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Vilkovisky-DeWitt effective action for Einstein gravity on Kaluza-Klein spacetimes M 4x SN
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We evaluate the divergent part of the Vilkovisky-DeWitt effective action for Einstein gravity on even-
dimensional Kaluza-Klein spacetimes of the fokrtx SN, Explicit results are given fol=2, 4, and 6. Trace
anomalies for gravitons are also given for these cases. Stable Kaluza-Klein configurations are sought, unsuc-
cessfully, assuming that the divergent part of the effective action dominates the dynamics.

PACS numbegs): 04.60—m, 11.10.Kk

[. INTRODUCTION potential. In Sec. IV two applications are made of these re-
sults. First, gauge-independent trace anomalies for gravitons
Appelquist and Chododl] were the first to use the effec- are explicitly given forN=2, 4, and 6. Second, if the diver-

tive potential formalism to study the problem of spontaneousgent part of the effective potential dominates the dynamics of
compactification in Kaluza-Klein theories. The hope was thathe internal spheres, self-consistent stable configurations are
quantum effects could explain the smallness of the extra dishown not to exist. Conclusions are given in Sec. V, and
mensions. It was soon realized that results obtained using tifermulas for the divergent parts of functional traces, relevant
standard effective action theory were dependent on whiclto these calculations, are listed in the Appendix.
guantum gauge-fixing condition was usgtl3]. This non-

uniqueness was overcor 5] by the introduction of a new II. VILKOVISKY-DEWITT EFFECTIVE ACTION
effective action formulated by Vilkovisky6] and modified . ) . . )
by DeWitt [7]. It is now known as the Vilkovisky-DeWitt In this section we briefly review the formalism of the

(VD) effective action and has the merit of being gaugeViIkovisky-DeWi.tt effective gctiop. We follow closely the
choice independent. Progress in compactification, howevefethod of Barvinsky and Vilkovisky17], as well as their
immediately slowed to a snail's pa¢8—15], because the notation. _ _ _
VD effective action for gravity involves evaluating determi- GCon5|der first a general gauge theory with the action
nants of complicated nonlocal operatgesen at one loop S [®], whered' is the set of fields withi in the condensed

In [16], we were able to make progress with the six-notation representing both the spacetime and gauge indices.
dimensional case of a general background spacetime. Weet Q,, be the generators of gauge transformations:
evaluated the divergent part of the VD effective action by _ .

extending the four-dimensional methods of Barvinsky and 60'=Q, €, (1)
Vilkovisky [17]. Due to the complexity of this calculation,

we concluded that it is next to impossible to push thiswhere €* is the gauge parameter. Since the act®h is
method to higher-dimensional general spacetimes. gauge Invariant,

In this paper we therefore restrict ourselves to specific
even-dimensional Kaluza-Klein backgrounds of the form
M4x SN, In the next section we briefly review the VD effec-
tive action formalism. We then extend the method of Barvin-
sky and Vilkovisky to these higher-dimensional cases andJp to one loop, the gauge-fixing action in the background
expand the effective action in terms of functional traces offield gauge is given by
various operators. In this way we can extract the divergent
part of the effective action by considering only a finite num- SCF=— 2 x“Cupx?, ()]
ber of terms.

In Sec. I, the formalism is applied to Einstein gravity. Where x“ is a linear gauge condition, ang, is a local,
The eigenvalues of the operatdrs3,19 mentioned above invertible matrix. Bothy* andc,z; may depend on the back-
are evaluated for gravity fields di*x SN backgrounds. Us- ground field. The corresponding ghost operator is
ing these eigenvalues, we then extract the divergent parts &, (5x”/5®'), and the one-loop effective action can be
the VD effective action. Because the internal geometry igwritten as
assumed static the effective action gives only the effective

, 6s¢
Quggr =0 2

o . ox°
iW=—3TrinFj;+Trin Qa%,— , 4
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5SC  sx*  &xP , . . oxP
Fij:m_b‘_rca’gﬁ. (5) |Wunique:—5TrIn]-"ij+Trln Qa5—®r , (13)
However, the one-loop effective actitMis gauge depen- where
dent in general, that is, it depends on the choice of the gauge- N p
fixing actionS®F when the background field is not a solution _ D ﬁe_ B 5_X,C 2
of the classical equation of motion: 6"\ 6B sD' 7*B 5P)
5S° s X
SiEW=O. (6) :S,ij_ Wcaﬁﬁ_rijgk- (14

This poses a problem when using the effective action formal- T0 calculate the divergent part o ,nque, We separate
ism in off-shell calculations, for example, in calculating the the local and the nonlocal parts df. First we define the
trace anomalies for gravito&0], and in studying the spon- Green’s functiong such that
taneous compactification of Kaluza-Klein spa¢&$ This N 8
gauge-fixing problem can be resolved by using the VD ef- (Sc_;__{llf}g _ 51,0 2_] Gi'=—¢ (15)
fective action, since this effective action is manifestly inde- T st e 5] v
pendent of the choice of gauge conditions. ) )

At the one-loop level, the VD effective action can be Therefore, using—G~* to represent the operator in the
obtained simply by replacing the functional derivative in thePrackets in Eq(15),
ordinary effective action by a covariant functional derivative:

Fi=—G; = Th&=—G (5 +G™ T &) (16)
5°s° D [8S%| 4°S° & 5S° . o _ _
PSB! D 5D T 5D oDl i gpK (7) The contribution of to the VD effective action can then be
written as
where the connection consists of two parts, ITrinF=— 1 TrinG 1= 1 Trin(1+GTE)

=—3TrinG ' =3TrinM+3 TrinM2+- -+,
(17

whereM|=G"™Tk & The various traces can be evaluated
with the help of the following identities. From E¢R),
Q.

5!

k
rrjz[ij]ﬂrj. (8)

{ikj} is the local Christoffel symbol constructed in the usual
manner from a configuration space meti¢,

[-K]Zlyk'(v- i+ 10 i) ) 8 [ 88°
ij 2 Ii,] 1,j,i ij,1/)s W(Q;W):Oz<

£E+Q' s¢=0. (19

a>ij

where the derivative iry;; ;= oy, /507 represents the ordi- o ..
nary functional derivative. The configuration space metric is7"om the definition of the operatg™ " in Eq. (19),
the new ingredient in the VD theory. A prescription for de-

L . ] . @ B
flrlllng it has been given by Vilkovisk}g]. The nonlocallpart C = _gij1+[.|§ ot lcaﬁ 5XJ _ (19
Tj; of the connection comes from the gauge constraints, ’ ] oP oP
Tikj = _ZQE_(iyj)lNaﬁQlﬁJr 7’(”N“”QLQ?QZ-mVJ)nNBVQZ' If we choose the DeWitt background gaug@?],
(10 Sx“ .
. . .~k . . ) —_ C_]-‘YIBQJ Vii (20)
where the derivative iiQ., is the covariant functional de- 5P! B7
rivative defined with the Christoffel symb{),f}}, andN“? is
the inverse oN_ 2, we can obtain minimal operatof49] with the appropriate
“p choice ofc,z. In the DeWitt gauge,
N_;NA7=67, (11) . p
ox 24 K—laBq
with SO CaBSpT ¥ikQaC Qi » (21
N,5=7;Q.Qk. (120 and the ghost operator
Here we have used the convention of symmetrization such - oxP L
1 : N K Q —L+=—N_lc1rh (22)
that A;Bj=z (AiB;+A;B;). A detailed derivation ofTj; a 5P ap
can be found, for example, {i21]. Therefore, the one-loop
VD effective action can be written as Therefore, Eq(18) becomes
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8Q',
DT i

