?’_ 012)/2( - 52,3,)(0‘2+as—al)/Z(slz)(ﬂl*'ﬂz—wg)/Z

T T
+7’3(_513)(a1+a3az)lz(_sz/s')(aﬁaaal)lz(_slz)(al+a2a3)/2]/ S'”E(al"‘a3‘“2)5|n§(az+a3_al)

Again we have only four terms because of the signature constraint.
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Note that both Eqs(5.90 and(5.94 are symmetric with respect @, a,, anda; and that more generally the breaking
of cyclic symmetry by our choice of hexagraphs has been restored. Full expansions of the form{(%# Begtill reflect the
hexagraphs used in their derivation. However, this is no more than a choice of variables to expand in. Also, neiffh@9Eq.
nor Eq.(5.94 has anyt-channel poles when any of the pass through integer values. Indeed, any relationship between
analytic structure and the hexagraph formalism used has essentially been lost. The asymptotic structuvE ooV e
amplitudes has no preference for thhehannel in which the partial-wave analysis is carried out. Ultimately this goes back to
the constraint5.55 which, in fact, is satisfied symetrically. Note, however, that the denominator in both3&=8@. and(5.94
does appear to produce unphysical poles indheThe M% andM¢ amplitudes have to combine to cancel these poles. This
is a consistency condition which clearly requires the presence of the unphysical triple discontinuities in the dispersion relation.

J. Regge cuts

Equations(5.82 and (5.90 contain the contribution of Regge poles only. To replace a Regge pole by the Regge cut
corresponding to a two-Reggeon state is straightforward in principle but in practice can be quite complicated. However, for
odd-signature Reggeized gluons with~1 it is relatively simple to describe the first-order approximation. For example,
replacing the Regge pole in the 1 channel in Eg82 by an even signature two-Reggeon state gives

8™ il (51917 (@K 114 (g, (a9 al@i=k*1
sinra(k?)sinra((Q;—k)?) sinm a(k?)+ a(Q;—k)?—1]

sinraq

2k
~f W[SMHJF0(92)]~31(Q5)[513][1+0(92)]- (5.99

Similarly

[ Disc] f dk
3 ) sinma(k?)sinra((Q;—k)?)

(51902011 3, (Q3)[s15][ 1+ O(g?)]. (5.9

Analagous changes occur if we replace any of the other Regge pole contributions in the foregoing by Regge cuts. The isolated
power behavior corresponding to a Regge pole is replaced by a continuum integral of the power behavior involved together
with a corresponding replacement of signature factors. Apart from this, all the above discussion of hexagraph contributions,
analytic structure of triple-Regge, helicity-flip, and helicity non-flip, amplitudes goes through in complete parallel for ampli-
tudes containing general multi-Reggeon states in ¢attannel.

To give another specific example that is directly relevant for our discussion of anomaly amplitudes, we consider the first
term in Eq.(5.94). If each of the Regge poles is replaced by a two-Reggeon state we obtain

I f d?k;
i sinra(k?)sinma((Q;—k)?)
C
X Blagd) + a(@y kD)~ 11, [0 + al(Q k)2~ 11 1a0d) + a((@s k)~ 1100 K1 K2 K5, Q1,Q2,Q3)
X[(S13)[a(kf)+01((Q1—k1)2)+0‘(k§)+ a(Qa—ka)?) = alk) ~al(Qz—ka) )= 1112

X (Spr50) @09+ a(Q3=ka) D)+ alk)) + al(Qz k) ) ~ a(k)) ~ a((Qy~kp)?) - 1112

(= 51,)[ KD+ a(Qu k)P a(k) + a(Q2=kp)D)~ (k) ~ a((Qa—k9) )~ 11/2]/ Sm_[a(k )+ a((Q1— k1)) + a(K?)

+a((Qs—ka)?)— a(K3) + ((Qz— k2)2)]3|n—[a(k)+a((Q3 ks)?)
+a(ky) + a((Qe—k2)?) — a(k]) + a((Qy— kl)z)]SIn—[a(k2)+a((Q —k1)?)+ a(kd) + a((Qe—k2)?) — a(k3)

+C¥((Q3_k3)2)] ~ (313)1/2(52'3/)1/2(31/2)1/21_[ fmlgl 110c{k1:k2,k31Q11Q2aQ3) (5.97

g*)
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The last line can be identified directly with the generalthe difference in dimensions of Eq$.99 and(5.100 has to
Reggeon diagram amplitude (2.1 o) that be compensated by a difference in the transverse momentum
,Bj,lylvodkl,kz,k3,Q1,Q2,Q3) is identified with the dimension of the accompanying Reggeon vertex. If we an-
Reggeon verteR(K; ,k,,k3,Q;,Q,,Q3). More specifically, ticipate that(as is the cagethe dimension of the vertex ac-
the last line of Eq(5.97) can also be identified with Reggeon companying Eq(5.99 is the normal[Q]? for a Reggeon
diagram amplitudes such as E¢.16 discussed in the last vertex in QCD, then the vertex accompanying E5.100
section. From Eqg5.96 and(5.97) it is clear that the simple  will have the “anomalous dimension” dfQ]. This anoma-
leading order properties of discontinuities that follows fromlous dimension allows the Reggeon interaction vertices gen-
Eq. (5.93 hold for Regge cut as well as Regge pole ampli-erated byM® or M to potentially contain the anomaly of
tudes. the four-dimensional triangle diagram—uwhich is linear in its
In general, as we have already emphasized, we expeatomentum dimension and is independent of any other scale.
amplitudes containing Regge cui®. multi-Reggeon statgs
in any channel to have the non-planarity properties necessary L. Multi-Regge amplitudes and the anomaly
to produce simultaneous right and left hand cuts in integrated . i _
invariants. This will lead to closely related right and left _Noté that the amplitude for the process given by Fig.
hand cuts in external invariants. Comparing EGs90 and 22(a), that contains t_he_a_momaly, has no initial4) or final
(5.94) we see that for fixed,3 and s, s, the two contribu- (32,3,) state discontinuities. If we suppose that gxtet@al _
tions provide right and left-hand cuts in the ,~z,z, plane. couphngs.can be chosen such that the anomaly in an ampli-
We anticipate, and in the next section will find, that ampli- tude of this kind does not cancel then the amplitude must be
tudes containing Regge cuts in each channel will havd&Produced by a triple-Regge amplitude with the anomaly in
closely related cuts of this kind and so if they contribute toth€ Six-Reggeon vertex. In QCD we will find that a quantum
MC% they will typically contribute also tMC. Indeed, in number(color parity prevents the anomaly from appearing
many respects th&1% amplitudes provide the additional " the t(lple-Regge amphtude unless it 'effectwely appears
four amplitudes that would need to be added to M already in theG; couplings, so that they violate color parity.

amplitudes to obtain a complete set of signatured amplituded It d0€s appear as a physical region singularity in the triple-
with no signature constraint. However, the analytic relation-X€99€ amplitude, as in Fig. @3, we know from the last
ship between the asymptotic cuts and the angular invarian€ction(@nd will see explicitly |nCthe next sectipthat it has
in which signature properties are necessarily determined prd® appear in aMe and/or anM™ amplitude. It, therefore,
vents such a relationship. Also we will see that the anomaly’aS t© appear in the Regge cut analogue of the last term of
can consistently appear in thd amplitudes but not the E£d-(5:94 and/or the last term of EG5.90 since these are
MC% amplitudes. the only terms without §;3) or (52,3,_) discontinuities. But, o
since the anomaly has to appear in a Reggeon vertex, if it
) ) ) ) appears in any of the terms in E&.94) or Eq.(5.90 then it
K. Dimensions of Reggeon interactions must appear in all of them. Since the multi-Regge behavior
Next we note a crucial difference between E@s76 and  in the first term of Eq.(5.90 already represents the maxi-
(5.77) that is vital for the appearance of the triangle anomalymum set of physical region cuts allowed by the Steinmann
First we set relations, it cannot contain the anomaly. Consequently it can-
not appear in any of the terms in E&.90. However, it can
a1=ar=az=1 (5.98  consistently appear in all four terms of E¢.94), since all
four represent unphysical triple discontinuities that can con-
corresponding to the contribution @fulti-)gluon Reggeon tain chirality transitions.
states. We then compare the momentum dimension of Egs.

(5.76 and(5.77). For Eq.(5.76 we obtain VI. MULTIPLE DISCONTINUITIES

(S19)%1(Syr3/)¥2(S1115) %3 @1~ @2=[g]1* 1 1=[g] In th_|s sectlo_n we §tudy_the__|owest-order _dlagrams by
(5.99  evaluating multiple discontinuities and looking for the
anomaly in Reggeon interactions via the multi-Regge for-

while for Eq. (5.77 we obtain mali§m of th(_e last §ection. The w_riting of an asymptotic dis-
persion relation, without subtractions, depefh2id 5] on the
(Sgp) (a1t as—al2(g, y(@rt ag=a))l2(g (a1t az=ag)l2 feature that all asymptotic behavior originates from multi-
Regge singularities and our analysis implicitly assumes that
=[s]/2r 12l 5]372 (6.100  all asymptotic contributions of a Feynman graph can be as-

signed to multi-Regge amplitudes of some form.
Since the contribution of any multi-Reggeon state always

carries the same transverse dimension A. Double discontinuities in the simplest diagrams

42K d2%K, - -+ 2(Q— Ky — Ky - - ) From the previos Section we know that the anomaly can
J =[Q] 2 only appear in triple-Regge amplitudes of tkiéc form with
kik% . triple discontinuities corresponding to tree diagrams of the
(5.10)  form illustrated in Fig. €c). In studying the lowest-order

016007-32



TRIANGLE ANOMALY IN TRIPLE-REGGE LIMITS PHYSICAL REVIEW D 63 016007

N 4k3 +

-

B
A \.\(L

I

c)

(a)

