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Quark-gluon vertex in arbitrary gauge and dimension
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One-loop off-shell contributions to the quark-gluon vertex are calculated, in an arbitrary covariant gauge and
in arbitrary space-time dimension, including quark-mass effects. It is shown how one can get results for all
on-shell limits of interest directly from the off-shell expressions. In order to demonstrate that the Ward-
Slavnov-Taylor identity for the quark-gluon vertex is satisfied, we have also calculated the corresponding
one-loop contribution involving the quark-quark-ghost-ghost vertex.
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I. INTRODUCTION

Tests of perturbative quantum chromodynamics@1,2# are
steadily reaching new levels of precision@3#, necessitating
information on higher-loop results for a wide range of pr
cesses. Higher-order QCD effects are also frequently
quired for background estimates in searches for signs of
physics.

In spite of its fundamental role, the quark-gluon vert
has not been explored in detail, even at one loop. It is
course very much related to the electron-photon vertex
quantum electrodynamics, a basic and nontrivial aspec
which is the anomalous magnetic moment, org22, which
provides a powerful test of the whole concept of quant
field theories. The quark-gluon vertex differs from th
electron-photon vertex already at one loop, by the contri
tions of an additional Feynman diagram, involving the thre
gluon vertex. In fact, apart from introducing additional col
structure, this non-Abelian diagram introduces at the o
loop level a kinematical structure which is absent in the Q
vertex.

For special kinematical configurations, and spec
gauges, several results are available. Already around 1
the symmetric off-shell case was considered by Pascual
Tarrach~PT! in @4# ~see also@5#! in an arbitrary covariant
gauge for massless quarks.1 The emphasis was on comparin
the modified minimal subtraction (MS) and Weinberg’s
renormalization schemes. The symmetric off-shell case
also considered in@7# by Dung, Tarasov and Phuoc~DTP!,
for massive quarks, restricted to the scalar function multip
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1Numerical analysis of two-loop QCD vertices in this limit

given in a recent paper@6#.
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ing gm . For massless quarks, some on-shell results are a
able, mainly in the Feynman gauge, presented by Now
Praszałowicz and Słomin´ski ~NPS! @8#.

The situation when one~gluon or quark! momentum van-
ishes has been studied in more detail. Technically, in
case all three-point functions effectively reduce to two-po
integrals. For massless quarks, some one-loop results i
arbitrary covariant gauge have been obtained by Braaten
Leveille @9#. In the Feynman gauge, also two-loop corre
tions have been presented in@9#. Moreover, in a recent pape
by Chetyrkin and Re´tey @10#, renormalized expressions fo
three-loop-order QCD vertices have been obtained for s
zero-momentum configurations, in an arbitrary covaria
gauge.

The QED contribution, proportional to the ‘‘Abelian’
contribution to the quark-gluon vertex, has been stud
more systematically. An early paper by Ball and Chiu~BC!
@11# presented a systematic kinematical decomposition of
vertex, and gave off-shell results for the one-loop QED v
tex in Feynman gauge. Their work was extended to arbitr
covariant gauge by Kızılersu¨, Reenders and Penningto
~KRP! @12#. All above-mentioned papers deal with the~di-
mensionally regulated@13#! four-dimensional case. Result
for the three-dimensional QED contribution are also ava
able ~for massless fermions!, due to Bashir, Kızılersu¨ and
Pennington~BKP! @14#. A summary of all these one-loop
results is given in Table I. In addition to this table, we no
that another special gauge which has been investigated i
Fried-Yennie gauge@15#.

Among non-covariant gauges, we would like to menti
the Coulomb gauge. In some sense, it is more ‘‘physica
but technically rather challenging@16#. A rather different ap-
proach to QCD vertex functions is provided by lattice calc
lations @17#. The quark-gluon vertex functions may als
serve as a basis for modeling the photon-nucleon vert
@18# and the quark-Reggeon vertex@19#.

From Table I, one can see that, even if we consider
results in~or around! four dimensions, there are still sever
‘‘white spots.’’ The aim of the present paper is to coverall

-
:
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TABLE I. Kinematics and gauges considered in other one-loop studies. None of these results is va
arbitrary dimensionn.

All momenta off-shell Some momenta on-shell

General case p1
25p2

25p3
2 p350

p1
25p2

250 or
p2

25p3
250

QED QCD

Feynman
gauge BC @11#

special case of
PT @4#, m50

special case of
BL @9#, m50 NPS @8#, m50

Arbitrary
covariant
gauge

KRP @12#;
BKP @14#, 3d

PT @4#, m50
DTP @7#,
gm part

BL @9#, m50
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such remaining spots. Moreover, we present results wh
are valid for anarbitrary value of the space-time dimensio
Apart from the quark-gluon vertex itself, we also consid
the related two-point functions, and the quark-quark-gho
ghost vertex function, in order to be able to check that
obtained quark-gluon vertex function obeys the Wa
Slavnov-Taylor~WST! identity @20#.

At the one-loop level, the simple and well-known Dira
matrix structure of the lowest-order quark-gluon vertex g
modified. In the general case, 12 structures are neede
decompose it@11#. Thus, 12 scalar functions multiplyin
these tensor structures are to be calculated. These s
functions depend on the gauge parameter, the space-tim
mension, quark mass~es!, and the kinematical invariant
(p1

2, p2
2,p3

2). Four of them~the ‘‘longitudinal’’ ones! are
involved in the WST identity, whereas the remaining eig
are unconstrained.

There are several reasons why the one-loop results ca
lated in arbitrary gauge and dimensionn are of special inter-
est:

~i! knowing the results in arbitrary gauge, one can exp
itly keep track of gauge invariance for physical quantities

~ii ! if one is interested in the two-loop calculation of th
quark-gluon coupling, one should know one-loop contrib
tions in more detail;

~iii ! results in arbitrary dimension make it possible to co
sider all on-shell limitsdirectly from these expressions~see
Sec. IV!; this is impossible if one only has the results va
around four dimensions;

FIG. 1. Kinematics of the quark-gluon vertex.
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~iv! QCD is also a theory of interest in three and tw
dimensions~see, e.g.,@21#!;

~v! as we shall see, the results for arbitrary dimension
not much more cumbersome than those considered aro
four dimensions~in some respects, they are even more tra
parent and instructive!.

The paper is organized as follows. In Sec. II, we introdu
the notation for the two- and three-point functions to be co
sidered, and discuss their decomposition in terms of sc
functions as well as the corresponding Ward-Slavnov-Tay
identity. In Sec. III, we present the most general off-sh
results for the quark-gluon vertex. Sec. IV contains the c
responding expressions for special limits of interest. In S
V, we conclude with a summary and a discussion of
results. Then, we have several appendices where some
ther results and technical details are presented, such a
formulas used to decompose the quark-gluon vertex~Appen-
dix A!, relevant results for the scalar integrals~Appendices B
and C!, results for the one-loop contribution involved i
checking the WST identity~Appendix D!, and general results
for the transverse part of the quark-gluon vertex~Appendix
E!.

II. PRELIMINARIES

We shall here establish some notation, and discuss
functions involved in the Ward-Slavnov-Taylor identity fo
the quark-gluon vertex.

A. Notation

A graphical representation of the quark-gluon vertex
given in Fig. 1.2 The momentum of the outgoing quark
denoted byp1 , p2 is the momentum of the incoming quark
whereasp3 andm are the momentum and the Lorentz ind
of the gluon, respectively. All momenta are ingoin
p11p21p350. The lowest-order quark-gluon vertex is

2To produce the figures, theAXODRAW package@22# was used.
2-2
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QUARK-GLUON VERTEX IN ARBITRARY GAUGE AND . . . PHYSICAL REVIEW D63 014022
g~Ta! j i @gm#ba , ~2.1!

whereTa are color matrices corresponding to the fundam
tal representation of the gauge group. As a rule, it will
implied that the SU(N) group is considered, withN being the
number of colors~we can putN53 in the end!.

When one calculates radiative corrections to the qua
gluon vertex, other Dirac matrix structures arise, in addit
to gm , Eq. ~2.1!. The total number of independent structur
is 12 ~see, e.g., in@4,11#, and also in Appendix A of this
paper!. Extracting the over-all color structure, we can pres
the one-particle irreducible quark-gluon vertex as

Gm
a ~p1 ,p2 ,p3!5gTaGm~p1 ,p2 ,p3!, ~2.2!

where matrix notation in both color and Dirac matrices
understood.

At the one-loop level, we have two contributions to t
quark-gluon vertex which are shown in Fig. 2. Their co
factors are proportional to (CF2 1

2 CA) andCA , respectively,
whereCF and CA denote eigenvalues of the quadratic C
simir operator in the fundamental and adjoint represen
tions, respectively. For the SU(N) gauge group,

CA5N, CF5
N221

2N
. ~2.3!

The first, ‘‘Abelian’’ contribution is completely similar to
the one-loop correction to the fermion-photon vertex
QED. The difference is only in the over-all factor. Formall
we can get the one-loop QED vertex from the conside
QCD vertex by puttingCA50. The second diagram in Fig.
is essentially non-Abelian and appears due to the self in
action of gluons.

If quarks are massive, it is clear that diagramsa andb in
Fig. 2 involve ‘‘triangle’’ integrals with two and one massiv
lines, respectively:

J2~n1 ,n2 ,n3!

[E dnq

@~p22q!22m2#n1@~p11q!22m2#n2~q2!n3
, ~2.4!

J1~n1 ,n2 ,n3![E dnq

@~p22q!2#n1@~p11q!2#n2@q22m2#n3
,

~2.5!

FIG. 2. The two one-loop diagrams.
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wheren5422« is the space-time dimension in the fram
work of dimensional regularization@13#. Understanding the
subscript ofJ as the number of massive propagators~cf. in
@23#!, we can extend this notation to the massless integ
J(n1 ,n2 ,n3) considered in@24#, via

J~n1 ,n2 ,n3!↔J0~n1 ,n2 ,n3!. ~2.6!

Integrals with Lorentz indices can be reduced to the sc
ones using the standard techniques@25# ~see also in@26,27#!.
Using the integration-by-parts technique@28# ~see also in
@29#!, all integrals with higher integer powers of propagato
can be algebraically reduced to integrals with the pow
equal to one or zero~for details, see Appendix B!.

As in @24#, we shall extract from the expressions for on
loop integrals a factor

h[

G2S n

2
21D

G~n23!
GS 32

n

2D5
G2~12«!

G~122«!
G~11«!. ~2.7!

A natural extension of the notation used in@24# is to intro-
duce the functionsw i ( i 51,2) such that

Ji~1,1,1!5 i pn/2hw i~p1
2 ,p2

2 ,p3
2 ;m!. ~2.8!

In this sense, the functionw, Eq. ~2.14! of @24#, would cor-
respond tow0, which also represents the massless limit ofw i
( i 51,2). Moreover, we can reserve the notationsJ3 andw3
for the triangle integral with all three massive lines, whi
occurs in the three-gluon vertex~the massive quark loop con
tribution!.

Then, for the two-point integrals we introduce function

k i~pl
2 ;m![k i ,l , ~2.9!

wherepl ( l 51,2,3) is the external momentum of the tw
point function, whereas the subscript (i 50,1,2) shows how
many of the two internal propagators are massive. In t
way, k0 @coinciding with thek defined in Eq.~2.15! of @24##
corresponds to the two-point function with massless lines

J1~1,1,0!5J0~1,1,0!5 i pn/2hk0,3, ~2.10!

and analogously forJ0(0,1,1) andJ0(1,0,1), withk0,1 and
k0,2, respectively. Then,k1 corresponds to the two-poin
function with one massive and one massless line,

J1~0,1,1!5J2~0,1,1!5 i pn/2hk1,1, ~2.11!

J1~1,0,1!5J2~1,0,1!5 i pn/2hk1,2. ~2.12!

Finally, k2 corresponds to the two-point function with tw
massive lines,

J2~1,1,0!5J3~1,1,0!5 i pn/2hk2,3, ~2.13!
2-3
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A. I. DAVYDYCHEV, P. OSLAND, AND L. SAKS PHYSICAL REVIEW D 63 014022
and similarly forJ3(1,0,1) andJ3(0,1,1) ~which would in-
volve k2,2 and k2,1, respectively!. The massless two-poin
functions introduced in Eq.~2.15! of @24# can be identified as
k i↔k0,i .

The new feature, as compared to the massless case,
appearance of the ‘‘tadpole’’ integral

J1~0,0,1!5J2~1,0,0!5J2~0,1,0!

5 i pn/2
G~11«!

«~12«!
~m2!12«5 i pn/2hm2k̃, ~2.14!

with

k̃[k̃~m2![
G~122«!

G2~12«!

1

«~12«!
~m2!2«. ~2.15!

Let us recall that the massless tadpoles vanish in the fra
work of dimensional regularization@13#,

J1~1,0,0!5J1~0,1,0!5J2~0,0,1!50. ~2.16!

