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S- and P-wave heavy-light mesons in lattice nonrelativistic QCD
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The mass spectrum & andP-wave mesons containing a single heavy quark is computed in the quenched
approximation, using NRQCD up to third order in the inverse heavy quark mass expansion. Previous results
found third order contributions which are as large in magnitude as the total second order contribution for the
charmedS-wave spin splitting. The present work considers variations such as anisotropic lattices, Landau link
tadpole improvement, and a highly improved light quark action, and finds that the second order correction to
the charmedSwave spin splitting is about 20% of the leading order contribution, while the third order
correction is about 20%10%) for D* —D (D% — D). Nonleading corrections are very small for the bottom
meson spectrum, and are statistically insignificant for BrR@ave charmed masses. The relative orderings
amongP-wave charmed and bottom mesons, and the sizes of the mass splittings, are discussed in light of
experimental data and existing calculations.

PACS numbdps): 12.38.Gc, 14.40.Lb, 14.40.Nd, 14.65.Dw

I. INTRODUCTION expansion for the charmed heavy-light spectrum as well.

Also, the light quark was described by the Sheikholeslami-

Calculations in QCD can be performed numerically on awohlert action in Ref[4], but the present work uses a D234
discrete space-time lattice, provided the lattice spacing iaction[8] which has smaller lattice spacing errors classically.
small enough to accommodate all of the relevant physicafhe simulations in the present work differ from those of Ref.
distance scales. In the presence of a heavy quark the latti¢&] in various other ways as well, including Dirichlet versus
spacing must be small relative to the inverse quark massgeriodic boundary conditions for light quark propagation,
resulting in large computational requirements, unless an apyitfering discretizations for heavy quark propagation, and the
propriate “effective theory” is used. In particular, for the yyoduction of an anisotropic lattice with a smaller temporal

case of a hadron containing exactly one heavy quark, thgyice spacing than spatial spacing. Despite these modifica-
dynamics can be expanded in powers of the nverse hea\@{'ons, the present simulations produce a conclusion similar to
guark mass using the well-established technique of hea

V. . 2 3 A
quark effective theory] or nonrelativistic QCONROCD that of Ref[4]: the O(1/M?) andO(1/M?3) contributions are

[2.3]. With the heavy quark expansion, the lattice spacingiomparable in magnitude for tf&wave charmed spin split-

can be much coarser and the computational requirements a gg. n the preseft work, each is rougshly 20% (.)f the
correspondingly smaller. ( (/M) result forD —*D, though theD(1/M*) contribution

In the present work, two issues will be addressed within'S closer to 10% foDg —Ds. .
quenched lattice NRQCD. First, is the charm quark suffi- The second issue under discussion relates to the spectrum
ciently heavy to permit the use of lattice NRQCD for Of P-wave mesons containing a single heavy quark. The rela-
charmed meson spectroscopy? Second, what are the md#g orderings of theP-wave bottom mesons have only re-
splittings(magnitude and sigrbetweerP-wave mesons con- cently come under direct experimental scrut[®y-13], and
taining a single heavy quark? the complete picture is not yet clear. Meanwhile theoretical

The first issue is clearly of interest due to the computapredictions differ from one another even at a qualitative
tional efficiency of lattice NRQCD. The heavy quark expan-level. The traditional expectation of a hydrogen-like spec-
sion is known to work well for bottom mesorig,5], but  trum that arises from a number of model calculatiphd—
previous research has demonstrated thHtl/M?) and 18] was questioned long ago by SchnitZéi9] and very
O(1/M?3) contributions can be comparable in magnitude forrecently by Isguf20] and by Ebert, Galkin and Faustf®1].
the Swave spin splitting of charmed mesd@g. The present The calculation is difficult within lattice QCD because the
work provides an extension of this investigation by consid-P-wave splittings are not large in comparison to the typical
ering new simulations that incorporate a number of changescale of nonperturbative QCD and because of operator mix-
in method. For example, Refi4] used the fourth root of an ing for the pair ofP-wave states having=1. Some previous
elementary plaquette to define the tadpole improvement fagttempts have been maf2—-24. Unfortunately, the uncer-
tor, Uy, whereas the present work uses the mean link irf@inties are often substantial, and results are not always as
Landau gauge. Since the Landau definition is advantageo@®nsistent with one another as might have been hoped. The
in other context$6], including the velocity expansion for the present work represents a further comment on this situation.
charmonium spectrum of lattice NRQCEY], it might be  In particular, theD%,— D%, mass splitting is found to be
expected to improve the convergence of the heavy quarRositive as in the traditional hydrogen-like ordering and to be
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substantially less than 100 MeV, while ti —D§, B,
—B%, and B} —B{ splittings are even smaller. These split-
tings are consistent with a number of model calculations, but
are somewhat smaller than the lattice NRQCD calculation of
Ref.[25].

