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Next-to-leading order corrections to heavy flavor production in longitudinally polarized
photon-nucleon collisions
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A complete next-to-leading order calculation of longitudinally polarized heavy quark photoproduction is
presented. All results of the perturbative calculation are given in detail. For reactions and energies of interest
cross sections differential in the transverse momentum and rapidity of the heavy quark, total cross sections, and
the corresponding asymmetries are given. Errors in the asymmetries are estimated and the possibility to
distinguish between various scenarios of the polarized gluon distribution is discussed. Our results are compared
with other related publications.
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I. INTRODUCTION

Deep inelastic scattering of longitudinally polarized pa
ticles has provided important information on the spin str
ture of the nucleon. However, the size and shape of the
larized gluon distributionDg in the proton remains an
essential problem. Significant progress requires experim
on reactions with longitudinally polarized particles dom
nated by subprocesses with initial gluons. Such a reactio

gW 1pW →Q~Q̄!1X, ~1.1!

where Q (Q̄) denotes a heavy quark~antiquark!; this is
dominated by

gW 1gW→Q1Q̄. ~1.2!

An experiment closely related to reaction~1.1! is soon going
to take place@1# and there is more than one proposal@2#.

At the Born level, reaction~1.1! was studied long ago
@3,4#. However, the importance of knowing the next-t
leading order corrections~NLOCs! cannot be overempha
sized. This work presents detailed results on a NLOC ca
lation.

It should be noted that NLOCs for reaction~1.1! have
already been published@5#. We believe, however, that in
view of the importance of reaction~1.1!, an independent de
termination of NLOCs in a different regularization approa
~see below! is in order. Extensive comparisons with the ca
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culation of @5#, as well as certain differences in our vie
regarding certain questions, will be also reported.

At NLO, apart from the loop and gluon bremsstrahlu
~brems! contributions to subprocess~1.2!, the subprocesses

gW 1qW ~ q̄W !→Q1Q̄1q~ q̄!, ~1.3!

where q denotes a light quark, should also be taken in
account.

We note that the Abelian part of NLOCs for subproce
~1.2! provides corrections to

gW 1gW →Q1Q̄. ~1.4!

This part has already been determined@6,7#. NLOCs to sub-
process~1.4! are of interest in themselves in connection w
Higgs boson searches when the Higgs boson mass is in
range of 90–160 GeV.

The loop and 2→3 parton graphs involved in NLOC
introduce ultraviolet~UV!, infrared ~IR!, and collinear sin-
gularities, which are eliminated by working inn5422«
dimensions. For polarized reactions this requires an ex
sion of the Dirac matrixg5 in nÞ4 dimensions. Unless oth
erwise stated, we work in the scheme of dimensional red
tion ~DR!, which simplifies the calculation of the trace
Certain subtleties of DR have been discussed in@6# and are
mentioned below. Furthermore, we use parton distributi
whose evolution, via two-loop anomalous dimensions, is
termined in a scheme different from DR. This necessita
the addition to our perturbative results of certain convers
terms.

In all the above contributions the photon interacts in
direct way. In addition, there are also resolved contributio
in which it interacts through its partonic constituents; in fa
strictly speaking, at NLO, scheme independent cross sect
arise only by adding them. At this moment a complete c
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culation of the resolved contributions is not possible, and
will be limited to giving an estimate.

The paper is organized as follows. Section II contains
general procedures, Sec. III discusses the loop contribut
to the photon-gluon fusion subprocess, and Sec. IV the
responding brems ones. Section V presents analytic re
on the subprocess~1.3!. In Sec. VI we derive the necessa
formulas for calculating various physical observables. S
tion VII presents our numerical results and discusses the
sibility to distinguish between three sets differing essentia
in the polarized gluon distribution functionDg. Section VIII
deals with our comparison with@5#, as well as with@8#. Sec-
tion IX presents our conclusions. Finally, in three Appe
dixes we present results completing our determination
NLOCs.

II. GENERAL PROCEDURES

The Born and the loop contributions tog1g→Q1Q̄ are
shown in Fig. 1. With the four-momentapi ,i 51, . . . ,4, as
indicated and withm the heavy quark mass we define

s[~p11p2!2, t[T2m2[~p12p3!22m2,

u[U2m2[~p22p3!22m2. ~2.1!

FIG. 1. LO and loop graphs. In the loop graphsp1↔p2 crossed
ones are not shown. Note that graph~i!, representing gluon, quark
and ghost loops, does not contribute here.
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Let Mi(l1 ,l2) be the amplitude of any of the contributin
graphs, wherel1 ,l2 are the helicities of the initial partons
our polarized cross sections correspond to the quantities

1

2
S@Mi~11 !M

*
j~11 !2Mi~12 !M

*
j~12 !#, ~2.2!

whereS denotes summation over the helicities and colors
the final particles and average over the colors of the init
For the determination of the asymmetries we need also
unpolarized cross sections, which correspond to the ave
of Mi(11)M* j (11) andMi(12)M* j (12).

We also introduce

v[11t/s, w[2u/~s1t !. ~2.3!

To reduce the length of the subsequent expressions we
make use of the results presented in@6#. Thus our leading-
order ~LO! polarized and unpolarized cross sections are

@D#
dsLO

gg

dv dw
5kCF@D#

dsLO

dv dw
, ~2.4!

wherek[as/8aeQ
2 and @D#dsLO /dv dw the corresponding

~polarized! unpolarized cross sections forgg→QQ̄ †Eq. ~9!
of @6#‡. For later use we note that@D#dsLO /dv dw are pro-
portional to

DB~s,t,u!5
1

s F2
t21u2

tu
12

sm2

tu S s2

tu
22D G

and ~see also@8#!

B~s,t,u!5
1

s F t21u2

tu
14

sm2

tu S 12
sm2

tu D G . ~2.5!

In determining the loop contributions, the renormaliz
tions of the heavy quark mass and wave function were c
ried on shell, as in@6#; i.e., the renormalized heavy quar
self-energyS r(p) was taken to satisfy, atp25m2,

S r~p!50,
]

]p
S r~p!50. ~2.6!

This determines the mass and wave function renormaliza
constantsZm andZ2 @6#.

Dimensional reduction does not automatically satisfy
Ward identity

Z15Z2 ,

whereZ1 is the renormalization constant for the vertex of t
graph in Fig. 1~e!. This requires the introduction of a prope
finite counterterm, of which the form is given in@6#.

In the present case charge renormalization is also
quired. Defining

C«~m![
G~11«!

~4p!2 S 4pm2

m2 D «

, ~2.7!
9-2
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let g0(g) be the bare~renormalized! coupling,Zg5g0 /g the
charge renormalization constant, andb5(11NC22Nl f )/6,
whereNl f is the number of light flavors. We take

Zg512
g2

« H C«~M !b2
1

3
C«~m!J , ~2.8!

whereM is a regularization mass. In this scheme the con
bution of a heavy quark loop in the gluon self-energy
subtracted out; i.e., the heavy quark is decoupled@9,8#. This
is consistent with parton distributionsDFa/p(x,Q2) of which
the evolution is determined from split functions involvin
only light quarks, as is the case ofDFa/p used below.

Finally, the renormalization of thegQQ̄ vertex was car-
ried using the Slavnov-Taylor identities@10#.

III. LOOP CONTRIBUTIONS

The loop graphs contributing to Eq.~1.2! are depicted in
Fig. 1. The integrals for the Abelian type of graphs~a!–~e!
were calculated in@6#. The non-Abelian graphs~g! and ~h!
introduce tensor integrals of the form

E dnq

~2p!n

qm,qmqn

q2~q2p2!2@~q1p42p2!22m2#

and

E dnq

~2p!n

qm,qmqn,qmqnqr

q2~q2p2!2@~q1p42p2!22m2#@~q2p3!22m2#
.