=0=N,45c #4Q) y;=QLG, "~ Q& . (23

. il g1 k ) Ka=luvAl o,
EtQq =G i (&t YikQue Qv

Multipling both sides by@*N*”, we have

Q7 d*=QkN“fcy,— Q. EFN"cy,.  (24)

This is the needed basic identity. If we multiply both sides

by N#’ley;kg| '

Qiﬂ’ij gikQLy;kgle: N”Q'y;k&Q';N"ECBV
_ NMYQiy;k(c/‘igle]a;lngaﬁcﬁy

=Uf,— U5, (25

where
UL, =N*"QiQq &N e, (26)
U, =N*"Q. £GMQL ENPeg, . (27)

We have also used the fact that

QLQLiE=Qul(QNE) i~ QLE]

(]

~Q,Ql5 29

=-Q.Q,

is symmetric with respect to the indicesand y. We can
obtain yet another identity by multipling the basic identity

Eq. (24) by %Q)),
Q719 viQ=¢,,— Q. EF*N“Pes, 1Q),. (29

Applying again the basic identity, E¢29) becomes

QL?’ikgkl'YIij«y
=Cuy™ Qia;jgi Naﬁcﬁ’v(QLNMpCM_ Qlﬂ:kglgjkNWpr)
=C,p(5—Uf, +U5). (30
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TrM?=—TrU3+2 TrU,+2 TrU3—-2 Tru,U,+ Truj
—6TrU%U,+4 TrU3—2 Tru3U,+4 Tru,U3
+0(&8), (32)

TrM3=2Tru3-3TrU,U,—6 TrU3U,+6 Tru3
—3Tru3+9Tru3u,—3 Tru,Us+0(&9),

(33
TrM4=—Tr U‘11_|_2 TrU§—4 TI’U?-I— 16TrU§U2
—12TrU,U2+0(&), (34)
TrM°=—=Tr U?+5 TrUfU2—5 TFU1U§+O(56)-
(35

Note that we have expanded the various expressions only up
to the fifth power of the first functional derivativg of the
action. To calculate the divergent part of the VD effective
action, one needs only terms up to some powet;ofde-
pending on the dimensionality of the spacetime that one is
considering.

Finally, the VD effective action in Eq(13) can be ex-
panded in terms of the various traces of the operatigrand
Uy,

iWynigue= =3 TrinF+TrinN~*
=—3TrinG Y+ TrinN"*+3Tru,
+3TrUf—3TrU,+§ Tru3—3 Tru,U,
+5TrUf—3 TrUsU,+ 2 TrUs+ 45 Tru3
—3Trudu,+ 3 Tru,Us+0(£9). (36)
Using this expression we evaluate the divergent part of the

VD effective action for Einstein gravity on Kaluza-Klein
spacesM“*x SN in the following section.

ll. EINSTEIN GRAVITY ON KALUZA-KLEIN SPACES
M4x SN

Here we shall apply the formalism set up in the last sec-
tion to the case of Einstein gravity. Because such calcula-
tions are very tedious to carry out for general spacetifses

With these identities we are in a position to evaluate thd 16]), we restrict ourselves to Kaluza-Klein backgrounds of

various traces in Eq.17). First,
TrM=g1TS&
=—TrU;+2TrU,—TrU3+Tru,U,, (31

where we have made use of both the identities in E2S).

the formM*x SN,

A. Einstein gravity

We start with then-dimensional Einstein-Hilbert action,

sG=f d"xy/—g(R—2A), (37)

and (30). Similarly, we can evaluate the traces of higherwhere A is the cosmological constant. The first functional

powers ofM:

derivative
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5SC . To find the expression for the local operatgr! in the
5 =—[R*=29"(R-2A)]. (38 VD effective action, we need the Christoffel symbi}.
9,0,(X) ;
From the metricy*”“* above,

EHVX—

The gauge symmetry is the general coordinate invariance
[ Ypo ]: %guvgrﬁ_,_ 4ga,851w 1 5M(agﬁ)v

5g,uV(X):VM6V+VV6M:QMVX,ayfa(y)’ (39) g,uv gaﬁ o 2 o
where e_ﬂ(x) is the_ gauge_transformation parameter, is _ _5vf)_agﬁ),u,+ 1 ngC,u.v,a,B. (47)
the ordinary covariant derivative, and 2°° n—2
Quixay="(94aV,t00.V ) 8"(X—Y). (400  The operatoG~* has the form
Because of this gauge symmetry, the second functional de- g 1a6— (5aﬁg+ paﬁ) (48
rivative of the actionsff, is a singular operator:
where
o = Crrre| 5980 — 5leV VA — 5leV AV
5gﬂv(x)5gaﬁ(y) a P (p ") (e °) 1 1
P*f=2R, (* - ~g*R,,— —=g,,R*
apB (« B) 2RA) i wev 2 mr p—23K
+9PV (V5 + 2R P+ 25(°RE)
1 1
2 4 | sy ap
~9Ry = =5 9poR™ n—2| Our T 39md )R
1 T (R-2A)6% (49)
+ Eg,wg“ﬁR—(R—2A)5g§ " 2(n— 2)( ) O
X 8"(x—=y)I\—g, (41) Note that we have left out an overall factor”-*# which is
irrelevant in this particular calculation.
where Next we would like to find the expressions for the opera-
tors U4, andU%,. To do so we need to use the following
808= 050,85, (42)  equations:
Crmef=3 (9" 9" +g"Pg" —g""g"F). (43) o O | S ppp—
(Qup,)P7EF=| —R"PsIV + RV >—§gp RV,
To invert Eqg.(41) we need to pick a gauge, and again, as in
the last section, we choose the DeWitt gauge. The DeWitt 1 2n (v o)
) . ; ; + | R———=A |8V
gauge requires a metric for the configuration space of 2 s

d,.,(X). The one given by Vilkovisky i$6] 1 1
+ E( RP7— Egﬂ"R)V

yrrel=crreb—ga'(x—y), (44)
in which C#"%# js exéactly .the same as the factor in the_front + 2(nn— 5 AgPV ,+(V ,RP7)
part of the operato8;; . With this metricy;; and the choice
of ¢,,=d,,, the DeWitt gauge becomes the harmonic 1
gauge and the corresponding graviton operator in(Egis - Eg’”(VMR) (50
minimal [19],
aB_ caf (a (apB) _ ~a and
Fob=s0P0+2R,“ P +2500RN - g*’R,,
1 a Q o (Qa v)§pa’(¢/’aB:g VRaBVaV -R VD
5 9uRP ——59,,0R—(R-2A) 5,7 po Al . pom
1 2n
(45) ~ 5| R 5 A (9 D+ R,)

Note that for simplicity we have left out the spacetime coor- —RIR,,* R“BRMVB—(V“RM)VQ
dinate indices, and we shall do so in the subsequent discus- N N
sion. The ghost operator in E(R2) is now simply +(V,ROV—(V,R)V,. (52)

=—(9,,0+R,,). (46)  Now the operator&)}, andU%, are given by

124003-4



VILKOVISKY-DeWITT EFFECTIVE ACTION FOR . .. PHYSICAL REVIEW D 62 124003

N™H=—s(Og+0Oy), (56)

U%, =N 69RV,V, —ReD]

L ) N~ =—6[(Og+0n) +RE]
n

- 5( R— TZA)(sgD+Rg)—Rng+ R7MRY, . 1
n =—0) (Og+0On+ = (N-1)|, (57

—(V*RHV,+(VRH V)~ (VzR™M)V,

NP, (520 wherey is the d’Alembertian oM ¢, while Oy, r, andR2
are the Laplacian, the radius, and the Ricci tensorStn
respectively. The off-diagonal teri\s™*4 andN ™%, vanish.