II. ACTION

The lattice action has three terms: gauge action, light
quark action and heavy quark action. The entire action is
classically and tadpole-improved with the tadpole factogs,
and u,, defined as the mean links in Landau gauge in a
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where

D1i(X)=g(X)(1— Ey)U;(X) h(x+1)
+(x+1)(1+ Ey)UT(x) (%), )

D1:(X) = () (1= y4) U4(X) h(x+ 1)
+ (X + 1) (1+ ) UI(x) (%), (4)

Di(X)=g(X) (1= Ey)U; () Ui (x+1) gh(x+21)

spatial and temporal direction, respectively.
The gauge field action is

58| 1 1
Se(V)= > @% (1—§ReTrUpS>
! (1 L ReTrU )
- — 5 ReTr
20us¢ 3 ®

¢ 1
+—— > | 1- ZReTrUy,

uzu? ot 3

7 % [ grerd
~—=— > |1~ ZReTru
20ufu? 2113 .

7 2 1 gremu
- 1- =ReTru ,
20u2uf % 3 s

whereé=a/a,. The subscripts “ps” and “

+(x+20)(1+ £y U] (x+ DU () 9(x), (5)

Di(X) = $(X) (1= y4)U4(X)U 4(x+ 1) h(x+ 21)

+ (X420 (1+ y) UL (x+ DU ¢(x),  (6)

1 1
OF (¥ =5 [9,0,(0) =, (0] = 3 IM[Tr,,(x)],

)

1 R R
Q= 7 [ULO0U (X ) U (x+ n)U(X)

y
+U, (00U L(x— + ) UT(x—m)U ,(x— )
+UL(x— U N(x—p— 1)U, (x—u—-1)U,
U, (x—1)U,

X (x+p—v)UL(x)]. (8)

(1) X (x—v)+UT(x—

rs” denote spa-
tial plaquettes and spatial planar<® rectangles respec-

The heavy quark action is NRQCE2], which is dis-

tively. Plaquettes in the temporal-spatial planes are denotegtetized to give the following Green’s function propagation:

by “pt,” while rectangles with the long side in a spatial
(tempora] direction are labeled by “rst'{“rts” ). The lead- aHp aHa\" uf1
ing classical errors of this action are quartic in lattice spac- Gri1=|1- 2 ~on U_t
ing.
For light quarks, a D234 actiof8] is used with param- aHA\" aHg
eters set to their tadpole-improved classical values. Its lead- x| 1=, —— |G~ 9

ing classical errors are cubic in lattice spacing:

1
SF<qu>——2 Dyi(X) - T Dai(X)
4 1
?K EX: D (x)— 8_th2D2t(X)l
to 52 E P(X) i Fij () $(X)
2

e ; P(X) 00 F 0 (X) ¢(X)

—2 YOO P(X),

with n=5 chosen for this work. Separation of the Hamil-
tonian into two termsH=H,+Hpg, is important for ensur-
ing stability of the discretization. For example, recall the
discussion in Refl4] of a large nonzero vacuum expectation
value for the term containing;,, in the Hamiltoniar{see Eq.
(15)]. This issue will be discussed further in Sec. IV.

The following Hamiltonian, written in terms of the bare
heavy quark magll, is complete t@D(1/M3) in the classical
continuum limit[27]:

H=Hy+ H, (10
_A®
Ho=—1 (1)
2
@ SH=HM+ sH@ + sHE) + O(1M*) (12)
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TABLE |. Heavy-light meson creation operators. ST ————T7 ]
L Q(x) S0f 00 .
[ ® 9 i
's, (1)) 45:_ sﬁeeeees@e@@_:
3Sl (Ova-i) E ’ C ]
Py 04)) g [ » ]
*Po (0.2iA0) g P ", E
3 =] [ o ]
Py (0Ajoj—Ajoy) = r L. .
3P2 (0,A|0'|_AJO'J) or E 35__ ¢ ® L ._.
(O’Aia-j+AjUi)’i¢j v - ."000000000000:
- 30 -
24 (4) :....I....I....I .
Cs 0 - agA
W=__= 5 =
oH 0 M7 B+cs 24M (13 5 10 15 20 25
s timestep
sH@= 2 c; g 19 ZE-E Z)— ¢ 9 FIG. 1. Effective mass plots for the ground state heavy-light
u? Ut 8M 2 u Ut 8M2 meson at rest witkk=0.23, and terms up t®(1/(a;M)?) retained
in the Hamiltonian. OnlyH is in H, of Eq. (9). Solid circles, solid
o aS(A(Z))Z squares and open circles are &M =1.2, 1.5 and 5.0 respectively.
Xo (AXE—EXA)— Co > (14 Statistical errors are smaller than the plotted symbols.
16néM
s 0O(1/M?3), to allow discussions of convergence for théi1/
SH®— _ (A@)Z ¢, 1@ 4B expansion. Throughout this workl,, is always placed i 5
! gMm3 u4 8M3{ o-B} of Eg. (9) and all of the remaining terms except thg term
s are only placed irHg. The difference between having the
Cglg EXE BxB| c,@?[ E? B? cioterminH, or Hg will be discussed explicitly, since it has
39| 22 5 |~ sl 232t = the nonzero vacuum expectation value.
8M UsUe  Us 8M™ \ugu  Us A tilde on any quantity indicates that the leading discreti-
a2(A@)3 zation errors have been removed. In particular,
S
U 53 (15 o
19n2£2M Ei=F, (16)
The coefficients of the Hamiltonian are chosen so the dimen-
sionless parameters;, are unity at the classical level. As B = 1 Z e Fi (17)
will be discussed below, computations have been performed 2 e R

with the ¢; set to unity or zero in various combinations,
including separate computations @(1/M), O(1/M?) and  where[3]

TABLE Il. Examples of plateaus defined by maximization@f Notice that they all have the desired
feature thatQ=0.1. Insensitivity of the fit parameters to the precise plateau boundaries has been verified.

Y 1S(p) 33, Py *Py P, °p,
aM=15, k=0.23
(tmin »tmax) (15,22 (16,22 (17,22 (13,22 (12,22 (14,22 (12,22
Q 0.45 0.13 0.27 0.60 0.21 0.97 0.92
aM=1.5, k=0.24
(tminstmax) (15,20 (16,20 (15,20 (12,20 (11,20 (14,20 (13,20
Q 0.22 0.14 0.61 0.69 0.26 0.86 0.43
asM=6, k=0.23
(tmin tmax (17,22 (16,22 (16,22 (13,22 (12,22 (13,22 (12,22
Q 0.88 0.29 0.67 0.15 0.69 0.65 0.50
aM=6, x=0.24
(tmin »tmax) (16,20 (14,20 (16,20 (13,20 (12,20 (13,20 (12,20
Q 0.51 0.16 0.77 0.35 0.10 0.12 0.93
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FIG. 2. The simulation energy of a ground-state heavy-light

meson at rest. Results are displayed from terms up(id(a;M)"),
with k=1,2,3. Herex is fixed at 0.24, and is the bare heavy
quark mass. Solid circles ate=1, solid squares are=2, open
circles(squaresarek=3 with thec,yterm inHg (H,) of Eq. (9).
Statistical errors are smaller than the plotted symbols.
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Ui(X) -
aSAi(+)G(x)=u—G(x+|)—G(x), (20)
Ul(x—1 .
aSAi(’)G(x)zG(x)—LI)G(x—l), (21)

- . Uf(x—1 .
aﬁAi(z)G(x)z@G(xﬂ)—ZG(x)ﬂ—MG(x—l),
S S (22)

a2
Ni=a- A8, (23
A= AP, (24)