As in @6#, using Passarino-Veltman techniques@11#, we re-
duce them to scalar ones; those can be found in@12#.

The contributions presented below include thet↔u
crossing symmetric of Fig. 1 plus UV counterterms; th
they contain no UV singularities.

The graphs~a!–~e! give

dsa2e
gg

dv dw
5kCF

dsvse

dv dw
2

NC

2

dsa2e

dv
d~12w!, ~3.1!

wheredsvse/dv dw is given in Eq.~16! of @6# and

dsa2e

dv
5KLS 2Ã1H 2F z~2!2Li2S T

m2D G S 113
m2

t D
2 lnS 2t

m2D S 11
m2

T D12J 1Ã2 lnS 2t

m2D
1Ã3FLi2S T

m2D 2z~2!G1Ã41~ t↔u!D ~3.2!

with

KL[
1

8s
aas

2eQ
2 .
11450
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Here and subsequently the polarized cross sections are g
by Eqs. ~3.1! and ~3.2! with Dds/dv dw, Dds/dv, and
DÃ1 , i 51, . . . ,4, replacing the corresponding unpolarize
quantities. The@D#Ãi are given in Appendix A.

Graph~f! contributes

ds f

dv dw
5kS CF2

NC

2 D dsbox

dvdw
, ~3.3!

with dsbox/dvdw in Eq. ~22! of @6#.
Turning to the non-Abelian graphs,~g! gives

dsg
gg

dvdw
522pasC«~m!NC

dsLO
gg

dv dw S 1

«2
1

4

« D
2

NC

2
S ds̃g

dv
1

dsg

dv D d~12w!, ~3.4!

where

ds̃g

dv
52F~«!H 2A1

1

«
lnS 2t

m2D 1A18F 1

«2
2

2

«
2

2

«
lnS 2t

m2D G
1~ t↔u!J , ~3.5!

with

F~«![KLm2«S 4pm

m D 2« G~11«!

G~12«! S sm2

tu2sm2D «

~3.6!

and

dsg

dv
5KLH 2A1FLi2S T

m2D 1 ln2S 2t

m2D 22G1A18F4Li2S T

m2D
14 ln2S 2t

m2D G1A28 lnS 2t

m2D 1A381~ t↔u!J . ~3.7!

In Eqs. ~3.5! and ~3.7!, @D#A1 are given in Appendix B of
@6# and @D#Ai8 , i 51,2,3, in Appendix A of this paper.

The contribution of graph~h! is

dsh
gg

dv dw
52

NC

2 H 4pasC«~m!
3

«2

dsLO
gg

dv dw

1S ds̃h

dv
1

dsh

dv D d~12w!J , ~3.8!

where

ds̃h

dv
52F~«!H 2A1

1

« F lnS 2t

m2D 12 lnS 2u

m2 D G
1A18F2

1

«2
1

2

«
1

2

«
lnS 2t

m2D G1~ t↔u!J ~3.9!
9-3
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and

dsh

dv
5KLH A1F2

35

4
z~2!2Li2S T

m2D 14 lnS 2t

m2D lnS 2u

m2 D
2 ln2S 2t

m2D G1B18 Li2S T

m2D 1~B281A18!z~2!

1B38 ln2S 2t

m2D 1B48 lnS 2t

m2D 1B58 lnS 2t

m2D lnS 2u

m2 D
1B681~ t↔u!J . ~3.10!

The coefficients@D#Bi8 , i 51, . . . ,6, aregiven in Appendix
A.

Finally, after cancellation of the UV singularities, grap
~i! does not contribute.

We remark that regarding the terms 1/«2, the contribu-
tions of graphs~g! and ~h! taken separately are not propo
tional to the Born contributiondsLO

gg /dv dw; only their sum
is proportional to the Born contribution. The same holds
garding the terms 1/«.

IV. GLUON BREMS CONTRIBUTIONS

In this section we present complete analytic results for
NLOCs arising from brems. To the best of our knowledge
relation to heavy quark production, such results have no
far been presented.

With k the four-momentum of the emitted gluon we intr
duce also

s2[~k1p4!22m25s1t1u5sv~12w!. ~4.1!

The brems graphs contributing to the NLOCs of Eq.~1.2! are
shown in Fig. 2A. The squared sum of the correspond
amplitudes~plus those obtained viap1↔p2) after summing
over final spins and colors and averaging over initial col
is given by

4m2uM2↔3
gg u25KB~«!S CF

2
Ggg2

NC

16
GggD , ~4.2!

whereGgg is the quantity in the square brackets of Eq.~24!
of @6# ~plus p1↔p2), andGgg has the expansion

Ggg5e11
e2

p2•p4
1

e3

p1•p4
2

1
e4

p1•p4
1

ẽ5

p3•k
1

ẽ6

p1•p4 p3•k

1
e7

p1•p4 p2•p4
1e8

p2•k

p1•p4
1

ẽ9

p2•p4 p3•k
1e10

p2•k

p3•k

1
e11

p1•p4
2 p3•k

1 f 1

p3•k

p2•p4
1 f 2

p3•k2

p2•p4
1 f̃ 3

p3•k2

p2•k
11450
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1 f̃ 4

p3•k

p2•k
1

f̃ 5

p2•k
1

f̃ 6

p1•p4 p2•k
1

f̃ 7

p2•k2

1
f̃ 8

p1•p4 p2•k2
1

f̃ 9

p2•k p3•k
1

f̃ 10

p1•p4
2 p2•k

1
f̃ 11

p1•p4
2 p2•k2

~4.3!

and

KB~«!5~4p!3aas
2eQ

2 m6«. ~4.4!

As in Sec. III, DuM2→3
gg u2 is given by Eqs.~4.2! and ~4.3!

with DGgg, DGgg, Dei , andD f i , i 51,2, . . .,13, replac-
ing the corresponding unpolarized quantities. The coe
cients@D#ei , @D# f i of Eq. ~4.3! are given in Appendix B.

The brems contribution to@D#ds/dv dw is obtained by
working in the Gottfried-Jackson frame ofQ̄(Q) and gluon
~c.m. system ofp4 andk). Details are given in@6#. The terms
with coefficients@D#ẽi , @D# f̃ i in Eq. ~4.3! give contribu-
tions singular ats250 (w51) and must be integrated i

FIG. 2. ~A! Gluon brems graphs;p1↔p2 crossed ones are no

shown.~B! Graphs of the subprocessgq→QQ̄q.
9-4
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nÞ4 dimensions. In view of the fact that the 2→3 particle
phase space is proportional tos2

122«
†Eq. ~26! of @6#‡, the

remaining terms can be integrated in four dimensions. T
arising integrals are given in@12#. Certain terms of specia
he

11450
e

interest not given in@6# are determined in Appendix C.
Corresponding to the second term in Eq.~4.2!, with ȳ

[A(t1u)224m2s, S25s21m2, and x5(12b)/(11b),
whereb5A124m2/s, the final result is
dsBr
gg

dvdw
52

KB~0!