We shall also introduce some notation to keep track of
various orders in the perturbative expansion. For a quantiX
~e.g. any of the scalar functions contributing to the propa
tors or the vertices!, we shall denote the zero-loop-order co
tribution as X(0), and the one-loop-order contribution a
X(1), so that the perturbative expansion looks like

X5X(0)1X(1)1•••. ~2.17!

B. Two-point functions

The lowest-order gluon propagator is

2 ida1a2
1

p2 S gm1m2
2j

pm1
pm2

p2 D , ~2.18!

wherej is the gauge parameter corresponding to a gen
covariant gauge, defined such thatj50 is the Feynman
gauge. Here and henceforth, a causal prescription is un
stood, 1/p2↔1/(p21 i0). For the present purposes, loop co
rections to the gluon propagator@see, e.g., Eqs.~2.7! and
~C.1! of @24## are not required.

We shall denote the quark propagator asS(p). The two
scalar functionsa(p2) andb(p2) in the inverse quark propa
gator are defined via

iS21~p![a~p2!p”1b~p2!I , ~2.19!

wherep”[pmgm , whereasI is the unit matrix in the space o
Dirac matrices. At the lowest order,a (0)51 and b (0)5
2m. For the next-to-leading order, one needs to calcu
the one-loop diagram shown in Fig. 3, which yields~for n
near 4, see@30#!
01402
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a (1)~p2!5
g2h

~4p!n/2

CF

2p2
~n22!~12j!

3@~p21m2!k1~p2;m!2m2k̃~m2!#,

~2.20!

b (1)~p2!52
g2h

~4p!n/2
CFm~n2j!k1~p2;m!.

~2.21!

The ghost propagator is

D̃a1a2~p2!5 i da1a2
G~p2!

p2
. ~2.22!

The lowest-order result isG(0)51, whereas the one-loop
contribution reads

G(1)~p2!5
g2h

~4p!n/2

CA

4
@21~n23!j#k0~p2!. ~2.23!

Note that in the Fried-Yennie gauge@31# ~see also in@32#!,
j522, G(1)(p2) is finite as n→4. Moreover, if one
choosesj522/(n23) as then-dimensional generalization
of this gauge@33,34#, then the right hand side~RHS! of Eq.
~2.23! vanishes.

C. Ward-Slavnov-Taylor identity

The WST identity @20# for the quark-gluon vertex
Gm(p1 ,p2 ,p3) reads~see, e.g., in@2,35#!

p3
mGm~p1 ,p2 ,p3!5G~p3

2!@S21~2p1!H~p1 ,p2 ,p3!

2H̄~p2 ,p1 ,p3!S21~p2!#, ~2.24!

whereG(p2) @see Eq.~2.22!# is the scalar function assoc
ated with the ghost propagator.

The functionH ~and the ‘‘conjugated’’ functionH̄) in-
volves the complete four-point quark-quark-ghost-ghost v
tex, as shown in Fig. 4. To get theH function, we need to
‘‘join’’ the out-quark and out-ghost lines in a non-standa
vertex ~denoted by a cross! and integrate over the resultin
loop momentum. It should be noted that the complete qua
quark-ghost-ghost vertex involved in the WST identity c
be decomposed into a connected and an unconnected p
as shown in Fig. 5. Moreover, the connected part can
further split in terms of the proper~one-particle irreducible!
vertices, see Fig. 6.

FIG. 3. Quark self-energy diagram.
2-4
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We note that the first diagram on the RHS of the equat
shown in Fig. 6~the diagram involving the proper four-poin
function! does not have a zero-loop~tree! contribution. Its
perturbative expansion starts from the one-loop boxes,
responding to the exchange by two gluons. Since theH func-
tion involves an extra loop integration~see Fig. 4!, this
proper four-point function does not contribute to the on
loop-orderH function,H (1), which is shown in Fig. 7.

The H function can be decomposed in terms of sca
functions~‘‘form factors’’ ! as

H~p1 ,p2 ,p3!5x0~p1
2 ,p2

2 ,p3
2!I 1x1~p1

2 ,p2
2 ,p3

2!p” 1

1x2~p1
2 ,p2

2 ,p3
2!p” 2

1x3~p1
2 ,p2

2 ,p3
2!smnp1

mp2
n , ~2.25!

with

smn5
1

2
~gmgn2gngm!. ~2.26!

The ‘‘conjugated’’ functionH̄ can be written in terms of the
same scalar functions,

H̄~p2 ,p1 ,p3!5x0~p2
2 ,p1

2 ,p3
2!I 2x2~p2

2 ,p1
2 ,p3

2!p” 1

2x1~p2
2 ,p1

2 ,p3
2!p” 2

1x3~p2
2 ,p1

2 ,p3
2!smnp1

mp2
n . ~2.27!

At the lowest order,x0
(0)51 and x i

(0)50 (i 51,2,3). The
one-loop results for thex i functions~valid for arbitrary val-
ues ofn andj) are presented in Appendix D.

At the one-loop level, it is convenient to ‘‘split’’ the WST
identity into two separate identities, corresponding to
contributions of the two diagrams shown in Fig. 2. To
this, we need to rewrite the one-loop contribution to the R
of Eq. ~2.24! in terms of color coefficients (CF2 1

2 CA) and
CA , in analogy with the two contributions to the LHS. O

FIG. 4. Graphical representation of theH function.

FIG. 5. Unconnected and connected parts of the quark-qu
ghost-ghost amplitude.
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the RHS, all one-loop contributions are proportional toCA ,
except for the quark self-energies, which containCF . There-
fore, all we need to do is to represent thisCF as (CF
2 1

2 CA)1 1
2 CA . In this way, we get two separate WST ide

tities for the contributions of diagramsa andb in Fig. 2,

p3
mGm

(1a)~p1 ,p2 ,p3!5S CF2
1

2
CADCF

21@S21~2p1!

2S21~p2!# (1), ~2.28!

p3
mGm

(1b)~p1 ,p2 ,p3!

5@S21~2p1!# (0)H (1)~p1 ,p2 ,p3!

2H̄ (1)~p2 ,p1 ,p3!@S21~p2!# (0)

1
1

2
CACF

21@S21~2p1!2S21~p2!# (1)H (0)

12G(1)~p3
2!@S21~2p1!2S21~p2!# (0)H (0),

~2.29!

where, following the convention of Eq.~2.17!, the super-
scripts ‘‘~0!’’ and ‘‘ ~1!’’ correspond to the zero-loop an
one-loop contributions, respectively.

The first identity, Eq.~2.28!, has, up to a factor, the sam
form as the Abelian~QED! identity, also known as the
Ward-Fradkin-Takahashi identity@36#. The second identity,
Eq. ~2.29!, is the non-Abelian one.

D. Decomposition of the quark-gluon vertex

Keeping in mind the WST identity~2.24!, it is useful to
split the quark-gluon vertex into a longitudinal part and
transverse part,

Gm~p1 ,p2 ,p3!5Gm
(L)~p1 ,p2 ,p3!1Gm

(T)~p1 ,p2 ,p3!,
~2.30!

where

p3
mGm

(T)~p1 ,p2 ,p3!50 ~2.31!

FIG. 6. Connected part of the quark-quark-ghost-ghost am
tude in terms of proper~dark! vertices.

FIG. 7. The one-loop order functionH (1).
k-
2-5
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and, therefore,Gm
(T) does not contribute to the LHS of Eq

~2.24!.
In general, we shall just extend the decomposition of

QED vertex suggested in@11# ~see also in Ref.@12#! to the
QCD case. The longitudinal part of the vertex can be rep
sented as

Gm
(L)~p1 ,p2 ,p3!5(

i 51

4

l i~p1
2 ,p2

2 ,p3
2!Li ,m~p1 ,p2!,

~2.32!

with

L1,m5gm ,

L2,m5~p” 12p” 2!~p12p2!m ,

L3,m5~p12p2!m ,

L4,m5smn~p12p2!n. ~2.33!

Using Eq.~2.24!, the functionsl i can be related to the func
tions a, b, G andx i . For instance, in the ‘‘Abelian’’ case
~i.e., when we consider only the first, QED-like diagram
Fig. 2! the functionsl i ( i 51,2,3,4) would be equal to~up to
a color factor!

1

2
@a~p1

2!1a~p2
2!#,

a~p1
2!2a~p2

2!

2~p1
22p2

2!
,

2
b~p1

2!2b~p2
2!

p1
22p2

2
, and 0, ~2.34!

respectively~see in@11,12#!.3

The transverse part of the vertex, which does not cont
ute to the WST identity~2.24!, can be presented as@11#

Gm
(T)~p1 ,p2 ,p3!5(

i 51

8

t i~p1
2 ,p2

2 ,p3
2!Ti ,m~p1 ,p2!,

~2.35!

where the transverse tensors are the following:

T1,m5p1m~p2p3!2p2m~p1p3!, ~2.36!

T2,m52@p1m~p2p3!2p2m~p1p3!#~p” 12p” 2!,

T3,m5p3
2gm2p3mp” 3 ,

T4,m5@p1m~p2p3!2p2m~p1p3!#snlp1
np2

l ,

3Since in the QED case the longitudinal functions have s
simple representations~2.34! in terms ofa(p1,2

2 ) andb(p1,2
2 ), there

was no need in Refs.@11,12# to introduce a special notation fo
these functions. In the presence of the non-Abelian contribution,
situation becomes more complicated. This is why we have in
duced longitudinal functionsl i in Eq. ~2.32!.
01402
e
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T5,m5smnp3
n ,

T6,m5gm~p1
22p2

2!1~p12p2!mp” 3 ,

T7,m52
1

2
~p1

22p2
2!@gm~p” 12p” 2!2~p12p2!m#

2~p12p2!msnlp1
np2

l ,

T8,m52gmsnlp1
np2

l1p1mp” 22p2mp” 1 .

The connection ofl ’s andt ’s with the naive decomposition
basis is discussed in Appendix A.

Applying charge conjugation to the quark-gluon verte
i.e., interchanging quark and anti-quark, the following re
tion is obtained~see, e.g., in Ref.@12#!:

CGm~p1 ,p2 ,p3!C2152Gm
T~p2 ,p1 ,p3!. ~2.37!

Interchanging the quark momenta (p1↔p2) and using the
fact that

CgmC2152gm
T , ~2.38!

one finds that allLm and Tm are odd, except forL4,m and
T6,m :

Li ,m~p1 ,p2!52Li ,m
T ~p2 ,p1!, i 51,2,3,

L4,m~p1 ,p2!5L4,m
T ~p2 ,p1!,

Ti ,m~p1 ,p2!52Ti ,m
T ~p2 ,p1!, i 51,2,3,4,5,7,8,

T6,m~p1 ,p2!5T6,m
T ~p2 ,p1!. ~2.39!

To satisfy Eq.~2.37!, all l ’s and t ’s must be symmetric
under the interchange ofp1

2 andp2
2, exceptl4 andt6, which

are odd:

l i~p1
2 ,p2

2 ,p3
2!5l i~p2

2 ,p1
2 ,p3

2!, i 51,2,3,

l4~p1
2 ,p2

2 ,p3
2!52l4~p2

2 ,p1
2 ,p3

2!,

t i~p1
2 ,p2

2 ,p3
2!5t i~p2

2 ,p1
2 ,p3

2!, i 51,2,3,4,5,7,8,

t6~p1
2 ,p2

2 ,p3
2!52t6~p2

2 ,p1
2 ,p3

2!. ~2.40!

An important corollary of these relations is that in the ca
p1

25p2
2[p2 the l4 andt6 functions must vanish,

l4~p2,p2,p3
2!50, t6~p2,p2,p3

2!50. ~2.41!

Furthermore, in Ref.@12# a modification of the basis
~2.35!,~2.36! has been proposed, which has an advantag
dealing with kinematical singularities.4 Namely, the trans-
verse part is represented ash

e
-

4In Ref. @12#, the notations i andSi was used for what we callt̃ i

and T̃i .
2-6
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Gm
(T)~p1 ,p2 ,p3!5(

i 51

8

t̃ i~p1
2 ,p2

2 ,p3
2!T̃i ,m~p1 ,p2!,

~2.42!

where

T̃4,m5
2

p2
22p1

2 @2T4,m2p3
2T7,m#

5p3
2@p1m2p2m2gm~p” 12p” 2!#22~p11p2!msnlp1

np2
l ,

T̃i ,m5Ti ,m , ~ iÞ4!, ~2.43!

with

t̃45
1

4
~p2

22p1
2!t4 , t̃75t71

1

2
p3

2t4 . ~2.44!

Moreover, as we shall see below, in the on-shell limit t
following modifications ofl2 andl3 turn out to be useful:

l̃2[l21
1

2
p3

2t2 , l̃3[l32
1

2
p3

2t1 . ~2.45!

III. OFF-SHELL RESULTS

Before presenting results for thel i andt i functions, let us
introduce the following notation for the Gram determinan
occurring in the denominators:
01402
K[p1
2p2

22~p1p2!2, ~3.1!

M1[~p1
22m2!~p2

22m2!1m2p3
2 , ~3.2!