N
-—-'—‘

\
\\;
/ +
N

X

(d) (e) {£) FIG. 30. Double discontinui-
ties with two gluons in each

\\- +j- \\ I /,/ t-channel.
P = TR R e O

A #
(9) (h) (1)
AN PN
L) N 3 7 ¢
g P i
A # %
(3) (k) (1)

graphs below we first consider initial and final state doublechanged quark line. Similarly ths, 5, intermediate state is
discontinuities (associated with a particular hexagraph associated with the reverse of this production process. The
However, we then find that a non-trivial third discontinuity quark loop obtained by joining the amplitudes for these ini-
cannot be obtained by putting further propagators on-shellial and final scatterings is either planar, as in the first six
The additional discontinuity appears only as additional glu-diagrams of Fig. 30, or it has a twist in it, as in the second six
ons are added and Reggeization effects appear—as in Eq¥agrams. The six diagrams of each kind are obtained by
(5.96 and(5.97). An additional discontinuity can be trivially attaching the two gluons that do not participate in either the
taken by using the equivalent of E@.3) but to justify this initial or final scattering process, in all possible ways.
requires calculating the same Reggeization effects. There- APart from the need to sum over the direction of the
fore, to carry out a complete study of triple discontinuities9uark line around the loop, the diagrams of Fig. 30 are all of
we must necessarily go to higher orders of perturbatiorj1€ lowest-order diagrams with both agy and ans,.s: dis-
theory. To avoid this we will, after evaluating a double dis- continuity. We evaluate diagrams in the full triple Regge

I ; . X . limit (3.1) in which theP; become lightlike in distinct direc-
continuity, check diagrammatically that appropriate addi-,. . ! . X
tional discontinuities do indeed appear as additional gluontlons and theQ; have the general form given in E(.1). In

are added. We will then appeal to Eq8.91-(5.93, as Bach case, the double discontinuity provides a sufficient

applied to Eq.(5.99, and extract the Reggeon interaction Qgrr?sber of 5-functions to perform all longitudinal integra-
directly from the double discontinuity—in effect simply us- '
ing Eq.(2.3. : .
A double discontinuity requires a minimum of two gluons B. The diagram of Fig. 302)
exchanged in eactichannel. To obtain the double disconti-  We have already discussed this diagram at length in Sec.
nuity in s;3 ands,5, that is associated with the first hexa- IV A. Indeed the hatched lines of Fig. @), that are placed
graph of Fig. 25 we consider the diagrams of Fig. 30, withon-shell to obtain the double discontinuity, are the same as
the hatched quark lines on-shell. If we ignore gluon self-those of Fig. 9. Our previous analysis is, therefore, sufficient
interactions, we can argue that these diagrams are a compldte determine that the anomaly is not present. There is, how-
set as follows. The initial scattering process producing theever, an important point concerning further discontinuities
s;3 intermediate state is necessarily the production of dhat we referred to above and applies to our analysis of all
quark-antiquark pair and without loss of generality we canthe remaining diagrams.
draw this process as in the bottom part of Fig(e30Opro- A priori, there is an additiona, 3 discontinuity which
vided we do not distinguish a quark direction on the ex-we can take by putting the only unhatched vertical line on
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Y- %
q2+ k2 -> <- q3_ k3
q,-ky, -> - 1
k, —> L K <-4d;+k
+k, - < -
3
FIG. 31. y-matrix couplings for Fig. 3@). FIG. 33. The quark loop in Fig. 3).

shell. If we repeat our evaluation of Fig. 9 but instead use

co-ordinates for thé, andk, integrations in whici,+ and  the internal quark loop. Consequently, as we already saw in
n,+ are the basic lightlike momenta, the longitudinal integra-Sec. 1V, the reduction of thk; integrations to two dimen-
tions WI|| lead to they—njatrlx couplings shown in Fig. 31 If sions is not as straightforward as it was for Fig(@0The

the middle quark line is to put be put on-shell and give ajnteral quark loop and the remaining two-dimensiokal
leading contribution, then it must be helicity-conserving with integrations are not, in general, coupled only by an effective
respect to both the upper and lower on-shell states. |"OWE’VE’EOint-coupling and the Reggeon vertices generated are very
this is clearly not possible since both options give a productomplicated. As we have said already, we will not attempt to
of y-matrices that is zero. . obtain complete expressions for the vertices generated by the
_ This last point applies generally to all the double discon-remaining diagrams in Fig. 30. Rather we will concentrate on
tinuities of Fig. 30. The triple-Regge behavior we are l00k-jso|ating contributions that might contain the anomaly.

ing for is inconsistent with taking a discontinuity through a o search for the anomaly will, as in Sec. IV, be based
remaining uncut quark line. For the diagram under discusyp the discussion of Appendix A. We will look for effective
sion we note that while we cannot introducesap s discon-  yector-like point-couplings for the three vertices of a quark
tinuity without cutting the forbidden quark line, we can ap- yriangle diagram with an odd number of axial couplings. We
parently introduce an unphysica,,, discontinuity by il also look for the appropriate flow of a light-like momen-
adding an extra gluon. As illustrated in Fig. 32, a singleyym through the Reggeon vertex. We will assume that the
gluon in the original diagram is then replaced by the oneznomaly, if present in a diagram, can be found using any of
loop contribution to the Reggeization of this gluon. How- the possible sets of light-cone variables discussed in Appen-
ever, to properly discuss unphysical discontinuities it is nolyix B, provided we consider all choices for assigning par-
sufficient to simply put cut lines on-she#is it is for physical  ticylar quark propagators to particular longitudirklinte-
region discontinuities When a cut-line contributes to more grations. As will become clear, the appropriate choice of
than one discontinuity it is necessary to discuss whether thgy iaples will often enable us to see immediately whether a

i e prescriptions involved are compatible. We will do this in |gqg coupling occurs or whether only non-local couplings
a subsequent paper. arise.

The existence of the,,, discontinuity would imply that
the Reggeon interaction obtained from Fig(8will appear
in the triple Regge amplitude associated with the triglet
discussed in the last section. However, since only one set of At first sight this diagram has asy»3 discontinuity ob-
cuts appears, we expect the arguments of Sec. IV to be vali@ined by cutting the remaining uncut vertical line in Fig.
in that the six-Reggeon interaction computed from Figag0 30(b). However, there are again two on-shell scatterings for

will be zero when all-orders Reggeization effects are in-Which it is impossible to choose helicities such that both give
cluded. the leading behavior. Instead we can introduce eithes;an

discontinuity or an unphysical,, discontinuity by adding
an extra gluon. As anticipated in the previous section, the
o ] ) two discontinuities are closely related. Using the additional
In all of the remaining diagrams of Fig. 30, one Oor more giyon loop to provide the Reggeization of the gluon, the
of the k; loop momenta flow through more than one line of appropriate Reggeon vertex is that given by the original dia-
gram of Fig. 30b) (apart from a normalization factor that we

D. The diagram of Fig. 3ab)

C. Isolating the anomaly

2! 3 are not attempting to determine anyway
\ The momentum flow through the internal quark loop of
m Fig. 3Qb) and they matrices involved are shown in Fig. 33.
27 ) T T As in our discussion of diagrams in Sec. IV, we use the
Sqr2 light-cone co—ordinatesk(r,kizf,Eu) introduced in Appen-
cut A L dix B to perform thek, andk, integrations and to evaluate
1/ 3’ the y-matrix trace associated with the quark loop. Forkhe

integration, the choice of co-ordinates is not critical. For sim-
FIG. 32. Ans,,, discontinuity introduced by adding an extra plicity, we choose conventional light-cone co-ordinates
gluon. (k3+,k3-,ks,). Our evaluation of the integrd} of Fig. 10
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can be repeated to perform the,-,k,o- andks- integra-  propagator in the loop with eadty. As before, to look for a
tions using thes-function associated with the correponding potential y-matrix point-coupling, we look for that momen-
external quark line. tum factor within the numerator of the on-shell quark that is

To perform the remaining longitudinal integrations we multiplied by the same momentum that is scaling the longi-
first route thek; momenta along the shortest path through thetudinal momentum integrated over via thdunction. In par-
quark loop. This matches a unique on-shélatched-ling  ticular thek,,- integration has the form

f dkyo- 8((ky+K+Q1)2—m?) y1-((Ky+k+ Q1) y—m)yp-X - -

:f dKkyo- 6((Kqp- +ki-+Qq1-)Kip-+ - - ) y1-((Kp- + K-+ Qqp-) - yo- - - ) yo- X - - -

:f)/l,«-y§7+ .
—0+---. (6.1)

In this case the potential point-coupling from thé&, (- erated by Fig. 1&) and Fig. 30f). A momentum configura-
+k;-+Q11-) vo- term in the quark numerator is eliminated tion for Fig. 30e) that parallels Fig. 2@) is shown in Fig.

by one of the adjaceng-matrices[cf. our evaluation of Fig. 34(b).

15(a) in Sec. IV Q. Since thek,, integration has the same  As in Fig. 22a), the scattering process containing the
structure as thd,, integration, performing each of these @nomaly takes place in a part of the physical region where
integrations will produce couplings of the fort@19 rather the original discontinuities used to evaluate the Reggeon in-

than the point couplings necessary to produce the anomal _ract'ion vertex are no longer present. This lis consis?ent with
In any alternative momentum flow and assignment of he discussion at the end of the last section, provided the

S-functions, it is straightforward to show that either thg- gnomaly IS a_ssomgted W'th_ an unphyswal triple (_Jllscontmu
. : . ity. Considering discontinuities obtained by cutting gluon

or thek,,- integration gives an analagous result to El), . : . . R

. . . . lines we find that the unphysica]:, discontinuity is indeed

i.e. only non-local couplings remaitNote that our choice of

liaht dinates h bled us t h thi Ithe only one that can be taken.
'ght-cone co-ordinates has enabled us 1o reach this conciu- A nriori, we might suspect that the contribution of Fig.

sion rather simply. 30(e) will not persist if all-orders Reggeization effects are
included. The lack of additional discontinuities can be traced
. . to the essential planarity of the coupling to channel
E.The diagrams of Figs. 3Qc) and 30(d) gluon exchangesl?. As di)gcussed in gecg.] IV,tt'}r?is would be
Because of the number of lines put on-shell by taking theexpected to allow a contour closing that will give zero as
S13 ands, 5, discontinuities, there are not three quark lineshigher-order Reggeization effects are added. However, as we
off-shell in either of these diagrams. As a result there is ndliscuss briefly in the next section, the anomaly produces

possibility to generate the anomaly divergence in the correboth ultra-violet and infrared effects. If it is not canceled in
sponding Reggeon interaction. the sum of all diagrams its ultra-violet effects could prevent

such contour closing arguments. Alternatively, if the contour
F. The diagram of Fig. 30e)