~4p!3

NC

16
2p

vs2

8pS2
H e11

2S2

s2~s1u!
ln

S2

m2
e21

4S2

m2~s1t !2
e31

2S2

s2~s1t !
ln

S2

m2
e41e7I 81e8I 101e10I 16

1e11I 13~ t↔u!1 f 1F11 f 2F2J 2
1

~12w!1

s2
2

S2

NC

16
F~0!H 2S2

s2ȳ
ln

T1U2 ȳ

T1U1 ȳ
ẽ51ẽ6I 11~ t↔u!1ẽ9I 11J

2
vss2

S2

NC

16
F~0!H f̃ 3F3

c1 f̃ 4F4
c1 f̃ 7F7

c1 f̃ 8F8
c1 f̃ 10F10

c 1 f̃ 11F11
c 2S 2 ln

s2

m2
1 ln

m2

S2
D ~ f̃ 3F3

s1 f̃ 4F4
s1 f̃ 8F8

s1 f̃ 10F10
s

1 f̃ 11F11
s !J 2

1

~12w!1

s2
2

S2

NC

16
F~0!H f̃ 6F6

c1 f̃ 9F9
c2S 2 ln

sv

m2
1 ln

m2

S2
D ~ f̃ 5F5

s1 f̃ 6F6
s1 f̃ 9F9

s!J 12L1

s2
2

S2

NC

16
F~0!

3$ f̃ 5F5
s1 f̃ 6F6

s1 f̃ 9F9
s%18pasNCC«~m!@D#

dsLO
gg

dv dw H 2 ln2
sv

m2
2 ln2~x!1

1

2
ln2S t

u
xD12 ln

u

t
ln

sv

m2

1Li2S 12
1

x

u

t D2Li2S 12
1

x

t

uD22z~2!2
2m22s

sb F S 2 ln
sv

m2
2 ln~x!D ln~x!2Li2S 24b

~12b!2D G J . ~4.5!
in-

the

ri-
In Eq. ~4.5!, the integralsI i are given in Appendix C of@6#
and the integralsFi in Appendix C of this paper. Also,L1

[@ ln(12w)/(12w)#1 , which enters through the relation

~12w!2122«52
1

2«
d~12w!1

1

~12w!1
22«L1 ,

~4.6!

where the so-called ‘‘plus’’ distributions are defined in t
usual way:

E
0

1

dz
f ~w!

~12w!1
[E

0

1

dz
f ~w!2 f ~1!

12w
. ~4.7!

For the second term of Eq.~4.2!, we give the terms;1/«2

and 1/«, as well:

dsBr
gg,«

dv dw
5

NC

«2
8pasC«~m!@D#

dsLO
gg

dv dw
2

NC

«
8pasC«~m!

3@D#
dsLO

gg

dv dw H 3 lnS 2u

m2 D 2 lnS 2t

m2D J
1

NC

«
8pasC«~m!@D#

dsLO
gg

dv dw

2m22s

sb
ln~x!

2
1

«

2sv
12vw

F~«!@D#Pgg
f ~x2!@D#B~x2s,t,x2u!,

~4.8!
where@D#Pgg
f (x) is the four-dimensionalg→gg split func-

tion without the d(12w) part, F(«), @D#B(s,t,u) are
given by Eqs.~3.6! and ~2.5!, and

x25
12v

12vw
. ~4.9!

Addition of loop and brems contributions cancels the s
gularities 1/«2 and part of the 1/«. The remaining 1/« are
canceled by a factorization counterterm corresponding to
final gluon emitted collinearly with the initial one@Fig. 2A,
graph~d!#. In the modified minimal subtractionMS scheme
this counterterm gives

@D#
dsct

dvdw
5

1

«

2sv
12vw

F~«!@D#Pgg~x2!@D#B~x2s,t,x2u!

3S m2

MF
2 D «

, ~4.10!

with @D#Pgg(x) theg→gg split function andMF the factor-
ization scale.

Our cross sections will be convoluted with parton dist
butions evolved via two-loop split functions. Inn dimensions
the split functions have the form

@D#Pba
n ~x,«!5@D#Pba~x!1«@D#Pba

« ~x!. ~4.11!
9-5
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The polarized split functions have been determined@13,14#
in the ’t Hooft–Veltman scheme@15# modified so that
DPqq

n (x,«)5Pqq
n (x,«). In this scheme,

DPgg
« ~x!54NC~12x!1

1

6
Nl f d~12x!. ~4.12!

However, our calculations were carried in dimensional
duction ~Sec. I!, where

DPab
« ~x!5Pab

« ~x!50. ~4.13!

Thus, a conversion termDdsconv/dv dw should be added to
our Ddsgg/dv dw. Conversion terms are determined fro
the difference of@D#Pab

« (x) in the two schemes@16#: In the
present case,

D
dsconv

dv dw
52

2sv
12vw

F~0!DPgg
« ~x2!DB~x2s,t,x2u!,

~4.14!

with DPgg
« (x) given by Eq.~4.11!.

The unpolarized parton distributions we use were evol
in the MS scheme, wherePgg

« (x)50. Thus conversion term
is not required.

V. SUBPROCESSgq\QQ̄q

The graphs contributing to this subprocess are show
Fig. 2B. The squared sum of the corresponding amplitud
after summing over spins and colors and averaging over
tial colors, is given by

4m2uM2→3
gq u25

2

NC
~4p!3aas

2~eQ
2 Q11eq

2Q21eQeqQ3!,

~5.1!

where eq the charge of the light quarkq. Here uM2→3
gq̄ u2

corresponding togq̄→QQ̄q̄ is given by the same expressio
with an opposite sign of the last term. The quantityQ1 is
given by an expansion similar to Eq.~4.3!. Next we intro-
duce

s34[p3•p41m2. ~5.2!

ThenQ2 andQ3 are of the form

Q2,35e11
e4

p1•p4
1e8

p2•k

p1•p4
1 f̃ 4

p3•k

p2•k
1

f̃ 5

p2•k

1
f̃ 6

p1•p4 p2•k
1 f 12

p1•k

s34
1 f 13

p1•k

s34
2

1
f 14

s34
1

f̃ 15

p1•k

1
f̃ 16

s34 p1•k
1

f̃ 17

s34
2 p1•k

1
f 18

s34 p1•p4
1

f̃ 19

p1•k p2•k

1 f̃ 20

p3•k

p1•k
1

f̃ 21

s34 p2•k
. ~5.3!
11450
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As before,DuM2→3
gg u2 is given by Eqs.~5.1! and ~5.3! with

DQr , r 51,2,3, Dei , and D f j replacingQr , ei , and f j .
The coefficients@D#ei and@D# f j are given in the last part o
Appendix B.

The contribution to@D#ds/dv dw is obtained by working
as in Sec. IV@c.m. frame ofQ̄(Q) and final light quark#.
Again the terms with coefficients@D#ẽi and @D# f̃ j must be
integrated inn dimensions.

After phase space integrations, we get the following
sults for the setsQ1 , Q2, andQ3:

dsBr
gq,Q1

dv dw
5LeQ

2 H e11
4S2

m2~s1t !2
e31

2S2

s2~s1t !
ln

S2

m2
e4

1e8I 101 f̃ 4F4
c1 f̃ 6F6

c1 f̃ 8F8
c1 f̃ 10F10

c 1 f̃ 11F11
c J ,

~5.4!

dsBr
gq,Q2

dvdw
5Leq

2$e11 f 12F121 f 13F131 f 14F141 f̃ 16F16
c

1 f̃ 17F17
c 1 f̃ 20F20

c %, ~5.5!

dsBr
gq,Q3

dv dw
5LeQeqH e11

2S2

s2~s1t !
ln

S2

m2
e41e8I 101 f̃ 4F4

c

1 f̃ 6F6
c1 f 12F121 f 14F141 f̃ 16F16

c 1 f 18F18

1 f̃ 19F19
c 1 f̃ 20F20

c 1 f̃ 21F21
c J , ~5.6!

with

L5aas
2 1

NC

v
8p

s̃2

S2
.

