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Proposal for non-Bogomol’nyi-Prasad-Sommerfield D-brane action
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Department of Theoretical Physics and Astrophysics, Faculty of Science, Masaryk University, Kotla´ řská2, 611 37, Brno, Czech Republi
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In this paper we would propose a form for the action of a non-BPS D-brane, which will be manifestly
supersymmetric invariant andT-duality covariant. We also explicitly show that tachyon condensation on the
world-volume of this brane leads to the Dirac-Born-Infeld action for a BPS D(p-1)-brane.

PACS number~s!: 11.25.2w
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I. INTRODUCTION

In Ref. @1# Sen proposed a supersymmetric invaria
Dirac-Born-Infeld ~DBI! action for a non-Bogomol’nyi-
Prasad-Sommerfield~BPS! D-brane. Since the non-BP
branes break all supersymmetries, it seems strange to
struct a supersymmetric action describing this brane. H
ever, although there is no manifest supersymmetry of
world-volume theory, we still expect the world-volum
theory to be supersymmetric, with the supersymmetry re
ized as a spontaneously broken symmetry. From these a
ments Sen showed that the action has to contain the
number of fermionic zero modes~532!, because they are
fermionic Goldstone modes of the completely broken sup
symmetry, while a BPS D-brane contains 16 zero mod
because it breaks one-half of the supersymmetry.
showed that the DBI action for the non-BPS D-brane~with-
out the presence of the tachyon! is the same as the supersym
metric action describing the BPS D-brane. This action
manifestly invariant under all space-time supersymmetr
Sen argued that the ordinary action for the BPS D-br
contains the DBI term and the Wess-Zumino~WZ! term,
which are invariant under supersymmetry. But only wh
they both are present in the action for the D-brane is
action invariant under localk symmetry, which is needed fo
gauging away one-half of the fermionic degrees of freedo
so that only 16 physical fermionic fields remain on the B
D-brane, as should be the case for an object breaking 16
supersymmetries. Sen showed that the DBI term for a n
BPS D-brane is exactly the same as the DBI term in
action of a BPS D-brane~when we suppose that other ma
sive fields are integrated out, including the tachyon! that is
invariant under supersymmetry transformations, but has nk
symmetry, so that the number of fermionic degrees of fr
dom is 32 which is the appropriate number of fermion
Goldstone modes for an object braking bulk supersymm
completely.

Sen also showed how we could include the tachyonic fi
into the action. Sen proposed a form of the term express
the interaction between the tachyon and other light fields
the world-volume of a non-BPS D-brane on the grounds
invariance under the supersymmetry and general covaria
This term has the useful property that for a constant tach
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field it is zero, so that the action for the non-BPS D-brane
that case vanishes identically.

There have been many attempts to generalize Sen’s
posal for the construction of non-BPS D-branes. In a pre
ous paper@2# we tried to construct the action for a non-BP
Dp-brane in type-IIA theory, which was manifestly supe
symmetric and also had the property that tachyon conde
tion in the form of a kink solution leads to the BPS D-bra
in type-IIA theory. Different forms of the action for a non
BPS D-brane was suggested in@3,4#. These proposals re
flects the remarkable symmetry between the tachyon
other massless degrees of freedom, which was anticipate
@5#. The action presented in@3# was T-duality covariant,
while the action presented in@2# was notT-duality covariant,
which is the main problem of that proposal.

In the present paper we propose yet another form of
action for a single non-BPS D-brane which will combine t
virtues of all previous attempts. We propose the form of
action, which will be manifestly supersymmetry invarian
T-duality covariant, and in the linear approximation th
equation of motion for the tachyon will naturally have
smooth tachyon kink solution as a solution. As a result,
action for a non-BPS Dp-brane will reduce to the Dirac
Born-Infeld action for D(p-1)-brane, which together with
the tachyon condensation in the Wess-Zumino~WZ! term for
a non-BPS D-brane@6,3# will lead to the supersymmetric
action for a BPS D(p-1)-brane.

We will also discuss the tachyon kink solution for th
action proposed in@3,4#. We find the remarkable fact that th
tachyon kink solution in the form of a piecewise function
a natural solution of the linearized equation of motion o
tained from this action regardless of the form of the tachy
potential. In the conclusions, we suggest possible extens
of this work.