1 The eigenvectom” of N™* is a vector withd compo-

U% =N”{ = VaRa')\ _ VUR)\a _ V)\Roa g 7 v p

2y “[ 2 L( )= ( )= ( )] nents onM¢ and a scalar o8". Consequently;18],

+

Do’)\,a,u_ ( R— 2n A) Co’)x,a,u
n—2

] N~ 7= (k2= A)) p*, (58)
V//-

wherek* is the momentum and

1
XG, ,wei(V R) = 59“(VgR) [(1+N—1)
S S = (59
2n
—[D‘”E'BV—(R— —n_ZA)C‘“’ﬁy Vy] Nﬁ, for 1=0,1,2 ... is thescalar Laplacian eigenvalue @\

with degeneracy

(53
o (2l +N—=1)(1+N—2)!
| _ DI (N)= == (60
whereN#% is the ghost Green'’s function : :
The eigenvectors oN 22 are %° and 7°. 7 is the
(oL O+RENT= 487, (54)  transverse part of°, which is a scalar oM and a vector
on SN, with
and T
(Vnp7” =0. (62)
DM ak=3 (g7 R — g RN + gURM The eigenvalue of°' is
_ A\upac ANPROM _ qOTHLDAN
g**R* +g*“*'R g7*R*M). (55 N
NI =| K= A= | T (62
We have written down the expressions for the operagors ]
N1, U;, andU,, which are present in the VD effective for I=1.2,... with degeneracy
action. In principle, the divergent part .of the VD effective I(1+N=1)(21 +N—1)(1+N—3)!
action can now be evaluated by working out the traces of D|<U>(N): | | , (63
different combinations of these operators. However, the al- (N=2)!(1+1)!

gebra gets exceedingly tedious as one goes to higher dimen- . L _ .
sions. In[16], we considered the case of 6, but going to and the eigenvalue of™, the longitudinal part of", is
larger values ofh seems to be impossible. In the following . 2

analysis, we therefore restrict ourselves to the specific cases N™%7> = k*= A= 5 (N=1)| (64)
of Kaluza-Klein spaces of the form4x S\. '

for 1=1,2, ..., with degeneracyD{¥(N).
B. Eigenvalues of various operators oM *x SN For the' operatog*'l, the eigenfunc.tions are syanetric
) B tensors. Firsty,z, which is a symmetric tensor dd“ and
Here we work out the eigenvalues of the operaldrs, 5 scalar orsV, can be decomposdds] into the transverse-

g , Ug, gnd U,. To d|st!ngg|sh between external SPACE-tracelessTT) part 7112: the longitudinal-transverse-traceless
time and internal space indices, we use Greek letters fo LTT) part 777

i | imen® and Latin letters for int | «p » the longitudinal-longitudinal-traceless
external spacetimél™ and Latin Ietiers for internal Space | | 1y a1 a3 . and the tracéTr) part 5., The TT part
S". Since the traces of these operators are divergent in gen— h _Cé 4+1)/2 ; M%
eral, a regularization scheme is needed. We adopt the methdti8 as d-2)( )/2 components oM®,
of dimensional regularization by taking the external space- 1 N-+d
time dimension to be a generbind we takel —4—e atthe G 10 p L= k*= A+ 5z N(N=1)— ———A| 7.

i P : r 2r N+d-2 m
end to extract the divergent parts. Hence in this subsection 65)
we first assume the spacetime dimension tdvisex S\,

First we consider the ghost operatdr *: 755 has @—1) components oM?,
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1 N+d 1 N(N—1)(N—-2)
—1aﬁ LTT _ 2_ _ _ LTT —lap Tr_ 2_
66
(66 N+d Al -
N+d—2 "] Twr (68)
745 has one component dvi?, .
They all have degenerady(®(N) with 1=0,1,2 ... .
Sihﬁnilarly, Nap iS @ scalar oMY and a symmetric tensor
GleB LT _ k2—A+i(N—1)—;dA LTT on S
ptal 2t N+d=27 ) T 1, TT_ [ 2 1 +d T
67 G Taplea=| KA+ 5 NIN=1) = o5 A [ 7ap
(69)
7735 also has only one component &, for 1=2,3,...,with degeneracy
|
DN (N+1)(N=2)(I+N)(I-1)(2I+N=1)(I+N-=3)! -
(N)= 2(N=1)!I(1+1)! : (70)
1 +d
g 12% IEZJ—T (kz—A|+?N(N—3)—N+—HA)ﬂ;IBT (71)
for 1=2,3, ..., with degeneracyd{”(N);
1 N+d
glz%nth=(k2—A|+ Sz (N=1)(N=4)- mA) Tap' (72
for 1=2,3, ..., with degeneracyd(¥(N);
1 N®+N%2d-7)—2N(3d—7)+4(d—2) N+d
lcd Tr 2_ - _ T
G anmea=| KmAit o N+d-2 N+d—2A)’7ab (73
for1=0,1,2 ..., with degeneraC)D,(S)(N). We also have the off-diagonal terms,
_(N=1)(N-2)d
lab Tr Tr
G W= r(NTd—2) T (74
o 1 N(N-1)(d-2)
g lgbn/-.l;,rv 2r2(N+d_2) 77;—[) (75)

The eigenfunctionsy and . are seen to be coupled together, ghd forms a 2< 2 matrix Gy, in the subspace of these

eigenfunctions. The determlnant of this matrix is

detc=1zlk2— A 4 1 N(N-1)(N-2)  N+d
ety = KAt N+d-2 N+d-2
e a 1 N3+N?(2d—7)—2N(3d—7)+4(d—2) N+d N(N—1)’(N—-2)d(d—2) 76
T NTd—2 NTd—2 ari(N+d-22 - 79

There are also eigenfunctions;’, 71, 75, and 75t .
has @— 1) components oM¢,

1vb TT
g pa Vb_2

for 1=1,2,...,with D{")(N).

1
kZ—A,+?(N+1)(N—2)—

nhTis a transverse vector i as well as o8N, and so onz !

N+d -
Nrd—2")a (77

7k has @—1) components o ¢,
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for 1=0,1,2 ..., with degeneracyp(¥(N).