We do not write down expressions containing 1/« poles
coming from setsQ1 andQ2 as they are equal with opposit
sign to the corresponding counterterms with (S2m2/s2

2)« in-
stead of (m2/MF

2)« ~see below!.
The singularities arise when the final light quark is colli

ear with the initial one@k•p250, Fig. 2B, graphs~a!, ~b!# as
well as when the photon is collinear with the light quark@k
•p150, Fig. 2B, graphs~c!, ~d!#. To eliminate them we in-
troduce two counterterms. In the second case the counter

involves the Born cross section forqW q̄W→QQ̄, which is pro-
portional to@17#

DBqq̄~s,t,u!52Bqq̄~s,t,u!52
1

s S t21u2

s2
12

m2

s D .

~5.7!

Moreover, inn dimensions, in the ’t Hooft–Veltman schem

DPgq
n ~x,«!5CF$22x12«~12x!%,
9-6
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Pgq
n ~x,«!5CFH 11~12x!2

x
2«xJ

and

DPqg
n ~x,«!5x2

1

2
2«~12x!,

Pqg
n ~x,«!5

x21~12x!2

2
2«x~12x!.

Thus, in theMS scheme, the first counterterm gives

@D#
dsct

(1)

dv dw
5

1

«

2sv
12vw

F~«!@D#Pgq~x2!@D#B~x2s,t,x2u!

3S m2

MF
2 D «

, ~5.8!

whereF(«), x2, and @D#B given by Eqs.~3.6!, ~4.8!, and
~2.5!, and the second gives

@D#
dsct

(2)

dv dw
5

1

«

16s

9
F~«!

eq
2

eQ
2 @D#Pqg~w!@D#Bqq̄~ws,wt,u!

3S m2

MF
2 D «

. ~5.9!

Although not necessary, it is now customary and ev
advantageous@8# to average the unpolarized cross sect
over n22 spin degrees of freedom for every incoming b
son. This convention is employed when fitting the unpol
ized structure functions. As a result, for the unpolarized ca
the right-hand side~RHS! of Eq. ~5.8! should be multiplied
by (11«) and of Eq.~5.9! by (12«).

We note that, upon integration, the singular terms
@D#Q3 cancel out, as they should since there is no coun
term proportional toeqeQ .

Conversion terms are also needed in the present c
Along the lines of the previous section,

@D#
dsconv

(1)

dv dw
52

2sv
12vw

F~0!@D#Pgq
« ~x2!@D#B~x2s,t,x2u!

~5.10!

and

@D#
dsconv

(2)

dv dw
52

16s

9
F~0!

eq
2

eQ
2 @D#Pqg

« ~w!@D#Bqq̄~ws,wt,u!.

~5.11!

Finally, we have carried our analytical calculations usi
REDUCE @18# and to some extentFORM @19#.

VI. PHYSICAL CROSS SECTIONS

Here we present the necessary formulas needed for
calculation of the differential and total cross sections for
11450
n
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physical processgp→Q1X. This includes derivation of
physical cross sections for both components of the react
i.e., pointlike and resolved, the latter to leading order. N
we always observe a heavy quark in the final state. Cap
letters in this section refer to the kinematic variables of
physical process and small letters to those of the subproc
Starting with the pointlike component, the total cross sect
for the reaction~1.1! can be written

@D#sgp~S!5E
xmin

1

dx@D# f b/p~x,Q2!@D#ŝgb~s!; ~6.1!

b denotes the corresponding parton,f b/p its probability dis-
tribution, and

s5xS, xmin54m2/S. ~6.2!

The total partonic cross section@D#ŝgb(s) can be calculated
straightforwardly by

@D#ŝgb~s!5E
vmin

vmax
dvE

wmin

1

dw@D#
dŝgb~s,v,w!

dv dw
,

~6.3!

where

vmax/min5
1

2
~16b!, wmin5

m2

sv~12v !
. ~6.4!

To derive the transverse momentum differential cross s
tion we note that the transverse momentumpT of a heavy
quark is invariant under boosts along the beam axis a
also, that our heavy quark rapidities are defined with resp
to thephoton. Consequently we have

@D#
dsgp~S,pT!

dpT
5E

xmin(pT)

1

dx@D# f b/p~x,Q2!

3@D#
dŝgb~s,pT!

dpT
, ~6.5!

with

xmin~pT!54~pT
21m2!/S, ~6.6!

@D#
dŝgb~s,pT!

dpT
5E

ymin

ymax
dy

2pT

sv
@D#

dŝgb~s,v,w!

dv dw
.

~6.7!

The integration limits on the c.m. rapidityy are

ymax52ymin5 ln~Awm
211Awm

2121!,

with wm[4(pT
21m2)/s. Integration over rapidities in Eq

~6.7! is not well defined for ‘‘plus’’ distributions@given in
Eq. ~4.7!# in the partonic cross section. The problem
solved with a change of variables. One needs to conside
integration contour for a heavy quark rapidityy and split it
into two parts such that no overlapping~i.e., double count-
ing! occurs. Formally one would have
9-7
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E
2ymax

ymax
dy f~y!5E

2y0

ymax
dy f~y→2y!1E

y0

ymax
dy f~y!.

~6.8!

In particular, the splitting pointy0 must be the point where
function w5 f (y) has a minimum. We find

y05 ln@2A~pT
21m2!/s#,

and the general relation between the ‘‘new’’ variablew and
the old variabley is

e1,2
2y5

1

2ApT
21m2

s

H 16A12
4~pT

21m2!

sw
J . ~6.9!

The correct sign in Eq.~6.9! is different in different integra-
tion regions; e.g., in the region@y0 ,ymax# the function e2y

decreases when one goes fromy0 to ymax and thus the minus
sign in Eq.~6.9!. Similarly, we find that for the first term o
Eq. ~6.8! the sign for e2y in Eq. ~6.9! should be positive. The
resulting expression for thepT differential cross section
reads

@D#
dŝgb~s,pT!

dpT
5E

wm

1 dw

w

2pT

sA12wm /w
H @D#

dŝ

dvdw
~v5v1!

1@D#
dŝ

dv dw
~v5v2!J , ~6.10!

where

v65
1

2
~16A12wm /x!. ~6.11!

However, even the expression~6.10! is not well suited for
numerical integration. One notices that there is a numeric
divergent~though analytically integrable! square root in the
denominator. The singularity comes from the lower lim
xmin(pT) of the x integration. To avoid this minor problem
one more change of variables is necessary. Instead of the
variablesx,w we introduce the new variablesz,w8 through
the relations

z5A12
xmin~pT!

wx
, w85w. ~6.12!

To correctly define integration limits for the new variabl
one has to perform a nontrivial mapping. Finally we obta

@D#
dsgb~S,pT!

dpT
5

4pT

Sxmin~pT!
E

0

zm
dzE

wm8

1

dw@D#Fb/p~x,Q2!

3H @D#
dŝ

dv dw
~v1!1@D#

dŝ

dv dw
~v2!J .

~6.13!
11450
ly

old
Fb/p(x,Q2) is a momentum distribution and

zm5A12xmin~pT!, wm8 5
xmin~pT!

12z2
, x5

wm8

w
.

~6.14!

For the rapidityY fixed one gets the following expression

@D#
dsgp~S,Y!

dY
5E

xmin(Y)

1

dx@D# f b/p~x,Q2!@D#
dŝgb~s,y!

dy
,

~6.15!

with

xmin~Y!5e2Y/~AS/m2eY! ~6.16!

and

FIG. 3. Quantities related with thepT distributions versusxT

52pT /AS: Parts~a!: polarized differential cross sections; the L
~Born! ones are indicated by *. Parts~b!: asymmetries for sets A, B
and C. ~I! Q5c, AS510 GeV. ~II ! Q5c, AS5100 GeV.~III !
Q5b, AS5100 GeV.
9-8
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@D#
dŝgb~s,y!

dy
5E

wmin

1 2w dw

~ey1we2y!2
@D#

dŝ

dv dw
,

wmin5
ey

As/m2e2y
, v5

1

11we22y
,

y5Y1
1

2
ln x. ~6.17!