2
GOSN 25
12 " 25
AD=2 (AP)2. (26)

5 1 This NRQCD action has quadratic classical lattice spacing

Fun()=gF ()~ EUM(X)FM(H— mU LX) errors.
M

1. METHOD

1
N - - -
N EUM(X_M)FMV(X_M)UM(X_'U’) The data presented here come from 2000 gauge field con-
© figurations on 18 30 lattices af3=2.1 with a bare aspect
— (). (18)  ratio of é=ag/a;=2. Two light quark masses are used, cor-
responding tox=0.23 and 0.24. Fixed time boundaries are
: - . - . used for the light quark propagators, so they fit naturally into
The various spatial lattice derivatives are defined as foIIowsé1 heavy-light meson, since the NROCD heavy quark propa-
1 gator is also not periodic in the temporal direction.
_ - T N1ty A A calculation of the string tension from these gauge field
3sAiG(x) 2uS[U'(X)G(X+ D= Uix=1Gx=n], configurations provides a determination of the renormalized
(199  anisotropy:

TABLE Ill. The kinetic energy of a'S, heavy-light mesonH , andHyg are defined by Eq9) andc,, by
Eq. (15). Except fora;M =6, the results in physical units are computed froril/M2) data, using the lattice
spacing from Eq(30) to set the physical length scale. Only statistical uncertainties are shown.

asM aE(p) — a,E(0) My, [GeV]
O(1/M) O(1/M?) o(1/Mm?3)
Cipin Hg Cipin Hp
xk=0.23 1.2 0.048[0) 0.051510) 0.053@10) 0.058239)2 1.836)
15 0.042%9) 0.04449) 0.04599) 0.051925?2 2.129)
5.0 0.018510) 0.018810) 0.018810) 0.023926)2 5.003)
6.0 0.016210) 5.8(4)
k=0.24 1.2 0.049@5) 0.052324) 0.054924) 0.056627) 1.80(10)
1.5 0.043024) 0.044922) 0.046921) 0.047123) 2.1012)
5.0 0.019117) 0.019416) 0.019416) 0.019416) 4.94)
6.0 0.018022) 5.2(7)

&These computations use only 200 configurations.
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TABLE IV. The 3S;-1S, mass splittingH, andHg are defined by Eq9) andc,, by Eq. (15). Except
for a;M =6, the results in physical units are computed fioif1/M?) data, using the lattice spacing from Eq.
(30) to set the physical length scale. Only statistical uncertainties are shown.

asM aM(®s)) —aM('Sy) M(3Sy) —M(1Sy)
o(1/M) 0(1/M?) o(1/M?3) [MeV]
Cipin Hg Cyoin Hp
xk=0.23 1.2 0.044(b) 0.05277) 0.05087) 0.056625) 96.624)
1.5 0.038%6) 0.04476) 0.04476) 0.045219) 81.921)
5.0 0.015%4) 0.016%4) 0.016%4) 0.01598)2 30.210)
6.0 0.01365) 24.911)
xk=0.24 1.2 0.04831)  0.058912)  0.057711)  0.067715) 107.932
15 0.04189) 0.049411)  0.050Z10)  0.055411) 90.529)
5.0 0.014713  0.015713)  0.015813  0.015813 28.825)
6.0 0.01367) 24.914)

&These computations use only 200 configurations.

é=agla;=1.962). (27 meson mass itself cannot be obtained directly. One way to
determine the mass is to compute the change in energy when
Using light quarks only, the lightest pseudoscalar anda meson is boosted:
vector meson masses are easily obtained from local creation

operators. By linear interpolation and extrapolation ir,1/ p2
the critical («;) and strange«) hopping parameters and the Ep— E°:2|\/I—-' (33
temporal lattice spacing are found to be kin
k.=0.24302541), (28)  This defines the kinetic masM,, which is interpreted as
the meson’s physical mass. For the present wiagkis com-
0.234411) from m,, puted only for thelS, state, withp=(0,0,27/Ls) where
%s=10.23563) from mq, (29 L =Nga, is the spatial extent of the lattice in physical units.

Solving for the kinetic mass gives

a;=0.107§23)fm from m,. (30
272

T N2&afa(E,- Eo)]

For the hopping parameters used in explicit computations, Min (34)
xk=0.23 and 0.24, the ratio of pseudoscalar to vector meson
masses is th,/m,” = 0.8153) and 0.5178) respectively.
No exceptional configurations were encountered at these oo o T
values. One might expect a systematic uncertaintyaoto
account for deviations from the linear relationship between
a;m, and lk. The uncertainty is presumably a few percent,
but cannot be estimated using only the twwalues studied
here.