1
—1vb TL_ 2_ — —
G b = (k At 5z (N=1D(N=2) For U5, the eigenfunctions are® and ;"

N+d
__E T T 1 N-+d
N+d—2A)7’”a 78 U =[(§Z<N+2>(N—1)—N+—HA)<I<Z>
for 1=1,2,...,with D{¥(N). %% has one component on 1 N+d N
M, 22 NIN=D =g 2 A | Atz
Gk = Lo A+ oy (N 1) (N=2 ! “ar
pa Vb_ | EZ( )( ) X m n (82)
N+d LT . ©)
_ mA M4a (799 forl=1,2,...,with degeneracy,”’(N), and
for1=1,2,...,with D{)(N). 74t has one component on apt_[[ L 4, _N+d 2
) ! b U7 orz(N+2)(N=1)— S A (K9
b LL 1 1 N+d
G 1D pht=> (kZ—A|+?(N—1)(N—2) | 5paN(N=1) = a5 A
N+d LL [ A+ 2 (N=1)
T Nrd—22) e (80 e
2
for1=1.2,...,with DO(N). « ! L 3
For U4, the eigenfunctior,” is a vector onM9 and a K2 A — é(N—l)

scalar onSY. %" hasd components oM ¢,

for 1=1,2,...,with degeneracyD{¥(N).
The eigenvalues ofU, are more complicated. After
N+d 1 \2 lengthy calculations, we obtained the following results. For
; ; vT ; _
X(N_z)_mA)(AI)}(m) 7" (81) thg eigenfunction”’, which has I—1) components on

a o ( 1 N+d Al 1
Ui, n"= ?N(N—l)—m (k%) — ?(N—l)

Uty = (2 N(N-1)— m/\)z(kz)(kz_A|+(1/2rZ)N(N—1)1—[(N+d)/(N+d—2)]A)
( (N=1)(N-2)— N+d_2A)2(A')(k2—A|+(1/2rz)(N—1)(N—12)—[(N+d)/(N+d_2)]A)}
k2—A|) " -
for 1=0,1,2 . .., with degenerac{(¥(N). For eigenfunction;', which is a scalar o,

1 2 N

Uson”'= (?(N”)(N_”_Nm—z/\) (k2)<k2—A|+(1/272)(N+1)(N—2)—[(N+d)/(N+d—2)]A)_(?N(N
N-+d 2 N 1 ) ( 1 )2 -

_1)_N+d—2A) At 2| e A T U2 INN—3) (NI (NTd—2)]A | kA, w2 7 @9

for I=1,2, ..., with degeneracy{”)(N).
For the eigenfunctions;*- and 7", they are coupled together. Fiox 0,
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AT N+d \?/1
Uaun™=12{ =4~ EZN(N‘”‘—NM_Z K2
(d—2)( )(1 N(N-1)(N-2)  N+d )
~\7a | zreNN=D = N+d 2M e T NTd—2 N¥d-2

1 N®+N?%2d—7)—2N(3d—7)+4(d—2) N+d 1
A (F)
1 N(N—1)>(N—2)(d—2)?

2r2 N+d—2  N+d-2
! N(N—1 —d A !
X(detg{rl)|:0_ 4r3(N+d—2)? 22 NN=D= 520 e

1
k2+(1/2rz)N(N—1)—[(N+d)/(N+d—2)]A)

X | K2+

1 N(N—1)(d— 2)( N 1) (N2 A) 1 "
X(detg{rl),:o_ 2r(N+d-2) 2( A ) " NTd—2 (detgr ) _o| 7

(86)

where (detGr,}),—q is the expression def;, in Eq. (76) evaluated at=0. The other eigenfunctions do not contribute in this
case. Fol=1.2,...,

2 2 1
UZMVL:MT)(?N(N_D_N+d—2) (kz)(kZ—A,) (k2—A|+(1/22)N(N—1)—[(N+d)/(N+d—2)]A)

1 N+d 2
_(?(N_l)(N_Z)_N+—d—2A) (A

1 )2( 1 ) (d 2)( 1 N+d )
@A) = A 7 (W2 (N-1)(N-2)—[(N+d)/(N+d-2)]A] | d 22 NIN=D =g A
1 N(N-1)(N-2) N+d
127 7 Nvd-2 N+d—2A)(k2)
- 1 N3+N2(2d—7)—2N(3d—7)+4(d— 2)  N+d )
X KAt 5 NTd—2 NTd—2
1 12 1 N(N-1)*N-2)(d-2)? ) ’
“lie )dethrl A (NTd—2)? <2r N(N=-1)= N+d—2A>(k)(k2—A|)
" 1 N(N-1)(d- 2)( Ne 1) (N—2 A>k ) . @
detg;,t  2r*(N+d-2) ( ) )= N+d 2 M) )k — A/ det gy, ’

U,2p"t= (i(N+2)(N—1)—N—+d )( ! (N=1)(N—2)— A) k?)
27 2r2 N+d—2"/\2r? N+d 2

1 1
x k?— A, (kz—A|—(2/r2)(N—1))(kz—A,+(1/22)(N—1)(N—2)—[(N+d)/(N+d—2)]A)

1 +d 1 N(N-1)(N-2) N+d )
Tl (NF2AN=D= g5 A 22 —Nva—2 Nra—2?)K)

- 1 N®+N?2d—7)—2N(3d—7)+4(d—2) N+d 1
X KAt 5 NTd—2 “Nyd_2® kZ—A,)

1 ) 1 N(N—1)2(N—2)d(d— 2)( ) )

A —(2r)(N=1))detg;} 4r'(N+d—2)° 2r2(NF2)(N=1) = Jerg5 A J (KD

1 )( 1 1 (N=1)(N-2)(d— 2)( ) ,
A (KA —@)(N=1) | detg;t~ 2rAN+d—-2) |2r2 NIN=1) = §g=2A ] (K)
! ) 1]
“\Ke=A —(2rH(N—1))detg: 2|7 (89)
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oL 1 N+d 1 N+d 1
U7 =| =| 5r2(N=DIN=2) = G5 A | 52 (N+2)(N—=1) = 5 A (A X KZ=A,
(| : |
k2—A|—rEZ(N—1) K2—A;+(1/2r?)(N=1)(N=2)—[(N+d)/(N+d—2)]A
1 N-+d 1 N(N-1)(N+2d—2) N+d
Flgrz(N-DIN=2) = rg—5 A 52 N+d—2  Ntd—z'|WM)
oy 4 L NN-D(N-2)  N+d A)( 1 )( 1 ) 1
NETMT R T NTa—2 Nrd—2 kA A - (2 (N— 1)) det gt

N(N—1)>(N—2)d(d—2) ( 1

N+d
aiNvd-22 |2z (NTHINT2 g A

X

1 )( 1 1 (N—l)(N—2)(d—2)(1 N+d )
K—A\K2=A—(2r?)(N=1)/detG;,*  2r3(N+d—2) 2rzN(N=1)= A
2N2+N(d—3)—(d—2))( 1 )( 1 ) 1 L
Tz NTd—2 =M\ K=A,— (2 (N-1))detg 2|7

k2= A, (89

A bl (N—l)( 1 N+d )2( N)( 1 )2
Uab ™= =2\ =g~ || 2z2NIN= D= T35 ) | A 2]l iem @ in=1)
1
k2= A+ (1/2%)(N—1)(N—4)—[(N+d)/(N+d—2)]A
] | : |
K2—A,—(2r?)(N—1)) | k2= A+ (1/2r?)(N—1)(N—2)—[(N+d)/(N+d—2)]A
N—Z)(l N+d ) 1 N(N-1)(N+2d-2) N+d )
BT A Ve Rl L T N B R N Ry A
) 1 N(N—-1)(N-2) N+d )( 1 2 1
KMt op k?— A= (2/r?)(N-1)) detG;*

X

2
A) (k%)

1
)+(?(N+2)(N—l)—m

X

+

X

2r Ntd—2  Nrd—2"
2 1
(kZ—A|—(2/r2)(N—1)) det G,
(N-D(N-2d (1 . Nid A)A A 2 N2+N(d—3)—(d—2)
T 2NTd—2) |2z NPT g A A AT
1 2
kZ—A,—(2r?)(N—1)/ detg;!

