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Use of the reciprocal basis in neutral meson mixing
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In the presence ofCP violation, the effective Hamiltonian matrix describing a neutral meson-antimeson
system does not commute with its Hermitian conjugate. As a result, this matrix cannot be diagonalized by a
unitary transformation and one needs to introduce a reciprocal basis. Although known, this fact is seldom
discussed and almost never used. Here, we use this concept to highlight a parametrization of the Hamiltonian
matrix in terms of physical observables, and we show that using it reduces a number of long and tedious
derivations into simple matrix multiplications. These results have a straightforward application for propagation
in matter. We also comment on the~mathematical! relation with neutrino oscillations.

PACS number~s!: 11.30.Er, 12.15.Ff, 14.40.2n
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I. INTRODUCTION

We are interested in the effective 232 Hamiltonian ma-
trix describing the mixing in theP0-P̄0 systems, whereP
stands forK, D, Bd , or Bs . We denote this 232 matrix by
H5M2 i /2G where

M5~H1H†!/2 and 2 i G/25~H2H†!/2, ~1!

describe the Hermitian and anti-Hermitian parts ofH, re-
spectively. BothM andG are Hermitian. Matrices satisfying
@H,H†#50 are called ‘‘normal’’ matrices. It is easy to sho
that

@H,H†#50⇔@M,G#50. ~2!

Moreover, a matrix is normal if and only if it can be diag
nalized by a unitary transformation. It is often stated th
non-unitary transformations arise wheneverH is not hermit-
ian. This is not the case. What is relevant is whetherH is
normal or not. Indeed, ifGÞ0 then H is not Hermitian;
however,H can still be diagonalized by a unitary matrix a
long as@M,G#50.

In Sec. II we introduce the concept of ‘‘reciprocal basis
and we show that the presence of T violation in theP0-P̄0

system forces us to use such a basis. The physical obs
ables are defined in Sec. III and they are used in Sec. IV
parametrizeH exclusively in terms of measurable quantitie
The time evolution of theP0-P̄0 system is discussed in Se
V. Section VI explains why theP0-P̄0 should be considered
as intermediate states, and Sec. VII shows an error w
arises when one does not use the reciprocal basis. M
effects are then considered in Sec. VIII. This differs from
previous analyses of matter effects in that no use is mad
the Good equations; here the time evolution is obtained
trivial way. In Sec. IX we compare the mixing in theP0-P̄0

system with the mixing in the neutrino sector. To this en
we start by showing how the equation describing the ti
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evolution and its solution would look if we had chosen
different reference frame. We present our conclusions in S
X. For completeness, Appendix A contains some elemen
notions of collision theory, which are needed to describe
evolution in the presence of interactions with matter. Appe
dix B contains two other parametrizations of the physi
observables commonly found in the literature, the first
which is most convenient for the comparison with the ne
trino sector.

II. THE RECIPROCAL BASIS

A. Definition

Why do we change basis at all? One reason is that
time evolution of the stateuc(t)& describing theP0-P̄0

mixed state, which is given by

i
d

dt
uc~ t !&5Huc~ t !&, ~3!

becomes trivial in the basis in whichH is diagonal. Equation
~3! andH have been written in theP0-P̄0 rest frame andt is
the proper time.

We denote the~complex! eigenvalues ofH by ma5ma
2 i /2Ga andmb5mb2 i /2Gb , corresponding to the eigenvec
tors

S uPa&

uPb&
D 5S pa qa

pb 2qb
D S uP0&

uP̄0&
D 5XTS uP0&

uP̄0&
D . ~4!

As a result, the matrixH is diagonalized through

X21HX5S ma 0

0 mb
D , ~5!

where

X215
1

paqb1pbqa
S qb pb

qa 2pa
D . ~6!

As stated above,H is normal if and only ifX is unitary. This
is what one learns in algebra.
a,
©2000 The American Physical Society08-1
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So, why do~most! people worry about performing non
unitary transformations? The reason is that one would
the mass basis$uPa&,uPb&% to retain a number of the nic
~orthogonality! features of the$uP0&,uP̄0&% flavor basis.
Among these: the orthogonality conditions

^P0uP̄0&5^P̄0uP0&50,

^P0uP0&5^P̄0uP̄0&51; ~7!

the fact thatuP0&^P0u anduP̄0&^P̄0u are projection operators
the completeness relation

uP0&^P0u1uP̄0&^P̄0u51; ~8!

and the decomposition of the effective Hamiltonian as

H5uP0&H11̂ P0u1uP0&H12̂ P̄0u1uP̄0&

3H21̂ P0u1uP̄0&H22̂ P̄0u

5~ uP0&, uP̄0&) HS ^P0u

^P̄0u D . ~9!

All these relations involve the basis of flavor eigenke

$uP0&,uP̄0&% and the basis of the corresponding br

$^P0u,^P̄0u%. The problem is that, whenH is not normal, we
cannot find similar relations involving the basis of mas
eigenkets$uPa&,uPb&% and the basis of the correspondin
bras, $^Pau,^Pbu%. In particular, it is easy to see from th
diagonalization in Eq.~5! that the analog of Eq.~9! is

H5uPa&ma^P̃au1uPb&mb^P̃bu

5~ uPa&, uPb&!S ma 0

0 mb
D S ^P̃au

^P̃bu
D . ~10!