II. PROPOSAL FOR NON-BPS D-BRANE ACTION

We start this section with recapitulating the basic fa
about non-BPS D-branes in type-IIA theory, following@1#.1

sm,m50, . . .p are world-volume coordinates on a D-bran
Fields living on this D-brane arise as the lightest states fr
the spectrum of the open string ending on this D-bra

1For non-BPS D-brane the situation is basically the same with
difference in chirality of the Majorana-Weyl fermions. We refer
@1,8# for more details.
©2000 The American Physical Society03-1
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These open strings have two Chan-Paton~CP! sectors@7#:
The first one, with a unit 232 matrix, which corresponds to
the states of the open string with the usual Gliozzı´-Scherk-
Olive ~GSO! projection (21)Fuc&5uc&, where F is the
world-sheet fermion number anduc& is a state from the Hil-
bert space of the open string living on a Dp-brane. The sec-
ond CP sector has CP matrixs1 and contains states havin
opposite GSO projection (21)Fuc&52uc&. The massless
fields living on a Dp-brane are ten components
XM(s),M50, . . . ,9; aU(1) gauge fieldA(s)m and a fer-
mionic field u with 32 real components transforming as
Majorana spinor under the Lorenz groupSO(9,1). We can
write u as the sum of a left-handed Majorana-Weyl spin
and a right-handed Majorana-Weyl spinor:

u5uL1uR , G11uL5uL , G11uR52uR . ~1!

All fields exceptuR come from the CP sector with the iden
tity matrix, while uR comes from the sector with thes1
matrix.2

As Sen @1# argued, the action for a non-BPS D-bra
~without tachyon! should go to the action for BPS D-bran
when we setuR50 ~we have the opposite convention of@1#!.
For this reason, the action for a non-BPS D-brane in@1# was
constructed as the supersymmetric DBI action but withouk
symmetry so that we are not able to gauge away half of
fermionic degrees of freedom. This action thus describe
non-BPS D-brane.

The next thing to include is the effect of the tachyon.
order to get some relation between tachyon condensation
the supersymmetric D-branes, we would like to have an
fective action for the massless fields and the tachyon liv
on the world-volume of a non-BPS D-brane. Following@1#,
the effective action for a non-BPS Dp-brane with a
tachyonic field on its world-volume should have the form

S52CpE dp11s

3A2det~Gmn12pa8Fmn!F~T,]T,uL ,uR ,G, . . . !,

~2!

Pm
M5]mXM2 ūGM]mu,Gmn5hMNPm

MPn
N ~3!

and

Fmn5Fmn2F ūG11GM]muS ]nXM2
1

2
ūGM]nu D2~m↔n!G .

~4!

The constant

2Our conventions are the following.GM are 32332 Dirac matri-
ces appropriate to 10d with the relation$GM,GN%52hMN, with
hMN5(21,1, . . . ,1). Forthis choice of gamma matrices the ma
sive Dirac equation is (GM]M2M )C50. We also introduceG11

5G0 . . . G9 ,(G11)
251.
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Cp5A2Tp5
2pA2

g~4p2a8!(p11)/2

is a tension for a non-BPS Dp-brane, whereTp is a tension
for a BPS Dp-brane andg is a string coupling constant. Th
function F contains the dependence of the tachyon and
derivatives and may also depend on other world-volume
background fields.

We have proposed@2# an action for a non-BPS D-brane i
type-IIA theory in the form

S52CpE dp11s

3A2det~Gmn12pa8Fmn!F~T,]T,uL ,uR ,G, . . . !,

~5!

where the functionF takes the form3

F5~ G̃S
mn]mT]nT1V~T!1I TF!, ~6!