Finally we turn to the resolved LO photon contribution
We define the doubly differential cross sectionds/dY dpT
for the 2→2 subprocess:

@D#
dsgp

dY dpT

52pTE
x1,min

1

dx1

@D#Fa/g~x1 ,Q2!@D#Fb/p~x2
0 ,Q2!

x12eYA

3@D#ŝab~s,x1 ,x2
0!, ~6.18!

FIG. 3 ~Continued!.
11450
.

where

x2
0[

x1e2YA

x12eYA
, A[S pT

21m2

S D 1/2

, s5x1x2
0S.

~6.19!

The expressions~6.1!–~6.19! give all the formulas we
have used.

VII. NUMERICAL RESULTS

We present results forQ5c quark (mc51.5 GeV) at
ASgp[AS510 GeV, relevant to the experiments@1# and
@2~a!# and AS5100 GeV, as well as forQ5b quark (mb

54.5 GeV) atAS5100 GeV; the latter energy is relevan
to the DESYep collider HERA. Higher HERA energies ar
not considered as the cross sections become too small.
effect of changingmc is also considered.

We use the NLO sets of polarized parton distributions
@20#, which can be characterized in terms of the polariz
gluon distributionDg(x) as follows:

Set A: Dg(x).0 and relatively large.

FIG. 3 ~Continued!.
9-9
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Set B:Dg(x).0 and small.
Set C:Dg(x) changing sign;Dg(x),0 for x.0.1.
Notice that in the presented results also the LO contri

tion is convoluted with NLO distributions; in this way w
believe that, e.g., the magnitude ofK factors more properly
reflects the NLO subprocess terms. Also, we use through
the NLO expression ofas(m) with the values for the QCD
scale L, flavor thresholds, and number of active flavo
Nl f 5N21, that match the definitions corresponding
heavy quark decoupling. We note that in@5# the above values
were taken to match the definitions for the respective pa
distributions. However, we have explicitly verified that th
amounts to a negligible change in the final numerical resu
Note that in Eq.~2.8! we takeM5m.

At this moment there is no experimental information
the polarized photon structure functionsDFq/g and DFg/g ,
which determine the resolvedg contributions. To estimate
them we have used the LO maximal and minimal satura
sets of@21#, as well as the sets of@22#, which belong to the
class of the so-called asymptotic solutions. The two set
@21# give contributions differing little, with the maxima

FIG. 4. Quantities related with the rapidityY distributions: Parts
~a! and ~b!, as well as~I!, ~II !, and~III !, as in Fig. 3.
11450
-

ut

,

n

s.

n

of

saturation one slightly in excess; the results presented be
correspond to this set. The largest resolved contributi
come from@22#.

In Figs. 3I, 3II, and 3III, atAS510 and 100 GeV we
present quantities related to the differential cross secti
Dds/dpT , where pT5p3T ~Fig. 1!, versusxT[2pT /AS.
Measurement of such cross sections atAS'10 GeV may be
carried in ~a! of @2#. Here we use the renormalization an
factorization scalem5M f5(pT

21m2)1/2.
In parts~a! of Figs. 3I, 3II, and 3III we present the NLO

and LO ~denoted by a *) contributions to the physical di
ferential cross section for sets A, B, and C of@20#. For set B
we also present the contribution of subprocess~1.3! and of
the resolved photon.

In parts~b! of the same figures we present the asymm
tries

ALL~pT!5
D ds/dpT

ds/dpT
. ~7.1!

The unpolarized distributions are the most recent set CTE
@23#. In ALL the resolvedg contributions have been left ou

FIG. 4 ~Continued!.
9-10
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since they are small and what is presently known does
permit a completely scheme independent calculation. The
rors have been estimated using

dALL5
1

PBPTALse
. ~7.2!

At AS510 GeV we use the conditions of@1# (PB
580%, PT525%, L52 fb21, c-quark detection effi-
ciencyec50.014) and unpolarized cross sections integrated
over a bin ofxT corresponding toDpT50.5 GeV. At AS
5100 GeV we use PB5PT570%, L5100 pb21, ec
50.15, for b quark eb50.05 ands integrated over a bin
corresponding toDpT55 GeV.

Figures 3I~a! and 3II~a! show that betweenAS510 and
100 GeV the shape of the LOD dsLO /dpT and NLO
D ds/dpT varies dramatically; this also holds for theK fac-
tor, K5D ds/dpT /D dsLO /dpT .

Most important is the possibility to distinguish betwe
sets A, B, and C. Figure 3I~b! shows that atAS510 GeV
nearxT50.3 one can distinguish A and C and perhaps all

FIG. 4 ~Continued!.
11450
ot
r-

,

B, C. Figures 3II~b! and 3III~b! show that at AS
5100 GeV the best range is 0.2<xT<0.3, and forQ5c
one may distinguish all A, B, C, but forQ5b only A and C.

In Figs. 4I, 4II, and 4III we present rapidity distribution
Here we usem5M f52m. The presented differential cros
sections are analogous to those of Figs. 3I, 3II, and 3III a

ALL~Y!5
D ds/dY

ds/dY
. ~7.3!

The errors have been estimated using Eq.~7.2! where now
the unpolarized cross sectionss are integrated over a bin
DY51.

Figure 4I~b! shows that atAS510 GeV the region 1.25
<Y<1.5 is the best to distinguish set C from A or B. Figu
4II~b! shows that atAS5100 GeV forc quarks,ALL(Y) has
become too small. AtY'21 it seems one can distinguis
all A, B, C, but D ds/dY is small for all sets@Fig. 4II~a!#.
Perhaps more promising is the range 0<Y<1, where one

FIG. 5. Quantities related with the integrated cross sections

gW pW→Q1X: ~a! polarized total cross sections; the LO ones are
dicated by* . ~b! asymmetries.
9-11
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can distinguish C from A or B. Finally Fig. 4III~b! shows
that detection ofb quarks is not useful due to large errors (eb
small!.

Figures 5I, 5II, and 5III present integrated cross secti
Ds and the corresponding asymmetriesALL5Ds/s versus
the c.m. energyAS. The scale is againm5M52m.

Comparison of Figs. 5I and 5II shows that at the tw
different ranges ofAS the changes in the shapes and signs
Ds and ALL are again dramatic; clearly the same holds
the correspondingK factors,K5DsNLO /DsLO .

In Fig. 5I~b! the error~at AS510 GeV) is estimated us
ing again in Eq.~7.2! the conditions of@1#. Under these
conditions we conclude that sets A and C can be dis
guished, but not sets A and B or B and C. The propo
SLAC experiment@2#, which amounts to better condition
and will give results at somewhat lowerAS, may distinguish
also B and C.

In Figs. 5II~b! and 5III~b! the errors~at AS5100 GeV)
have been estimated using again the values
PB , PT , L, «c , and«b stated after Eq.~7.2!. Forc quarks,
uALLu are very small due to relatively large unpolarized cro
sectionss. For the same reason, however, the errordALL is

FIG. 5 ~Continued!.
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not very large, so set C can be distinguished from A or
For b quarks, due to a combination of small«b and rather
small s, the error is very large and precludes any use
information onDg.