This does not involve the bras^Pau and ^Pbu,

S ^Pau

^Pbu D 5X†S ^P0u

^P̄0u D , ~11!

but rather the so-called ‘‘reciprocal basis’’

S ^P̃au

^P̃bu
D 5X21S ^P0u

^P̄0u D . ~12!

The reciprocal basis may also be defined by the orthogo
ity conditions

^P̃auPb&5^P̃buPa&50,

^P̃auPa&5^P̃buPb&51. ~13!

Moreover, uPa&^P̃au and uPb&^P̃bu are projection operators
and the partition of unity becomes

uPa&^P̃au1uPb&^P̃bu51. ~14!
11600
e

l-

If H is not normal, thenX is not unitary, and$^Pau,^Pbu% in
Eq. ~11! do not coincide with$^P̃au,^P̃bu% in Eq. ~12!. An-
other way to state this fact is to note thatH is normal (X is
unitary! if and only if its right eigenvectors coincide with it
left eigenvectors.

That these features have an impact on theK0-K̄0 system,
was pointed out long ago by Sachs@1,2#, by Enz and Lewis
@3#, and by Wolfenstein@4#. More recently, they have bee
stressed by Beuthe, Lo´pez-Castro and Pestieu@5#, by
Alvarez-Gaume´ et al. @6#, and by Branco, Lavoura and Silv
in their book ‘‘CP violation’’ @7#. Still, we have found that
they are not common knowledge. This is unfortunate sin
there are a number of results that usually require consi
able algebra which become trivial once the matrix formu
tion discussed here is implemented. Moreover, one can
press the matrix elements ofH, written in theP0-P̄0 basis, in
terms of observable quantities. This is what we show he

B. The relation to CP violation

We will now show that the reciprocal basis is required
the observation ofT and CP violation in the mixing in the
neutral meson systems. The discrete symmetries have
following effects on the matrix elements ofH:

CPT conservation⇒H115H22,

T conservation⇒uH12u5uH21u,

CP conservation⇒H115H22 and uH12u

5uH21u. ~15!

The 1964 discovery thatuH12uÞuH21u in the kaon system@8#

means that there isT and CP violation in K0-K̄0 mixing.
Moreover, since the (1,1) entry in the matrix@H,H†# is
given by uH12u22uH21u2, this experimental result also im
plies that the matrixH is not normal and, thus, that we ar
forced to deal with non-unitary matrices in the neutral ka
system.

For the other neutral meson systems,uH12uÞuH21u has not
been established experimentally. Nevertheless, the stan
model predicts that, albeit the difference is small,uH12u
ÞuH21u does indeed hold. As before, this impliesCP viola-
tion in the mixing and forces the use of the reciprocal ba
in all the neutral meson systems.

III. OBSERVABLES IN THE P0-P̄0 MIXING

Let us start by introducing some notation. We define

m5m2 iG/2[~ma1mb!/2,

Dm5Dm2 iDG/2[ma2mb . ~16!

Sometimes it is convenient to trade the eigenvalue differe
for x2 iy[Dm/G. We may write the mixing matrixX in
terms of new parameters
8-2
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u5

qa

pa
2

qb

pb

qa

pa
1

qb

pb

, ~17!

and

q

p
5Aqaqb

papb
. ~18!

Notice that we have not defined the quantitiesq andp sepa-
rately; we only define the ratioq/p. With this notation the
mixing matrix may be re-written as

X5S 1 1

q

p
A11u

12u
2

q

p
A12u

11u
D S pa 0

0 pb
D , ~19!

X215S pa
21 0

0 pb
21D S 12u

2

p

q

A12u2

2

11u

2
2

p

q

A12u2

2

D . ~20!

We point out that these transformation matrices involve
normalization constantspa andpb . Finally, it will also prove
convenient to define

d5

12UqpU
2

11UqpU
2 , ~21!

meaning thatuq/pu5A(12d)/(11d).
The fact that the trace and determinant are invariant un

the general similarity transformation in Eq.~5! implies that

m5~H111H22!/2,

Dm5A4H12H211~H222H11!
2.

~22!

Moreover, from

S H11 H12

H21 H22
D S pa

qa
D 5maS pa

qa
D ,

S H11 H12

H21 H22
D S pb

2qb
D 5mbS pb

2qb
D , ~23!

we find that

qa

pa
5

ma2H11

H12
5

H21

ma2H22
,

qb

pb
5

H112mb

H12
5

H21

H222mb
, ~24!
11600
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leading to

u5
H222H11

ma2mb
,

d5
uH12u2uH21u
uH12u1uH21u

, ~25!

andq/p5AH21/H12. We see that Reu and Imu areCP and
CPT violating, whiled is CP andT violating.

Although H contains eight real numbers, only seven a
physically meaningful. Indeed, one is free to change
phase of the ketsuP0&, uP̄0&, uPa&, anduPb&, as

uP0&→eiguP0&,

uP̄0&→ei ḡuP̄0&,

uPa&→eigauPa&,

uPb&→eigbuPb&. ~26!