This diagram is similar to that of Fig. 1& [which can be S
identified with Fig. 30f) discussed nektand can be ana- Y- -
lyzed similarly. In fact, as we discussed in Sec. Il and discuss 17
further below, the Reggeon vertices obtained from Figs. .| o, o
30(e) and 3Qf) are related by Reggeon Ward identities and Ml’a: .
so must have similar properties. We route themomenta v
through the(unique shortest path combination and again use 17%- .
the light-cone co-ordinateski(lf,kizf,Eu) together with 7 %- 1
conventional light-cone co-ordinateksf,ks-,ks,). Inte- By
grating the longitudinal momenta and keeping local cou- (a) (b)

plings produces the matrix assignment of Fig. 34. Com-
paring with Fig. 20 and the following analysis we see that FIG. 34. (a) y-matrices andb) anomaly momentum configura-
the threeys couplings generated are identical to those gention for Fig. 3Qe).
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1- 3" I +ks-k,—ki+k
FIG. 35. The quark loop in Fig. 3R). (a) (b)
closing arguments can be carried _through it Wo_uld imply that FIG. 36. Another(a) 5-function assignment an@) momentum
all properties of the anomaly and its relationship to Reggemﬁow fo;r Fié 35

Ward identity zeroes would be contained in the maximally

non-planar diagram. local couplings. The only-function assignment giving local

) ) couplings at all vertices is that shown in Fig.(86 with the
G. The diagram of Fig. 30f) corresponding momentum flow shown in Fig(B86 The cal-
This diagram has already appeared extensively in earlgulation of local couplings proceeds as usual. The couplings
sections, as the maximally non-planar diagram of Figs. 2 angenerated differ from those of Fig. 20 only in that
4, and in Fig. 18a) with the hatched lines put on-shell just as _ . _
in Fig. 34f). The extensive discussion in Sec. IV showed Y31~ ¥Y3-Y2-Y1-— Y13~ Y1~ Y2- Y3~ = V- +, - 1 Y- - - V5
that the anomaly is present although, very importantly, the (6.2
momentum configuration in which it appears occurs in a part ,
of the physical region distinct from that in which the discon-2nd SO the threeys couplings needed for the anomaly are
tinuities are evaluated. In the previous section we conclude§92/n present.
that this is resolved by associating the anomaly with an un- At this point we note that the momentum flow and cou-
physical triple discontinuity. In fact it is straightforward to Plings in the corresponding triangle diagram are identical to
see thas,,s ands, , discontinuities can be obtained by cut- F19: 21, apart from a shift of the internal momentum
ting gluons. According to the argument of the last section,
the anomaly has to go into the Reggeon interaction vertex
associated with the unphysicg|l,, discontinuity.(In fact, to

determine that the necessary chirality violation is present th?4 23, With (g + ot Ky +ky) =0 and @+K,+ks) light
. ’ 1 2 1 2) 2 1 3 3

triple discontinuity in which all discontinuities involve cut like in the limiting configuration. However, if the shit6.3)

gijubzr;sqt?:nst ;%pb;r considered. This will be discussed in "fls made, k; is routed along a different path and the

S-function assignment of Fig. 88 can no longer be made.
Therefore, the shift cannot be made and, if the anomaly is to
be generated, in the limiting configuration we must also have

k—k—q,—kj. (6.3

We would then expect the anomaly to appear in the limit

H. The diagrams of Figs. 3@g)—30(j)

The diagrams of Figs. 36) and 3@h) also appear in Fig.
13, except that an extra line is now on-shell. In Sec. IV we k=0g,+k; (6.9
argued that such diagrams do not give Reggeon interactions
that contain the anomaly. With the extra line on-shell weand must combine this with the mass-sh@itonstraints de-

again have only two quark lines off-shell and so clearly therdermining K-, K;-, and kss+ that replace Eqs(4.24—

is no triangle anomaly. (4.26). Imposing Eq.6.4), these constraints give
2_ 2_
I. The diagrams of Figs. 3@k) and 30(l) (kz+d;+k—ky)*=(ks—03)°=0 (6.9
The diagrams of Figs. 3K) and 3Ql) both haves;,; and (k+ Ky + ko) 2= (go+ Ko+ 2ky)2= (k;— G1)2=0 (6.6
unphysicals;,, discontinuities that can be taken through a
gluon line. Figure 3Q) is simply obtained from Fig. 3@) (K-+Kg— Gp— Kp)2= (Kg+ Ky — ) 2=0. 6.7)

by time reversal of the scattering process and so has anala-

gous properties. Therefore our discussion below of Figgom Eq.(6.5 we see immediately that the anomaly diver-

30(k) will immediately extend to Fig. 30). _ gence associated with Fig. @0 can only coincide with that
We can repeat much of the discussion of FigdeBand Fig. 30f) at (gs— ks)2=0.

30(f) for Fig. 3ak). We do this briefly as follows. For rea-
sons that will soon become apparent we reverse the sign of
k, and obtain the internal quark loop contribution shown in
Fig. 35. If we take the shortest routes for each of ke It is not an accident that the diagram of Fig.(l§0con-
momenta then we find that, in parallel with our discussion oftains the same-matrix structure as that of Fig. &9. In fact

Fig. 3Qb), neither thek;,- nor thek,;- integrations give a Reggeon Ward identity determines that it has to contribute

J. Reggeon Ward identities
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MM configurations where the discontinuities associated with the
I propagators that are put on-shell are no longer present. To be
clear we would like to reiterate the logic that we are employ-
ing. As we outlined in Sec. Il, in principle we can study
FIG. 37. Formings,; discontinuities. Feynman diagrams directly and look for propagators that are
placed on-shellor close to on-shellby the triple-Regge
limit. In part this is what we did in Sec. IV. The very large
number of diagrams, as well as their complexity, makes it
R A . . X essentially impossible to apply this procedure to all dia-
tinuities as in Fig. 37. The upper set gives Fig(f3vhile o .2¢ "\We have instead proceeded by using the multi-Regge

the lower set gives Fig. 3R). The two lower production : : :
amplitudes that distinguish the diagrams are related by th'éheory of the previous section which tells us that the anomaly

Reggeon Ward identity illustrated in Fig. 50. Therefore,COUId. appear i.n_ specific multi-Regge amplitudes which have

when the central quark-antiquark pair carries zero color, th(I,*he discontinuities that we have calculated dlrectly: We t.he’?

two diagrams must cancel at the zero momentum point. Figgxtract th_e Reggeon vertlcgs calculated_ from the discontinui-

ure 30l) is similarly related to Fig. 30) via final state am- ties and insert them back_lnto the muItl—Regge fqrmulas. In

plitudes satisfying a Reggeon Ward identity. this way we obtain amplltydes Fha_t_descnbe tane—Regge
As we noted above, Fig. 8 is also related to Fig. 3¢  Scattering away from the discontinuities. If the anomaly di-

by a Reggeon Ward identity. In this case the unphysigg! ~ vergence then occurs in a physu;al region W|th|n. the multi-

discontinuity has to be considered. The triple gluon diagrani€gge formula, for consistency it should occur in a corre-

of Fig. 50 (the third diagram cannot contribute when the Sponding way in some Feynman diagram. This is what we

quark exchange in the first two diagrams involves a zerglémonstrate when we show space-time scattering diagrams

momentum chirality transition, as is the case in the anomalguch as those of Fig. 22 and Fig.(B#

divergence. Therefore, when the quark-antiquark i

volved in the s;,, discontinuity carries octet color the VIl. COLOR FACTORS, CANCELLATIONS AND

anomaly contributions in Figs. 8) and 3@f) will not can- DIVERGENCES

cel and there will be no triple gluon contribution. The

Reggeon Ward identity will necessarily be violated when the We have narrowed down a dlscussu)_n OT the cancellation
of the anomaly, at lowest-order, to contributions from double

light-cone momenta corresponding to the anomaly ar ; . oo P .
. i . or triple) discontinuities occurring in Feynman diagrams of
present. That a Reggeon Ward identity could fail for a quar . )
he maximally non-planar type. In Sec. IV we already dis-

loop in which all lines are on-shell was emphasized18]. d X )
. L .y cussed the kinematical symmetries that can produce a can-
The Reggeon Ward identity is, however, sufficient to en- : . - X .
cellation. As a result we need give only a minimal discussion

sure that if the anomaly in maximally non-planar diagrams .
. . . ~of the role played by color quantum numbers and signature
cancels then so must the contribution of all diagrams havin

; o roperties.
the form of Fig. 3Qe). Note that for the contribution of the % : .
maximally non-planar diagram of Fig. 4 to other hexagraphs When signatured amplitudes are formed the two-Reggeon

(such as that associated with the scattering processes of Flstate appears only in even signature channels. The Reggeon

16), the Feynman diagram corresponding to FigikB@ctu- Ateractions containing the anomaly that we have discussed

. couple two Reggeized gluons in eagkchannel and so all
ally plays the role of Fig. 3@). We conclude, therefore, that - .
we can focus only on Fig. 20 in Fig. 30. To discuss three channels have =1. Therefore the signature rule of

whether the anomaly cancels we have to consider only th\?vﬁ(i:c.hvallsl 'Srinthdu'?;gIérseat'sgzg\}gsvgb;'g '?hnea(:gﬁltl:i%?ﬁi;g;
sum of the double discontinuities of the form of Fig.(80 9 P

each of which is associated with a separate hexagraph. Iflj;om all eight of the hexagraphs in Fig. 26. This requires that

Sec. IV, we have already discussed the kinematical Symmevye add the contributions of the twisted diagrams of the form
tries that will produce a cancellation. We enlarge this with aOf Fig. 23 to the untwisted contributions of Figs.(dband

discussion of color factors in the next section. 15(b). . . . . .
To begin our discussion of color factors we first consider

the external coupling of two gluor(®r Reggeonksto a scat-
tering quark. The color factor that appears can be written as

At the end of the previous section we explained how it isshown diagrammatically in Fig. 3&;; and d;;, are the
that the anomaly can occur in physical region momentunusual antisymmetric and symmetric tensors for®Eolor.