Finally, Fig. 6, for the integrated NLO cross sectionsDs
ands and for the asymmetriesALL5Ds/s, shows the effect
of changing thec-quark massmc @part ~a!# and the scales
m, M f @part ~b!#. The results refer to set B of@20#. E.g.,
regardingDs, in Fig. 6~a! we define

Rm5
Ds~mc!2Ds~1.5 GeV!

Ds~1.5 GeV!
, ~7.4!

and in Fig. 6~b!, keepingm5M f , we define

RSC5
Ds~m!2Ds~2mc!

Ds~2mc!
, ~7.5!

and similarly fors and ALL . Figure 6~a! shows that at the
lower AS the effect of changingmc is more pronounced.

FIG. 5 ~Continued!.
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VIII. COMPARISON WITH OTHER PUBLICATIONS

Figures 3II~b! and 3III~b! show that at small
xT , ALL(pT) is small; the same holds forALL(Y) of Fig.
4II~b!. This may lead one to conclude that HERA is rath
useless in specifyingDg @5#. However, it may not be so. On
the basis of Figs. 3II~b! and 3III~b!, reconstruct events an
select only those with, say,xT.0.2, i.e., carry integrations o
D ds/dpT over some cut phase space. This may well
hance the resultingALL @24#. Of course, an estimate of th
corresponding errors is required to reach a definite con
sion.

Finally, since we present analytic results for the unpol
ized cross section as well, we will compare with similar r
sults of@8# †‘‘soft’’ part, Eq. ~2.24! of @8#‡; here the relevan
part is the last three lines of Eq.~4.5!. Reference@8# uses the
phase space slicing method, which separates the soft

FIG. 6. At c.m. energiesAS510 and 100 GeV, for integrated
cross sections and with solid lines forDs, dashed lines fors, and
dotted lines for the asymmetryALL : ~a! the ratioRm ~see end of
Sec. VI! with m5mc ; ~b! the fractional variationRsc with the scale
m5M f and with respect tom5M f53 GeV. For both~a! and ~b!
the lines specified by1 refer to the corresponding quantities fo
AS5100 GeV.
11450
r

-

u-

-
-

nd

hard gluon parts via a cut parameterD. The formal relation
with our approach is

sv

m2
→D; ~8.1!

the necessary framework to relate these two methods is
veloped in@25#. Now, concerning terms involvingt and u,
we easily see that they are exactly the same, except thatt and
u are interchanged@cf. our definition, Eq.~2.1!, with that of
@8#, Eq. ~2.13!#. The only difference seems to arise from th
coefficient ofz(2), which is 22 in our case versus23/2 in
@8#. Note, however, that our coefficientF(«) in Eq. ~3.6!
containsG(11«), which upon expansion in powers of«
gives a term («2/2)z(2); this accounts for the difference
SinceF(«) appears both in our loop contribution~3.6! and in
our brems contribution~4.7!, the overall result is unaffected
To verify our calculation we have evaluated numerically t
NLO MS scaling functions for the partonicgg cross section,
taking into account an additional ‘‘mass’’ factorization ter
given in Eq. ~6.31! of @12#, and compared it to the corre
sponding curves of Fig. 5 of@8#. We found exact agreemen
We have also explicitly verified that the sum of our no
Abelian loop contributions and the brems ones, which
proportional to the Born contribution, equals analytically t
corresponding ‘‘virtual1soft’’ expression presented in@5#.

IX. CONCLUSIONS

In this paper we have presented complete analytic res
for the heavy flavor photoproduction for both longitudinal
polarized and unpolarized initial particles in a closed for
These include the NLO contributions of the hard brems d
to the relevant partonic subprocesses~1.2! and ~1.3!, which
are presented for the first time in analytic form. We ha
computed numerically various total and differential cro
sections for the energy ranges of CERN, SLAC, and HER
We have discussed the possibilities to differentiate betw
various scenarios for the polarized gluon distributionDg and
have once more emphasized a way to enhance the asym
tries for HERA energies by measuring the differential cro
sections with the help of certain acceptance cuts†see also our
earlier paper of@24#~a! on this subject‡.
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APPENDIX A

Here we present the coefficients of the loop contributio
In the following @D#Ai , i 51,3, are given in Appendix B o
@6#. For @D#dsa2e /dv given in Eq.~3.2!:

DÃ15DA1 ,

DÃ2524@2~7s2/t218s/t16!m2/u111s2/tu

124s/u126t/u112t2/su1st/uT

22t2/sT#m2/T,

DÃ35DA3/2,

DÃ454@~2u/t2s/u!m2/t22s/t12u/s#m2/T,

~A1!

Ã15A1 ,

Ã254@~24s/t22s2/tT12s/T112t/T!m4/tu

1~s/t16t/s1t/T111!m2s/uT22t2/T2#,

Ã35A3/2,

Ã4524@4m4s/ut2

2~2s2/t22s/t1t/T22!m2/u2t/T#.

For @D#ds̃g /dv and@D#dsg /dv given in Eqs.~3.5! and
~3.7!:

DA185m2s/t2,

DA2854@2m4s2/Tut22~8su/t219u/T282t/T28t2/sT

2st/T212t2u/sT2!m2/u#,

DA3854@m4s/Tut22~s/t212t2/sT!m2/t#,
~A2!

A1852m2s2/t2u21,

A28524@~16sT/t212s2/t2182u/T1t/T!m4/uT

12~s/u22s/T!m2/t#,

A3854@~4sT/t21s/t12!m4/uT12m2s2/ut213#.

For @D#ds̃h /dv and@D#dsh /dv given in Eqs.~3.9! and
~3.10!:

DB1852@4~5/u11/t !m4/t1~5/u17/t14u/t2!m2

1~4/u13/t !~ t21u2!/s#,

DB2852~15s2/tu262!m2s/tu24~s2/tu18!m4/tu

113/4~s2/tu22!,
11450
.

DB3852@~3/u14/t !~u2t !m2/t1~1/s21/t !~ t2

1u2!/u#,

DB4854@2~2/u13/t1u/t2!m22~ t2/u2t19u13u2/t

26tu/T2t4/T2u1t3/T2!/s#,

DB5858~s2/tu23!m2s/tu,

DB6852@2~1/T11/U !m2/s

12~ t2/u21u2/t212t/u12u/t !/s2t/uU

2u/tT2~ t3/u22tu1u3/t !/sTU#m2,

~A3!

B1852@4~1/t23/u!m4/t2~12u/t !~1/u12/t !m2

14t/u1213u/t#,

B285@4~29/u226/tu129/t2!m4

22~1/u2212/tu11/t2!m2s

213t/u14213u/t#/4,

B3852@4~1/t23/u!m4/t1~2u/t221/t25/u!m2

22s/u1u/t#,

B48524@2~4/u11/t !m2s/t14t/u23s/t22t2/Tu

2t/T22t3/T2u#,

B585216~1/t211/u2!m4,

B68524@~ t/Uu21u/Tt2!m42~5s/tu21/U21/T

2t2/TUu2u2/TUt!m212tu/TU#.

APPENDIX B

In this appendix we list the coefficients of the brems co
tributions. ForDGgg given in Eq.~4.3! and D dsBr

gg/dv dw
given in Eq.~4.5!, the coefficientsDei andD f i are

De1516@4~s/s2u21/u11/t !m2/t13s/s2u22/u2s/s2t

2s2 /tu2u/s2t#

De258$8~2s/u211s/t !m4/s2t12@2s/u2214s/t

23ss2 /t~s1u!#m2/s224s2/s2u14s/u22s/s2

2u/s21u/t12ss2 /tu13u/~s1u!%,

De350,

De458@4~s/u1s/s22t/s2!m2/t1ss2 /tu1su/s2t

22u/s222#,
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Dẽ558@8~ t/u11!m4/s2t22~s2/s2u1s/u14t/s2

22s2 /u!m2/t1st/s2u14s/s2221su/s2t12u/t#,

Dẽ654@8~s/u2s2 /t1u/t !m4/s212~2st/s2u1s/s2

2s2 /u1212ss2 /tu22s2/s2t !m2

1s~s21u2!/s2t#,

De754@8~s2 /u21!m4/t12~2s/u132s2 /s

22s2
2/tu12s/t !m2s/~s1u!