M2[~p1
22m2!~p2

22m2!p3
21m2~p1

22p2
2!2. ~3.3!

In fact,K is a symmetric function ofp1
2, p2

2 andp3
2. It can be

rewritten as2 1
4 l(p1

2 ,p2
2 ,p3

2), wherel(x,y,z) is the Källén
function @cf. Eq. ~3.2! of @24##. Note thatM1 can also be
represented as

M15p1
2p2

212~p1p2!m21m45K1@~p1p2!1m2#2.

To distinguish between the contributions of the two on
loop diagrams in Fig. 2, we shall use the lettersa andb:

l i
(1)5l i

(1a)1l i
(1b) , t i

(1)5t i
(1a)1t i

(1b) . ~3.4!

For the calculation we used the algebraic programming s
tem REDUCE @37#. Further technical details can be found
Appendices A and B.

A. Results for the longitudinal part of the vertex

The general results for the longitudinal functions of t
vertex are reasonably compact, even in a general cova
gauge and arbitrary dimension, and are given below for
two diagrams.
1. Diagram a

l1
(1a)~p1

2 ,p2
2 ,p3

2!5

g2hS CF2
1

2
CAD

~4p!n/2

~n22!~12j!

4p1
2p2

2 @p2
2~p1

21m2!k1,11p1
2~p2

21m2!k1,22~p1
21p2

2!m2k̃ #, ~3.5!

l2
(1a)~p1

2 ,p2
2 ,p3

2!5

g2hS CF2
1

2
CAD

~4p!n/2

~n22!~12j!

4p1
2p2

2~p1
22p2

2!
@p2

2~p1
21m2!k1,12p1

2~p2
21m2!k1,21~p1

22p2
2!m2k̃ #,

~3.6!

l3
(1a)~p1

2 ,p2
2 ,p3

2!5

g2hS CF2
1

2
CAD

~4p!n/2

~n2j!m

p1
22p2

2 ~k1,12k1,2!, ~3.7!

l4
(1a)~p1

2 ,p2
2 ,p3

2!50. ~3.8!

Note that diagrama does not contribute tol4
(1) .

2. Diagram b

l1
(1b)~p1

2 ,p2
2 ,p3

2!52
g2hCA

~4p!n/2

1

16K H ~22j!K@2~p1
21p2

222m2!w12nk1,12nk1,224k0,3#1@21~n23!j#

3~p1
22p2

2!2@~p1p2!w11m2w11k0,3#1@21~n23!j#~p1
22p2

2!@p2
2k1,22p1

2k1,11~p1p2!~k1,12k1,2!#

2~n22!~22j!K m2Fk1,1

p1
2

1
k1,2

p2
2

2
p1

21p2
2

p1
2p2

2
k̃G J , ~3.9!
2-7
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l2
(1b)~p1

2 ,p2
2 ,p3

2!5
g2hCA

~4p!n/2

1

16K~p1
22p2

2!
H @21~n23!j#p3

2~p1
22p2

2!@~p1p2!w11m2w11k0,3#

1@21~n23!j#p3
2@p2

2k1,22p1
2k1,11~p1p2!~k1,12k1,2!#1~n22!~22j!K

3F p1
21m2

p1
2

k1,12
p2

21m2

p2
2

k1,21
p1

22p2
2

p1
2p2

2
m2k̃G J , ~3.10!

l3
(1b)~p1

2 ,p2
2 ,p3

2!5
g2hCA

~4p!n/2

m

8M1
H ~n24!jp3

2@~p1p2!1m2#w11~n23!j@~p2
22p3

22m2!k1,11~p1
22p3

22m2!k1,21p3
2k0,3#

2~n22!j
M1~p1p2!

p1
22p2

2 S k1,1

p1
2

2
k1,2

p2
2 D 1@4~n21!2nj#M1

k1,12k1,2

p1
22p2

2

1~n22!jF12
2~p1p2!1m2

p1
2p2

2 ~p1p2!Gm2k̃J , ~3.11!

l4
(1b)~p1

2 ,p2
2 ,p3

2!5
g2hCA

~4p!n/2

jm~p1
22p2

2!

16KM1
H ~n23!p3

2@~p1p2!1m2#2w11~n23!K~k1,11k1,2!1Kp3
2w11~n23!@~p1p2!

1m2#@~p1p3!k1,11~p2p3!k1,21p3
2k0,3#1~n22!KF2~p1p2!1m2

p1
2p2

2
m2k̃1

M1

p1
22p2

2 S k1,1

p1
2

2
k1,2

p2
2 D G J .

~3.12!
t

e
re

th
n

na-

ur
the

ge
We have checked that these expressions, together with
results for the two-point functions and for thex i functions
~given in Appendix D!, satisfy the WST identities~2.28!,
~2.29! at the one-loop level, for arbitrary values ofn andj.

Results for thel i functions in the Feynman gaug
(j50) can be easily obtained from the expressions p
sented above. We just note that

l3
(1b)~p1

2 ,p2
2 ,p3

2!uj505
g2hCA

~4p!n/2

~n21!m

2~p1
22p2

2!
~k1,12k1,2!,

~3.13!

l4
(1b)~p1

2 ,p2
2 ,p3

2!uj5050. ~3.14!

B. Results for the transverse part of the vertex

In an arbitrary covariant gauge, the results for most of
t i functions are rather cumbersome. The expressions ca
01402
he

-

e
be

made more compact by introducing certain linear combi
tions of thek i ,l functions, namely

~p1p3!k1,11~p2p3!k1,21p3
2k i ,3 , k1,11k1,222k i ,3 ,

k1,11k1,222k̃, k1,11k1,2, k1,12k1,2, ~3.15!

where we should take, for the subscript ofk i ,3 , i 52 for
diagrama and i 50 for diagramb. Note that the basis~3.15!
is over-complete: we have got five combinations of the fo
k ’s. This degree of freedom has allowed us to present
results in a more compact form.

We have collected results in an arbitrary covariant gau
in Appendix E. Here we present results for thet i functions in
the Feynman gauge.
2-8
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1. Transverse functions in Feynman gauge: Diagram a

t1
(1a)~p1

2 ,p2
2 ,p3

2!uj505

g2hS CF2
1

2
CAD

~4p!n/2

nm

2K H 2@m22~p1p2!#w21k1,11k1,222k2,31~p12p2!2
k1,12k1,2

p1
22p2

2 J , ~3.16!

t2
(1a)~p1

2 ,p2
2 ,p3

2!uj505

g2hS CF2
1

2
CAD

~4p!n/2

1

8K H 2~4m22p3
2!w22

2~n21!

K @~p1p2!2m2#2p3
2w22

2~n21!

K @~p1p2!2m2#

3@~p1p3!k1,11~p2p3!k1,21p3
2k2,3#2~n22!

m2~p1p2!

p1
2p2

2 ~k1,11k1,222k̃ !2~n24!~k1,11k1,2!

1~n22!Fm2~p1p2!~p1
21p2

2!

p1
2p2

2
22m22~p12p2!2Gk1,12k1,2

p1
22p2

2 J , ~3.17!

t3
(1a)~p1

2 ,p2
2 ,p3

2!uj505

g2hS CF2
1

2
CAD

~4p!n/2

1

16K H 2~n21!

K p3
2~p12p2!2@~p1p2!2m2#2w21

2~n21!

K ~p12p2!2@~p1p2!2m2#

3@~p1p3!k1,11~p2p3!k1,21p3
2k2,3#28~n22!~p1

22m2!~p2
22m2!w222~p12p2!2

3@4~n21!m22p3
2#w214~n22!@~p1p2!2m2#~k1,11k1,222k2,3!1~n24!~p12p2!2~k1,11k1,2!

1~n22!F12
m2~p1p2!

p1
2p2

2 G ~p1
22p2

2!~k1,12k1,2!1~n22!m2F ~p1p2!~p1
21p2

2!

p1
2p2

2
22G

3~k1,11k1,222k̃ !J , ~3.18!

t4
(1a)~p1

2 ,p2
2 ,p3

2!uj5050, ~3.19!

t5
(1a)~p1

2 ,p2
2 ,p3

2!uj5052

g2hS CF2
1

2
CAD

~4p!n/2
~n24!mw2 , ~3.20!

t6
(1a)~p1

2 ,p2
2 ,p3

2!uj505

g2hS CF2
1

2
CAD

~4p!n/2

p1
22p2

2

16K H 2~4m22p3
2!w22

2~n21!

K p3
2@~p1p2!2m2#2w22

2~n21!

K @~p1p2!

2m2#@~p1p3!k1,11~p2p3!k1,21p3
2k2,3#1~n22!Fm2~p1p2!~p1

21p2
2!

p1
2p2

2
22m22~p12p2!2G

3
k1,12k1,2

p1
22p2

2
2~n22!

m2~p1p2!

p1
2p2

2 ~k1,11k1,222k̃ !2~n24!~k1,11k1,2!J , ~3.21!

t7
(1a)~p1

2 ,p2
2 ,p3

2!uj5050, ~3.22!

t8
(1a)~p1

2 ,p2
2 ,p3

2!uj505

g2hS CF2
1

2
CAD

~4p!n/2

~62n!

2K $p3
2@~p1p2!2m2#w21~p1p3!k1,11~p2p3!k1,21p3

2k2,3%. ~3.23!
014022-9
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The functiont4
(1a) becomes non-zero whenjÞ0 ~see Appendix E!. In fact, the results fort1

(1a) andt8
(1a) in an arbitrary

covariant gauge can be obtained from Eqs.~3.16! and ~3.23! by changing the overall factorsn and (62n) into (n2j) and
@62n1(n24)j#, respectively.

2. Transverse functions in Feynman gauge: Diagram b

t1
(1b)~p1

2 ,p2
2 ,p3

2!uj5052
g2hCA

~4p!n/2

~n21!m

4K H 2@~p1p2!1m2#w12k1,12k1,212k0,32~p12p2!2
k1,12k1,2

p1
22p2

2 J , ~3.24!

t2
(1b)~p1

2 ,p2
2 ,p3

2!uj505
g2hCA

~4p!n/2

1

16K H 2~n21!

K p3
2@~p1p2!1m2#2w114~n23!@~p1p2!1m2#w112p3

2w1

1
2~n21!

K @~p1p2!1m2#@~p1p3!k1,11~p2p3!k1,21p3
2k0,3#22~n23!~k1,11k1,222k0,3!

1~n24!~k1,11k1,2!2~n22!
m2~p1p2!

p1
2p2

2 ~k1,11k1,222k̃ !2~n24!~p12p2!2
k1,12k1,2

p1
22p2

2

1~n22!m2F ~p1p2!~p1
21p2

2!

p1
2p2

2
22Gk1,12k1,2

p1
22p2

2 J , ~3.25!

t3
(1b)~p1

2 ,p2
2 ,p3

2!uj5052
g2hCA

~4p!n/2

1

32K H 2~n21!

K p3
2~p12p2!2@~p1p2!1m2#2w11

2~n21!

K ~p12p2!2@~p1p2!1m2#

3@~p1p3!k1,11~p2p3!k1,21p3
2k0,3#28~n22!@~p1p2!1m2#2w11~n24!~p12p2!2~k1,11k1,2!

12p3
2~p12p2!2w114~n22!@~p1p2!1m2#~k1,11k1,222k0,3!1~n22!Fm2~p1p2!

p1
2p2

2
11G ~p1

22p2
2!

3~k1,12k1,2!2m2~n22!F ~p1p2!~p1
21p2

2!

p1
2p2

2
22G ~k1,11k1,222k̃ !J , ~3.26!

t4
(1b)~p1

2 ,p2
2 ,p3

2!uj5050, ~3.27!

t5
(1b)~p1

2 ,p2
2 ,p3

2!uj5052
g2hCA

~4p!n/2

3

2
mw1 , ~3.28!

t6
(1b)~p1

2 ,p2
2 ,p3

2!uj505
g2hCA

~4p!n/2

p1
22p2

2

32K H 2~n21!

K p3
2@~p1p2!1m2#2w114@~p1p2!1m2#w11

2~n21!

K @~p1p2!1m2#

3@~p1p3!k1,11~p2p3!k1,21p3
2k0,3#12p3

2w11~n24!~k1,11k1,2!22~k1,11k1,222k0,3!

2~n22!
m2~p1p2!

p1
2p2

2 ~k1,11k1,222k̃ !1~n24!~p12p2!2
k1,12k1,2

p1
22p2

2

1~n22!m2F ~p1p2!~p1
21p2

2!

p1
2p2

2
22Gk1,12k1,2

p1
22p2

2 J , ~3.29!

t7
(1b)~p1

2 ,p2
2 ,p3

2!uj5050, ~3.30!
014022-10
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t8
(1b)~p1

2 ,p2
2 ,p3

2!uj505
g2hCA

~4p!n/2

3

4K $p3
2@~p1p2!1m2#w112Kw11~p1p3!k1,11~p2p3!k1,21p3

2k0,3%. ~3.31!
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In the limit of massless quarks,m→0, the above results
simplify considerably. First of all, in this limit,t1

(1)5t4
(1)

5t5
(1)5t7

(1)50 ~this holds also in an arbitrary covarian
gauge!. Furthermore,w1→w0 , w2→w0 , k1,i→k0,i , k2,i

→k0,i and k̃→0.