[y
w
[y
w

equally (and, when color factors are appropriate, with oppo-
site sign at a zero momentum point, such ags€ks)?
=0. Consider the two sets of amplitudes formayg discon-

K. Feynman diagrams versus multiple discontinuities
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In lowest order, the&s,, have no momentum dependence and

so, in the even signature amplitude, only the symmedjic > C D >\<
andd;j, couplings survive. Therefore, théwo-gluon two- > >
Reggeon state has to be in either a color zero state, or a

“symmetric octet” (8;) state. At this order it is obvious that

a single scattering quark does not couple to an “anti-
symmetric octet” (§) two-Reggeon state. ¢
It will be important to discuss the color parity of Reggeon >’

states. Color charge conjugation on gluon fields is defined by
the transformation of gluon color matrices FIG. 39. Color factors for the lowest-order Reggeon interaction.

i Al
Aap— ~Apa- 7.0 with respect to the two Reggeons in each of thehannels.

From Sec. IV we know that this implies the anomaly is can-
celed.
Al —A i=13468 A-A i=257. (1.2 In higher-orders, helicity conserving couplinGs(q; ,k;)
that appear within multiple discontinuities, need not be sym-

For a trace of gluon matrices the color charge conjugatiofnetric underk;«— —k;. Therefore, the 8two-Reggeon state
reverses the trace order. In particular, in a space-time pattfPuld appear. However, as explained in Sec. V, a positive
ordered integral of gluon fields it reverses the direction of the>'gnatured amplitude can be obtained either by adding hexa-
path integration. For gauge-invariant states involving suctgr@Ph amplitudes or by adding full amplitudes related by a
integrals there may be an inter-relation between color paring P T transformation applied selectively to external states.
and space-time symmetry properties. or an extemaﬂleft-.handec)l scattering qgarlq,_ , the seco_nd _

We consider the minus sign in E.1) as defining the procedure gives directly that the full §|gnatured cou_pllng is
negative color parity of the gluon. The odd-signature®S shOV\_/n |n_F|g_. 40. Because of helicity conservation, the
Reggeized gluon then has a color parity equal to its signaVe Vertices in Fig. 40 are also related by# transforma-
ture. Color-zero combinations of color matrices also have 40n- Therefore, sinceCP is conserved, their equality in

For SU3) we can choosé'~\' so that

definite color parity, e.g. lowest-order must extend to all orders. Consequently, the
two-Reggeon coupling remains symmetric to all orders and
5iinAj_)5iinAja fijkAiAJAk_,f”kAiAjAk, the 8, state does not coup_Ie. o
More generally, even signature implies that the external
dijkAiAjAk_)_dijkAiAjAk (7.3 “state” formed by the initial and final scattering patrticles is

even undelCPT. Therefore, the internal two-Reggeon state

i.e. thed-tensor provides a “color parity violating” coupling must similarly be even. _Sinc_e the Reggeon state lies entirely
for gluon fields. Ultimately our main interest is in color zero N the transverse plane, itis independent of THeansforma-

multi-Reggeon states and these can immediately be assignfign- Therefore, it must be even undéi. (The same con-

a color parity. Also since clusion could be reached by working in thehannel. The
antisymmetry in the; integrations required for the anomaly
i AAY AT ATAK AT is equivalent to requiring®=—1 for the two-Reggeon state,
(74) which must, therefore carry anomalous color parity, Ce.
dijkAjAk/AiH_dijkA]—Ak/Ai =-1

A priori, the necessary parity antisymmetry for the two-

we can assign negative and positive color parities, resped¥€99€on state could appear if there is helicity non-
tively, to the 8, and & states discussed above. We can alsgconservation. If we consider scattering gluons then hellcny-
assign color parities to multi-Reggeon states with color fac-fIIp vertices coupling a Reggelzeq gluon do appear in next-
tors containing combinations of and d- tensors. Any to-leading order[(_s]. However, parity conservation, appheq
Reggeon state, and in particular an even-signatyrén®- when the Rggge|zed gluon goes o.ntsh'ell, implies there IS a
Reggeon state, has “anomalous color parity” if it has a colorChan_ge of sign when the gluon heI|C|ty_|s reversed. This de-
parity not equal to its signature. We will argue below that, intermines that the “anomalous color parity’, 8wo-Reggeon
general, anomalous color parity Reggeon states do not
couple to a scattering quark. a, c‘;R

Color charge conjugation invariance implies color charge
parity conservation and so, after summing over quark direc-
tions, the quark Ioop color factor must contain an even num-  Q-» <k + Q-> Ll1<k
ber of d-tensors. Given the color structure of the external
couplings, the possible color couplings for thg Reggeon

interaction extracted from the lowest-order diagrams are a5 &R
those shown in Fig. 39. In lowest-order, therefore, both the
color factors and the remainifg-integrations are symmetric FIG. 40. The signatured two-Reggeon coupling to a quark.
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[13] (which follow from gauge invariangeFor example, the
ky coupling of Fig. 41 has a zero when eithgror k,—0. The
= anomaly divergence occurs at just such points. If the corre-
sponding zeros are present in all four of the external cou-
plings of Fig. 42, the linear divergence of the anomaly will
always be compensated by at least two Ward ideftiitgan
zeros and this will be sufficient to prevent an infrared diver-
FIG. 41. A two-Reggeon coupling with an additional final state 9eénce of the full amplitude(The logarithmic divergences
gluon. due to zero mass gluon propagators do not affect this argu-
)
ment
in d les in all ord M I We anticipate that all Reggeon states coupling to anomaly
state again decouples in all orders. More generally, We aNeices will have anomalous color parity to compensate for
ticipate that no Reggeon states with anomal0u§ color. parityhe antisymmetric parity properties of the anomaly. In gen-
couple to scattering quarker gluons. By appealing to in- g5 mylti-Regge limits, Reggeon diagrams containing any
stanton interactions we could introduce hypothetical externah,mper of pairs of anomalous vertices will similarly appear
couplings that are helicity non-conserving and that violatg ;3] Eyen though infrared divergences will not appear, the
C.P cqnservauon. Howevgr, our bellef is that thg anomalyjiiraviolet presence of the anomafthat must accompany
will ultimately force a choice of scattering states in order t0i5 infrared appearanganost likely still causes problems.
satisfy unltarlty. Therefore, we wish to first determine \ye expect the large momentum region of the triangle graph
whether _there is a level at which the anomaly does cause @ produce a powerlike enhancement of the asymptotic be-
problem if we use the quark and gluon states of perturbatioRayior that ultimately conflicts with unitarity. [fL3] we pro-

theory. _ _ _ . posed to avoid this conflict by introducing largeut finite)
Parity asymmetric couplings can also be obtained if Wenass fermion Pauli-Villars regulators at finiteut smal)

adq an .extra part_icleor pgrticles. to the_initial or fir_1a| ;tate physical quark mass. If the “physical” Reggeon S-matrix is
as in Fig. 41.(This coupling can be directly studied in the gpiained, as we anticipate, by taking the quark mass to zero
two-to-four amplitude[15] where the novel signature prop- ang extracting infrared divergent contributions from anomaly
erties produced by an imbalance between discontinuities iSmplitudes, the regulator fermions will not appear. To pro-
well-known) Clearly bound-state couplings will, in general, qce infrared divergent amplitudes, however, we have to in-
also have parity asymmetric components in their couplingsyoquce external Reggeon couplings that produce a Reggeon
Nevertheless, even if all three external couplings have thgsngensate. This is essentially equivalent to introducing the
required asymmetry, a triple-Regge amplitude containing thenomaly directly in external couplings. This is the program,
anomaly still cannot exist, because of the conservation ofentioned in the Introduction, that is outlined at length in
color parity. An equivalent way of stating this is to say that[13] and that we plan to return to in succeeding papers.
for the anomaly to appear in the coupling of thregt@o- Essentially the correct phenomenon is outlined 13].
Reggeon states, &tensor coupling is required that violates poyever, there are some differences. In particular, because
color parity conservatiqn. Unless the e_xternal couplings folpf the signature conservation for anomalous amplitudes,
two-Reggeon states violate color parity conservation  there is no triple anomalous odderon vertex, as we assumed.
equivalently, an analogue of the anomaly appears in the epstead, the anomaly divergence occurs within the primary
ternal couplingsoverall color parity conservation will force  ,omentum carrying interactions of a Reggeon diagram and
the cancellatior_1 of the tripIe-R_egge anomaly amplitude. ot just in accompanying vertices as was suggestdd3h

We can outline how we anticipate the anomaly does aprhjs is possible because, as we now understand, the anomaly
pear in amplitudes as follows, although more explicit verlfl—div(:‘.rgence occurs when only some of the interacting
cation is clearly required. In a ditriple Regge limit Reggeonregqgeized gluons carry zero transverse momentum. As we
diagrams, of the form illustrated in Fig. 42, containing two noted above, a very important consequence of the signature
anomaly vertices can appear. A singlecoupling can be e js that it promises to explain the even signature of the

present for each anomaly vertex while the full amplitudepgmeron—a property that previously we had not clearly seen
conserves color parity. It is then important to note that thepe origin of.

external coupling will have Reggeon Ward identity zeros

->
ko
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APPENDIX A: THE INFRARED TRIANGLE ANOMALY
AND CHIRALITY VIOLATION

It has been knowi24] for a long time that the triangle
FIG. 42. A ditriple-Regge limit amplitude. anomaly is not only an ultraviolet phenomena but is also
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J;(ql) Jz(qz) Jaﬂ(q1+;12)

a
JA(q+9,)
FIG. 43. The three-point function.
manifest in the infrared region when the fermions involved

are massless. This was elaborated in detail by Coleman and
Grossmarj10] in the context of establishing 't HooftR5]

-3
anomaly matching condition for confining theories. Closely J “(ql)
related results were also obtained 26]. In the body of the . .
paper we use the infrared properties of the anomaly to estab- FIG. 44. The triangle diagram.

lish its presence in particular Regggzed gIl_Jon InteraCt'onsﬁamical significance. In this case we can use a divergence of
The Coleman and Grossman analysis establishes that the v

tex function for th ol ‘ ts h inaularit e form (A3) as a signal of the anomaly.
ex function for three axial vector currents has a singularity ¢ \ve simply take all components af, and g, to scale
when the quark fields involved are massless.