—-1)

N—1)3(N—2)2d(d—2) [ 1
( )( )ed( )( (A)

4r3%(N+d—2)? 272N _N+d—2A)

X

} n°. (90)

Both %"t and 7°" have degenerad®(®(N).

C. VD effective actions for gravitons onM*Xx SN

With the eigenvalues of the various operators in the last subsection and the divergent parts of their traces listed in the
Appendix, we can evaluate the divergent parts of the VD effective actiod br SV,

Let us start with TrIlN™2, the ghost contribution to the VD effective action. From E&S), (62), and(64), we obtain, on
M4x SN,
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8

TrinN~Ydv=d> >

k 1=0

7

Mg

1

If we start the summations ovéifrom | =0,

o

d>, > DI¥(N)In(k?-—

k

TrinN~—Ydv=

o

§S>(N)|n<k2—A.— é(N—l))

PHYSICAL REVIEW D62 124003

D,<S>(N)|n(k2—A|)+2k 21 Df”)(N)In( kK2—A,— :\'—2)

div
(91)

” N
A|)+; ZO Df”)(N)In( K2—A,— r—z)

= 2 N 2 div
+; 20 D{¥(N)In| k?— —r—z(N—l))—ész In(kz— r—z)—Ek In(kz—r—z(N—l))
=d> > DIP(N)In(k*=Ap+2 > DIP(N)In(k?=Ap—2>, > D{(N) >, —(—2) ( 2 )
X =0 X =0 X =0 G=1 g \r k= A
S (s) 2 . (s) s 1 2(N D 2
+2 2 DI¥(N)In(k?=A))— > > DIF(N) >, — —5N22 Ink
K =0 k =0 =10 K
ETINCIERT wlZ(Nl) 1qd'v
+503 3 3o o) - mess 3 22 (—) ©
kK g=1Q K kK g=19
[
where we have Taylor-expanded the logarithmic function. Similarly, for TrinG ™1, we have, folN=2,
Using the results in the Appendix,
Tring*|9v= —'V“ 10257 To (Ar2)+36(Ar?)?
Tr|nN—1|div_— FO(N)+5F©(N) (4mr?)%e
(47'r|’2)2
189
2 1(N\d ——(Ar) (97)
-2 —(7) G*)(0a.N)
q=1 qi\r
. ForN=4,
1/2(N-1) 1
_ _ (s)
2, q( ) GT0.aN)+ oo 2) v, | 7574 67552
q 1|div 2
TrinG =27 25 T 35 (A7)
N\ 2 " 2(N—1)\?
X| 2] (2r )+ 7| (2r%)].(93) 13504 . 1664 .
T 7135 g1 (A7)
Therefore, folN=2, 128 »
iV, 24 ~ g (AT (%8)
—1jdiv_ _
TrinN~Y| amr?)%e 35}- (94)
For N=6,
ForN=4,
" 4640 Trin gt iV, [5833069 26312 047Ar2)
1ydi V4 =
TrinN l|dN:(4m2)2€ _ 189}_ (95) (4mr?)%e| 3360 24192
6498535A - 8375A -
For N=6, 24192 M7 S5 (A1)
TNV iV, [123281 o6 . 18125A ,, 6875 A2l (o9
N = 27 1039 | (96) 9216 M) Ta7asd M| 99
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Next, for the operatotJ,, one can evaluate the trace of
- Trudjdv=
some general power of the operator. The results are the fol (4mr2)%e

lowing. ForN=2,

o V4 [148 26
Tru | (47)2 ———(Ar ), (100)
TI'Ul|dIV W[Z‘l 4(XAI'2)+18(AI'2)2]
(101
iV, [57 69 81
TrU1|d"’——(4m2)2 - (Ar?)+ = (Ar?)?
81
- Z(Arz)ﬂ. (102
For N=4,
TrU. V= iVy 13432 95504 ) 103
o TS T X5 (103
Truzev—_ Ve 6908 3808
r|(4m)_5 g (A1)
13312,
205 —ae (Ar9) (109
iv 9612 1600
div _ 4 _ 2 2\2
Tru?| Gmr?)%e 996(Aré)+ —— 5 (Ar?)
896
s (Ar?° } (105
iV 29412 3136 2752
div_ 4 . 2 2\2
Trujl T T 5 Ar4)+ 15 (Ar?)
2048 Ar2)3+ 1024 Ar? 106
H( re)°+ 729( r?)* (106)
For N=6,
TrU.[dv— Vg, (1670863 67301A )
ruy| ~(4mrd%e| 945 756 (AT
(107
Luzjv__ 1V 803450 101855
Ui (4mr?)2%e| 63 63 (AT
77815 )
+ 1512(Ar )2 (108

PHYSICAL REVIEW D 62 124003

iV, [193775 53575
6 8
22475A »p 2125
ST

Ar?)

+ “(Ar?)3 (109

iV,

2197000 91375
(4mr?)%e (

Truj|dv= 53 5

Ar?)

+1125Ar?)2— (Ar2)3

144

576(Ar2) } (110

iV4 41524375 996875
(4mr%)%e| 3024 192

1611875 . 18125

2016 (A7) 5gg (A1)

15625 3125
A

2)* = e
6144 73728

2

Tru3|9v= Ar?)

+ Ar?®|. (111

For traces involving the operatds,, the calculation is
more complicated. Following the same procedure as above,
we obtain, forN=2,

_ 45
TTU2|dIV W 10+ = (Arz) (Ar2)2
81
+Z(Ar2)3}, (112
iv, [151 73 81
Tru U,y|%= Gm% T 5 A+ S (Ar?)?
81
——(Ar ) } (113
ForN=4,
iV, [1724 328 20432
div_ - 2 2\2
Tz =mo7e| s~ 3 (A g5 (A1)
128 23, 1024,
- (Ar?)+ =5 (Ar?) (114
. iV, [5211 4976
TrU1U2|d'V:(4ﬂ_r2)2 5 15 (A 2)_ (Arz)z
128 . 1024
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iV,
(47r?)%e

4419 1936
5 3
2048 1024
r2)34+
(A ) 729

5008
2 2\2
Ar2)+ = (Ar?)

Trugu, %=

—_(Ar?)* (116

iV, [4657 9952
(4mr?)%e| 5 15

25312 2048
2\2__ 2\3
135 (A1) g (A9

2

Truja|dv= Ar?)

(117
ForN=6,

iVy4 [2356505 10560265
(4mr®)%e| 2016 32256

12249815 717125

2 2 2\3
96768 M) 35862 AT

26875  ,,, 3125
“ 18432 M) 73728

Ar?)