where I FT contains interaction terms between the tachy
and fermionic fields, which was determined on the base
the supersymmetric invariance. However, this term also c
tains the expressionf (T)G̃S

mn]mūR]nuL , which, as was
shown in @3#, is not T-duality covariant, so that this term
should not be present in the action. On the other hand,
equation of motion for the tachyon obtained from Eq.~5!
does lead to the tachyon kink solution and the non-B
D-brane reduces to the BPS D-brane of codimension o
and the presence of the term cited above leads to the e
nation of one half of the fermionic degrees of freedo
which suggests that the resulting kink solution is a B
D-brane. Then we argued that through tachyon condensa
we have restored thek symmetry on the world-volume of the
resulting D-brane. It can seem that the elimination of t
term f (T)G̃S

mn]mūR]muL on the grounds ofT-duality covari-
ance will lead to conclusion that through tachyon conden
tion we are not able to obtain BPS D-brane. However, as
will show, this is not completely true. We must also say th
the termI TF contains many interaction terms with a comp
cated structure, while the interaction between fermions
tachyons presented in@3# emerges in a very natural and sym
metric way. This seems to tell us to follow their approach
the construction of the action for a non-BPS D-brane.

In this paper we would like to propose the Dirac-Bor
Infeld action for a single non-BPS D-brane in the form

SDBI52CpE dp11sV~T!

3A2detS Gmn12pa8Fmn1
2pa8]mT]nT

V~T! D ,

~7!

3The meaning ofG̃S
mn will be explained latter.
3-2
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PROPOSAL FOR NON-BOGOMOL’NYI-PRASAD- . . . PHYSICAL REVIEW D 62 126003
where V(T) is a tachyonic potential, which in the zero
order approximation is equal to@9,10#

V~T!522pa8m2T2/21lT41
~2pa8m2!2

16l
5l~T22T0

2!2,

~8!

wherem251/2a8,T0
252pa8m2/4l. In the following we do

not need to know the explicit value of the constantl.
We must stress that the form of the action~7! was mainly

inspired with the recent proposals@3,4# where the action for
non-BPS D-brane was given as

S52CpE dp11sV~T!

3A2det~Gmn12pa8Fmn12pa8]mT]nT!. ~9!

We have modified the action given above to the action~7! in
order to get smooth tachyon kink solution@9#. Than we will
show that the tachyon condensation in the action~7! leads
naturally to the DBI action for BPS D-brane and togeth
with the tachyon condensation in the Wess-Zumino term
a non-BPS D-brane proposed in@6# and generalized to the
supersymmetric invariant form in@3#

SWZ5E C`dT`e2pa8F, ~10!

gives a correct description of a non-BPS D-brane in the
proximation of slowly varying fields. However, we will se
in the next section that the equation of motion for t
tachyon obtained from the linearized form of the action~9!
leads to a solution which is a piecewise tachyon kink so
tion regardless the form of the tachyon potential.

In this paragraph we will discuss the properties of t
action ~7!. The action is manifestly supersymmetric inva
ant, since it contains the supersymmetric invariant ter
@1,8#, together with a natural requirement that the tachy
field is invariant under supersymmetric transformations. T
action is manifestly invariant under the world-volume r
parametrization as well. The action is alsoT-duality covari-
ant @11#. This can be easily seen from the fact that the p
tential V(T) does not change underT-duality transformation
and theT-duality covariance of the other terms in Eq.~7!
was proven in@3,11#.

The action~7! is equal to zero for the tachyon equal to
vacuum valueT0 which can be seen from the fact that f
T5const its derivative is equal to zero whileV(T)Þ0 for
TÞT0, so that the action reduces to the action anticipated
Sen@1# for the case of a constant tachyon field

S52CpE dp11sV~T!A2det~Gmn12pa8Fmn!→0,

if T→T0 . ~11!

We can also see that forT50, which corresponds to th
(21)FL operation@12# that takes a non-BPS D-brane in typ
IIA ~IIB ! theory into a BPS D-brane in type-IIB~IIA ! theory,
the derivative of the tachyon is zero, so that the term;]T in
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the action~7! is equal to zero, whileV(0) is nonzero and
depends on the precise form of the tachyon potential.
example, for the zeroth-order approximation of the tachy
potential,V(T50) is equal to about 0.60 of the tension of
non-BPS D-brane@9,10# so that the DBI action for a non
BPS D-brane in type-IIA~IIB ! theory goes to the DBI action
for a BPS D-brane in type-IIB~IIA ! theory ~of course, with
an appropriate modification of fermionic terms, since
type-IIB theory we have spinors of the same chirality! with
the tension

Tp50.6Tp
c , ~12!

where

Tp
c5

2p

g~4p2a8!(p11)/2

is the correct tension for a BPS Dp-brane. In the previous
equation we have used the transformation rule for the ten
of the non-BPS D-brane under (21)FL operation @12#:
(21)FL:Cp→Tp . We believe that with the inclusion of th
higher-order corrections to the tachyon potential we get
exact result.