with g then Eq.(A3) gives the(dimensional result
In the notation of Fig. 43)? is the axial current and the a a-A3) g ( 3

three current vertex functiol#** can be decomposed in e~ (A4)
terms of invariant amplitudes as follows: q-0

We obtain more singular behavior as follows. First, choese

o) — AevhaB By e : _
TH2(01,02) = A€™ 701400507 + - - - + B0, F to be a light-cone index %" and choose

(A1)
t=q;=0;-=p+0, 0q;=0;,=0. A5

The omitted terms are obtained from those shown explicitly 917 % =GP G = (A5)

by appropriate permutations. The crucial result frdl] is ~ Choosingg,, and all spacelike momenta flowing through the

that the anomaly equation diagram, to beD(q) and to lie in a spacelike plane orthogo-
nal to the space component@f , we obtain from Eq(A3)

%Jmu)‘(%'QZ):AEVMBQMQM (A2) i
o o o o N < nopepti-Gr o ,p* - p?
implies that, whergi~ g3~ (g, + 0,)2~q?—0 the invariant '™ "(01,02) . Ae 2 NAQ2_2~AE'
amplitudeA has a pole atj?=0 with the coefficienA given =0 q d (AB)

by the anomaly. Therefore, @&—0 we have _ .
Note that if we leave the spacelike momenta unchanged but

~ o Y instead choose
FW)‘(Qlﬂz):Afvmﬁw"' T (A3) B +
a1 gf=d; =d1+=p+0, q;=0;-=0 (A7)
The ultra-violet anomaly appears also in the vertex functiorthen we obtain
for one axial current and two vector currents and in [R26) sl On 2
it is shown how the corresponding Ward identities similarly | AN ) ~ AeMrBZZEIEL i (A8)
; : 01,92 >
imply the presence of the divergenc&3) when the quarks @0 o} q

involved are massless. We also refer to this result in ou

discussion of Reggeon vertices. rThe change of sign compared to E46) has very important

If the chiral symmetry associated with the axial currﬂa}‘)t gogfnegl;eigcgg C];OI’I\C/) lgng'f/ﬁ?sé'@grﬁ,fvtvhee cgillqdczlthal}gl)l?/ \C,)vf eltlhe
is spontaneously-broken by a quark condensate, the pole o e : -
g>=0 is associated with the corresponding Goldstone boso Have changed the sign db yvh|le keeping the same light- ;

1 N : tone space component. In either case there is a form of parity
For the U(1) current, Eq.(A2) is invalidated by non-  yansformation involved and the antisymmetry of the
perturbative, topological, gluon field —configurations— onomaly is a direct consequence of the chirality violation
instantons In partlcula7r.However, our initial purpose Is to discussed below. Note that the structure of the anomaly di-
first discover a “perturbative” contribution of the anomaly yergence involves each of the four dimensions of Minkowski
within Reggeon diagrams and only later determine its dy'space in distinct roles. This is, in part, why a triple-Regge

limit which fully utilizes all four dimensions is necessary to
see the anomaly appear.

“In ’t Hooft's solution [22,23 of the U1) problem, instantons The infrared behaviofA6) arises directly from a combi-
produce a quark interactidan ' mass termthat moves the “per-  nation of normal thresholds and the Landau triangle singu-
turbative” 7’ pole away frong?=0. In our Regge limit analysis, it larity (or anomalous thresholdh the quark triangle diagram
is not clear how such an interaction could contribute. shown in Fig. 44, i.e.
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d*k Tr{ys y“(K) y5y"(da+K) y5 ¥ (— dy + K)}
k?(d+k)?(k—0y)? .

FMV}\(qlan):ij (A9)

The triangle diagram singularity can be thought of as due t&uperficially this integral depends ap. and so might be
a space-time scattering as indicated by the arrows in Fig. 44xpected to b&®(1/qq.). However, it is straightforward to
0, is a spacelike momentum transfered by ti¢ current  make the scaling
andq, has the light-like component necessary to produce an
initial pair of massless particles. Therefore, the vertices ki—Ak,, k_.—A k_ (A11)
where the lightlike momenta enters and leaves are respec-
tively associated with the production and annihilation of aso that
pair of massless fermions.

When the helicities of the fermions are determingd] it d*k dk,dk_d%k,
is found that the situation is symmetric in that in both inter- f KA (KP— g, K ):J KA (P — g k)
mediate state@he produced and annihilated statdeere is a K- K-
net fermion chirality, i.e. a fermion-antifermion state with d*k
the same sign center-of-mass heliciti@pposite sign spin —J
components The axial-vector coupling implies that the two

possible alignments for the helicities involved give contribu- ) . . -
tions that add rather than cancel, as they would do for £howing that the integral is independentcpf. (In the limit

vector coupling. Since the spacelike currdft flips the he- A — theq, dependence can be scaled out of the integral
licity of the fermion that it scatters, the unscattered fermion@ltogether, the only trace being the location of the integration
must also flip its helicity. This is only possible if this fermion contour) Therefore we can write

carries strictly zero momentum so that its helicity is unde- 4 4

fined (as is indeed the cagd0]). The finite light-like mo- j dk (9 1 (AL3)
mentum is carried by the scattered fermion. That the unscat- k*(k?—q,k_) K& q?

tered fermion carries zero momentum implies that both

propagator poles are involved in producing E46), thus  and take all components &fto be O(q).

allowing the chirality transition. In effect, this is the essence

of the _infl’ared occurrence of the anomaly: It is the Chlrallty APPENDIX B: LIGHT CONE KINEMATICS

transition that produces the pseudotensorial asymmetry with

respect to light-cone components discussed above. It is also Regge limits are conventionally related to light-cone mo-
the “chirality violation” that we refer to often in the main menta by writng a general 4-momentump*

Al2
K4(k2—q,k_/A) (A12)

text. =(pg,P1:P2,P3) in the form
Coleman and Grossman also argued for the infrared . .
equivalent of the “non-renormalization” theorem that holds p¥=3pP1+N1++3P1-N1-+P1; (B1)

for the ultraviolet manifestation of the anomaly. They argued )

that Feynman diagrams with a Landau singularity and heIicWhere_DN:.(1’1v0’9) andh;-=(1,-1,0,0) are ang,, is a

ity structure other than that of the triangle diagram with afWo-dimensional “transverse momentum™ orthogonal to

chirality transition, cannot reproduce the behavias). In ~ bothni+ andn,-. Itis simple to determine that

our case the Reggeon vertices we obtain will not contain the o _ B

full Lorentz tensor amplitudéA9) but rather will contain P1+=PotP1, P1-=Po~P1, P1=(P2,Ps)

only particular light-cone related momenta andmatrix

ﬁcé?ezosg?;tiovr:]/gﬂ r?tzoll(\;, B(r)c\JAéleuvceer, ttrT:t i\;lvferzadrg dha(ld\?\?e?get;%e regardn,+ as Euclidean vectors and form Minkowski
ace products by introducin

(A6). The argument of Coleman and Grossman then deter%-l:p P y 9

(B2)

mines that the infrared divergence we find cannot be can- =lpin-+ip.in——p. . (B3)
celed by the contribution of other diagrams to the Reggeon Pu=2Prrh T 2Pt P
vertices we discuss. The Euclidean producp”p, then, as usual, gives the

It will also be important for our analysis to discuss the Minkowski product. Clearly we can similarly define
momentak involved |n generating the_ pole HlZ:O in Eqg. P2+, P2-, P21 and P3+,P3-,P31 by, respective|y, projecting
(A9). The numerator in EA9) gives directly the numerator gn vectorsn,+=(1,0,1,0) anch,-=(1,0,~1,,0) or vectors

in Eg. (A6) and so we can write ns+=(1,0,0,1) anch;-=(1,0,0-1,).
4K In this paper we make use of alternative, but formally
THNQy,qp) ~ *A6+Afﬁqzﬁq2+f _ parallel, decompositions of the form
0 k(K= q.k-)
(A10) P¥=P2-Ny++P1-No++Pros (B4)
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wherepy,, is now a two-dimensional vector orthogonal to
bothn;+ andn,+. This determines that Q->

P12+ =P12-N12+ +P3N3,  P12-=P1+P2—Po (BS)

whereny,, =(1,1,1,0) andn;=(0,0,0,1) are again Euclid-
ean vectors. We can also write FIG. 45. Single gluon exchange.
P,=P2-N1-+P1-Na-+P1p-Nip—psnz  (BE) APPENDIX C: REGGE LIMIT CALCULATIONS
where n,-=(1,-1,0,0), n,-=(1,0-1,0), and nj,_ In this appendix we discuss some simple Regge limit cal-
=(1,-1,-1,0). p“p, is, of course, again the Minkowski culations using the light-cone variables introduced in the pre-
product and ifq is a second four-momentum vious Appendix. We consider first two quarks scattering via
B single gluon exchange as illustrated in Fig. 45.
P-q=p*d,=pP1-02-t P2-01-— P12-G12- — P303. We consider the Regge limit in which

(B7)

N _ Pi—Pi+=pi>-Ni+, Prp-—®
The analagous decomposition to EB4) for y-matrices v = v

is Po—Por=p21-Na+, Par-—*® (CY
YE=yo-Nie+ y1-Nov+ yior Q— Qi -
=9y,-Ny++ y1-Ny+ + + - P : :
Yo-Np+ T y1-No+ + Y10 Ny + y3N3 (B8) This is, perhaps, a counter-intuitive way to discuss high-
where energy forward scattering. Nevertheless, we can proceed in
complete parallel with conventional calculations.
Yi-=Yo— Y1,  Y2-=Yo— V2, The spinorg(P) for an on-shell quark satisfies
Yoo = Y1+ Vo= Yo. (B9) Mip(P)=(P2-y1-+P1-Y2- — P12+ Y12+ ) ¥(P)
Similarl
Y ~ Pa-yi-U(p). (e7)
P—Pq+

Yu=Y2-N1-+ y1-No-+ y12 N1, —y3nz.  (BLO)
Therefore the vertex for such a fast quark to couple to a

The y-matices introduced in this way then satisfy single gluon carrying momentum trans®@i,. is given by

2 2 2 2
_= 720, _ = = 11
Y1i-=72 Y12-=73 P2-v1-  (P2-v1-— Qo ‘112+)

Yu
m m
Y1-Yo-tYo-v1-=2, v3v1i-Tv1-v3=0,
P2-7v1- | P2- YuQ12+ * Y12+

Vo Ya= Y-+ yi— _ =0, B11 = 5 -
Y372 Y2-VY3=Y12-71 Y1-712 ( ) m m 927 .u m
Y12- Y2~ T Y2~ Y12- = Y12- Y3t ¥3712-=0. [

:F52—,M(1+ O(1/p2-)) (C3

Clearly all the usual algebraic properties of both four-
(r:)c:)rpd?rr:gatleinZr_(;n?rtnrelciz:rrwlgeirnmfhgf Eﬁg;’veTit'?l?_ilohngeht;%?gi_where we have used the formulas of Appendix B and have
nates.” 9 reused Eq(C2) to obtain the last equality. Using this result
‘ . . - for the P, vertex and the analagous result for thg vertex,

For our discussion of the anomaly it is useful to note that . " .