Under these transformations

H12→ei (ḡ2g)H12,

H21→ei (g2ḡ)H21,

q/p→ei (g2ḡ)q/p, ~27!

while H11, H22, m, Dm, u, andd do not change. Therefore
the relative phase betweenH12 andH21 is physically mean-
ingless andH contains only seven observables. Similarly,the
phase of q/p is also unphysical. As a result, we have fou
observables in the eigenvalues,m andDm, and three in the
mixing matrix,u andd ~or, alternatively,uq/pu).

IV. PARAMETRIZING H WITH MEASURABLE
QUANTITIES

Equations~22! and ~25! give the measurable mixing an
eigenvalue parameters in terms of theHi j matrix elements
which one can calculate in a given model. Given the curr
and upcoming experimental probes of the various neu
meson systems, it seems much more appropriate to do
cisely the opposite; that is, to give theHi j matrix elements in
terms of the experimentally accessible quantities. Such
pressions would giveMi j and G i j in a completely model
independent way, with absolutely no assumptions. One co
then calculate these quantities in any given model; if they
in the allowed ranges the model would be viable.

Surprisingly, this is not is done in most expositions of t
P0- P̄0 mixing. The reason is simple. Equations~22! and
~25! are non-linear in theHi j matrix elements. Thus, invert
ing them by brute force would entail a tedious calculatio
With the matrix manipulation discussed here this inversion
straightforward. Indeed, Eq.~5! can be trivially transformed
into @9#
8-3
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JOÃO P. SILVA PHYSICAL REVIEW D 62 116008
H5XS ma 0

0 mb
DX215S m2

Dm

2
u

p

q

A12u2

2
Dm

q

p

A12u2

2
Dm m1

Dm

2
u

D ,

~28!

where we have used Eqs.~19! and ~20!. This equation ex-
presses in a very compact form the relation between
quantities which are experimentally accessible and th
which are easily calculated in a given theory. Expanding
we find

M115m2Reu
Dm

2
2Im u

DG

4
,

M225m1Reu
Dm

2
1Im u

DG

4
,

q

p
M125

1

2~11d! FRe~A12u2!S Dm2 id
DG

2 D
1Im~A12u2!S DG

2
1 id DmD G , ~29!

and
11600
e
e

t,

G115G2Reu
DG

2
1Im u Dm,

G225G1Reu
DG

2
2Im u Dm,

q

p
G125

1

11d FRe~A12u2!S DG

2
1 id DmD

2Im~A12u2!S Dm2 id
DG

2 D G . ~30!

We would argue that this is the best way to quote the exp
mental results. The impact of any assumption made abou
physical observables, such asCPT or T conservation, is
transparent in Eqs.~29! and ~30!.

A few remarks are in order. First we note that Eqs.~19!
and ~20! involved the overall normalization factorspa and
pb , but that these cancel in the multiplication on the rig
hand side of Eq.~28!. Secondly, althoughM12, G12 andq/p
are not rephasing invariant, we can see from Eqs.~27! that
q/p M12, q/p G12 and M12G12* are indeed physically mean
ingful. Thirdly, the equations involvingG are needed also fo
the unitarity conditions@10#
(
g

uAgu25G115G~12y Reu1x Im u!,

(
g

uĀgu25G225G~11y Reu2x Im u!,

(
g

q

p
Ag* Āg5

q

p
G125G

~y1 idx!Re~A12u2!2~x2 idy!Im~A12u2!

11d
, ~31!

whereAg5^guTuP0&, Āg5^guTuP̄0&, and the sums run over all the available decay modesg.

V. TIME EVOLUTION

The time evolution of the neutral meson system is easily obtained using Eqs.~10! and~14!, and the fact thatuPa&^P̃au and
uPb&^P̃bu are projection operators. We find

exp~2 iHt !5e2 imatuPa&^P̃au1e2 imbtuPb&^P̃bu

5~ uPa&, uPb&)S e2 imat 0

0 e2 imbtD S ^P̃au

^P̃bu
D . ~32!

It is now trivial to write the evolution operator back in the flavor basis. Indeed, using Eqs.~4! and ~12!, we find
8-4
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exp‘~2 iHt !5~ uP0&, uP̄0&!XS e2 imat 0

0 e2 imbtDX21S ^P0u

^P̄0u D

5~ uP0&, uP̄0&)S g1~ t !2u g2~ t !
p

q
A12u2g2~ t !

q

p
A12u2g2~ t ! g1~ t !1u g2~ t !

D S ^P0u

^P̄0u D , ~33!
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g6~ t ![
1

2
~e2 imat6e2 imbt!5e2 imt e2Gt/2H cosS Dm t

2 D ,

2 i sinS Dm t

2 D .

~34!

This corresponds to the usual expressions for the time e
lution of a state which starts out asP0 or P̄0,

uP0~ t !&5exp~2 iHt !uP0&

5@g1~ t !2u g2~ t !#uP0&

1
q

p
A12u2g2~ t ! uP̄0&,

uP̄0~ t !&5exp~2 iHt !uP̄0&

5
p

q
A12u2g2~ t !uP0&

1@g1~ t !1u g2~ t !#uP̄0&, ~35!

respectively. At this point it is important to emphasize t
fact that, in deriving this result, no assumptions were m
about the form of the original matrixH. This observation
will become important once we consider the evolution
matter.