TrU,|%v=

Ar?)s (118

iVy 26262425 2887775
(4mr?)%e| 2304 1536

3084025A 2o 230125
g4z (M) 12288

18432
26 875 3125
2\4 __
T 1gaz AT

2

Tru,U,|%= Ar?)

Ar2)3

—aoa Ar9°,

73728 (119

iV4 |3026375 39073375
(4mr2)? 144 8064

9993125 43625
32256 * 6144
26875

———— (A1) + o= 3125 (Ar?)5],
18432 73728

2

Trufu,|dv= Ar?)

2)2 (Ar2)3

(120

iVy 5418875 3549125
(47r?)%e 384 672

EEILIL

6144

Ar?)

Truju, =

7 434625
9216

15625 3125

2\4_ 2
+ o1ag AT 737 AT

(121
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iV, [609125 998125
(47r%)%e| 96 1536

Ar?)

Truj|dv=

163625

2394 875 2o
- 2304 (AT

4608

2\2

_36875( 24 3125

2\5
9216 36864 A1)

36 864 (123

iV, [117011375 38508875
(4mr?)%e| 8064 7168

583625
9216 (

3125
7378 AT’

Ar?)

Tru,u3|%=

26252375
32256
15625

2\4
+ B1ag AT

Ar2)2_ 2,3

Ar?9)

(123

Putting all these together, we can obtain the divergent

parts of the VD effective actions for variousl*x SN
Kaluza-Klein spaces. Fav1*x S?, we have

iWivoe= TrNN~ =3 TrinGg 1+ 3 TrU, +§ Tru?

—3TrU,+ g Trui—3 Tru U, ™

vy [ 2249 25, 3A22
“(@nr2Ze|gao T2 AT (A
135
+E(Ar ) (124

This result is consistent with that in Rdf16] where the

divergent part of the VD effective action was calculated in a
For

general six-dimensional background spacetime.
M4x s,
iWivque= TN =3 TrinGg 2+ 5 Truy + 4 Trus

—3TrU,+3 TrU3—3 TrU U +5 Tru?

—3TrufU,+ 3 Trugj®

_ iV, [41657 7850 , 6152 .
= amd%e| 540 81 AT 135( )
2176
2 3 2
a3 AT 729(Ar ) } (129

Finally, for M*x S® we obtain
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apadive -1_1 -1, 1 1 2 iv
|Wunique—TrInN —3TriInG *+3TrU,;+3 TrUj €Winique

my
<T,u>ren V4VSN !

—1TrUp+E TrU3—2Tru U + 2 Trus
—ITrU2U,+ i TrU2+ 4 Trus—2Trudu,  where

+3 Tru,ug

iVy 476483023 10896475A ) v 27 (N+*D/2pN 127
_ _ o
(am?)%| 591360 ' 21504 M) STT((N+D)2)
32112235 549625
— T T AN ———(Ar?)®
258048 36864 is the volume of the spher@". Thus, forM*x S?,
10625 .. 625 . 126 i
12288 M) 32768 AT (128 T L N i T
w'en(4m)3| 16 a\rZ) " 201"
2249/ 1
IV. APPLICATIONS - 840 r_e ) (128

In this section we make two applications of the above
effective actions. We give trace anomalies and we search fdpr M*x s,
self-consistent configurations of the internal Kaluza-Klein
spheres. 1

Some explanation of a trace anomaly is in order for grav- <Tﬁ>ren:(47)4
ity. Einstein gravity is not Weyl invariant and the trace part
we calculate isiot a combination of the anomalous and the 15700/ A} 41657/ 1
“normal” contributions. What we calculate below is the ~ 27 \18/ T 90 |18/ ]
“anomalous” part of the trace, as discussed in previous
works. In[23] Critchley argues that the “anomalous” part of and forM4x <8,
the trace is given by,, while the first terms of his Eq4)
give the “normal” contribution, irrespective of the value of
{. For Einstein gravity, this is equivalent to his E@8),
which is the same as our calculation. It is in this sense that
we calculate the “anomalous” part of the trace anomaly.

896 , 4352(A% 12304 A’
243 81 \ 12" a5 | 7%

(129

1 9375A 53125/ A%\ 336875 A3
8192 1024

m — 5 — |+ | —
<Tﬂ>ren (477_)5 r.2 384 r4

2
This is not the same as the usual trace anomaly in which the - WT A_6> ME( ﬁs)
original classical action is conformal, while the quantum ac- 21504 \r 1792 \r
tion is not. For nonconformal theories, DUf24] in his Eq. 476483023 1
(29 gave a definition for the anomaly, which we suspect is - TTH (130
the same as what we have calculated. 9856 r

This problem is also discussed j@5]. On p. 179, the

authors mention that for fields that are not conformally in-The pureA terms in all three cases can be compared with

variant there will be extra nonanomalo@sorma) terms, [20] and theN=2 case agrees witf6].

which are really the same as the first terms of K. in Our second use of the VD effective actions computed
Critchley’s paper. above is to produce stable configurations of the internal
Referencg26] by Bunch and Davies, gave a rather de-spheres. Because quantum fluctuations of the gravity field

tailed calculation for the stress tensor for a massless butself (about the Kaluza-Klein backgroundgre generating

minimally coupled scalaftherefore a nonconformally invari- the corrections to the effective potential, any stable configu-
ant field in a conformal Robertson-Walker spacetime. Theirration should be called a self-consistent dimensionally re-
Eqg. (3.16 gives the total trace of the stress tensor of theduced configuration. For a stable configuration to be of in-
quantum theory and3.18 gives the “normal” part of the terest it should have a positive renormalized Newton

trace. Subtracting3.18 from (3.16) (using Duff's defini-  constantG,. Most efforts to find such configurations have
tion) gives Eq.(3.19, the “anomalous” trace part, which used the naive effective actiofsee [2,27,29) and have

should be equivalent to what we have calculated because Efpiled. Stable configurations were found but only with nega-
(3.19 is proportional toa,. tive gravity constants. Those efforts that attempted to use the
In the spirit of the above we can easily determine theVD effective potential correctly did not get past the simplest

gauge-independent VD trace anomaly for gravitons from theases: M4xS! or M4xS? and M*x Stx St For these
divergent part of the effective action of the correspondingcases no acceptable configurations were found €ithBr8—
Kaluza-Klein space. The appropriate expression is 11,15.
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TABLE I. The only two static configurations fan*x SN (N=2, 4, or § at one loop. Columns 2 and 3
are required by stabilityd?V/dr?>>0), columns 4 and 5 relate the bare parameters G/amal the renor-
malized parameter&, and A, and columns 6—8 are resulting parameter values computed using columns

2-5.