C. Comparison with other papers

As we have already mentioned, the contributions of
first diagram should coincide, up to an overall factor, w
the one-loop contribution to the fermion-photon vertex
QED. Formally, to get the QED case from our expressio
we can putCA⇒0, CF⇒1, g⇒e ~the absolute value of the
charge of the electron!. Therefore, our expressions also pr
vide a one-loop correction to the QED vertex, in an arbitra
covariant gauge and dimension.

To get the expressions for the dimensionally regula
four-dimensional case, we putn5422« and expand our
results~including the scalar integrals, see Appendix C! in «,
keeping singular (1/«) and finite terms. In the Feynma
gauge (j50) and in four dimensions, we reproduce t
well-known results from@11#. There are a few misprints in
@11# which were pointed out in@12# ~p. 1252!. We agree with
most of these corrections given in@12#, except for the fol-
lowing: Eqs. ~3.12!, ~3.14! and ~A19! of @11# are correct,
they should not be changed.

For an arbitrary value ofj and in four dimensions, one
loop contributions to the QED vertex have been calcula
by Kızılersü, Reenders and Pennington@12#. We basically
reproduce their results given by Eqs.~60!–~64!, ~67!–~74!,
and ~87!, except fort3 and t6, Eqs.~69! and ~72!. Specifi-
cally, to get agreement with our results, we had to change
following5: in the sixth line oft3,

1
1

4
q2m2@p2~p22m2!L1k2~k22m2!L8#

→2
1

4
q2m2@p2~p21m2!L1k2~k21m2!L8#,

and in the eleventh line oft6,

2
3m2

8D2
p2q2~p42k4!@~m21k2!L2~m21p2!L8#

→2
3m2

8D2
q2~p42k4!@p2~m21k2!L1k2~m21p2!L8#.

5There is also an obvious misprint in their Eq.~A14!: the denomi-
nator @(k22)22m2# should read@(k2w)22m2#. We are grateful
to the authors of@12# for confirming all mentioned misprints.
01402
e

s,

y

d

d

e

For massless three-dimensional QED, results are given
Bashir, Kızılersu¨ and Pennington in@14#. We reproduce their
results for the longitudinal vertex, Eqs.~50! and~51!, as well
as the transverse parts,6 Eqs.~55!, ~57!–~60!.

Comparison with some other papers is given in Sec.
where the corresponding special limits are considered.

D. Renormalization

In the limit n→4 («→0) the only function in the quark-
gluon vertex which has an ultraviolet~UV! singularityat one
loop is thel1

(1) function. In an arbitrary covariant gauge, th
UV-singular part ofl1

(1) reads

l1
(1,UV)5

g2h

~4p!22« F ~12j!S CF2
1

2
CAD1

3

4
~22j!CAG

3S 1

«
1••• D

5
g2h

~4p!22« F ~12j!CF1
1

4
~42j!CAG S 1

«
1••• D .

~3.32!

In the first line, the contributions from the first and the se
ond diagram are explicitly separated. This result coincid
with Eqs.~A.55!–~A.57! of Ref. @30#.7

The divergent parts of the two-point functions are as f
lows:

a (1,UV)5
g2h

~4p!22«
CF~12j!S 1

«
1••• D , ~3.33!

b (1,UV)52
g2h

~4p!22«
mCF~42j!S 1

«
1••• D , ~3.34!

6However, we note that some factors ofp are inconsistent. The
result for J0 @Appendix, Eq.~5!# should read22/A2k2p2q2 ~no
p). The right-hand sides of Eqs.~40! and~55! should have an extra
p. Finally, K0 andK (0) are related likeJ0 andJ(0). We are grateful
to the authors of@14# for confirming these misprints.

7The contribution of the first diagram is also in agreement w
Eq. ~11.65! of @38#, whereas for the contribution of the secon
diagram there seems to be a misprint in Eq.~11.70! of @38#.
Namely, in their notation, the factor (12j) in Eq. ~11.70! should
read (11j). Their j and « correspond to our (12j) and 2«,
respectively.
2-11
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G(1,UV)5
g2h

~4p!22«

CA

4
~21j!S 1

«
1••• D . ~3.35!

The results fora andb agree with Eq.~2.5.138! of @30# ~our
a andb correspond to his (2B) andmA, respectively!, and
with Eq. ~11.55! of @38#. Among thex i functions, onlyx0
has a UV-singularity at one loop,

x0
(1,UV)5

g2h

~4p!22«

CA

2
~12j!S 1

«
1••• D . ~3.36!

Using our results we have checked that all other functi
l i

(1) ( iÞ1), x i
(1) ( i 51,2,3) and t i

(1) have no UV-
singularities. This was one of the important checks on s
consistency of the calculation.

To renormalize the above expressions, we need to s
tract the 1/« poles, ~possibly! getting some constantR in-
stead, depending on the renormalization scheme:

S 1

«
1••• D→~R1••• !. ~3.37!

In the MS schemeR50, because@see Eq.~2.7!#

h5e2g«@11O~«2!#, ~3.38!

so thate2g« and (4p)« are absorbed by theMS re-definition
of the coupling constantg2.

This procedure can be also re-formulated in the langu
of the renormalizationZ-factors, by analogy with Sec. VII
of @39#.

IV. SOME SPECIAL CASES

A few limits are of special interest:
the symmetric case, whenp1

25p2
25p3

2;
the on-shell limitp1

25p2
25m2 ~with or without the as-

sumption that the vertex function is being sandwiched
tween Dirac spinors!;

the zero-momentum limit, when the gluon momentu
vanishes (p350).

Since in all these cases we can putp1
25p2

2[p2, we start
by considering this as the first step towards all these lim

In the casep1
25p2

2[p2 some of the tensor structure
~2.33! and ~2.36! in the quark-gluon vertex become linear
dependent, namely:L2,m and T2,m , L3,m and T1,m , T4,m and
T7,m . Moreover, according to Eq.~2.41!, l4 andt6 vanish.
Therefore, the quark-gluon vertex in this limit can be writt
as @cf. Eqs.~2.44! and ~2.45!#

Gmup
1
25p

2
2[p25L1,ml11L2,ml̃21L3,ml̃31T3,mt31T5,mt5

1T7,mt̃71T8,mt8 . ~4.1!

In fact, only theL1,m contribution remains ‘‘non-transverse
in this limit.
01402
s

f-

b-
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A. Symmetric case

In Ref. @4# ~see also in@5#! the ‘‘symmetric’’ limit of the
quark-gluon vertex,p1

25p2
25p3

2[p252m2, has been ex-
amined~for the case of massless quarks,m50). The decom-
position of the quark-gluon vertex is given in Eq.~2.34! of
@4#. It basically corresponds to the naive decomposition p
sented in Eq.~A1! of this paper. In Ref.@4# explicit results
are given only for two scalar functions~out of twelve!:

G1↔h1 and G12↔2h12. ~4.2!

Taking into account Eq.~2.41!, in terms ofl ’s and t ’s we
get ~see also in Appendix A!:

G15l11p3
2t31~p1p2!t8 , G1252t8 . ~4.3!

Putting p1
25p2

25p3
2[p2 @implying (p1p2)52 1

2 p2] and m
50, we arrive at the following one-loop results:

G1
(1)52

g2hS CF2
1

2
CAD

~4p!n/2 H 1

6
@4~n24!2nj#p2w0

1~32n1j!k0,3J 1
g2hCA

~4p!n/2 H 1

8
@1222~2n25!j

1~n24!j2#k0,32
1

6
~82nj!p2w0J , ~4.4!

G12
(1)52

g2hS CF2
1

2
CAD

~4p!n/2

1

3
@~n26!2~n24!j#w0

2
g2hCA

~4p!n/2 F11
1

6
~n27!j2

1

24
~n26!j2Gw0 .

~4.5!

Taking into account that the constantR(1) used in@4,5# can
be identified as

R~1!5p2w0~p2,p2,p2!un545
4

A3
Cl2S p

3 D , ~4.6!

and expanding in« ~keeping the divergent and finite in«
terms!, we arrive at the same result as given in Eqs.~2.36! of
@4#.8 In Eq. ~4.6! Cl2(u)5Im@Li2(eiu)# is the Clausen func-
tion.

For the case of massive quarks (mÞ0), a similar ‘‘sym-
metric’’ limit has been considered in Ref.@7#, where the
renormalization factorZ1F was calculated at the one-loo
order in the MOM scheme. For their calculation, only one
the scalar functions~namely, the one accompanying thegm

8There is a misprint in Eq.~2.35! of @4#: G12 should readp2G12

52m2G12. Note that the« used in@4# has different sign, as com
pared to ours.
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matrix! was needed,G1↔h1, which is related tol ’s andt ’s
via Eq. ~4.3!. Puttingp1

25p2
25p3

2[p252m2 in our expres-
sions, we arrive at the same result9 as given in Eqs.~13!–
~14! of @7#. In particular, we have taken into account that t
functionsH andM introduced in Eq.~15! of @7# are related to
our functionsw i through10

H52p2w1~p2,p2,p2!un54 , M52p2w2~p2,p2,p2!un54 .

~4.7!

More details on these functions can be found in Appendix

B. On-shell quarks

The tensor structure of Eq.~4.1! does not change when w
put p25m2. Let us introduce the notation
01402
.

w1,2
os [w1,2~m2,m2,p3

2! ~4.8!

for the w i functions in the on-shell limit. According to Eq
~C31!, in this limit the functionw2 ~corresponding to dia-
grama) reduces to a two-point function and a tadpole,

w2
os5

1

~n24!~4m22p3
2!

@2~n23!k2,32~n22!k̃#.

~4.9!

This is the reason whyw2 does not appear in the on-she
results for diagrama.

The results for the relevant longitudinal and transve
functions in the limitp1

25p2
25m2 are presented below.
1. Diagram a

l1
(1a)~m2,m2,p3

2!5

g2hS CF2
1

2
CAD

~4p!n/2

~n22!~12j!

2~n23!
k̃, ~4.10!

l̃2
(1a)~m2,m2,p3

2!52

g2hS CF2
1

2
CAD

~4p!n/2

1

~n23!~n24!~4m22p3
2!2

$~n23!@~22j!~4m22p3
2!1~n25!jp3

2#k2,3

2~n22!@4m22p3
212~n25!jm2#k̃%, ~4.11!

l̃3
(1a)~m2,m2,p3

2!5

g2hS CF2
1

2
CAD

~4p!n/2

~n2j!m

~n23!~n24!~4m22p3
2!

@~n22!k̃22~n23!k2,3#, ~4.12!

t3
(1a)~m2,m2,p3

2!52

g2hS CF2
1

2
CAD

~4p!n/2

1

2~n23!~n24!p3
2~4m22p3

2!
$@~n22!~n23!2~n24!j#p3

2@2~n23!k2,3

2~n22!k̃#1~n23!~n24!~4m22p3
2!@2k2,32~n22!k̃# %, ~4.13!

t5
(1a)~m2,m2,p3

2!52

g2hS CF2
1

2
CAD

~4p!n/2

1

4~n23!m~4m22p3
2!

$~n22!j~4m22p3
2!k̃14~n232j!m2

3@2~n23!k2,32~n22!k̃#%, ~4.14!

9Their a corresponds to our (12j), whereas theirl denotes the ratiom2/m252m2/p2. Note that there is a misprint in thejournal version
of the result for the last contribution in Eq.~14!, Cb : in the very last term, ln@1/(11l)# should read ln@l/(11l)#. In thepreprint version of
@7# this equation is correct.

10We also note a misprint in the large-mass (1/l) expansion of theM function presented in Appendix C of Ref.@7#: the last available term,
22672/(11025l5), should read21523/(6300l5). We are grateful to O.V. Tarasov for confirming this misprint.
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t̃7
(1a)~m2,m2,p3

2!52

g2hS CF2
1

2
CAD

~4p!n/2

j

2~n23!~n24!m~4m22p3
2!2

$4~n25!m2@2~n23!k2,32~n22!k̃#

2~n22!~n24!~4m22p3
2!k̃%, ~4.15!

t8
(1a)~m2,m2,p3

2!52

g2hS CF2
1

2
CAD

~4p!n/2

62n1~n24!j

~n23!~n24!~4m22p3
2!

@2~n23!k2,32~n22!k̃#. ~4.16!

2. Diagram b

l1
(1b)~m2,m2,p3

2!5
g2hCA

~4p!n/2

22j

4~n23!
@~n23!k0,31~n22!k̃#, ~4.17!

l̃2
(1b)~m2,m2,p3

2!5
g2hCA

~4p!n/2

1

16~n23!~4m22p3
2!2

$8~n21!~n23!~22j!m2p3
2w1

os22~n23!2j2p3
2@2~n23!m2

1p3
2#w1

os22~n23!2j2@4~n24!m213p3
2#k0,314~n23!~22j!@4~n22!m21p3

2#k0,3

1~n21!~n22!~n23!j2p3
2k̃22~n22!~22j!@8m21~n23!p3

2#k̃%, ~4.18!

l̃3
(1b)~m2,m2,p3

2!5
g2hCA

~4p!n/2

1

32~n23!m~4m22p3
2!