It is also easy to see that the action given in Eq.~7!
reduces into the action~9!, when we neglect the highe
powers of the tachyon field in the expressio
2pa8]mT]nTV(T)21, because the tachyon potential mu
contain the constant term ensuring that the potential is eq
to zero for the tachyon equal to its vacuum value. Then
have

2pa8]mT]nTV~T!21'A•2pa8]mT]nT1O~T4!,
~13!

whereA is some constant that depends on the precise form
the tachyon potential. As was argued in@11#, the requirement
of T duality does not precisely fix the numerical constant
front of the term (]T)2, so that the presence of constantA
does not affect the similarity with the term given in Eq.~9!.

As a last check we will show that in the linear approx
mation the action~7! reduces to the action~5! without the
interaction termsI TF between the fermions and the tachyo
In fact, the interaction between tachyon and fermions is
cluded directly in the form of the DBI action, which can b
easily seen from the rewriting the determinant in Eq.~7! in
the form

det@~G12pa8F!mn#det@dn
m12pa8G̃S

mk]kT]nTV~T!21#,
~14!

whereG̃mn is a inverse ofG1F and ( . . . )S means the sym-
metric part of a given matrix. This result follows from th
fact that]mT]nT is symmetric in the world-volume indexes
When we expand the second determinant in Eq.~14! and
when we restrict ourselves to the linear approximation, th
we obtain, from Eq.~7!,
3-3
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SDBI52CpE dp11sA2det~Gmn12pa8Fmn!

3S V~T!1
2pa8

2
G̃S

mn]mT]nTD , ~15!

which is the same action as Eq.~5! without the fermionic
terms.

We can show that the equation of motion for the tachy
obtained from Eq.~15! leads naturally to the solution, whic
has the behavior of a kink solution. This solution has be
given earlier in@2# and we will review this calculation.

We get the equation of motion for the tachyon from t
variation of Eq.~2!, which gives~we consider dependence o
the tachyon on only one of the coordinates,x say!:

DF d

dx S dF

d]xT
D2

dF

dTG1~2pa8!]mDG̃S
mx]xT50, ~16!

whereF has a form:

F5S 2pa8

2
G̃S

mn]mT]nT1V~T! D ~17!

and we have defined

D5A2det„Gmn1~2pa8!Fmn…. ~18!

First, we consider the first bracket in Eq.~16!. The first
expression in Eq.~16! gives

2pa8]m„G̃S
mx]xT~x!…52pa8]m~ G̃S

mx!]xT

12pa8G̃S
xx]x~]xT!, ~19!

where we have used the fact that the tachyon field is a fu
tion of x only. Since for the tachyon in the form of a kin
solution the first derivative is nonzero, the first term in E
~19! leads to the result

G̃S
mx5const. ~20!

Since the constant in Eq.~20! has not any physical mean
ing we can take solution in the form

G̃S
mx50, xÞm,

G̃S
xx51⇒Gxx51, Gxm50, ~21!

whereGmn is an inverse matrix ofG̃S
mn and plays the role of

the natural open string metric@13#.
With using Eq.~21!, the second expression in Eq.~16!

gives the condition

]xD50⇒]xGmn5]xFmn50. ~22!

When we return to Eq.~21! and use

Gmn5Gmn2~2pa8!2FmkG kdFdn , ~23!

we get
12600
n

n

c-

.

15Gxx2~2pa8!2FxaG abFbx , ~24!

where a,b50, . . . ,p21,x5xp. Since G abÞ0, we obtain
the natural solution of the previous equation in the form:

Gxx51,Gxa5Fab50. ~25!