N Ar2 G/6r2 G/GO A/AO I’2A0 GoA0/€ gzlGvo
2 2.3609 0.17076  —1.3857 4.9834 0.47375 —0.058377 159.15
6 5.6876 —22.931 221.15 2.9948 1.8991 —0.19692 92.636

Because of our lack of knowledge of the finite part of theThe constantscy,,, and cy;,.» can be read from Egs.
effective potential we will assume that the divergent part(124), (125, and(126). Solving these two equations gives
(proportional to 1¢) dominates at one loop. We can then

easily seek stable configurations for the internal geometry, G 2 N2+ 1 2
i.e., configurations where the classical gravity forces balance G_o =1+ Cnpa+ 1 (AF7) (G/mer5)IN(N-1),
the quantum gravityCasimip pressures. We follo29] and (135

seek configurations satisfying
Y 2y A 1+cnps (ArDONZ NGl mer?)IN(N—-1)
V(r)=—=0, —>0, Ao 1—cnis 2 ArHNZTY( Gl mer?)/2
or or (136

where the pqtentiaN/_(r). is the negative of the one-loop cor- Btk stationary configurations in Table | have negative
rected effective action: values for the external dimensional regularization parameter

1 (N(N-1) W e=4—d and positive values for the renormalized Newton
-V(r)= ( , ZA) 4+ —maue (137  and cosmological constan®, andA. TheN=2 configu-
167G\ 1 \2 ration is stable but requires a negative bare gravity constant

G. The N=6 configuration has a positive unrenormalized
gravity constants, but is unstable.

Two input parameters, e.gG, and Ay, are required to
evaluate all other parametefsee columns 698including
the renormalized O(N+1) coupling constantg®=(N

. . . ) +1)87wG,/r? (see[29]). As expected, this theory cannot
There are only two static configurations for even d'men'apply to the current phase of the universe whetg

sions<6 (see columns 2 and 3 of Tablg bne stable and <10 52m~2 andG,=2.6x 10" °m?, but perhaps to one of
one not. Columns 4 and 5 of Table | relate the bare paramy, . preinflation ph;ses whe, A ;10—2

eters to their renormalized values. Because Einstein gravity 0 '
is not renormalizable we are rather unconstrained in our use

of the effective actiongpotential. We have done the one- V. CONCLUSIONS

loop renormalization by rewriting Eq131) as We have demonstrated how to evaluate the divergent part
of the VD effective action for Einstein gravity on even-

The bare value of Newton'’s four-dimensional gravity param-
eter G depends inversely on the sphere’s volume [see
Eq. (127)], i.e.,, GX Vg is the initial gravity constantin 4
+N dimensions. Values foWV,. can be found in Egs.
(124), (125, and(126).

—V(r)= ! N(N2—1) A) - dimensional Kaluza-Klein spacetimes of the fomfx SV
167G r (4)°er First the effective action is expanded as a series of functional
i i Nl o1
L+ i (AF2) + Co( Ar2) 2+« -- traces of various _operators includihg -, g_ , Us, andU,
{Cot Ca(ArT)Hca(ArD) and some of their products. Then the eigenvalues of these
+Cnpos 2( ArHN2T2Y (132  operators are obtained by decomposing the corresponding

. _ eigenfunctions, vectors or symmetric tensors, into their irre-
and collecting the™ andr™~? terms to get two equations: ducible parts. Using these eigenvalues, the divergent parts of
the traces can be obtained, thus giving the divergent parts of

(—2A)+ [c AN/2+2rN} the VD effective action. The formulas used to extract these
167G (41r)2e \WN2+2 divergent parts are tabulated in the Appendix for2, 4,
and 6.
— (—2Ay), (133 Although the above procedure becomes more and more
167G, tedious as one goes to higher dimensions, there is no con-
ceptual difficulty in doing so. One can therefore extend this
1 [N(N-1) N 1 ANZHLN-2 method to even dimensions with=8, as well as to other
167G r? (477)25{(:'\"2*1 o more general coset spadgsovided eigenvalues for the cor-

responding Laplacians are known
_ 1 [N(N—-1) (134 From the divergent parts of the VD effective action, we
167Gy r? have obtained the gauge-independent trace anomaly for
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gravitons onM*x SN, The trace anomaly for gravitons de- Similarly,

rived from the usual effective action depends on the choice

of gauge condition in the off-shell case; however, the VD 1\°
formalism provides an alternative definition of a unique trace = (F)
anomaly, even when off shd20]. Our final application was
an attempt to find self-consistent dimensionally reduce ; -

Kaluza-Klein spaces. Only one was fount£2) and it qhat IS, the trace has a divergent part only wipen2.

i (sw.t) = H=
required that we start with a negative bare Newton’s con->1NeX:j’g\(lg Sogs;derl;_l (N). For N=2, Di"=0 for |
stant. It also possessed much too small of a gauge-coupling anabij=o= — 9, while

constant to represent the current stage of the universe.

div_ |V4 1
T (4m)? e

(2) 6p2. (A4)

DY=DP=2+1 (A5)
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APPENDIX for [ =0. Therefore,

In this Appendix we evaluate the divergent part of the - div div
traces of various operators. We use the dimensional regular- DO(2)INTK2— A (2 _ —3)Ink2 =0
ization scheme in which the dimension of the external space- ; |§o - (2)inf (2)] ; (=3)In
time is taken to be (A7)

d—4—e. (Al)  and
Then we extract the part that is proportional te Bs e o div
—0. > 2 D”(2)In[k*=A(2)]
The traces that we shall consider are k 1=0
o div
I(l +1))
2 - 21+ 1)In| K2+
> ik 2 2 (2+1) =
1\P :—fwﬂ-(E esz)
© div
% . —7(1+1)/r? | o= m?
iV x| > (21+1)e )e
(s,0.t) 2_ — 4 (s,0,t) =0
EK Zo D>V (N)In[k— A (N)] ml: (N), 2 m—0
J"’o dr IVd e~ ™
- q =7 | T Az T arz
2 2 D(S,u,t)(N)(kZ)p(z;) 0o 7 (4’77) T
e k== Ai(N) div
><r2+1+ T+4Tz+ )
iV, TR T E 2T gd T
Eme(svuvt)(p,q,N), (A2) T 3 15 315 o
iV, 1 8 A8

for p=0, q=1. T (4mr?)2 e\ 315 (48)

First, using the proper time method, the divergent part of

2 .
2 Ink” can be written as Note that we have used an asymptotic expansion for the

div summation ovel above for small values of [30]. Now we
have

div

mﬁ e ‘rkzef m?

> Ink?

k o7

m—0

div FY(2)=0, (A9)