$2~n23!~n24!j2p3
2~4m22p3

2!w1
os1@4~n21!12~n24!j

2~n22!~n23!j2#@4~n23!m2p3
2w1

os18~n23!m2k0,32~n22!p3
2k̃ #14~n23!2j2~4m22p3

2!k0,3

24~n21!~n22!~4m22p3
2!k̃%, ~4.19!

t3
(1b)~m2,m2,p3

2!5
g2hCA

~4p!n/2

1

16~n23!p3
2~4m22p3

2!
$2~n23!j~42j!~4m22p3

2!@p3
2w1

os2~n24!k0,3#

2@2~22j!2~n23!j2#p3
2@4~n23!m2w1

os12~n23!k0,32~n22!k̃#%, ~4.20!

t5
(1b)~m2,m2,p3

2!5
g2hCA

~4p!n/2

1

8~n23!m~4m22p3
2!

$~n22!~n24!j~4m22p3
2!k̃1j@21~n23!j#m2

3@4~n23!m2w1
os12~n23!k0,32~n22!k̃#22~n23!@612~n25!j1j2#m2~4m22p3

2!w1
os%,

~4.21!

t̃7
(1b)~m2,m2,p3

2!52
g2hCA

~4p!n/2

j

16~n23!m~4m22p3
2!2

$2~n23!~4m22p3
2!@4m212~n25!jm22~n24!jp3

2#w1
os

1~n21!@21~n23!j#@4~n23!m2p3
2w1

os18~n23!m2k0,32~n22!p3
2k̃ #

24~n23!2j~4m22p3
2!k0,32~n22!@61~n23!j#~4m22p3

2!k̃%, ~4.22!
014022-14
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t8
(1b)~m2,m2,p3

2!52
g2hCA

~4p!n/2

1

8~n23!~4m22p3
2!

$2~n23!j~42j!~4m22p3
2!w1

os2@1212~2n27!j2~n23!j2#

3@4~n23!m2w1
os12~n23!k0,32~n22!k̃#%. ~4.23!
s.

of

-

d-
io

-

c

tex
When p3
2→0, the only problem which may arise in Eq

~4.10!–~4.23! concerns the functionst3
(1a) andt3

(1b) contain-

ing p3
2 in the denominator. However, the coefficients

(p3
2)0 in the numerators oft3

(1a) andt3
(1b) are proportional to

@2k2,32(n22)k̃ # andk0,3, respectively. If we take into ac
count thatk2,3up

3
2505 1

2 (n22)k̃ and k0,3up
3
25050 ~massless

tadpole!, we see that the limitp3
2→0 is regular fort3

(1) .

3. Dirac and Pauli form factors

Let us consider again the on-shell limitp1
25p2

25m2,
without putting any further conditions onp3. If we recall
that the ‘‘physical’’ quark-gluon vertex should be san
wiched between physical states obeying the Dirac equat

ū~2p1!Gmu~p2!,

with ū~2p1!p” 152mū~2p1!, p” 2u~p2!5mu~p2!,

~4.24!

then~using the above Dirac conditions! we arrive at the stan
dard decomposition

ū~2p1!Gmu~p2!5F1~p3
2!ū~2p1!gmu~p2!

2
1

2m
F2~p3

2!ū~2p1!smnp3
nu~p2!

5@F1~p3
2!1F2~p3

2!#ū~2p1!gmu~p2!

1
1

2m
F2~p3

2!ū~2p1!~p12p2!mu~p2!,

~4.25!

whereF1(p3
2) andF2(p3

2) are often associated with the Dira
and Pauli form factors, respectively. In terms of the~modi-
fied! l andt functions we get

F11F25l11p3
2t322mt51

1

2
~p3

224m2!t8 , ~4.26!

1

2m
F2522ml̃21l̃32t51

1

2
p3

2t̃72mt8 . ~4.27!

Using our results we get
01402
n,

~F11F2!(1a)52

g2hS CF2
1

2
CAD

~4p!n/2

3
1

~n23!~n24!~4m22p3
2!

3$~n23!@2~n23!p3
22~n229n122!

3~4m22p3
2!#k2,322~n22!

3@2~n25!m21p3
2#k̃%, ~4.28!

~F11F2!(1b)52
g2hCA

~4p!n/2

1

8~n23!~4m22p3
2!

3$4~n23!p3
2~2m2w1

os1k0,3!1~n23!

3@812~4n213!j2~n24!j2#

3~4m22p3
2!k0,328~n22!~5m22p3

2!k̃%,

~4.29!

1

2m
F2

(1a)5

g2hS CF2
1

2
CAD

~4p!n/2

~n25!m

~n23!~4m22p3
2!

3@2~n23!k2,32~n22!k̃#, ~4.30!

1

2m
F2

(1b)52
g2hCA

~4p!n/2

m

2~n23!~4m22p3
2!2

3$~n23!p3
2@12m21~n24!p3

2#w1
os12~n

23!@8m21~n23!p3
2#k0,31~n22!@~n26!

3~4m22p3
2!2~n21!p3

2#k̃%. ~4.31!

The results for the~QED-like! diagrama agree with Eqs.
~5.69! and ~5.70! of @40#.

In the massless limit,m→0, and in Feynman gauge,j
50, our results can be compared with those of@8#, where
renormalized results for the quark self-energy,S, and the
quark-gluon vertex functions,L1

m and L2
m ~their notation!,

are collected in Tables B.I and B.II, respectively. The ver
functions are given for off-shell gluon (p1

25p2
250,p3

2Þ0)

and the out-going quark being off-shell (p1
2Þ0,p2

25p3
2

50). We confirm these results.
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C. Zero-momentum limit

Let us consider the zero-momentum limitp350, with
p252p1[p being off shell. We can proceed in two step
The first step, puttingp1

25p2
25p2 ~without putting p2

5m2), has been already done in Eq.~4.1!. As the second
step, we should putp3

250 ~which implies p350). In this
limit, the quark-gluon vertex becomes

Gmup252p1[p,p3505L1,ml11L2,ml̃21L3,ml̃3

5gml114pmp” l̃222pml̃3 .

~4.32!

One can check that the corresponding scalar functions
regular.

The substitutions for the relevant integrals are11

J2~1,1,1!up252p1[p,p35052
1

p22m2
@~n23!J2~0,1,1!

2J2~1,1,0!#, ~4.33!

J2~1,1,0!up252p1[p,p3505
n22

2m2
J2~0,1,0!, ~4.34!

J1~1,1,1!up252p1[p,p3505
1

~p22m2!2
$~n22!J1~0,0,1!

2~n23!~p21m2!J1~0,1,1!%,

~4.35!

J1~1,1,0!up252p1[p,p35050. ~4.36!

The scalar functions from Eq.~4.32! in this limit are

l1
(1a)~p2,p2,0!5

g2hS CF2
1

2
CAD

~4p!n/2

~n22!~12j!

2p2

3@~p21m2!k1~p2!2m2k̃ #, ~4.37!

l̃2
(1a)~p2,p2,0!52

g2hS CF2
1

2
CAD

~4p!n/2

~n22!~12j!

8~p2!2~p22m2!

3$@~p22m2!~p213m2!2~n23!

3~p21m2!2#k1~p2!1@2~n22!p2

2n~p22m2!#m2k̃%, ~4.38!

11In general, one should also make sure that the next term of
expansion inp3

2 does not contribute, which may happen whenp3
2

appears in the denominators. In this calculation, we did not n
suchp3

2 terms.
01402
.

re

l̃3
(1a)~p2,p2,0!5

g2hS CF2
1

2
CAD

~4p!n/2

~n2j!m

2p2~p22m2!

3$@~n24!p21~n22!m2#k1~p2!

2~n22!m2k̃%, ~4.39!

l1
(1b)~p2,p2,0!5

g2hCA

~4p!n/2

22j

8p2~p22m2!

3$~n22!~m223p2!m2k̃

1@4~n23!m2p21~n22!~p22m2!

3~3p21m2!#k1~p2!%, ~4.40!

l̃2
(1b)~p2,p2,0!52

g2hCA

~4p!n/2

~n22!~22j!

32~p2!2~p22m2!

3$@~n24!p21nm2#m2k̃

2@4~n23!m41~n24!~p22m2!

3~p213m2!#k1~p2!%, ~4.41!

l̃3
(1b)~p2,p2,0!5

g2hCA

~4p!n/2

m~n21!

4p2~p22m2!

3$@~n22!m21~n24!p2#k1~p2!

2~n22!m2k̃%. ~4.42!

If we now consider the on-shell case, i.e., putp25m2, we
need to be careful, since the above expressions con
(p22m2) in their denominators. Using two terms of the e
pansion ofk1(p2) in d[(m22p2)/m2,

k1~p2!5
n22

2~n23!
k̃~m2!F11

1

2
d1O~d2!G , ~4.43!

we see that the pole atp25m2(d50) is canceled. In this
way, we arrive at

l1
(1)~m2,m2,0!5

g2h

~4p!n/2

~n22!k̃

2~n23!

3F S CF2
1

2
CAD ~12j!1

1

2
CA~22j!G ,

~4.44!

l̃2
(1)~m2,m2,0!52

g2h

~4p!n/2

~n22!k̃

4~n23!m2

3F S CF2
1

2
CAD ~12j!1

1

4
CA~22j!G ,

~4.45!

e

d
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l̃3
(1)~m2,m2,0!52

g2h

~4p!n/2

~n22!k̃

4~n23!m

3F S CF2
1

2
CAD ~n2j!1

1

2
CA~n21!G .

~4.46!

These results coincide with those obtained by first taking
on-shell limit p1

25p2
25m2 @see Eqs. ~4.10!–~4.12! and

~4.17!–~4.19! above# and then puttingp350. If we assume
that the vertex~4.32! is sandwiched between physical stat
~4.24!, we see that both structures containingpm can be
transformed intogm , so that the ‘‘effective’’ vertex become

gm@l1~m2,m2,0!14m2l̃2~m2,m2,0!22ml̃3~m2,m2,0!#.

~4.47!

Substituting our results~4.44!–~4.46! we obtain for the one-
loop contribution to Eq.~4.47!

gm

g2h

~4p!n/2

~n21!~n22!

2~n23!
CFk̃

5gm

g2

~4p!22«
G~«!

~322«!

~122«!
CF~m2!2«,

~4.48!

where we have taken into account the definitions ofh ~2.7!
andk̃ ~2.15!. We see that the result~4.48! is gauge indepen
dent, and it does not containCA . For the QED case, it co
incides with Eq.~22! of @15#.

In the massless (m50) case, we can compare our resu
for the zero-momentum limit with those given in@9#. The
definition of the zero-gluon-momentum vertex is given
their Eq. ~A4! ~the lower equation!. It is proportional to
~their q↔our p)

H @11G3~q2!#gm1G4~q2!gnS gmn2
qmqn

q2 D J .

~4.49!

If we consider our results in the off-shell zero-momentu
limit, we see that on puttingm50 the functionl̃3 vanishes.
The remaining two functions can be mapped intoG3,4 as

l1
(ren)↔G31G4 , 24p2l̃2↔G4 , ~4.50!

or, vice versa,

G3↔l1
(ren)14p2l̃2 , G4↔24p2l̃2 , ~4.51!

where the superscript ‘‘~ren!’’ means ‘‘renormalized.’’
In the massless case, taking into account that the mas

tadpole functionk̃um50 vanishes, we get
01402
e

ess

l1
(1)5

g2h

~4p!n/2

n22

2
k0~p2!

3F S CF2
1

2
CAD ~12j!1

3

4
CA~22j!G , ~4.52!

4p2l̃2
(1)5

g2h

~4p!n/2

~n22!~n24!

2
k0~p2!

3F S CF2
1

2
CAD ~12j!1

1

4
CA~22j!G .

~4.53!

Putting p25m2 ~as in @9#! means that the logarithm
ln(p2/m2) @in our case, ln(p2), since we implym51] vanish.
Therefore, we should substitutek0⇒1/«12 ~see, for ex-
ample, Eq.~2.15! of @24#!. Omitting theO(«) terms we see
that

l1
(1)⇒ g2

16p2 F S CF2
1

2
CAD ~12j!1

3

4
CA~22j!G S 1

«
11D ,

~4.54!

4p2l̃2
(1)⇒2

g2

16p2 F2S CF2
1

2
CAD ~12j!1

1

2
CA~22j!G ,

~4.55!

where we have explicitly separated the contributions of d
grams a and b. To perform the renormalization~in the
MS-scheme!, we need just to subtract the 1/« term, i.e.,

l1
(1,ren)⇒ g2

16p2 F S CF2
1

2
CAD ~12j!1

3

4
CA~22j!G .

~4.56!