VI. NEUTRAL MESONS AS INTERMEDIATE STATES

Because there isCP violation in P02 P̄0 mixing, there is
no selection rule allowing us to choose a final statef to
which Pa ~or Pb) can decay whilePb (Pa) cannot. That is,
all calculations must involve the full transition chain@11#

i→X$Pa ,Pb%→X f , ~36!

with both neutral meson eigenstates as intermediate state
order to beformally correct. Obviously, one could ignore
11600
o-

e

, in

this problem. Still, as we show in Sec. VII, one will be lea
into incorrect results if the reciprocal basis is not used as
‘‘out’’ bra.

Recently, Amorim, Santos, and Silva@12# have high-
lighted a very important point about the transition chain
Eq. ~36!. They showed that this evolution can be fully p
rametrized by the usual quantitiesl f andl f̄ , describing the
decays$P0,P̄0%→ f , f̄ , supplemented by two new quantitie
j i and j ī , describing the production mechanismi , ī
→$P0,P̄0%. ~Although they applied these results only to th
case in whichi , ī →$P0,P̄0% represents a decay, their forma
ism is valid in all generality.! The new quantitiesj i and j ī
may entail new sources ofCP violation, just likel f andl f̄
do. They are absent from the decaysB→J/cK→J/c@ f #K
studied previously@13# because, in those cases, the initialB0

meson can only decay to one of the kaon’s flavor eigensta
However, they are crucial for the decaysB6→D1X6

→@ f #D1X6 @14#, and, in general, whenever the initial sta
i can produce~or, in particular, decay into! both flavor ei-
genstates of the intermediate neutral meson system,P0 and
P̄0.

Let us consider the decay chaini→X$Pa ,Pb%→X f . The
complete amplitude for this process involves the amplitu
for the initial decay intoXPa or XPb , the time-evolution
amplitude for this state, given by Eq.~32!, and finally the
amplitude for the decay intoX f . Suppressing the referenc
to X, we find

A~ i→Pa,b→ f !5^ f uTuPa& e2 i mat ^P̃auTu i &

1^ f uTuPb& e2 i mbt ^P̃buTu i &. ~37!

This is an exact expression. However, sometimes it is p
sible to choose a final statef and to set the experimenta
conditions in such a way as to maximize the importance
i→XPa→X f relative toi→XPb→X f . In that case we may
make the approximation

A~ i→Pa,b→ f !'A~ i→Pa→ f !

5^ f uTuPa& e2 i mat ^P̃auTu i &

5^ f uTuPa& e2 i mat @^P̃auP0&^P0uTu i &1^P̃auP̄0&

3^P̄0uTu i &#, ~38!
8-5
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JOÃO P. SILVA PHYSICAL REVIEW D 62 116008
where we have used the partition of unityuP0&^P0u
1uP̄0&^P̄0u51 to derive the last line. When one uses t
approximation in Eq.~38!, one talks about ‘‘the decayi
→XPa , ’’ 1 and writes

A~ i→XPa!5^P̃auP0& A~ i→XP0!1^P̃auP̄0& A~ i→XP̄0!

5
1

2
@p21A~ i→XP0!1q21A~ i→XP̄0!#, ~39!

where, in the last line, we have assumed theCPT-invariant
case:

^P̃au5
1

2
~p21^P0u1q21^P̄0u!,

^P̃bu5
1

2
~p21^P0u2q21^P̄0u!. ~40!

Therefore, the ratio of the two component amplitudes in
~39! is given by q21/p215p/q, and not byq* /p* —as
would have been the case if we had used^PHu instead of

^P̃Hu. The difference betweenq21/p21 andq* /p* only dis-
appears in the limituq/pu51. We will now show that this has
a formal impact in the study of the decayBd→J/cKS .

VII. ON THE NEED FOR THE RECIPROCAL BASIS
IN Bd\JÕcKS

This decay is so important that it is surprising how ma
times it is calculated without even mentioning that the use
the reciprocal basis isrequired in order to obtain theexact
result. We repeat, in this decay the use of the reciprocal b
is not a convenient calculational tool. It is unavoidable wh
one wishes to obtain the result without approximations.

The first observation we should make is that what o
looks for experimentally is the decay chainBd→J/cK
→J/c(pp)K , and that both intermediateKS and KL con-
tribute to this decay. The following argument should make
clear why the intermediateKL must contribute. Consider th
decay chainBd→J/cK→J/c(pp)K , but where we have
chosen to look only for kaons which live a proper timet
@tS before they decay. Clearly, for these kaons, theKS
component will have disappeared before the decay, and
pp final states must have come from an intermediateKL .
This explains why, in general, one must use Eq.~37!. How-
ever, in the experiments searching forBd→J/cKS one is
looking at kaon proper timest<10tS . Therefore, in these
experiments the decay pathBd→J/cKL→J/c(pp)K is very
suppressed with respect to the decay pathBd→J/cKS

1Nevertheless, strictly speaking, it is Eq.~37! which expresses the
correct way to think about decays into neutral-meson eigenst
@3,11#. As we stressed above, the point is that, sinceCP is violated,
there is no final statef that can be obtained only fromPa and not
from Pb . There will always be a non-zero amplitude for the dec
path i→XPb→X f .
11600
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→J/c(pp)K both due to the huge ratioA(KS→pp)/A(KL
→pp) and to the time interval probed. This leads us to E
~38! and, ignoring the normalizationspa and pb , allows us
to talk about the decayBd→J/cKS as in Eq.~39!.