Then we get

det„Gmn1~2pa8!Fmn…5detS Gab1~2pa8!Fab 0

0 1D
5det„Gab1~2pa8!Fab…. ~26!

When we combinedV/dT with the second term in Eq
~19!, we get the equation

T95
1

2pa8

dV

dT
, ~27!

whereT85dT/dx. This equation has been solved in ma
textbooks ~see, for example,@14,15#! and we will follow
their approach. The integration of the previous equat
leads to

dT

AV
5A 2

2pa8
dx. ~28!

This equation can be easily integrated for the potential gi
in Eq. ~8! and we get

T5T0 tanhS m

A2
xD . ~29!

Using Eqs.~26!, ~28! the action~15! has the form

S52CpE dpsdxA2det~Gab12pa8Fab!2V„T~x!…,

~30!

where we have usedV(T)1(2pa8/2)T8252V(T). We can
easily integrate over thex coordinate using Eq.~22! and we
get the final result

S52T(p21)E dpsA2det~Gab12pa8Fab!, ~31!

where the tension for the D(p21)-brane has the form

T(p21)5CpE
2`

`

dx2V„T~x!…

5Cp•2VkE
2`

`

dxF12tanh2S m

A2
xD G 2

5
2p

g~4p2a8!(p11)/2S 8A2Vk

3p D ~4p2a8!1/2, ~32!
3-4
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where Vk5(2pa8m2)2/16l. As was shown in@9#, the
vacuum value of the tachyon potential in the zeroth-or
approximation cancels about 0.60 of the tension of the n
BPS D-brane, so we have the value ofVk equal to Vk
50.60 and the previous equation gives the result

T(p21)50.72
2p

g~4p2a8!p/2
, ~33!

which is in agreement with the result@9#. We believe that the
higher-order correction to the potential as well as using
direct form of the action~without restriction to the linear
approximation! ~7! could give a correct value of the tensio
of a D(p21)-brane.

We must also stress that we do not obtain any constra
on the fermionic degrees of freedom. This follows from t
fact that there are no interaction terms relating left-han
and right-handed spinors with the tachyon field, since th
terms are not allowed through principles of theT-duality
covariance. However, this does not contradict the claim
tachyon condensation on the world-volume of a non-B
Dp-brane leads to the action for the BPS D(p21)-brane,
because we must also consider the tachyon condensatio
expression~10!. It was shown in@6# that the tachyon con
densation in this term leads to the correct term for a B
D(p21)-brane. Using this result and Eq.~31! the whole
action after tachyon condensation on the world-volume o
non-BPS Dp-brane has the form

S52Tp21E dpsA2det~Gab12pa8Fab!

1mp21E C`e2pa8F. ~34!

When we assume that tachyon condensation leads to the
rect values of D-brane tensionTp21 and D-brane charge
mp21, then Eq.~34! is the supersymmetric action for th
D(p-1)-brane withk symmetry restored.

III. ANOTHER PROPOSAL FOR NON-BPS
D-BRANE ACTION

In the recent papers@3,4#, the action for a non-BPS
Dp-brane was proposed in the explicit form

S52CpE dp11sV~T!

3A2det~Gmn12pa8Fmn12pa8]mT]nT!. ~35!

This action is manifestly supersymmetric invariant and a
T-duality covariant@3,16,11#. This action obeys the propert
proposed in@1# that for the tachyon equal to its vacuu
value @this is the value of the tachyon that minimizes t
potentialV(T)] T5T0 ,V(T0)50 the action is equal to zero
This action incorporates in a very nice way the tachyon fi
and the interaction between the tachyon and the mass
12600
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fields and suggests the deep symmetry between the tac
and the other fields which was anticipated in@5#.

We would like to discuss the equation of motion for th
tachyon obtained from the linearized form of action~35!.
The linearized form of the action is

S52CpE dp11sA2det~Gmn12pa8Fmn!

3S 2pa8

2
G̃S

mn]mT]nTV~T!1V~T! D , ~36!

from which we obtain the same equation of motion for t
tachyon as in Eq.~16! with function F now given as

F5
2pa8

2
V~T!G̃S

mn]mT]nT1V~T!. ~37!