A heavy-light meson is created by the following operator:

3 1
PO_ SO

> QT (x)q(x), (31)

simulation energy

"ngg w8y

WhereQ(i) is given in Table | and the smearing operator is

L(x)=[1+cAP(x)]"s, (32 ol

w
—_
o
—
w
|\
(=
[\
W

All plots shown here usec(,ng)=(0.15,10) at the source
and a local sink. The source is fixed at time step 4, which is
a distance &; from the lattice boundary. FIG. 3. The simulation energy of 3P, heavy-light meson, for

Because NRQCD is an expansion in the invebs#e  =0.23 andaM =5.0. The Hamiltonian contains all terms up to
heavy quark mass, all meson mass differences can be olbnd includingd(1/(asM)?). The splitting between th&P, and 'S,
tained from correlation functions g=0, but the absolute is also shown.

timestep
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TABLE V. The 3P,-1S, mass splittingH , andHg are defined by Eq9) andc,o by Eq.(15). Except for
a;M=6 andasM =, the results in physical units are computed fré@j1/M?) data, using the lattice
spacing from Eq(30) to set the physical length scale. Only statistical uncertainties are shown.

asM aM(°Pg) —aM('Sy) M(®Po) —M('Sp)
o(1/M) O(1/M?) o(1/M?3) [MeV]
Cipin Hg Cipin Hp

xk=0.23 1.2 0.276) 0.2714) 0.2764) 0.27716)% 49713
15 0.2665) 0.2634) 0.2674) 0.26810)% 48213

5.0 0.23%5) 0.2384) 0.2384) 0.25211)2 43612

6.0 0.2365) 43213

o 0.2255) 41213

xk=0.24 1.2 0.31(6) 0.3116) 0.3156) 0.321(7) 570(16)
1.5 0.3006) 0.3016) 0.3046) 0.3066) 552(16)

5.0 0.2568) 0.2567) 0.2567) 0.2567) 46916)

6.0 0.2548) 46518

s 0.21020) 38538

&These computations use only 200 configurations.

Some justification for Eq(33) comes from consideration of I'(N/2—1,x%/2)
the next correction term, giving Q= m (36)
2 4
p p where

E,—Ey= — . 35

P70 2Myn  8m3, (39
F(a,x):f dttd texp(—t), (37)

X

We have verified that the extra term shifts the kinetic mass
by an amount which is smaller than the uncertainties for
every value ofM;, reported in this work. and N is the number of time steps in the proposed plateau
In the case oB-wave mesons, a plateau containing ampleregion. y? is obtained from a single exponential fit to each

time steps is clearly evident in all effective mass plots; somaneson correlation function. A correlated fit is done with the
examples are shown in Fig. 1. A more detailed discussion ofovariance matrix inverted by singular value decomposition.
the P-wave plateaus is deferred to Sec. V. In this paper, théStatistical uncertainties are obtained from the analysis of
plateau region for each mass is defined by the maximum®000 bootstrap ensembles. All plateaus are ended at time
value of step 2220) for simulations withx=0.23(0.24), except for

TABLE VI. The 'P;-1Sy, 3P;-1S, and °P,-1S, mass split- TABLE VII. The *P;-3Py, °P;-3P, and 3P,-P, mass split-
tings. Data ab;M =6 use the Hamiltonian up t©(1/M) and data  tings. Data aBsM =6 use the Hamiltonian up t0(1/M) and data
at a;M<6 use the Hamiltonian up t®(1/M?). Only statistical at a;M <6 use the Hamiltonian up t®(1/M?). Only statistical

uncertainties are shown. uncertainties are shown.
asM aM(X) - aM('S) asM aM(X) —aM(°Py)
X=1P; X=3pP; X=3P, X=1P; X=3P; X=3P,
k=0.23 1.2 0.288) 0.2989) 0.3257) xk=0.23 1.2 0.017) 0.0279) 0.0547)
15 0.2797) 0.2858) 0.3117) 1.5 0.01%7) 0.021(8) 0.0477)
5.0 0.2368) 0.2487) 0.2597) 5.0 -0.0028) 0.0086) 0.0217)
6.0 0.2407) 0.2438) 0.2537) 6.0 0.0047) 0.00717) 0.0177)
e 0.181(26) 0.22610) 0.21411) 0 -0.04426) 0.0019) -0.01111)
k=0.24 1.2 0.29613) 0.30920) 0.327198) k=0.24 1.2 -0.016L4) -0.00220) 0.01619
15 0.295%10) 0.29419) 0.31517) 1.5 -0.00510) -0.00119) 0.01417)
5.0 0.23215) 0.25014) 0.27Q13) 5.0 -0.02416) -0.00613) 0.01414)
6.0 0.22516) 0.24615) 0.26513) 6.0 -0.02917)  -0.00§14) 0.01115)
o0 0.20032) 0.25761) 0.21917) o0 -0.01Q32) 0.04721) 0.00927)
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an infinitely heavy quark due to excessive noise at these 27—
larger times. The examples in Table I demonstrate the qual-
ity of the fits. 1