Having established under which circumstances we m
~to good approximation! talk about the decayBd→J/cKS ,
we are now in position to describe the upcoming measu
ment ofCP violation in this decay. These experiments w
determine the imaginary part of

lBd→J/cKS
[

qBd

pBd

A~B̄d→J/cKS!

A~Bd→J/cKS!
. ~41!

We wish to calculateA(Bd→J/cKS) and A(B̄d→J/cKS).
We recall that the decaysBd→J/cK̄0 and B̄d→J/cK0 are
forbidden to leading order in the SM, and, to simplify th
problem, we consider theCPT-conserving case, in which

uKS&5pKuK0&2qKuK̄0&,

^KSu5pK* ^K0u2qK* ^K̄0u,

^K̃Su5
1

2
@pK

21^K0u2qK
21^K̄0u#. ~42!

The question is whether one should use^K̃Su or ^KSu in the
final state. That is, we wish to know whether to use

A~Bd→J/cKS!5^K̃SuK0& A~Bd→J/cK0!

1^K̃SuK̄0& A~Bd→J/cK̄0!

5
1

2
@pK

21A~Bd→J/cK0!2qK
21A~Bd→J/cK̄0!#

5
1

2
pK

21A~Bd→J/cK0!, ~43!

and

A~B̄d→J/cKS!52
1

2
qK

21A~B̄d→J/cK̄0! ~44!

or, alternatively, use

A~Bd→J/cKS!5^KSuK0& A~Bd→J/cK0!

1^KSuK̄0& A~Bd→J/cK̄0!

5pK* A~Bd→J/cK0!2qK* A~Bd→J/cK̄0!

5pK* A~Bd→J/cK0!, ~45!

and

A~B̄d→J/cKS!52qK* A~B̄d→J/cK̄0!. ~46!

In the first case we obtain

es
8-6



io

e

e

e
le

,
in

en
g

ns-
ich

c-

ice
bes
also
q.

is

tive
-
ues
bles
ise.

USE OF THE RECIPROCAL BASIS IN NEUTRAL . . . PHYSICAL REVIEW D 62 116008
lBd→J/cKS
[2

qBd

pBd

A~B̄d→J/cK̄0!

A~Bd→J/cK0!

pK

qK
, ~47!

in the second we obtain

lBd→J/cKS
[2

qBd

pBd

A~B̄d→J/cK̄0!

A~Bd→J/cK0!

qK*

pK*
. ~48!

From the previous section, we know that the first express
is the correct one@11#. And, in deriving it, we had to know
what the reciprocal basis was and that it had to be us
Nevertheless, sinceuqK /pKu only differs from one at order
1023 and we are looking for a large effect inlBd→J/cKS

, this
detail, although needed for anexact formalderivation, is
numerically insignificant. This explains why it has gon
largely unnoticed@15#.

VIII. MATTER EFFECTS IN THE P0-P̄0 EVOLUTION

We now wish to study how the time evolution of th
P0- P̄0 changes in the presence of matter. It should be c
that the matter effects will change the specific form ofH but,
since we have considered the most general such matrix
the derivations presented above should still apply. It rema
to relate the parameters in matter and in vacuum.

We will denote the matrices, matrix elements and eig
values in vacuum by unprimed quantities and their analo
tte
r

11600
n

d.

ar

all
s

-
in

matter by primed quantities. For example, when kaons tra
verse matter, they are subject to strong interactions wh
conserve strangeness but which treat theK0 and K̄0

differently.2 This effect may be parametrized by a new effe
tive Hamiltonian

Hnuc5S x 0

0 x̄
D , ~49!

which must be added to the Hamiltonian in vacuum. Not
that this parametrization is completely general. It descri
any strangeness-conserving interaction whatsoever. It is
important to notice that our original evolution equation, E
~3!, and vacuum HamiltonianH have been written in the
P0-P̄0 rest frame. Before we addHnuc to H we must ensure
that Hnuc is also expressed in the rest frame. This point
discussed in Appendix A.

The full Hamiltonian in matter becomes

H85H1Hnuc. ~50!