Now we can compare our Eqs.~4.55!–~4.56! with one-
loop results forG3,4 presented in Eq.~A12! of @9#. Taking
into account that theirj corresponds to our (12j), and also
that theira5g2/(4p), we see that we are in agreement wi
@9#. Moreover, their result for the quark self-energy functi
A(q2) @see Eq.~A9! of @9## is in agreement with oura(p2).
Note thatb(p2)50 in the massless case.

V. CONCLUSIONS

In this article we have given results for the one-lo
quark-gluon vertex in an arbitrary covariant gauge and in
arbitrary space-time dimension. The calculation was carr
out with massive quarks.

To calculate the quark-gluon vertex, we have decompo
it into longitudinal ~2.32! and transverse~2.35! parts,Gm

(L)

and Gm
(T) ~like the decomposition in QED@11#!. Altogether

12 scalar functions~four l ’s and eightt ’s! are needed to
define the quark-gluon vertex. We found that the functi
l4, the coefficient ofsmn(p12p2)n, which is absent in
QED, does not vanish in QCD@see Eq.~3.12!# and contrib-
utes to the non-Abelian part of the Ward-Slavnov-Tay
2-17
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identity ~2.29!. The general results for the longitudinal par
(l ’s! are given in Eqs.~3.5!–~3.12! ~arbitrary gauge!, and
results for the transverse parts (t ’s! are given in Eqs.~3.16!–
~3.31! ~Feynman gauge! and in Appendix E~arbitrary covari-
ant gauge!. Using recurrence relations~see Appendix B!, all
results have been expressed in terms of integrals with pow
of propagators equal to zero or one. Only two non-triv
scalar functions are required,w i(p1

2 ,p2
2 ,p3

2), wherei 51 or 2
counts the number ofmassivepropagators involved~see Sec-
tion II A and Appendix C!.

Starting from the general off-shell expressions (p1
2

Þm2,p2
2Þm2,p3

2Þ0) in an arbitrary space-time dimensio
n, for the longitudinal and transverse parts of the vertex,
have derived results for the on-shell limit (p1

25p2
25m2)

which are also valid for an arbitraryn ~Section IV!. Note that
if we started from the off-shell results expanded aroundn
54 ~similar to the results of@11,12# for the QED case!, we
would get infrared divergences from the on-shell-diverg
logarithms. Keeping the arbitrary space-time dimension,
see that the corresponding infrared divergences result in
tra poles in«5(42n)/2.

Various special cases of the general results were c
pared with those of Refs.@4,7–9,11,12,14,15# ~for details,
see Secs. III and IV!.

At the one-loop level, the Ward-Slavnov-Taylor identi
for the quark-gluon vertex can be split in an Abelian and
non-Abelian part, Eqs.~2.28! and~2.29!. The Abelian part is
similar to the Ward-Fradkin-Takahashi identity in QED@36#,
whereas the non-Abelian part has a nontrivial contribut
involving the quark-quark-ghost-ghost vertex~2.25!, which
can be described by scalar functionsx i ( i 50, . . . ,3). One-
loop results for these functions are presented in Appendix
Using the results for thesex functions, and those for quar
and ghost self energies, we have checked that our result
the longitudinal parts of the vertex (l1 , l2 , l3, and l4)
satisfy the WST identity for arbitraryn and j, as they
should.

In principle, some techniques which can be used for
calculation of the two-loop off-shell quark-gluon vertex,
least in them50 case, are already available@41,27#, al-
though the problem of higher powers of irreducible nume
tors is still difficult for algorithmization. For special limits
the calculation is very similar to the three-gluon verte
which was calculated at two loops in@39# ~the zero-
momentum limit! and in @42# ~the on-shell case!.12
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APPENDIX A: DECOMPOSITION OF THE VERTEX

The general quark-gluon vertex can be expressed as~see
@35,11,12#!

Gm~p1 ,p2 ,p3!5gmh11p2mh21p1mh31gmp” 2h41gmp” 1h5

1p2mp” 2h61p2mp” 1h71p1mp” 2h8

1p1mp” 1h91p2mp” 1p” 2h101p1mp” 1p” 2h11

1gmp” 1p” 2h12, ~A1!

wherehi[hi(p1
2 ,p2

2 ,p3
2).

The longitudinal and transverse functions of Eqs.~2.32!
and ~2.35! are related to this naive basis as follows:

l15h12
1

2
~p2p3!~h61h7!2

1

2
~p1p3!~h81h9!

1
1

2
~p3

222p2
2!h12,

l25
1

2~p1
22p2

2!
@~p2p3!~h62h7!

1~p1p3!~h82h9!2p3
2h12#,

l352
1

p1
22p2

2 $~p2p3!@h21h41~p1p2!h10#

1~p1p3!@h31h51~p1p2!h11#%,

l45
1

2
@2h41h51~p2p3!h101~p1p3!h11#, ~A2!

t15
1

p1
22p2

2 @h21h31h41h51~p1p2!~h101h11!#,

t25
1

2~p1
22p2

2!
~h62h71h82h912h12!,

t352
1

4
~h61h71h81h9!,

t45
1

p1
22p2

2 ~h101h11!,

t552
1

2
~h41h5!,
2-18
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t65
1

4
~h61h72h82h922h12!,

t75
1

p1
22p2

2 @~p2p3!h101~p1p3!h11#,

t852h12, ~A3!

wherel i[l i(p1
2 ,p2

2 ,p3
2), t i[t i(p1

2 ,p2
2 ,p3

2).
Inverting these relations, one finds

h15l11t3p3
21t6~p1

22p2
2!1t8~p1p2!,

h252l31l42t1~p1p3!1t4~p1p2!~p1p3!1t5

1t7S p2
22

1

2
p3

2D ,

h35l32l41@t12t4~p1p2!#~p2p3!1t5

2t7S p2
22

1

2
p3

2D ,

h452l42t51
1

2
t7~p1

22p2
2!,

h55l42t52
1

2
t7~p1

22p2
2!,

h65l22t2~p1p3!2t31t6 ,

h752l21t2~p1p3!2t31t62t8 ,

h852l21t2~p2p3!2t32t61t8 ,

h95l22t2~p2p3!2t32t6 ,

h1052t4~p1p3!1t7 ,

h115t4~p2p3!2t7 ,

h1252t8 . ~A4!

APPENDIX B: RECURRENCE RELATIONS
FOR SCALAR INTEGRALS

To calculate scalar integrals with higher~integer! powers
of denominators, a recurrence procedure based on
integration-by-parts technique@28# has been used. For th
01402
he

three-point integrals, one can follow an approach descri
in @29# ~see, in particular, Sec. IV of@29# where the massive
case is discussed!. Using the recurrence relations, we ca
reduce all integrals to the master integralsJi(1,1,1) (i
51,2) and a few two-point integrals. All basic integrals a
discussed in Appendix C.

1. Two-point integrals

All two-point integrals occurring in this paper can be a
sociated with certain special cases of three-point integralJ2
and J1 ~defined in Eqs.~2.4! and ~2.5!, respectively!, when
one of the indicesn i vanishes. The masses of internal pa
ticles (m1 ,m2) can be equal to (m,m), (m,0), (0,m), or
(0,0).

For two-point integrals with arbitrary masses,

J(2)~n1 ,n2um1 ,m2![E dnq
1

@~p2q!22m1
2#n1~q22m2

2!n2
,

~B1!

such a procedure has been described in detail in Append
of @46#. For positiven i , it is enough to apply

J(2)~n111,n2um1 ,m2!

5
1

n1D
$@~n2n122n2!~p22m1

2!

1~n23n1!m2
2#J(2)~n1 ,n2um1 ,m2!

2n1~p22m1
22m2

2!J(2)~n111,n221um1 ,m2!

22n2m2
2J(2)~n121,n211um1 ,m2!%, ~B2!

together with a similar equation with (n1 ,m1)↔(n2 ,m2). In
Eq. ~B2!,

D[D~m1
2 ,m2

2 ,p2!54m1
2m2

22~p22m1
22m2

2!2. ~B3!

In our calculation, D may be equal top2(4m22p2),
2(p22m2)2 or 2(p2)2.

Note that the sum of indicesn i for any of the integrals on
the RHS of Eq.~B2! is less~by one! than such a sum for the
integral on the LHS. Therefore,J(2) with any ~positive! in-
tegersn1 andn2 can be reduced toJ(2) with n15n251 and
tadpole integrals.

The reduction of tadpole integrals is trivial:

J1~0,0,N!5
1

~N21!! S 12
n

2D
N21

~2m2!12NJ1~0,0,1!

~B4!

@and similarly for J2(N,0,0)5J2(0,N,0)], where (a) j
[G(a1 j )/G(a) is the Pochhammer symbol.
2. Three-point integrals J2

For the integralsJ2 with positiven i ~with at least one of them being greater than one!, the following solution of recurrence
relations can be used:
2-19
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J2~n1 ,n2 ,n311!5
1

2n3M2
$@~n12n3!p1

2p3
21~n22n3!p2

2p3
212~n2n12n222n3!p3

2~p1p2!12~n22n1!m2~p1
22p2

2!

2~2n2n12n226n3!m2p3
2#J2~n1 ,n2 ,n3!2p3

2~p3
224m2!

3@n1J2~n111,n2 ,n321!1n2J2~n1 ,n211,n321!#1@~p2
22m2!p3

212~p1
22p2

2!m2#

3@n1J2~n111,n221,n3!1n3J2~n1 ,n221,n311!#1@~p1
22m2!p3

222~p1
22p2

2!m2#

3@n2J2~n121,n211,n3!1n3J2~n121,n2 ,n311!#%, ~B5!

J2~n111,n2 ,n3!5
1

2n1M2
$2~n2n12n222n3!@p1

2~p2p3!2m2~p1p3!#J2~n1 ,n2 ,n3!1~p1
22m2!

3@~n32n1!p1
21~n22n3!p2

21~n12n2!m2#J2~n1 ,n2 ,n3!1@p3
2~p1

22m2!22m2~p1
22p2

2!#

3@n1J2~n111,n2 ,n321!1n2J2~n1 ,n211,n321!#1~p1
22m2!~p2

22m2!

3@n1J2~n111,n221,n3!1n3J2~n1 ,n221,n311!#2~p1
22m2!2

3@n2J2~n121,n211,n3!1n3J2~n121,n2 ,n311!#%, ~B6!

and also an equation forJ2(n1 ,n211,n3) which can be obtained from Eq.~B6! via (n1 ,p1
2)↔(n2 ,p2

2). The quantityM2 is
defined in Eq.~3.3!.

In fact, for our calculation we needed only then15n25n351 case of Eq.~B5!,

J2~1,1,2!5
1

2M2
$2~n24!p3

2@~p1p2!2m2#J2~1,1,1!22p3
2~p3

224m2!J2~2,1,0!1@~p2
22m2!p3

212~p1
22p2

2!m2#

3@J2~2,0,1!1J2~1,0,2!#1@~p1
22m2!p3

222~p1
22p2

2!m2#@J2~0,2,1!1J2~0,1,2!#%, ~B7!

where we have taken into account the obvious symmetryJ2(n1 ,n2,0)5J2(n2 ,n1,0). We note a remarkable fact that th
coefficient ofJ2(1,1,1) is proportional to (n24). Since, in the off-shell case,J2(1,1,1) is finite in four dimensions, this mean
that we do not get any nontrivial function in finite parts of any triangle integrals with highern i . In fact, this property is valid
for arbitrary internal masses@43# ~a special case has been discussed in@44#!.

3. Three-point integrals J1

For the integralsJ1 with positiven i ~with at least one of them being greater than one!, the following solution of recurrence
relations can be used:

J1~n1 ,n2 ,n311!5
1

2n3M1
$@2~n2n12n22n3!~p1p2!1n1p1

21n2p2
22n3p3

21~2n23n123n222n3!m2#J1~n1 ,n2 ,n3!

1~p2
22m2!@n1J1~n111,n221,n3!1n3J1~n1 ,n221,n311!#1~p1

22m2!@n2J1~n121,n211,n3!

1n3J1~n121,n2 ,n311!#2p3
2@n1J1~n111,n2 ,n321!1n2J1~n1 ,n211,n321!#%, ~B8!

J1~n111,n2 ,n3!5
1

2n1p3
2M1

$2~n2n12n22n3!@p1
2~p2p3!1m2~p1p3!#J1~n1 ,n2 ,n3!

2~n1p1
22n2p2

22n3p3
2!p1

2J1~n1 ,n2 ,n3!1m2@2n1p1
212n2~p1p2!1~n22n3!p3

22~n12n2!m2#

3J1~n1 ,n2 ,n3!1~M11p3
2m2!@n1J1~n111,n221,n3!1n3J1~n1 ,n221,n311!#1p3

2~p1
22m2!

3@n1J1~n111,n2 ,n321!1n2J1~n1 ,n211,n321!#2~p1
22m2!2@n2J1~n121,n211,n3!