2ss2~s21s2
2!/t~s1u!u#,

De8516~s2 /u2u/s2!/t,

Dẽ954$8~ t/u1s/t !m4/s222@2s2/s2u22s/u12s2 /u

221~st/s212su/s22s2!/~s1u!#m2

2st@2s/s2u22/u1~s2 /u1u/s2!/~s1u!#%,

De10516~ t/u2u/t !/s2 , De115216m4s/u, ~B1!

D f 1516@4~s/u21!m2/s2t1~3/s211/t !s/u#,

D f 2532~s1u!/ts2u,

D f̃ 35D f 2 , D f̃ 45232@~2/s212/t2s/s2u!m2/t11/t

11/s2#,

D f̃ 558$2@s/s2u1s/tu22u/t21s/t~s1u!

24ss2 /t2~s1u!#m22s2/s2u

12s/u22s/s21222u/s2

1ss2 /tu1s2 /t1~u12s2u/t !/~s1u!%,

D f̃ 654„2$2s2/s2u1s/u1s2 /u13s/s21@s12su/s2

23s224s~s2
21u2!/tu#/~s1u!%m21s2/s2

12su/s212u2/s222s2/t24su/t12s2
2/t22u2/t

1~s2
21u2!/~s1u!…,

D f̃ 750, D f̃ 850,

D f̃ 954$2@2s/u22s2
2/tu1s2 /t

2~ss2 /u12su/t2s2u/t !/~s1u!#m2

1s222t2s2
2/t2u2/t1~s2

21u2!/~s1u!%,

D f̃ 10528~2s1t !m2, D f̃ 1150.

For Ggg given in Eq. ~4.3! and dsBr
gg/dv dw given in Eq.

~4.5!, the coefficientsei and f i are
11450
e1516@4~1/s2u11/s2t21/t2!m223s/s2u12/u21/s2

2s2 /tu21/t#,

e258$216~1/t11/u!m6/s2t28@3t/s2u12/u12/s2

21/~s1u!#m4/t12~s2/s2u28s/u14s/s221

12u/s223s2 /t1u/t !m2/~s1u!1u/s224st/s2u

22s/s21~2s222u12ss2
2/tu1s2u/t !/~s1u!%,

e35216m2,

e4528@8m4~1/u11/s2!

22m2~s/u2s/s222s2 /u22u/s2!

1~s21u!~212u/s212s/s22s/u1s/s2!#/t,

ẽ558@8~s/s221!m4/tu

22m2~s/s2u12/u25/s213/t2u/ts2!

1s2/s2u2s/u2s/s2141su/ts2

22s2 /t12s2/ts2#,

ẽ654$16m6~1/su21/s2u21/ts2!18@su2~s2s2!2

2~s22u!2#m4/ts2u12m2~ t/u1s/s2211s/t !

2s~s21u2!/s2t%,

e754$16~s2 /u21!m6/st

18~s21ss21s2
2!m4/tu~s1u!

12m2@3s/t1~ss2 /u2s222ss2 /t !/~s1u!#

2ss2~s21s2
2!/tu~s1u!%,

e8516~s21u!2/ts2u,

ẽ954$16~s/s2221s2 /s2u/s!m6/tu

18~s2 /u23st/s2u221u/s2!m4/~s1u!

12m2@~s2s2!~1/u11/s2!2112~s22s!/~s1u!#

1~s2 /u221u/s222st/s2u!st/~s1u!%,

~B2!

e105216~1/t21/u!~s/s221!, e11532m6/u,

f 15216@8m4/ts2u12~2/u1s/tu!m2/s2

1s/u~1/t13/s2!22ss2 /t~s1u!u#,

f 2532~1/t11/s2!/u, f̃ 35 f 2 ,

f̃ 45232@4m4/ts2u12~1/s211/t !m2/u

21/s21s2 /t~s1u!#,
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f̃ 5528$8m4@1/s2u11/tu1~1/t22s2 /t2!/~s1u!#

24m2@1/t12s2 /t22~st/s21ss2 /t !/~s1u!u#2t/u

12t/s22s2
2/tu1~s2t/s2u12u22s2u/t !/~s1u!%,

f̃ 654$8m4@s2/ts2u21/s224/t

2~s/t2s2s/ut2s2u!/~s1u!#14@s2/s21su/s2

22s21s2u2s2~s1s2!/~s1u!#m2/t

2@12~s2
21u2!/~s1u!t#~s1s21u!2/s2%,

f̃ 75232~s1u!2m2/t2, f̃ 8532~s1u!m2u/t,

f̃ 954@8m4~s2/tu1s2 /u1s2 /t !14m2~ss2 /t1s222s!

1~s2 /t22!~s2
21u22st2ut!#/~s1u!,

f̃ 10516m2~2m21u!, f̃ 11528m2u2.

Now we shall write down the coefficients@D#ei and

@D# f j for the subprocessgq→QQ̄q. For Q1 we have

De1528~2m22t !/t2, De350, De4528s/t,

De850,

D f̃ 458~2m21t !/t2, D f̃ 554@2~s21s!m22ut#/t2,

D f̃ 6522~2m212s22t !, D f̃ 750, D f̃ 850,

D f̃ 1052~2s1t !m2, D f̃ 1150,

e158~2m21t !/t2, e354m2, e458~2u1s!/t,

e85216/t,
~B3!

f̃ 458/t, f̃ 5524~4m414m2s21ut!/t2,

f̃ 652@4~s21u!m212~2s13t !s218m424s2
222s2

24st23t2#/t,

f̃ 758~s22t !2m2/t2, f̃ 8528u~s22t !m2/t,

f̃ 10524~m21u!m2, f̃ 1152u2m2.

For Q2,

De15216/s, D f 12528/s, D f 13528m2/s,

D f 14528~2m21u!/s,

D f̃ 1558t/s, D f̃ 1652@2u~s1t !24m2s1s212ts2#/s,

D f̃ 1752m2s, D f̃ 2050,
~B4!
11450
e1516/s, f 1258/s, f 1358m2/s,

f 1458~2m21u!/s,

f̃ 1558~2m21u!/s,

f̃ 16522~4m2s24s2
216s2s14s2t23s224st22t2!/s,

f̃ 1752m2s, f̃ 205216/s.

And, finally, for Q3,

De158~s222s1t !/st, De4528, De850,

D f̃ 4528~s22t !/st,

D f̃ 554@2~s22t !m21s2
22s2t2ut#/st,

D f̃ 6522@2~2s1t !m222s2t1t2#u/~s1t !s,

D f 1258~s22s!/st,

D f 1454@2~s223s!m222su12s2u1ts2#/st,

D f̃ 1558,

D f̃ 16522@2~s12t !s222m2s

2s224st22t2#u/~s1t !t,

D f 18522$2@~2s1t !s212s212st#m2

2~2u1t !s2t%/~s1t !s,

D f̃ 19522@2~s1t !s222m2s

2s212ut#s2 /~s1t !t,

D f̃ 2050, D f̃ 2150,

e1528~s222s2t !/st,

e458@2m21s21u1tu/~s1t !#/s,

e85216/s,
~B5!

f̃ 4528~s22t !/st,

f̃ 554@2~s22t !m21s2
22s2t2ut#/st,

f̃ 6522$2@4s/t1t/~s1t !#m212s212u

1~2s2t24s2
22t2!/~s1t !%u/s,

f 12528~s22s!/st,

f 14524@2~s223s!m212s2u1s2t22su#/st,

f̃ 1558@2m21u1ss2 /~s1t !#/t,
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f̃ 1652~2m2s24s2
216s2s14s2t

23s224st22t2!u/~s1t !t,

f 18522„2@4su/t12s2s2t/~s1t !#m21s2$s21u

2@~s22s2!212s2s#/~s1t !%…/s,

f̃ 1952@2~s12t !s222m2s24s2
2

2s222st22t2#s2 /~s1t !t,

f̃ 205216/t, f̃ 215216m2s/t.