Now, we have already studied the most general effec
Hamiltonian, and Eq.~28! relates such an Hamiltonian writ
ten in the flavor basis with the corresponding eigenval
and mixing parameters. Therefore, relating the observa
in vacuum and in matter becomes another simple exerc
Equations~28!, ~49! and ~50! yield
S m82
Dm8

2
u8

p8

q8

A12u82

2
Dm8

q8

p8

A12u82

2
Dm8 m81

Dm8

2
u8

D 5S m2
Dm

2
u

p

q

A12u2

2
Dm

q

p

A12u2

2
Dm m1

Dm

2
u

D 1S x 0

0 x̄
D . ~51!
a-

ed
A few features are worth mentioning. First,H128 5H12 and
H218 5H21. As a result,q8/p85q/p. In particular, theCP-
and T-violating parameterd, which depends onuq8/p8u
5uq/pu, is the same in vacuum and in the presence of ma
Therefore, the parameters in vacuum and in matter are
lated through

m85m1
x1x̄

2
,

Dm85A~Dm!212u Dm Dx1~Dx!2

5Dm A114r u14r 2,

u85
Dm u1Dx

A~Dm!212u Dm Dx1~Dx!2
5

u12r

A114r u14r 2
,

~52!
r.
e-

whereDx5x̄2x, and we have introduced the ‘‘regener
tion parameter’’r 5Dx/(2Dm). It will also prove conve-
nient to find

A12u825
Dm A12u2

A~Dm!212u Dm Dx1~Dx!2

5A 12u2

114r u14r 2
. ~53!

Secondly, it is clear from Eq.~51!, and also from Eqs.~52!
and ~53!, that the flavor-diagonal matter effects consider
here act just like violations ofCPT. Thirdly, we expect the
matter effects to be much larger than any~necessarily small!
8-7
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CPT-violation that there might be already present
vacuum. Therefore, we may takeu50 to get

m85m1
x1x̄

2
,

Dm85A~Dm!21~ x̄2x!25Dm A114r 2,

u85
x̄2x

A~Dm!21~ x̄2x!2
5

2r

A114r 2
, ~54!

and A12u8251/A114r 2. We stress that Eq.~51! is com-
pletely general, as will be the time evolution based on it.

The time evolution in matter is now trivial to find. It i
given in Eqs.~33! @or, alternatively, in Eqs.~35!# and ~34!,
with the unprimed quantities substituted by the primed qu
tities. This solution had been found for the kaon system
Good @16#, building on earlier work by Case@17#. Recent
re-derivations may be found in Refs.@18# and @19#. In all
these articles, the authors write a new evolution equa
obtained by combining the diagonalized form ofH with the
new term Hnuc written in the $KL ,KS% basis. Thus, they
would seem to be solving a new complicated set of eq
tions: the so-called ‘‘Good equations.’’ In the method pr
sented here, we have made no reference to ‘‘new’’ differ
tial equations. We had already solved the most gen
evolution equation once and for all, Eqs.~35!; and we had
seen howH could be written in terms of observables, E
~28!. All we had to do was to refer back to those results.

It should also be pointed out that this matrix formulati
is very useful whenever we have non-uniform materials.
example, one might wish to study an experiment in whic
kaon beam traverses vacuum, matter, and then vacuum a
before it decays. Or a beam that traverses copper, carbon
then tungsten. In the matrix formulation, all we have to do
multiply three evolution matrices

exp@2 iH~ t32t2!# exp@2 iH~ t22t1!# exp@2 iHt1#,
~55!

each given by Eq.~33!.

IX. ON THE „MATHEMATICAL … RELATION WITH
NEUTRINO OSCILLATIONS

A. Boosted frames

As we have mentioned before, the evolution equation~3!
in which our study is based has been written in the rest fra
of the P0-P̄0 system. We denote this explicitly by

2The total cross section forK̄0 interacting with a nucleus is large

than that forK0 on the same nucleus. For example,K̄0p→Lp1

takes place but there is no corresponding reaction forK0.
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i
d

dtrest
uc~ t rest!&5Huc~ t rest!&. ~56!

The advantage of doing this is that in the rest frame
energy is given simply byE5m. As a result, the time pa
rameter which appears in the solutions presented in Eqs.~35!
or ~B7!, through the time dependent functionsg6(t) defined
in Eq. ~34!, is really t rest.

Now imagine that we wished to have Eq.~56! given in a
boosted frame~named the lab frame from now on!. In that
case we would start by noticing that both the energy and
time are altered in the boosted frame. They become

Elab5m g,

t lab5g t rest5
Elab

m
t rest. ~57!

Ignoring the matrix structure for the time being, Eq.~56!
would change schematically into

i
d

dtlab
uc~ t lab!&5m g uc~ t lab!&5Elabuc~ t lab!&, ~58!

as it had to. Now, if the boost is much larger that the ma
p@m, we may use

Elab5Ap21m2;p1
m2

2p
1•••;p1

m2

2E
1•••. ~59!

However, we do not need to do this. We have alrea
found the solution to Eq.~56! in the rest frame. In order to
change it into the lab frame all we have to do is to substit
t rest in the time evolution functions of Eq.~34! by t rest
5t lab/g. We notice that 1/g5m/E. Therefore, when written
in terms oft lab the time evolution functions of Eq.~34! be-
come

g6~ t rest!5e2 im2t lab /E e2G m tlab /(2E)H cosS m

E

Dm

2
t labD ,

2 i sinS m

E

Dm

2
t labD .

~60!

And, usingDm5ma2mb and m5(ma1mb)/2, we realize
that the argument of the trigonometric functions is given

m

E

Dm

2
t lab5

ma
22mb

2

4E
t lab2

i

4

DG m

E
t lab. ~61!