1n3J1~n121,n2 ,n311!#%, ~B9!

and also an equation forJ1(n1 ,n211,n3) which can be obtained from Eq.~B9! via (n1 ,p1
2)↔(n2 ,p2

2). The quantityM1 is
defined in Eq.~3.2!.

The ‘‘highest’’ integralJ1 which occurred in our calculation wasJ1(2,2,1). Using Eq.~B9! and the (n1 ,p1
2)↔(n2 ,p2

2)
symmetry, we get
014022-20
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J1~2,2,1!5
1

2p3
2M1

H ~M11m2p3
2!@J1~2,1,1!1J1~1,2,1!1J1~1,1,2!#1~n25!@p2

2~p1p3!1m2~p2p3!#J1~2,1,1!1~n25!

3@p1
2~p2p3!1m2~p1p3!#J1~1,2,1!2~p1

22m2!2FJ1~0,3,1!1
1

2
J1~0,2,2!G2~p2

22m2!2FJ1~3,0,1!1
1

2
J1~2,0,2!G

1p3
2~p1

21p2
222m2!FJ1~3,1,0!1

1

2
J1~2,2,0!G J . ~B10!

For the integralsJ1(1,1,2), J1(2,1,1) andJ1(1,2,1), direct application of Eqs.~B8!, ~B9! yields

J1~1,1,2!5
1

2M1
$2~n24!@~p1p2!1m2#J1~1,1,1!22p3

2J1~2,1,0!1~p2
22m2!@J1~2,0,1!1J1~1,0,2!#

1~p1
22m2!@J1~0,2,1!1J1~0,1,2!#%, ~B11!

J1~2,1,1!5
1

2M1p3
2 $2~n24!@p1

2~p2p3!1m2~p1p3!#J1~1,1,1!12p3
2~p1

22m2!J1~2,1,0!

1~M11m2p3
2!@J1~2,0,1!1J1~1,0,2!#2~p1

22m2!2@J1~0,2,1!1J1~0,1,2!#%, ~B12!

and similarly forJ1(1,2,1).

4. Integrals with numerators

We also need some integrals with negative powers of denominators~i.e., when the corresponding denominator is in t
numerator!. Such formulas can be obtained in a standard way, via representing the numerators in terms of the
invariants. For the cases when one of then i is equal to (21), we get

Ji~n1 ,n2 ,21!52~p3
2!21$p3

2@~p1p2!1s im
2#Ji~n1 ,n2,0!1~p1p3!Ji~n121,n2,0!1~p2p3!Ji~n1 ,n221,0!%,

Ji~n1 ,21,n3!52~p2
2!21$@p2

2~p1p3!1s im
2~p2p3!#Ji~n1,0,n3!1~p2p3!Ji~n1,0,n321!1~p1p2!Ji~n121,0,n3!%,

Ji~21,n2 ,n3!52~p1
2!21$@p1

2~p2p3!1s im
2~p1p3!#Ji~0,n2 ,n3!1~p1p3!Ji~0,n2 ,n321!1~p1p2!Ji~0,n221,n3!%,

wheres151 ands2521 ~for the integralsJ1 andJ2, respectively!. We note that similar substitutions would also be va
for the integralsJ3 ~with three massive lines!, if we put s350.

Moreover, an integral withn3522 has occurred:

J1~n1 ,n2 ,22!5$@~p1p2!1m2#22~n21!21K%J1~n1 ,n2,0!12~p3
2!21$~p1p3!@~p1p2!1m2#1~n21!21K%J1~n121,n2,0!

12~p3
2!21$~p2p3!@~p1p2!1m2#1~n21!21K%J1~n1 ,n221,0!1~p3

2!22@~p1p3!22~n21!21K#

3J1~n122,n2,0!1~p3
2!22@~p2p3!22~n21!21K#J1~n1 ,n222,0!12~p3

2!22@~p1p3!~p2p3!

1~n21!21K#J1~n121,n221,0!,

with K defined in Eq.~3.1!.

014022-21
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APPENDIX C: BASIC SCALAR INTEGRALS

As discussed in Sec. II A~see also Appendix B!, all re-
sults for the scalar functions (l i , t i , etc.! can be expresse
in terms of three-point integralsJ1(1,1,1) andJ2(1,1,1),
two-point integrals ~2.10!–~2.13! and a tadpole integra
~2.14!. Remember that we are interested in results which
valid for arbitrary values of the space-time dimensionn.

1. Two-point integrals

The massless two-point integral is trivial,

J1~1,1,0!5J0~1,1,0!

5 i pn/2~2p3
2!n/222

G2S n

2
21DGS 22

n

2D
G~n22!

.

~C1!

Two-point integrals with one or two massive lines can
expressed in terms of the Gauss hypergeometric func
~see, e.g., in@23#!:

J1~0,1,1!5J2~0,1,1!52i pn/2 ~m2!n/222

GS 22
n

2D
n22

3 2F1S 1,22n/2

n/2 U p1
2

m2D , ~C2!

J2~1,1,0!5 i pn/2~m2!n/222GS 22
n

2D 2F1S 1,22n/2

3/2 U p3
2

4m2D .

~C3!

The results for the integralsJ1(1,0,1)5J2(1,0,1) can be ob-
tained from~C2! by substitutingp1

2→p2
2.

In three dimensions, Eqs.~C2! and~C3! yield ~cf., e.g., in
@48#!

J1~0,1,1!un535J2~0,1,1!un535
2i p2

m
f S p1

2

m2D ,

J2~1,1,0!un535
i p2

m
f S p3

2

4m2D , ~C4!

with

f ~z!55
1

2Az
ln

11Az

12Az
, z.0,

1

A2z
arctanA2z, z,0.

~C5!

Around four dimensions (n5422«), they are singular
~see, e.g.,@45#!:
01402
re

n

J1~0,1,1!5J2~0,1,1!

5 i p22«m22«G~11«!

3H 1

«
121

m22p1
2

p1
2

ln
m22p1

2

m2
1O~«!J ,

~C6!

J2~1,1,0!5 i p22«m22«G~11«!

3H 1

«
1222 f S p3

2

p3
224m2D 1O~«!J , ~C7!

with the same functionf as in Eq.~C5!. Above the corre-
sponding threshold (p1

2.m2 or p3
2.4m2), these functions

acquire imaginary parts, whose sign is defined by the ca
prescription pi

2↔pi
21 i0 ~for details, see Appendix A of

@46#!.
In the limit p1

25p2
25p2 ~in particular, in the on-shell

case!, the combinations

J2~1,0,1!2J2~0,1,1!

p2
22p1

2

should be treated in the following way:

H J2~1,0,1!2J2~0,1,1!

p2
22p1

2 J U
p

1
25p

2
25p2

5
d

dp2
$J2~0,1,1!up

1
25p2%.

~C8!

Using Eq.~C2!, and also the fact that

d

dz2F1S a,b

c
UzD 5

ab

c 2F1S a11,b11

c11
UzD , ~C9!

we obtain

H J2~1,0,1!2J2~0,1,1!

p2
22p1

2 J U
p

1
25p

2
25p2

52
1

2m2
J2~0,1,1!up

1
25p2. ~C10!

In the on-shell case, we get

J2~0,1,1!up
1
25m25

n22

2m2~n23!
J2~0,1,0!. ~C11!

Moreover, for some functions we need the expansion of
integral ind15(m22p1

2)/m2 up to the linear term,
2-22
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J2~0,1,1!5
n22

2m2~n23!
J2~0,1,0!F11

1

2
d11O~d1

2!G .
~C12!

2. Three-point integrals

For the triangle integralsJ1 and J2, results in arbitrary
dimension, and also for any powers of the propagators,
be presented in terms of multiple hypergeometric functio
si

a

e
w

01402
n
s

@23#. For our purposes, we need integer powers of propa
tors. Using recurrence relations@29# based on the
integration-by-parts technique@28#, all scalar integrals can be
reduced toJi(1,1,1) and two-point functions.

a. General off-shell case

Transforming Feynman parametric integrals~for example,
using the Cheng-Wu theorem@47#!, we can presentJ1(1,1,1)
andJ2(1,1,1) as
J1~1,1,1!52 ipn/2GS 32
n

2D E
0

`E
0

` djdh

~11j1h!n23@m2h~11j1h!2hp1
22jhp2

22jp3
2#32n/2

, ~C13!

J2~1,1,1!52 ipn/2GS 32
n

2D E
0

`E
0

` djdh

~11j1h!n23@m2~11j1h!~11h!2jp1
22jhp2

22hp3
2#32n/2

.

~C14!
e for

ms
In the three-dimensional case (n53) the denominator
(11j1h) disappears in both integrals, and one can ea
integrate overj, and then overh. This yields

J1~1,1,1!un5352
ip2

Ap3
2M1

lnFm1AM1 /p3
2

m2AM1 /p3
2G , ~C15!

J2~1,1,1!un5352
ip2

AM2

lnFm~2m22p1
22p2

2!1AM2

m~2m22p1
22p2

2!2AM2
G ,

~C16!

whereM1 and M2 are defined in Eqs.~3.2! and ~3.3!, re-
spectively. IfM1 /p3

2 or M2 is negative~in J1 and J2, re-
spectively!, the logarithms should be substituted by arct
functions @see Eq.~C5!#, which correspond to the limiting
cases of the result obtained in@48# ~see also in@43#! for
three-dimensional three-point function with arbitrary mass
Note that in the massless case we arrive at the well-kno
result @49# ~see also in@14#!

J1,2~1,1,1!un53,m505J0~1,1,1!un5352
ip3

A2p1
2p2

2p3
2

.

~C17!

In four dimensions (n54), we can also integrate overj.
Then, performing the remainingh integral, we arrive at the
known results in terms of dilogarithms@45#.
ly

n

s.
n

b. Symmetric case

The ‘‘symmetric’’ case is of a certain interest~see e.g. in
@7#!, when all external invariants are equal,p1

25p2
25p3

2

52m2. Then we obtain

J1~1,1,1!un54,p
i
252m252

ip2

m2 E0

` dh

11h1h2

3 lnF ~11h!~m21m21m2h!

m21m21m2h
G ,

~C18!

J2~1,1,1!un54,p
i
252m252

ip2

m2 E0

` dh

11h1h2

3 lnF ~m21m2!~11h!2

m2~11h!21m2h
G .

~C19!

These parametric representations are equivalent to thos
the H andM functions given in@7#. Note thatm2J1↔ ip2H
andm2J2↔ ip2M . These integrals can be evaluated in ter
of Clausen functions as
2-23
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J1~1,1,1!un54,p
i
252m2

52
ip2

m2A3
H 2Cl2S p

3 D12Cl2S p

3
12us1D

1Cl2S p

3
22us1D1Cl2~p22us1!J , ~C20!

J2~1,1,1!un54,p
i
252m2

52
2ip2

m2A3
H 2Cl2S 2p

3 D1Cl2S p

3
12us2D

1Cl2S p

3
22us2D J , ~C21!

where

tanus15
m212m2

m2A3
, tanus25Am214m2

3m2
. ~C22!

This gives analytical results for theH andM functions from
@7#. In the massless limit (m→0), us15us25p/6, and, re-
membering that Cl2(2p/3)5 2

3 Cl2(p/3), we reproduce the
well-known result@5#

J0~1,1,1!un54,p
i
252m252

4ip2

m2A3
Cl2S p

3 D . ~C23!

c. On-shell limit

Now let us consider the on-shell limitp1
25p2

25m2. For
J1(1,1,1), the two-fold parametric integral~C13! yields

J1~1,1,1!up
1
25p

2
25m2

52 ipn/2GS 32
n

2D
3E

0

`E
0

` djdh

~11j1h!n23@m2h22jp3
2#32n/2

.

~C24!

Using Mellin-Barnes contour integral for the second deno
nator, we find

J1~1,1,1!up
1
25p

2
25m252 ipn/2~m2!n/223

1

G~n23!

3
1

2p iE2 i`

i`

dsS 2
p3

2

m2D s

G~2s!

3G~n2522s!G2~11s!

3GS 32
n

2
1sD . ~C25!

Closing the contour to the right, we get the result in terms

2F1 functions of the argumentp3
2/(4m2). Note that the in-

tegralJ1(1,1,1) is not divergent in the on-shell limit, so th
01402
i-

f

we can putn54 in Eq. ~C24!. For instance, the following
simple representation in terms of Cl2 can be mentioned

J1~1,1,1!un54,p
1
25p

2
25m25

2ip2

Ap3
2~4m22p3

2!

3$Cl2~p22cos!2 ipcos%,

~C26!

with

cos5arctanA~4m22p3
2!/p3

2, 0,p3
2,4m2.

Let us also consider the integralJ2(1,1,1) in the on-shell
limit. Starting from the representation~C14! in arbitrary di-
mensionn and integrating overj, we get

J2~1,1,1!up
1
25p

2
25m2

5
1

2
ipn/2GS 22

n

2D
3E

0

` dh

~11h!n24@m2~11h!22hp3
2#32n/2

. ~C27!