The analysis of the this equation is the same as in the pr
ous section and we obtain the same form of the constrain
the massless fields as before. The analysis of the resu
equation for the tachyon is very interesting:

dV

dT
1

2pa8

2

dV

dT
~T8!222pa8~VT8!8

5
dV

dT
1

2pa8

2

dV

dT
~T8!222pa8~V8T81VT9!50,

~38!

where (. . . )85d/dx. We can immediately see that the s
lution T5T0 is the solution of equation of motion. This re
sult comes from the fact thatV(T0)50,dV/dTuT5T0

50 and
from the trivial fact that the derivative of a constant functio
is equal to zero. This confirms the results presented in@3#. To
obtain the other solution, we multiply the previous equati
with T8 and we get

V81
2pa8

2
V8~T8!222pa8V8~T8!22

2pa8

2
V„~T8!2

…8

5V82
2pa8

2
„V~T8!2

…850, ~39!

which can be easily integrated with the result

V5
2pa8

2
VT821k, ~40!

wherek is an integration constant. We determine this co
stant from the fact that in order to get the solution with t
finite energy, the solution must approache the vacuum va
at spatial infinity, where we haveV(T0)50,T8→0. We im-
mediately see thatk50. Then the next integration gives
3-5
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T5A 1

pa8
x, ~41!

where this solution does not depend on the precise form
the tachyon potential. We can show that the solution of
equation of the motion is given in terms of the function

T55
2T0 , x,L

A 1

pa8
x, 2L,x,L,

T0 , x.L,

~42!

where the parameterL is determined from the condition tha
for x5L the tachyon field given in Eq.~41! is equal to its
vacuum value

T05A 1

pa8
L⇒L5T0Apa8. ~43!

We see that this solution in the zero slope limita8→0 re-
duces to the piecewise kink solution discussed in@3# that
depends only on the vacuum value of the tachyon field.

The next calculation is the same as in the previous s
tion. The tension of the resulting D-brane is given as

Tp215CpE
2`

`

dxF~T!52CpE
2`

`

dxV~T!, ~44!

where we have used Eq.~40!. Using Eq.~42! we obtain from
the equation given above

Tp2152CpE
2L

L

dxV~T!52CpApa8E
2T0

T0
dTV~T!,

~45!

For the zeroth-order approximation to the potential~8! we
obtain the result

T(p21)5~pa8!1/2Cp

32

15
lT0

550.25
~4p2a8!1/2

A2
Cp

50.25T(p21)
c . ~46!
S

es

ys
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of
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c-

We must emphasize again that in the linear approxima
this solution does not depend on the exact form of
tachyon potential, it depends only on the vacuum value
the tachyon field. However, we must stress that from th
simple calculations we cannot determine the exact form
the action for a non-BPS D-brane. Perhaps more deta
calculations in the string theory could answer the question
what a DBI action for a non-BPS D-brane looks like.

IV. CONCLUSION

In this paper we have proposed the form of the action
a non-BPS Dp-brane, which is manifestly supersymmetr
invariant, T-duality covariant, and in the linear approxima
tion we have obtained through the tachyon condensation
supersymmetric action for a D(p-1)-brane withk symmetry
restored. We have also discussed the tachyon kink solu
obtained as a solution of the equation of motion which ari
from the variation of the linearized action proposed in@3#.
We have seen the remarkable fact that we can get a solu
which does not depend on the form of the tachyon poten
explicitly, it is a function of the tachyon vacuum value onl
At present we cannot determine whether our proposal is
correct one only on the grounds of supersymmetry inva
ance andT-duality covariance. It seems to us that more d
tailed calculations in string theory could determine the c
rect form of the DBI action for a non-BPS D-brane.4

It would be interesting to extend the action~7! to the
non-Abelian case, following@4#. This result could have a
direct relation to the classification of D-branes inK theory
@17,5,18,19#. We have made some progress in this direct
in @20,21#, where we have tried to extend the action~5! to the
non-Abelian case. It would be nice to see whether the ac
presented in@20,21# could be modified in order to be relate
to the non-Abelian extension of the action~7!. We hope to
return to this question in the future.
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