B. A neutrino-like oscillation

For the comparison with neutrinos, it is most convenie
to use the parametrization of theCP-violating quantities dis-
cussed in the first subsection of Appendix B. To obtain re
tions that mimic those in the neutrino system, we comp
the probability thatP0 becomesP̄0 using Eqs.~B7!, ~60!,
8-8
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~61!, setting ImfR5Im uR50, and lettingG5DG;0 ~an-
other way of thinking about this limit is to suppose that w
are performing an experiment in a time scale much sma
than the mesons’ decay time!. We find
,

im

a
f

e
e

e

ce
o
um

n
e

11600
r
u^P̄0uP0~ t lab!&u25sin2uR sin2S ma

22mb
2

4E
t labD . ~62!

If, instead, the experiment is performed in matter, we obt
u^P̄0uP0~ t lab!&u25usin2uR8 u sin2S ma8
22mb8

2

4E
t labD ,

5
sin2uR

u124r cosuR14r 2u
sin2S ma8

22mb8
2

4E
t labD

5
sin2uR

u~cosuR22r !21sin2uRu
sin2S ma8

22mb8
2

4E
t labD , ~63!
.

in

fec-
,
nd

t be
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ed

he

ga-
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od

a

ith-
where we have used Eq.~B8! in getting to the second line
and

r 5
Dx

2Dm
5

Dx

2Dm
5

Dx/g

2Dm/g
5

E

ma
22mb

2

Dx

g
. ~64!

Equation~63! exhibits a resonance structure because the t
independent coefficient reaches its maximum if 2r 5cosuR.
For the final step in the connection to neutrinos, we look
this case further by assuming that the imaginary part or
(Dx), which is proportional tos tot in Appendix A, is negli-
gible. ThenDx is real and we may parametrize

V[
ReDx

g
. ~65!

As a result,

r 5
E V

ma
22mb

2
~66!

is real and the resonance condition, which becomes

2E V

ma
22mb

2
5cosuR , ~67!

can be satisfied foruR real. Equation~63! and the resonanc
condition in Eq.~67! are in exactly the same form as th
usual discussions of neutrino oscillations in matter@20#.

Although there is this mathematical connection betwe
neutrino oscillations andP0-P̄0 oscillations, the situations
are physically very different. Indeed, it is important to noti
that there are noCPT relations between the two neutrin
species involved in neutrino oscillation, and the vacu
mixing angleuR in Eq. ~62! may be small. Equation~63!
shows that, even ifuR is small, the effective mixing angle in
matter will be large when one hits the resonance conditio
Eq. ~67!. In contrast, as we show in Appendix B, in th
e

t

n

in

P0-P̄0 system, the deviation of cosuR from zero measures
violations of CPT. Assuming CPT conservation in the
P0-P̄0 system, sinuR51 and the vacuum transition in Eq
~62! already reaches unity~at select times!.3 Said otherwise,
the small mixing angle discussed in neutrino oscillations
vacuum, is~in the connection presented here! the mathemati-
cal analog of large violations ofCPT in the P0-P̄0 system.

X. CONCLUSIONS

We have shown that the presence ofT violation in the
neutral meson systems implies that the corresponding ef
tive HamiltonianH does not commute with itself. Therefore
H cannot be diagonalized by an unitary transformation a
we must introduce the reciprocal basis. This basis mus
used in order to obtain the correct form for some physi
observables, such as the parameterl in the decaysBd
→J/cKS . But, working with the reciprocal basis is a bles
ing rather than a nuisance. We show that using the recipr
basis has the following advantages:

the relation between the effective Hamiltonian mat
when written in the mass and flavor basis is simply obtain
and easily inverted, thus providing a parametrization ofH in
terms of measurable quantities;

one obtains a one line derivation of the evolution of t
states;

propagation in matter is reduced to the case of propa
tion in vacuum, with the vacuum and matter parameters
lated in a trivial fashion, without any recourse to the Go
equations;

the propagation in non-uniform media is reduced to
multiplication of evolution matrices.

It is true that some of these results can be obtained w

3Recall that we have assumedG50 and ImfR50 (T conserva-
tion!. WhenGÞ0, the right hand side of Eq.~62! appears multiplied
by exp(2Gtrest).
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out using the reciprocal basis. But, as we have tried to ill
trate in the article, this concept is not only needed but, w
used, greatly simplifies the various derivations. In additi
we can use this formalism to highlight the similarity betwe
the matter effects in theP0-P̄0 systems and the matter effec
in neutrino oscillations.
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APPENDIX A: MATTER EFFECTS IN THE REST
AND LABORATORY FRAMES

In this appendix we show howHnuc is related to physica
cross sections and what is the form of this relation in the
and laboratory frames. This is relevant for Eq.~49! and for
those wishing to expand on the analogy with the neutr
oscillations discussed at the end of Sec. IX. We follow h
the notation of Refs.@24# and @19#.

Let us consider the evolution of a coherent wave packef
with wave numberk in the laboratory frame:

d

dz
f5 ik f. ~A1!

In the presence of a block of material at rest in the laborat
frame, the wave number suffers a shift given approximat
by

k82k'
2pN

k
f ~0!5NS 2p

k
Ref ~0!1 i

s tot

2 D , ~A2!

whereN is the density of scattering centers in the mediu
and f (0) is the elastic forward scattering amplitude. On t
last equality, we have used the fact that the imaginary pa
f (0) is related to the total cross sections tot by the optical
theorem,

Im f ~0!5
k

4p
s tot . ~A3!