It is easy to show that this three-point function~in the on-
shell limit! reduces to a two-point function~C3! with a
shifted space-time dimensionn→n22,

J2~1,1,1!up
1
25p

2
25m25

p

42n
J2~1,1,0!U

n→n22

. ~C28!

Using Eq.~C3! we get

J2~1,1,1!up
1
25p

2
25m25

1

2
ipn/2~m2!n/223GS 22

n

2D
3 2F1S 1,32n/2

3/2 U p3
2

4m2D . ~C29!

In the limit n→4, because of the singular factor in front o
the RHS of Eq.~C28!, we need to expand the two-poin
function up to the« term. This is how dilogarithms~or
Clausen functions! arise in the finite part of the three-poin
function.

The same result~C29! can be obtained from Eqs.~32! and
~34! of @23#, taking into account that the first two argumen
of the F2 function arez15z2[z51. Therefore, the sum
over j in Eq. ~34! of @23# ~corresponding to an2F1 function
of unit argument! can be performed in terms ofG functions.
As a result, we arrive at Eq.~C29!.

Moreover, using Kummer relations for contiguous2F1
functions, we get

~n23! 2F1S 1,22n/2

3/2
UzD

5~n24!~12z! 2F1S 1,32n/2

3/2
UzD 11. ~C30!

Therefore,
2-24
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J2~1,1,1!up
1
25p

2
25m25

2~n23!

~n24!~4m22p3
2!

@J2~1,1,0!2J2~0,1,1!up
1
25m2#. ~C31!

APPENDIX D: RESULTS FOR THE x FUNCTIONS

The one-loop results forx i functions from Eq.~2.25! are collected below:

x0
(1)~p1

2 ,p2
2 ,p3

2!52
g2h

~4p!n/2

CA

8M1
$@21~n23!j#M1~p1

22m2!w12~n22!jp1
2p2

2p3
2w11~n22!jM1@~p1p2!1m2#w1

2jm2p3
2@n~p1p2!12m2#w11~n23!j@m2p3

2k0,31p1
2~p2

22m2!k1,11m2~p1
22p3

22m2!k1,2#

2~22j!M1~k0,31k1,2!1jM1k1,11~n22!jm2@~p1p2!1m2#k̃%, ~D1!

x1
(1)~p1

2 ,p2
2 ,p3

2!5
g2h

~4p!n/2

mCA

8KM1
$~22j!M1~p2p3!@~p1p2!1m2#w12jm2Kp3

2w11@21~n23!j#KM1w1

1~n23!jp3
2@~p1p2!1m2#@p1

2p2
21m2~p1p2!#w11~22j!M1@~p1p2!k1,11p2

2k1,21~p2p3!k0,3#

1~n23!jp3
2@p1

2p2
21m2~p1p2!#k0,31~n23!jp1

2@p2
2~p1p3!1m2~p2p3!#k1,11~n23!jp2

2

3@p1
2~p2p3!1m2~p1p3!#k1,21~n22!jm2Kk̃%, ~D2!

x2
(1)~p1

2 ,p2
2 ,p3

2!5
g2h

~4p!n/2

mCA

8KM1
$@21~n23!j#KM1w12~22j!M1~p1p3!@~p1p2!1m2#w1

1j@~n24!K2~n23!M1#p1
2p3

2w12~n23!jp1
2p3

2@~p1p2!1m2#k0,31~n23!jp1
2@p3

2~p1p2!

1~p1p3!~p2
22m2!#k1,12~n23!jp1

2~p2p3!@~p1p2!1m2#k1,21jp1
2Kk1,22~22j!M1

3@p1
2k1,11~p1p2!k1,21~p1p3!k0,3#1~n22!jm2K~p2

2!21@2~p1p2!1m2#~k1,22k̃ !%, ~D3!

x3
(1)~p1

2 ,p2
2 ,p3

2!52
g2h

~4p!n/2

CA

8KM1
$~n24!jm2Kp3

2w12m2M1@2~p1p3!1j~p2p3!#w12@21~n23!j#M1p1
2~p2p3!w1

2~n22!jM1~p1p2!~p2p3!w12M1@2~p1p3!1j~p2p3!#k0,32M1@2p1
21j~p1p2!#k1,1

2M1@2~p1p2!1jp2
2#k1,21~n23!jp3

2@p1
2p2

21m2~p1p2!#k0,31~n23!jp1
2@p2

2~p1p3!1m2~p2p3!#k1,1

1~n23!jp2
2@p1

2~p2p3!1m2~p1p3!#k1,21~n22!jm2Kk̃%. ~D4!

APPENDIX E: TRANSVERSE FUNCTIONS
IN AN ARBITRARY GAUGE

We here collect results for the transverse parts of the vertex,t i , valid for arbitrary covariant gauge and dimension.

1. Transverse functions of diagrama

Using the decomposition~3.15!, all t ’s of diagrama can be presented as13

13As mentioned in Sec. III B, the combinations ofk ’s in Eqs.~E1! and~E2! are linearly dependent. As a result, we can~simultaneously!
shift t i ,1→t i ,112ci , t i ,2→t i ,21p3

2ci and t i ,5→t i ,51(p1
22p2

2)2ci ~whereci are arbitrary functions of the momenta, which can be cho
separately for eacht i), without change of the value of the correspondingt i . This possibility allows us to write some of thet ’s in a more
compact form.
014022-25
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t i
(1a)~p1

2 ,p2
2 ,p3

2!

5

g2hS CF2
1

2
CAD

~4p!n/2 H t i ,0
(1a)w21t i ,1

(1a)@~p1p3!k1,1

1~p2p3!k1,21p3
2k2,3#1t i ,2

(1a)~k1,11k1,222k2,3!

1t i ,3
(1a)~k1,11k1,222k̃ !1t i ,4

(1a)~k1,11k1,2!

1t i ,5
(1a) k1,12k1,2

p1
22p2

2 J . ~E1!

The results for the scalar functionst i
(1a) ~which depend on

the invariantsp1
2 ,p2

2 ,p3
2) are listed below, for all eightt ’s:

t1,0
(1a)52~n2j!mK 21@~p1p2!2m2#,

t1,1
(1a)5t1,3

(1a)5t1,4
(1a)50,

t1,2
(1a)5

1

2
~n2j!mK 21,

t1,5
(1a)5

1

2
~n2j!mK 21~p12p2!2,

t2,0
(1a)52

1

4
K 21$2~n24!jM 2

21p3
2~p1

22m2!~p2
22m2!

3@~p1p2!2m2#1~11j!p3
224m2

1~n21!K 21p3
2@~p1p2!2m2#

3@~11j!~p1p2!2~12j!m2#14j~p1p2!%,

t2,1
(1a)52

1

4
~n21!K 22@~11j!~p1p2!2~12j!m2#,

t2,2
(1a)5

1

4
jK 21@~n22!2~n23!m2M 2

21~p1
22p2

2!2#,

t2,3
(1a)52

1

8
~n22!m2K 21$~12j!~p1

2p2
2!21~p1p2!

12jM 2
21p3

2@~p1p2!2m2#14jKM 2
21%,

t2,4
(1a)52

1

8
~n24!K 21M 2

21$~12j!M212jp3
2@p1

2p2
2

2m2~p1p2!#24jm2K%,

t2,5
(1a)52

1

8
K 21~p1

2p2
2!21$~n22!~12j!

3~p12p2!2@p1
2p2

22m2~p1p2!#12~n22!

3~12j!m2K12~n23!jm2M 2
21p1

2p2
2~p12p2!2

3~p1
22p2

2!2%,
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t3,0
(1a)5

1

8
K 21$~p1

21p2
222m2!@~11j!~p1

21p2
2!

22~12j!m2#24~n22!K1~n21!K 21

3~p1
22p2

2!2@~p1p2!2m2#@~11j!~p1p2!

2~12j!m2#22~n24!jm2M 2
21~p1

22p2
2!2

3@~p1p2!2m2#~p1
21p2

222m2!%,

t3,1
(1a)50,

t3,2
(1a)5

1

16
K 22$2~n23!jm2KM 2

21~p1
22p2

2!2

3~p1
21p2

222m2!2@~n21!~p1
22p2

2!214K#

3@~11j!~p1p2!2~12j!m2#%,

t3,3
(1a)5

1

16
~n22!m2K 21$~12j!~p1

2p2
2!21

3@~p12p2!2~p1p2!22K#12jM 2
21

3~p1
22p2

2!2@~p1p2!2m2#%,

t3,4
(1a)5

1

16
~n24!K 21$~11j!~p12p2!212jm2M 2

21

3~p1
22p2

2!2@~p1p2!2m2#%,

t3,5
(1a)5

1

16
K 22~p1

22p2
2!2$~n2112j!@2K2~p1p2!

3~p12p2!2#2~n2nj16j!K2~12j!m2

3@~n22!K~p1
2p2

2!21~p1p2!2~n21!~p12p2!2#

1~n23!jM 2
21~p12p2!2@2m2p1

2p2
2p3

2

2p3
2~p1p2!~p1

2p2
21m4!24m4K#%,

t4,0
(1a)52

1

2
jmK 21$~n21!K 21p3

2@~p1p2!2m2#

22~n25!12~n24!KM 2
21

3~p1
21p2

222m2!2~n24!M 2
21~p1

22p2
2!2

3@~p1p2!2m2#%,

t4,1
(1a)5

1

2
jmK 21@~n23!M 2

21~p1
21p2

222m2!

2~n21!K 21#,

t4,2
(1a)50,
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t4,3
(1a)5

1

4
~n22!jm3K 21M 2

21~p1
2p2

2!21

3@2K~p1
21p2

2!2p1
2p2

2p3
21m2p3

2~p1p2!#,

t4,4
(1a)52

1

4
~n24!jmK 21M 2

21p3
2@~p1p2!2m2#,

t4,5
(1a)52

1

4
jm$~n22!K 21@~p1

2p2
2!21~p1p2!~p1

21p2
2!

22#14~n23!M 2
21~p1

21p2
222m2!%,

t5,0
(1a)52

1

4
mK 21$4~n242j!K1~n24!jKM 2

21

3~p1
22p2

2!2~p3
224m2!2~n23!j~p1

22p2
2!2

22jp3
2@~p1p2!2m2#%,

t5,1
(1a)5

1

4
jmK 21$~n23!M 2

21~p1
22p2

2!2

3@~p1p2!2m2#12%,

t5,2
(1a)50,

t5,3
(1a)5

1

8
~n22!jm3M 2

21~p1
2p2

2!21@2~p1
22p2

2!2~p1p2!

12p1
2p2

2p3
22m2p3

2~p1
21p2

2!#,

t5,4
(1a)5

1

8
~n24!jmM 2

21p3
2~p1

21p2
222m2!,

t5,5
(1a)5

1

8
jm~p1

22p2
2!2$~n22!~p1

2p2
2!21

24~n23!M 2
21@~p1p2!2m2#%,

t6,0
(1a)52

1

8
K 21M 2

21~p1
22p2

2!

3$M2@~11j!p3
224m2#16jm2p3

2@~p1p2!2m2#

3~p1
21p2

222m2!1~n21!K 21p3
2@~p1p2!2m2#2

3@M21jp3
2~p1

2p2
22m4!#%,

t6,1
(1a)5

1

8
K 21~p1

22p2
2!$2~n23!jm2M 2

21~p1
21p2

2

22m2!2~n21!K 21@~11j!~p1p2!

2~12j!m2#%,

t6,2
(1a)50,
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t6,3
(1a)52

1

16
~n22!m2K 21~p1

22p2
2!

3$~12j!~p1
2p2

2!21~p1p2!

12jM 2
21p3

2@~p1p2!2m2#%,

t6,4
(1a)52

1

16
~n24!K 21M 2

21~p1
22p2

2!$~12j!M2

12jp1
2p2

2p3
222jm2@4K1p3

2~p1p2!#%,

t6,5
(1a)5

1

16
K 21~p1

22p2
2!$~n22!~12j!

3m2@~p1
2p2

2!21~p1p2!~p1
21p2

2!22#

2~n22!~11j!~p12p2!2

28~n23!jm2KM 2
21~p1

21p2
222m2!%,

t7,0
(1a)5

1

2
jmp3

2@~n24!M 2
21~p1

21p2
222m2!

2~n23!K 21#,

t7,1
(1a)52

1

2
~n23!jmM 2

21$K 21p3
2@~p1p2!2m2#12%,

t7,2
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2. Transverse functions of diagramb

By analogy with diagrama, ~E1!, all t ’s of diagramb can
be presented as
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t i
(1b)~p1

2 ,p2
2 ,p3

2!5
g2hCA
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(1b)w11t i ,1
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(1b) k1,12k1,2

p1
22p2

2 J .

~E2!

The results for the scalar functionst i
(1b) ~which depend on

the invariantsp1
2 ,p2

2 ,p3
2) are listed below, for all eightt ’s:
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In the limit m→0, t1
(1) , t4

(1) , t5
(1) , andt7

(1) vanish. We
also note that allt i ,4

(1a) andt i ,4
(1b) are proportional to (n24), as

they should, since the transverse part cannot contain U
poles in« at one loop.
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