APPENDIX C

We give here the brems integrals,Fi , i 51, . . .,11, ap-
pearing in Eq.~4.5! and also in Eqs.~5.4!–~5.6!. Define

P15us22s~ t12m2!,

P25s@~ t1m2!~us22m2s!2m2~s1u!2#. ~C1!

We may now write down the integrals

F152
1

~s1u!2 F P11
sS2

s2
~ t12m2!ln

S2

m2G ,

F25
1

~s1u!3 F P1S s2~s1u!~ t1u12m2!

4S2

1s~ t12m2! D1P2

s212m2

2S2

1
S2

s2
S s2~ t12m2!2

2
2P2

m2

S2
D ln

S2

m2G ,

F3
s52

s2S2u2

2~s1u!3
,

F3
c5

s2

2S2~s1u! F ~ t1u!2

4
2m2s2

t1u12m2

s1u
P1

2
3

4

P1
2

~s1u!2G ,

F4
s5

S2u

~s1u!2
, F4

c5
P1

~s1u!2
,

F5
s52

2S2

s2~s1u!
, F5

c50,

F6
s52

4S2

s2ut
, F6

c5
4S2

s2ut F ln
S2

m2
12 ln

ut

ss21utG ,
11450
F7
c52

8S2
2

s2
2~s1u!2

~12«!, ~C2!

F8
s52

16S2
2

s2
2ut~s1u!

s2

2S2

s1t

u2t2
~s1u!~ut22m2s!,

F8
c5

16S2
2

s2
2ut~s1u!

F s2

2S2

s1t

u2t2
~s1u!~ut22m2s!S ln

S2

m2

12 ln
ut

ss21utD 2
s2

2

S2
2

2P2

u2t2
211«G ,

F9
s5

4S2

s2
2u

, F9
c52

4S2

s2
2u

F ln
S2

m2
1 ln

u2

~s1u!2G ,

F10
s 52

8S2~s1u!

s2u2t2
,

F10
c 5

8S2~s1u!

s2u2t2 F ln
S2

m2
12 ln

ut

ss21ut

1
s2

m2

ut22m2s

ss21ut G ,

F11
s 52

32S2
2

s2
2u2t2

s2
2

S2
2u2t2 FP21

S2

s2
~ss21ut!~ut22m2s!G ,

F11
c 5

32S2
2

s2
2u2t2 F s2

2

S2
2u2t2 S P21

S2

s2
~ss21ut!~ut22m2s! D

3S ln
S2

m2
12ln

ut

ss21utD 2
s2

2

S2
2

8P2

u2t2

1
1

2

s2
2

m2S2

211«G .

Note that parts ofF7
c , F8

c , and F11
c proportional to 12«

cancel out exactly in Eq.~4.5!. The singular and finite parts
of these integrals can be found in Appendix C of@12#; below
we give the derivation ofO(«) terms.

We use the momentum parametrizations of Appendix
of @6# and, as in@12#, we denote

Fn
(k,l )[E dVn~a1b cosu1!2k~A1B cosu1

1C sinu1 cosu2!2 l , ~C3!

where

E dVn[E
0

p

du1 sin122« u1E
0

p

du2 sin22« u2 . ~C4!
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All the above integrals are proportional to 1/a251/vk
2v2

2

;1/s2
2;1/(12w)2; since the 2→3 particle phase space

proportional to (12w)122«, in view of Eq. ~4.6!, the terms
of O(«) give finite contributions proportional tod(12w).

1. Integral F 7Æ*dVn Õ„p2"k…
2

This is of the typeÎ n
(2,0) of @12#. The result is

F752
p

a2

1

11«
52

p

a2
@12«1O~«2!#. ~C5!

2. Integral F 8Æ*dVn Õ„p2"k…
2
„p1"p4…

This is of the typeÎ n
(2,1) of @12#, and determination of the

O(«) term proceeds as follows. First, defining

H[A1B cosu11C sinu1 cosu2 , ~C6!

one can show the identity

1

~12cosu1!H
5

1

A1B H 1

12cosu1
1

B

H
1

C sinu1 cosu2

~12cosu1!H J
~C7!

and, by repeated application of it,

sinu1

~12cosu1!2H
5

1

A1B H sinu1

~12cosu1!2
1

B

A1B F sinu1

~12cosu1!

1
B sinu1

H
2

C~11cosu1!cosu2

H G
2

C cosu2

A1B F ~11cosu1!

~12cosu1!
1

B~11cosu1!

H G
1

C2

~A1B!2 Fsin3 u1 cos2 u2

~12cosu1!2

1
B sinu1~11cosu1!cos2 u2

H

2
C~11cosu1!2cos3 u2

H G J . ~C8!

Note that the fifth term vanishes due to the integrat
over u2. Also, terms with onlyH in the denominators are
finite and consequently have no poles and cannot prod
finite contributions from theirO(«) terms. Thus, we are lef
with the terms 1, 2, and 7. After integrating them inn di-
mensions, summing and keeping the relevant order« terms,
we arrive at the following result:

F8
«5

p

a2~A1B!
«. ~C9!
11450
n

ce

3. Integral F 11Æ*dVn Õ„p2"k…
2
„p1"p4…

2

Proceeding as before, the term ofO(«) is provided by

F11
« 5

p

a2~A1B!2
«. ~C10!

Finally, we give the brems integralsFi , i 512, . . .,21,
appearing in Eqs.~5.4! and ~5.6!. With

P352m2s1u~s2s2!, Z54m2s~s1t !2s2
2t,

~C11!

we have

F1252
1

ȳ2 FP1~ t↔u!1
s

2
P3F14G ,

F1352
1

ȳ2 F 2S2

sm2
P31P1~ t↔u!F14G ,

F145
2S2

s2ȳ
lnS s2~s2s2!12m2s1s2ȳ

s2~s2s2!12m2s2s2ȳ
D ,

F15
s 52

2S2

s2~s1t !
, F15

c 50,

F16
s 5

4S2

s2su
, F16

c 52
4S2

s2suF ln
S2

m2
1 ln

u2

~s1t !2G ,

~C12!

F17
s 52

8S2~s1t !

s2s2u2
,

F17
c 5

8S2~s1t !

s2s2u2 F ln
S2

m2
1 ln

u2

~s1t !2
2

s2P3

m2s~s1t !
G ,

F185
4S2

s2A2tz
lnS Z22m2s~s1t !1s2A2tz

Z22m2s~s1t !2s2A2tz
D ,

F19
s 52

8S2

s2
2s

, F19
c 5

8S2

s2
2s

ln
sS2

ss21ut
,

F20
s 5

S2t

~s1t !2
, F20

c 5
P1~ t↔u!

~s1t !2
,

F21
s 5

4S2

s2st
,

F21
c 52

4S2

s2stF ln
S2

m2
1 ln

t2

~s1u!2G .
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