. ; we obtain the familiar result for the full amplitude

the e-tensor can also be expressed in the new co-ordinates,
i.e. we can write 0,02 L Py S
nvyd A(S!t) ~ 2 2 R (C4)

€ PLQ,R,Ss=pP2-01-r12-S3—P1-0z-T12-Sz+ - -+ S0 Q
where there is a term corresponding to each permutation of Moving on to the two-gluon exchange diagram illustrated

(27,17,12-,3), with the sign determined by the usual anti- in Fig. 46, we calculate the imaginary part by first writing
symmetry property of the-tensor.

Finally we note that we can use any tvieon-parallel . )
light-cone momenta and introduce appropriate “light-cone f d k:f dky-dka-dKyo4 . (CH
co-ordinates.” In particular we can obviously choose-
andns+, or n,+ andns+, instead ofny+ andn,+, and trivi- ~ Then, for the internal quark propagator along whiEh
ally repeat all of the above discussion. flows, we write
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Py
<-k Q1-> < Q2

Q->

P> P+ P> Pyt P=> Py B> Pat

FIG. 46. Two gluon exchange. FIG. 47. Double Regge kinematics.

-(P,—k) Y1+(Py—K) -+ - -
v-(P+Kk)+m Y1-Po-t - ) v-(P, Rz )
2 71 221 TN Y1
(P+k) -m p27Hw2p2—kl——kiz+—m2 (P2 k) m kl+(P2_k)l’+"'
y1-+0(1/p,-) _ N
= : C6 ...
[ki-— (Ein_ m?)/p,-] (co (ky+t---)
Putting this quark on-shell by performing tlkg_ integra- o Yo (Po—K)y -+ .
tion, the vertex for two gluons to couple to the fast quark is Ko (Py—K)p-+- - -
then
Y1~
P12-71- Pi2-¥1- P12~ = (C10
(Y V)T = 0 w8, (C) (Kp-+---)

. . or in either case, we use this last pole to carry out a second
where we have again used BE2). The essential feature oy dinal momentum integratiork(- or k,-) and obtain
here, is that the infinite momentum limit leads to the ®Xthe corresponding two-dimensional transverse integral.
change of gluons that will couple to a second scatterlnqv\/hetherk1+ or k,- is used, the exchanged gluon propaga-
quark with ay;--coupling only. Note that this feature would tors become independent o,f this variableRas— P, . .) We

be .the same if we had used.convenuonal Ilght-cone COfhen use the Dirac equation, as in EG2), to write either
ordinates(or, in fact, any other light-cone co-ordinates

Using the analagous result fét,— P,+, to perform the y-P
k,- integration, the kinematic part of the full result, is Yi-=Y1-—— =P+ /m+- - (C1y
p12-52—,#52—,1;9W9V'B5a,1— 951-P 21~ or
d?kips d%kips
Xj 2 - 2=sj 2 ~ 2 Yl Im+ (C12
Kioi (K12t + Q1) Kioi(Kiop +Q1p1) Y- =71 Ty T P /mEe

€8 and argue that only the first term, shown explicitly, is ca-
showing that the familiar tranverse momentum integral ispable of forming a Lorentz invariant with the momentum of
simply replaced by an integral over the new “transverse mothe fast quark. The result is then either the conventional
mentum” Ky, . Since transverse momentum integral or E§8). We conclude that
when a fast quark scatters off a quark carrying finite momen-
d°kqos 5 k tum we can calculate using any light-cone co-ordinates. The
f K2, (Kipe + Q10 )2 J1(Q%) f K2(k+ Q)2 result will be the same, but will be expressedlln terms of
1243212+ T 12+ e transverse momenta that depend on the co-ordinates chosen.
We consider next some double-Regge and triple-Regge
this is a relatively trivial modification. Nevertheless it is im- amplitudes. The main results are not used directly in the text
portant for the arguments made in the body of the paper thdtut they are instructive and some of the intermediated results
the same result is clearly obtained whatever light-cone coare used. We briefly discuss the kinematics of single particle
ordinates are used.

It is also interesting to calculate the Regge limit of Fig. 46
keepingP, finite. In this case the choice of “light-cone co-
ordinates” is not determined by the large momenta in the
problem, since there is only one. We can equally well use the
conventional choic€B3), or the novel co-ordinates utilized
above. In either case we can arrive rapidly at the correct

d?k

answer by arguing as follows. We again use EQ6) to P—> Py+ P~> Po+
perform one longitudinal momentum integratiok, {). The
two exchanged gluons then couple to fgquark via FIG. 48. Quark-antiquark production in the double-Regge limit.
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Mip(Qo+K)=ka-y1-h(Qot k) + - - -

and keep only the spinor components shown explicitly. In
this case the production amplitude of Fig. 48 has the simple

P—> P+ P,~> P+ form
FIG. 49. An alternative gluon coupling. sq — Kot Yipe—M 17
(gluon) production first. We can parallel our elastic scatter- m?QiQ3  (k?—m?)
ing discussion using the notation of Fig. 47. We tdRe _ o )
—P,+ andP,—P,+ as before and also Note that with the polarizations of the produced pair
given by Eq.(C16), the diagram of Fig. 49 does not contrib-
Q1—(d11-,d12-,d112- ,d13)=(0,0,0,013) ute. . ) . :
(c13 A Reggeon Ward identity requires that when all diagrams
Qy— (U1 Uz 0212 1029 =(0,d, — 0, s) are summed the central Reggeon amplitla®tained in the

square brackets of EGC17)] should vanish when eithe&d,
with P,=Q;+ Q. In this notation we have six independent or Q_z vanish. This_is ac_hieved by adding the thre_e diagrams
variables,pzf,pi, ,0,0,015 and gp3. The necessary reduc- qf Flg. 50. The third diagram involves an gﬁectlve Regge
tion to five variables is achieved by pulttifg on mass-shell. limit vertex [7] rather than the gauge coupling. The quark-
This determines] in terms ofg; and dys antiquark state can be written as a sum of symmetric and
13 .

Consider now the double-Regge amplitude shown in I:igantlsymmetrlc combinations that, when color factors are in-

48 for producing a quark-antiquark pair via gluon exchange?rOdUCEd’ respectively carry zero and octet color. The third

We definek 10 be the four-momentum flowing along the 430" appears only n the color octet channe. For the spe-
exchanged quark propagator and use the same notation fi ! P 9 y = y

. irst whenQ, or Q,—0.
Q, and Q; as in Eq.(C13, except that we takey;, Consider next the diagram of Fig. 51 in which an addi-
# 0z, . We can then fix both 0f;, andqz,- by putting ;- gluon is exchanged in th@? channel. We can calcu-
both produced particles on shell. '

. : . late the discontinuity irs;, or simply carry out two longitu-

By applying Eq.(C2) to the fast particles we determine .~ . . 1= . .
that,yasﬂﬁuystr%teg, the gluons coupFI)e to the quark-antiquar?m"ﬂ.I Integrations, l?y repeating the analysis that we applied
pair via y;_ and y,_ couplings. This implies that only the 0 Fig. 46, we obtain
transverse part of the exchanged quark propagator contrib-

utes, i.e. A(Plz—'pzraaa%aa%s-gl Ki-Ko-)
k-y—m —k—12+-y12+—m Pz Pa f A Karor
7 k2 —m? [CEE k2 —m? v szg 5512+(5112+ _912+)2
- C14
(€14 Y1-(—Kazs - Y120 —M) ¥2-
The full amplitude for Fig. 48 is then X (K2—m?)
A(P12-,P21-+0,013, 023, Kize Ky -Ko-) P1r Por- o Y1-(—Kizs - Y120 —M) y2-
=—— 5 J1(Q1) CI :
_ P12-Par- ¥1- (= K2+ Y124 =M) y2- (15 m-Q3 (k®=m?)
M2(q+ 05) (47 + a5 (K2 —m?) (C18

As must be the case, the amplitude is a function of eighComparing with Eq(C15), we see that the additional gluon
independent variables. has simply replaced one gluon transverse momentum propa-
To extract an amplitude expressed in terms of invariantgator by a transverse momentum integral. The integral also
consider, in particular, the case in which the produced quarkas ay;- “point-coupling” to the central vertex. The point-
and antiquark spin dependence contributes similarly to Edlike nature of this coupling is, of course, essential if Fig. 51

(C2), i.e. we write is to be added to Fig. 47 and tIﬂq(Qf) is to produce the
_ _ Reggeization of the gluon in th@i channel. However, there
My(Q1—K)=Ki-y2-h(Qr—K) + - - - will also be a pointlike coupling when the quantum numbers
(Cle
\
M , W , | FIG. 50. Diagrams required for
. effective the Reggeon Ward identity.
vertex
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A Ql_k Qz + k
Q-> ‘E k1 hAAAAAAAA | A ‘Yl...
1 X <- Q2 0-> kl )‘
> hanannana) >
P->Pp P> Py * k+ky -
P-> Py P> Py

FIG. 51. An additional gluon exchanged.
FIG. 52. An additional gluon exchange giving no point cou-

. . pling.
in the Q2 channel are such that each of the two gluons in>""9

volved in the loop integral in Fig. 51 Reggeize separatelyno longer obtain a point-coupling for the two-gluon ex-
and the two Reggeon cut appears. change in th&),; channel. The contribution of the on mass-