3
Ve [T g
= an® Zjo drr e . 3
m— FO(2)=F®(2)=— —. (A10)

315
=0. (A3)
m—0 ForN=4,

vy 1
B (471')z E(m4)
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TABLE II. GY(p,q,2) TABLE Ill. G®)(p,q,2)
p q p q
1 2 3 4 5 6 1 2 3 4 5 6
0 0 —6r4 0 0 0 0 0 22 or4 ré 0 0 0
1 0 0 —6r* 0 0 0 15 3
_ 4
; 8 g 8 %r 2 , 8 1 16 a2t 2% 0 0
' 315 15 3 3
2 4 16 2r? 2rt ré 0
D(V=2(21+3)(I+4)(1-1), (A12) 105% 105 5 3 2
3 64 16 32 8r? 2r* 2r®
D{"'=3 (21+3)(1+3)l, (A12) 11554 1052 105 15 3 5
=1 21+3)(1+2)(1+1), (A13)
1(1+3) =& 21+5)(1+6)(1+3)(1+2)(I-1), (A21)
A=—— (A14)
r
for =0, and the asymptotic expansions D{V=2 (21+5)(1+5)(1+3)(1+2)I,
(A22)
-5 5r4 10r? 91
_ _ rl(l+3)/r - =
2 5 (21+3)(1+4)(1-1)e” =57 3. 18
D(®= 15 (21+5)(1+4)(1+3)(1+2)(1+1),
508r 12772Jr 8067° . 21 31]74+ 3416r° (A23)
1892 37&%  2079° 81081 579157
R (A15) I(1+5)
" 1= r2 (A24)
Z L(21+3)(1+3)le 0+
B 11 46r N 1972 N 388,3 for =0, and the asymptotic expansions
T 272 30 31527 2107 " 3465°
L omet 2680 g 2w (2+5)1+6)(1+3)(+2)(1-1e e
1351358 22522510 ' -
7r®  21r? 262 4133 248r2+ 958 729-°
= 3 - 2 1 6
E % +3)(|+2)(|+1)e—rl(|+3)/r2 307 57 27 450(r 9% 289575
=0 . 14 6247 . 11267779° 357108 736° .
ré r?2 29 37 1497 1793 38618  16409250° 1683589057 ’
~ 62 37 90" 1892 18907 " 10395° (A25)
13874 13162~ . NE ©
4054058 2 027 02510 ( ) TABLE IV. G (p,q,2)
We obtain P 1 2 3 q 4 5 6
127 2 2
(t) — 2r 2r
FU(4) = 159 (A18) ¢ = 5 ré 0 0 0
2 4 6
19 1 16 ar” a2 0 0
FO(4)=-—, (A19) 315 15 3 3
105 2 4 6
2 4 16 2 2 T 0
o 149 1052 105 5 3 2
FP (4=~ 515 (A20) . 64 16 32 82 2t oS
1155% 1052 105 15 3 5
ForN=6,
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TABLE V. G®(p,q,4)

p q
1 2 3 4 5 6 7 8
2 4 6 8
o | _1oi6" o 10 o 0 0 0 0
189 9 3 18
2 4 6 8
1 254 2032 o 20 5rf 0 0 0
189 189 9 9 36
9 3224 254 101672 91r* 5r6 ré 0 0
6932 "~ 63 63 9 3 12
3 340976 12896 508 40642 o1r* 4r8 r8 0
27 02%% 6932 © 63 © 189 ) T3 18
4 54 656 1704 880 32240 2540 50802 91r* 10r®  5r8
3861° 270214 6932 189 189 9 9 126

TABLE VI. G%)(p,q,4)

p q
1 2 3 4 5 6 7 8
2 4 8
0 _ 9 _ 0 T 0 0 0 0
315 15 6
2 4 8
1 38 _ 184 _ 0 r 0 0 0
105 315 15 12
2 4 8
5 15522 38 o 1lr 0 e 0 0
1155 35 105 15 20
3 98 864 6208 76 3682 11t 0 r8 0
450454 11552 35 315 15 30
4 4288 98 864 3104 76 92r2 11r# 0 ré
15015° 90094 2312 21 63 15 42
TABLE VII. G®(p,q,4)
p q
1 2 3 4 5 6 7 8
2 4 6 8
0 a4 2% r r 0 0 0 0
189 45 3 18
2 4 6 8
1 298 1487 29~ 2r r 0 0 0
945 189 45 9 36
9 716 298 74r2 2o ré ré 0 0
34657 315 63 45 6 60
3 22192 2864 596 296r2 2or4 2r8 ré 0
1351354 34657 315 189 45 15 90
4 210592 22192 1432 596 3702 2o ré r8
135 135° 27 02%% 6932 189 189 45 9 126
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q p
1 2 3 4 5 6 7 8 9 10
2 4 6 10
0 _ 4133 _ %24 o a 0 e 0 0 0 0 0
225 27 5 360
2 4 6 10
1 992 _ 826d _ boa e 0 [ 0 0 0 0
99 225 27 5 900
2 4 6 10
) 3834916 992 4133 524 o 2r 0 s 0 0 0
96 52572 33 75 27 10 1800
3 233984 15339664 1984 165322 5244 42r8 0 r1o 0 0
12874 96 5257 © 33 225 27 © 25 450
4 90 142 232 1169920 7669832 9920 41332 5244 7ré 0 r10
546 975° 12874 198052 © 99 T Y 5 720
5 11427479552 180284464 1169920 15339664 4960 82662 5244 6r6 r1o
© 37413098 182 325° 4292 19 3057 © 33 75 T 27 5 1080
> L (21+5)(1+5)(1+3)(I+2)le~7(1+50? > L (204+5)(1+4)(1+3)(1+2) (1 +1)e (1+50r?
=0 =0
ré ré 1823 487r 367172 ré r¥  r? 1139 833 1377
=—at-— — >+ v =——=+t 5+ —+ + >+ 7
127° 474 3780 1260r% 13860 607° 1272 57 3780 27002 66(
. 2646113 . 1603* 9333977° . 1214422  4525%* 2306848%°
405405°  4290° 45945900 2027028° 810810° 229729500
13067 106 599° . 726 1974977 293° . A7
23570 246 700 ’ (A26) 23570 246 700 ' (A27)
TABLE IX. G®(p,q,6)
q p
1 2 3 4 5 6 7 8 9 10
2 4 8 10
0 _ 48’ _ 18237 0 r ~ 0 0 0 0 0
630 1890 12 144
2 4 8 10
1 3671 _asrt 18237 r ~ 0 0 0 0
3465 315 1890 24 0
2 4 8 10
) 1058444 3671 L 1823 0 e L 0 0 0
1351352 1155 210 1890 40 720
3 12824 4233776 7342 9742 18234 0 r8 r10 0 0
7154 13513572 1155 315 1890 60 1260
4 37335908 12824 2116888 7342 4872 18234 0 ré rio 0
~ 76576%° 1434 27 02%2 693 © 126 1890 84 2016
5 104 536 852 792 74671816 38472 4223776 3671 4872 18234 0 r8 r10
"~ 7130945 818° "~ 2552556 143° 27 02%2 231 "~ 105 © 71890 112 3024
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TABLE X. G®(p,q,6)

q p
1 2 3 4 5 6 7 8 9 10
2 4 6 8 10
0 833~ 11397 r r L 0 0 0 0 0
1350 1890 5 36 720
2 4 6 8 10
| &2 e T T
165 675 1890 15 72 1800
9 485768 137 8332 11394 ré ré r1o 0 0 0
6756752 55 450 1890 10 120 3600
3 362008 1943072 274 16662 11394 2r® r8 r1o 0 0
"~ 1351354 6756752 55 675 1890 25 180 6300
4 92273924 362008 971536 274 8332 11394 ré ré r10
38288255 270271 1351352 33 270 1890 15 252 10080
5 15799 818 344 184 547 848 362008 1943072 137 8332 11394 2r® ré r10
130 945 8188 1276 275° 9009 1351352 11 225 1890 35 336 15120
We obtain © 137
s —_
F(6)=— 335 (A30)
496
FO6)=—, (A28) ; . .
99 For G(5¥9(p,q,N), we again use the asymptotic expan-
sions for various dimensions and the same procedure to ex-
o)y ey 3071 tract the divergent parts. The results are listed in Tables
P~ " 5o30 (A29) 1 _x
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