We also recall that

u f ~u!u25
1

2p

ds

d cosu
. ~A4!

In this equation~and only here!, u refers to the scattering
angle in the laboratory frame.

We conclude that the presence of matter changes the
lution in vacuum by an amount
11600
-
n
,

ly

-
d

t

st

o
e

y
ly

of

o-

i
d

dtlab
f52v~k82k!f52

2pN

k/v
f ~0! f, ~A5!

where v is the beam velocity in the lab frame andz
5v t lab. To change into the rest frame of the beam we not
that t lab5g t rest andk5mgv, whereg51/Ak21m2, leading
to

i
d

dtrest
f52

2pN

m
f ~0! f. ~A6!

When studying theP0-P̄0 systems, we denote byf ( f̄ ) the
elastic forward scattering amplitude ofP0 ( P̄0). Therefore,
the new contribution in theP0-P̄0 rest frame is given by

i
d

dtrest
uc~ t rest!&5S x 0

0 x̄
D uc~ t rest!&, ~A7!

where@19#

x52
2pN

m
f and x̄52

2pN

m
f̄ , ~A8!

leading to Eq.~49!.

APPENDIX B: OTHER PARAMETRIZATIONS
FOR T AND CPT VIOLATION

The way we parametrizeT andCPT violation in the mix-
ing of neutral mesons is different from the parametrizatio
used by some other authors. For ease of reference, we co
here formulas summarizing the relationships among differ
parametrizations.

1. The parametersfR and uR

Some authors~for instance@21#! introduce two complex
anglesuR andfR by writing

pa5Nacos
uR

2
, qa5NaeifRsin

uR

2
,

pb5Nbsin
uR

2
, qb5NbeifRcos

uR

2
. ~B1!

Then,

q

p
5eifR,

d5tanh~ Im fR!,

u52cosuR , ~B2!

and A12u25sinuR. CPT is violated if and only if cosuR
Þ0. T is violated if and only if ImfRÞ0. Some authors use
8-10
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a particular phase convention and claim that RefRÞ0 also corresponds toT violation. Clearly this statement is false since t
phase ofq/p has no physical meaning; we know that there is one and only oneT- andCP-violating quantity inH.

With this notation, Eqs.~19!, ~20!, ~28!, ~33!, and~35! become

X5S cos
uR

2
2sin

uR

2

eifRsin
uR

2
eifRcos

uR

2

D S Na 0

0 2Nb
D , ~B3!

X215S Na
21 0

0 2Nb
21D S cos

uR

2
e2 ifRsin

uR

2

2sin
uR

2
e2 ifRcos

uR

2

D , ~B4!

H5S m1cosuR

Dm

2
e2 ifRsinuR

Dm

2

eifRsinuR

Dm

2
m2cosuR

Dm

2

D , ~B5!

exp~2 iHt !5S uP0&,

uP̄0&
D S g1~ t !1cosuR g2~ t ! e2 ifRsinuR g2~ t !

eifRsinuR g2~ t ! g1~ t !2cosuR g2~ t !
D S ^P0u

^P̄0u D , ~B6!

and

uP0~ t !&5@g1~ t !1cosuR g2~ t !#uP0&1eifRsinuR g2~ t ! uP̄0&,

uP̄0~ t !&5e2 ifRsinuR g2~ t !uP0&1@g1~ t !2cosuR g2~ t !#uP̄0&, ~B7!

respectively.
Finally, the relation between the matter and vacuum parameters described in Eqs.~52! and ~53! become

m85m1
x1x̄

2
,

Dm85A~Dm!222 cosuR Dm Dx1~Dx!25Dm A124r cosuR14r 2,

cosuR85
Dm cosuR2Dx

A~Dm!222 cosuR Dm Dx1~Dx!2
5

cosuR22r

A124r cosuR14r 2
,

sinuR85
Dm sinuR

A~Dm!222 cosuR Dm Dx1~Dx!2
5

sinuR

A124r cosuR14r 2
, ~B8!

andfR85fR .

2. The parameterseS and dS

Other authors~for instance@22,23#! use two complex parameters,eS anddS , and write

qa

pa
5

12eS1dS

11eS2dS
,

qb

pb
5

12eS2dS

11eS1dS
. ~B9!

Obviously then,
116008-11
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q

p
5A~12eS!22dS

2

~11eS!22dS
2
,

d5
8Re@eS* ~11eS

22dS
2!#

„u~11eS!22dS
2u1u~12eS!22dS

2u…2
,

u5
2dS

11dS
22eS

2
. ~B10!

CPT invariance corresponds todS50. T invariance corresponds to Re@eS* (11eS
22dS

2)#50. The authors who use this param
etrization, however, always do so in conjunction with the assumption thatdS andeS are small. Then,

d'2 ReeS ,

u'2dS . ~B11!

Moreover,A12u2'122dS
2 .

It should be kept in mind that theR-parametrization is exact and general, while theS-parametrization is interesting onl
when using a phase conventionCPuP0&56uP̄0&, which implies thatCP conservation corresponds to vanishingdS andeS .
d
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