If the additional gluon is attached to the outgoing quark asshell hatched quark line and the adjacentouplings to the
in Fig. 52 (rather than to the antiquark as in Fig.)3tken we  k; integral is now

f dkyp- 3((Ky+k+Qz)2—m?)y,-((Ky+K+Qy) - y—m)y;-

= f dkiz- 8(Kio- (K +K+Q2)1- - ) ¥2- (= (Kiaze T Kior + Q2124 ) - Y120 —M)y1-

_ ¥2- (= (K11o+ T K12+ + Qo124 ) - Y124 —=M)y1-
(ky+k+Q2)1-

(C19

We do not obtain a point-like coupling becausmlike in  distinguish the threé-channels and fous-channels that we
Eq. (C10), for examplg the argument of thé-function con-  study as follows. In the;-channel {=1,2,3), |Q]=|Qj|
tains an integrated longitudinal momentum multiplied by a+|Q,| (i#]#k) with QJ?,Q§>4m2_ In the s-channels the
momentum factor that does not multiply)amatrix appear-  t,=Q? are all negative. The four channels are that in which
ing in the numerator of the propagator. The relevant part ofpe particles with moment®,, P,, and P,, scatter, with
the propagator numerator is eliminated by the surrounging final momentaP), P}, and P} respectively, and those in

matrices. which one of theP! is exchanged with the corresponding
P;.
In Fig. 54 we have showritopographically the three
t;-channels and one of treechannels. In this figure, we have
To introduce angular variables for a six-particle amplitudealso indicated that a singls-channel breaks up into four
it is necessary to define a set of six standard Lorentz framegistinct sub-regions. There are three—t” sub-regions in
7:1,7:2,7‘-3,?1,7‘—2,3:3- These frames are associated with theWhich one of the transverse momenta_has longer length th_an
vertices of the Toller diagram, as indicated in Fig. 53, byf[he sum of the other two: In 'ghese regions the plane contain-
requiring that the momenta meeting at a vertex take a stari?d the Q; must have a timelike component. In the=s”
dard form. For each internal vertex there are three frames, iub-region theQ; satisfy euclidean inequalities and can be
each of which one of the momenta lies either alongttagis
or the z-axis. As we will see, once the standard frames are P,
defined, the angular variables parametrize “little group” 2
Lorentz transformations between the frames. Q,<-
Not surprisingly, the definition of the standard frames,
together with the little groups involve@nd their parametri-
zation depend on the physical region discussed. Since the
multi-Regge theory we develop in Sec. V effectively moves
backwards and forwards between variduand s-channels P,
we need to determine how the variables introduced in differ-

APPENDIX D: ANGULAR VARIABLES

ent channels are analytically related. For this purpose we Qi<-

explicitly calculate below, expressions for invariants in terms P1

of angular variables in each of the channels we discuss. We

take the mass of all external particles torbeWe can then FIG. 53. Special frames.
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2
VQi<0

S—channel 7
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FIG. 54. Physical regions.

2
VQ§<0 v Q;<0

taken to have only spacelike components. We will discussvhich two initial state particles, 3 and 3scatter into four

how the variables introduced in all regions are related byfinal state particles 2/23,3. In this case Q3,Q3

analytic continuation. =4m2Yi, and |Q3/=|Q.|+|Q,|. The frames F, i
We consider first theés-channel, illustrated in Fig. 53, in  =1,2,3, can be defined by requiring that

P;=(mcoshé; ,0,0msinh¢;)
Qi=(Qi,0,0,0 (DY)

P/ =(mcosh¢;,0,0,-msinh¢;)
where cosl;=Q;/2m. Clearly we could easily interchange the role®PpfandP; by settingé;— — ¢;Vi. As long as the theory
is parity invariant, amplitudes cannot depend on this choice. For ftgmee require that

0.=(0,,0.0.0 Q2=(Qz cosh{,;,0,0Q; sinh{,y) 02)
! e Q3=(Q3 cosh{3;,0,0Q5 sinh{3y)

where

Q5-Q5— Q3 Q3+Qi-Q?

T TR "~

cosh{,=

For the framesF, and 7, we make the analagous requirements so thakznfor example,

4= (040,00 Q1=(Qy cosh{13,0,0Q; sinh{;y) -
$oemm Q2= (Q; c0sh¢»3,0,0Q; sinhZ»3)

where
241 02-02)2— 40202\ 172 )\1’2t,t t
inhzee —sinhg, o | (5T QAT Q740108 Mt ta ) 05
4Q1Q3 2\/E\/€
and
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AY2(t,tp 1)

2t1\ts

where\ (t1,t,,t3) is the familiar function

N(ty,tp,t) =i+ 5+ 15— 2tyty— 2ot 2taty = (Vig + Vi + Via) (Vi — Vo= Via) (— Vi + Vo= Via) (— Vi — Vo + i),

(D7)

Clearly we have to take opposite signs fdf?(t;,t,,t3) in defining sinh;3 and sinh,3. Conversely we can reverse this sign
by interchanging the form o, andQ, in the t;-channel standard frames. In the next paragraph we will discuss further the
ambiguity in making this choice, together with the remaining ambiguity in fixing the frafhesd the frameg; . It is linked,

of course, to the ambiguity in the choice of the sgnh

F, and F; are related by a Lorentz transformatigp that leavesQ; unchanged, i.eg; belongs to the little group o®;,
which is SO(3). We canparametrizeS(Q(3) in the form

01=U () Uy(O)U(vy) Os6O<m, Osv, pu<27w (D8)

whereu, andu, are, respectively, rotations about thandx axes. If we takey, to transform from#; to 7;, g, to transform

from F, to 7, andg, to transform from#; to 7;, then we can absorb thg(y;) in our definition of the frames; so that,
effectively, we setu;=0,i=1,2,3. Apart from the choice of sign for sigh this removes the remaining ambiguity in the
definition of the7; frames after Eq(D1) is satisfied. Because thg(»;) commute with the boosts,({j;) along thez-axis,
invariants can depend only on differences between the threso that only two parameters are actually involved. If we insist
on both the parametrizatidid8) and this last commutativity property then theframes are determined up to a reflection—an
overall sign change for all the sirffy. Again, amplitudes cannot depend on this choice of sign because of parity invariance.

Nevertheless, the parity transformation that produces this overall sign change plays an important role in the discussion of Sec.
V.

In general, to calculate invariants we transform all the momenta involved from frames in which they take a simple form to
a common frame where the invariant is most easily evaluated. For example, we traRsfénom F; to 5 via F; and?s as
follows. In 7,

P,=(m= cosh¢;,—m sinh &; sin 6, sin v;,—m sinh &; sin 6; cosv,,msinh&; cos 6,). (D9)
In 7—'3
P,=(m cosh¢; cosh{z;—m sinh &; cos 6, sinh {3;,—m sinh &; sin 6; sin v,
—m sinh &; sin 6, cosv,,m sinh §;cos #,cosh{3;—m coshé; sinh {3y). (D10
In F3

P1=(m cosh§; cosh{z;—m sinh &; cos 6, sinh {31,m sinh &; sin 6, sin(v,—v3),m sinh &; sin #; cog v;— v3)COS 03

—m sinh &; cos #; cosh{g; sin 63— m cosh&; sinh {3, Sin 63,—m sinh &; sin 6; coq v, — v3)sin 05

+m sinh &; cos 6; cosh{s; cos #;—m coshé; sinh {3, cos 63). (D11
Alternatively we can transforr®; to 7, and toF, as follows. InZ,

P1=(m cosh¢; cosh{,;—m sinh &; cos 6, sinh {,;,—m sinh §; sin 6, sin vy,
—m sinh &; sin 6, cosv,,m sinh &; cos #; cosh{,;—m cosh¢; sinh {5,). (D12
In 7,
P,=(m cosh&; cosh{,,+m sinh &, cos 6, sinh {,;,—m sinh &; sin #; sin(v;—v,),m sinh &; sin 6, cog v, — v,)C0S 6,
+m sinh &; cos #; cosh{,, sin 6,—m cosh¢; sinh {51 sin 6,,—m sinh &; sin 6; cog v,— v,)sin 6,

+m sinh &; cos 0, cosh{,; cos #,—m coshé&; sinh {5, oS 6,). (D13
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From the above expressions f@5 we can already calculate several invariantsZin for example Q3 has the formD2)
and so
P.-Q3z=mQjs[cosh§, cosh{z;—sinh &; sinh {3, cos 64]. (D14
In F3, similarly, P5 has the formD1) and so
P,-Ps=m?[coshé&; coshé; coshls—sinh & coshé&; sinh {3, cos 6, —sinh &, sinh &3 sin 6, sin 65 cog v, — v3)
—sinh &, sinh &; cosh{s; cos 6, cos 63+ coshé; sinh &3 sinh {31 COS 03] (D15
while, in 7, P, has the form(D1) and so
P,-P,=m?[coshé&; coshé&, cosh{,,—sinh & coshé, sinh £,; cos 6; —sinh & sinh &,sin 6, sin 6, cog v, — v,)
—sinh &; sinh &, cosh{,, cos 6, cos #,+coshé; sinh &, sinh {5, cos 6,]. (D16)

Equations(D15) and(D16) differ only by the interchange of 1 and 2. It is straightforward to calculate all other invariants in
a similar manner. If we writg;=cosé, andu; =¢'("i7%)) then we can take any two of the, , together with the; and thet;,
as eight independent variables.
We see from the above formulas that a change of sign ofé&iighequivalent to a change of sign of both égsnd sind;
(6— 6+ ). A change of sign of the sinfj is equivalent to a change of sign of all the gbsvhich, in turn, is equivalent to
a change of sign of all the sirgh. It is also interesting to write Eq$D14) and(D15) explicitly in terms of thet; andz,, i.e.

t,—4m?
ty

1/2
4P1~Q3=t3+t1—t2—( ) N2ttt 2y (D17)

and

(tl_ 4m2) 1/2 (t3—4m2)1/2
8P1'P3=t3+t1_t2_)\1/2(t1,t2,t3){ 3

Zl_
N Vis
1) tz+t;—t,
—(t;—Am) Y t;— 4m?) 3 (1-2H)YA1-22) Y uy+ — |+ ——"27,75]. (D18)
1 3 1 3 1 U1 \/E\/G 143

From these expressions we see that we will encounter analytic continuation problems at the thtesHotds att;=0, and
atA(tq,t,,t3)=0. In particular, whern;<0 and alsa\(t4,t,,t3) <O the real relationship between theand the invariants is
necessarily lost.

Consider now thes-channel in which 1, 2, and 3 are the three initial state particles and consider theegion in which
Q?<0Vi and|Q3|=|Q,|+|Q,|. The framesF;, i=1,2,3 are now defined by requiring that

P;=(mcoshé;,0,0msinh¢;)

Q= (0.00a P/ =(—mcoshé;,0,0msinhg;) (019

where sink=q/2m andq; =|Q;| =[ —t;]*?[so that sink&=i cosh¢; if we consider the analytic continuation of coshiefined
by Eq.(D1)]. The obvious redefinition of the franig, is to require

912 (0,0,00.) Q2=(d; sinh £»,,0,00;, cosh{sy) 020
R Q3=(ds3 sinh {3;,0,003 cosh{3y)

where

2 2 2 2, .2 2

d3—092—d3 O3t+d1—0s
—FF , CO0S = D21
2q1q2 h§31 ( )

coshl,=
{21 20,03

These last expressions are simple analytic continuations of the expressions given(DBEdqhe framesF, and 7, are
redefined analagously. Note, however, that there is again an overall ambiguity in the choice of sign for ghe o the
reflection involved is not a parity transformation since it applies to the time axis. If any @j;tlaere timelike and associated
with a particle statéas in a normal multi-Regge production progesss sign would be determined. In the present case we will
see that we must use both signs to fully cover the physical region.
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F, and F; are again related by a Lorentz transformatiprthat leave<Q; unchanged, but now; € SO(2,1). Since the),
triangle has a timelike component it is simplest to use the parametrizat®@(@f,1) that is closely related to that used above
for SO(3), i.e.

O1=U () a(BUy(vy) —osp<e Osv,u<2w (D22)

wherea,(3,) is a boost along theg-axis. With this parametrization, we can again choosefhsuch thatw;=0, i=1,2,3 and
the u,(v;) commute with the boosts,({j;).

Repeating the transformation Bf, from 7, to F; gives the following. InF;

P,=(m cosh&; coshB;,m cosh¢; sinh 8, cosv,,—m cosh¢; sinh B4 sin v;,m sinh &;). (D23)
In 7—"3
P,=(m cosh&; coshB; cosh{z;—m sinh &; sinh {3;,m cosh&; sinh 8, cosvy,
—m cosh¢; sinh B4 sin v4,m sinh &; cosh{3;—m coshé; coshp; sinh {3,). (D24)
In F3

P,=[m cosh&; coshB; coshB; cosh{z;—m sinh &; sinh {3; coshB;—m cosh§; sinh 8, sinh B3 cogv,{—v3),
—m cosh§; coshp; sinh B3 cosh{z;m sinh &, sinh {3, sinh B3+ m cosh&; sinh B, coshB; cog v, —v3),

—m cosh¢; sinh B4 sin(v,—v3),m sinh &; cosh{3;—m cosh§; coshpB; sinh {3q]. (D25)

Calculating in;, we now obtain
P,-Qsz=mgqg[cosh&; sinh {3, coshB;—sinh &; cosh{s] (D26)
and in F3 [arranging terms to compare with E@P15)]
P1-P3=m?[ —sinh & sinh &5 cosh{g;+coshé; sinh &; sinh ¢3; coshB,—coshé&; coshé; sinh B, sinh 85 cog v, — v3)
+coshé; coshé; cosh{s; coshB, coshBz;—sinh & coshé; sinh {34 coshBs]. (D27)

Comparing Eqs(D26) and (D27) with Egs.(D14) and (D15) we see that, if we identify cag—coshB,=z, the two sets of
formulas are directly related by analytic continuation. All terms have changed sign as a result af/siobl;
—isinhg/coshg and Q;—iQ;, apart from that containing sy sinf,, which contains an extra minus sign via gin
—isinhg,.

In this last discussion we have effectively made the analytic continuation choice that tiig dmhot change sign, yet we
have emphasized that there is an overall sign ambiguity for these quantities. To see the significance of this ambiguity we note

that (calculating in frameZ; for simplicity)

P3-Qi=mqy[ cosh&; sinh {453 coshB;—sinh &5 cosh{y3] (D28)
and

P3-Q,=mqy[ cosh&; sinh {53 coshB;—sinh &, cosh{ys] (D29)

where if we choose sindj; to be positive then we must choose sighto be negative. This in turn will imply that, for large
coshps;, P3-Qq is positive, whileP3- Q, is negative. However, the part of the physical region we are discussing is completely
symmetric with respect to 1 and 2. Therefore, to cover the full physical region, we must take both sign conventions for the
sinhgj; . This would appear to prevent the full descriptionsathannel physical regions using angular variables defined by
analytic continuation from thg-channels since it implies, in particular, that we must choose both signs-ftt, ,t,,t3) z;
in Eq. (D17). Fortunately, as we remarked earlier, and can be seen directly from(Eg6), (D27), (D28), and (D29),
changing the sign of the sirf is equivalent to changing the sign of the thee coshg;. Therefore, to cover the—t part
of the s-channel that we are discussing, usmariables defined by anaytic continuation fromtr@éhannel, we must use both
7,,2,,23,=1 andz;,z,,z3,<—1. This is a very important point for the discussion of dispersion theory and signature in the
body of the paper.

Finally we consider the— s region of the same-channel. In this case the thr€k lie entirely in a spacelike plane so that
Q?<0,Vi and|Q;|<|Q;|+|Qy|V i,j,k. The F frames are again defined so that
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Pi=(m cosh¢;,0,0m sinh &)

@ =(0.0.0a) P/=(—m cosh¢;,0,0m sinh ¢;) (D30

with sinh&=q/2m. However, the framéF; is now defined so that

Q.= (0.0,06,) Q2=1(0,00; sin {»1,0, C0S{yy) (D31
' S Q2=(0,043 sin {31,935 C0S{31)

where

Gerdizds oo Gatai
20102 o 20103

Now there is a change of sign of cig compared to the definition of cogh, in Eq. (D3). Also the ambiguity in the choice
of sign for the sinjijzi)\l’z(tl,t2,t3)/2qiqj persists. The frame%, and 7, are redefined analagously.

F, and F; are again related by a Lorentz transformatipre SO(2,1). However, to proceed as in the previous cases, we
have to use a different parametrization®®(2,1), i.e.

COS (= (D32

gi=u(uay(Bi)ay)) —o<Bi,yi<* Osyus<27 (D33

wherea, and a, are boosts in thx—t andy—t planes respectively. With this parametrizati(provided we takeg; to
transform fromZ; to %) we can once again absorb the(x;) in our definition of the frames; and also have the,(y;)
commute with the rotations,({,1) andu,({sy).

Repeating, for a final time, the calculation Bf in the various frames.

In 7—'1
P,=(m cosh&; coshB; coshy;,m cosh&, coshB;,m cosh¢; sinh 8, sinh y;,m sinh &;). (D34)
In 7,
P.=(m cosh&; coshB; coshy;,m cosh&; coshB, sinh y;,m cos{3; cosh&; sinh B,
—m sin {37 sinh &;,m sin {3, cosh¢; sinh B; sinh y;—m cos{3; sinh &;). (D35)
In F3

P,=[m cosh&; coshB; coshB; cosh y;— y3) —m sinh B3 cos {3, coshé&; sinh B8,
+m sinh B3 sin {3; sinh &;,m cosh¢; coshB; sinh(y;— v3),—m cosh&; coshp; sinh B3 cosi y,— v3)
+mcosh B3 cos {3; coshé; sinh B8;—m cosh B3 sin {3, sinh &;,m sin {3, coshé; sinh B8;—m cos{3q sinh &].
(D36)

The evaluation of invariants now gives, usifg,

P,-Qz=mqg[ —sin {3, cosh¢; sinh B;—cos {3, sinh &;] (D37)
and in F3,

P,-P3=m?[coshé¢; coshé&; coshB; coshpB; coshy,— y3) —coshé; coshés cos s, sinh B5 sinh 3,
+m sinh &; coshé; sin {31 sinh B3—cosh§; sinh &5 sin {31 sinh B1+sinh &; sinh 5 cos{z;]. (D398

Now we see some more significant changes. Comparing®y,) with Eqgs.(D14) and(D26) we see that cosh; has been
replaced by siniB; (in conjunction with sinti;;— sin{s;). We recognize that the change of sign\dt,,t,,t3) produced by
going from thes—t to the s—s region has, as anticipated, destroyed the real relationship between dieéined in thet;
channels and invariants of the for®- Q;, so that nowz;«i sinhg;. In Fig. 55 we have shown the location of the relevant
physical regions in the;-planes, for the various values of thhe The s—s part of one physical region fills the complete
imaginary axis in each of thg planes. However, the invariants also depend on ﬂ)sh/z?—l, which should change sign
as we go from one-channel physical region to a crossed physical region. This implies that, Brteeegion, there are two
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FIG. 55. Physical regions in thg-planes.

physical sheets for each-plane separated by branch-cuts connecting the branch-poigfs-at1. Crossing an incoming
particle into an outgoing particle takes us from one sheet to the other in the corresppmuange. Note that the same crossing
can also be achieved by changing the sigmpfindu;, , while Ieaving\/ziz— 1 unchanged. Therefore the secanglanes can
alternatively be identified as the originatplane but with a change of sign fef; andu;, . (Note that if we have chosen
U;=Ug= Ufal andu, = u,3 as independent variables then changing the sign 9&ndu,,= u,/u; corresponds to changing the
sign ofu, but notu,.) This is important, of course, for the introduction of signature for complex helicity continuations. Finally
we note that changing the signs of all the &jragain corresponds to changing the signs of all the gbsh

As we stated in Sec. V, the asymptotic dispersion relation that we use should be initially writtersint aegion of the
s-channels. It is straightforward to continue it directly to any of thehannels. In the—s region it corresponds to using a
combination of the upper and lowerhalf-planeqfrom the two sheejs Of course, that the— s physical region lies along the
imaginaryz;-axes is very important for discussing the phases obtained from the S-W representation, particularly since it is only
in this region that limits in which the;; are taken largéwhether or not the; are largg are physical region limits.
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