IV. SWAVE SPECTRUM 0

LI L B
[ J
[}
[}
[ ]
L]
»
“
[~
| —o— 4
——

ouﬁg’

]

—_

9}
-—1 -
NFEFETE BT PP I

Calculations were performed fasM =1.2, 1.5, 5, 6 and ) S I B
o, where M represents the bare heavy quark mass in the
NRQCD action. Figure 2 shows the simulation energy of the
ground state as a function @M for x=0.24. The huge
O(1/M?3) effect at smalleM values is due to the vacuum
expectation value of the;y term. This large correction to the
unphysical simulation energy does not discredit the conver-
gence of NRQCD, but special care must be taken to ensure -0
that the large vacuum value is incorporated into the heavy
quark propagation appropriately. In particular, previous work -1 t—=————t1— v 1 L
[4] has shown the linear approximation to be insufficient for 10 15 20
the ¢4 term, which contains the vacuum expectation value, 2
in computations of the&Swave spin splitting in the charm
region. Figure 2 explicitly shows the error introduced by
placing thec,q term inHg rather tharH, in Eq. (9).

It will also be noted from Fig. 2 that the simulation energy

w
—_
==
—_
w
[\e3
=1

—e—i
—1—
T N

L ]
[ g
—oH

W

—o——
saaal e gl

is negative foragM=1.2 at third order in NRQCD. Of 0 1 1

course the absolute energy scale is unphysical in NRQCD oy o
due to omission of the large heavy quark mass term from the !

leading order action, and physical quantiti@e. mass dif- 5 10 imestep 15 20

ferenceg are independent of the absolute energy scale. If the
simulation eneng werkarge and negative, it might sig_nal _a FIG. 4. Effective mass plots for thtP,- 3P, mass splitting with
poor 1M expansion and/or a problem for the discretization,— 23 andaqM = 1.5, 5.0 ande. The plateau region and value is

of heavy quark propagation, but a small negative result presiso shown.

sents no problem.

Table Il shows a calculation of the kinetic mass, and Interpolating these data so thistt;, is the physical mass
indicates that the bottom quark requirasM~5.5. The of a bottom meson, one finds a spin splitting which is only
charm quark seems to want ¥aM< 1.5, although the about 55% of the experimental value. This is typical of
data suggest that theM/expansion might not be converging quenched lattice calculatiotisee e.g., Ref$4,23,23). Even
in this region. It is interesting to notice that the vacuuman unquenched NRQCD calculation did not reproduce the
expectation value does not affect the calculation of this obexperimentalB*-B splitting [28] so perhaps the tadpole-
servable significantly. improved classical values, which were used for the coeffi-

A stronger statement about convergence comes from theents c; in the NRQCD Hamiltonian, account for the re-
splitting between the spin-singlet and spin-trip@tvave  sidual discrepancy.
states, since the uncertainties are smaller. Table IV suggests The data reported in Reff4] display a 1M expansion for
a nice convergence in the bottom region, but no guarantee @harmed mesons in lattice NRQCD in whi€{{1/M?) terms
convergence for charm. It will be noted that an incorrectwere as significant a®(1/M?) terms, so convergence of the
treatment of the vacuum expectation valiie. putting the expansion could not be assured. In that work, it was hoped
C1o term into Hg) can actually lead to a smad(1/M3) that a more convergent expansion might be obtained via
contribution, but this is incidental. changes in the lattice method. In particular, replacement of

Tables Il and IV correctly accommodate the vacuum ex-the average plaquette tadpole factor by the mean link in
pectation value of the,o term by placing it inH,. In Ref.  Landau gauge was suggested to hold some prof@isé.

[4], this method was found to give the same numerical reThe present work has made this modification plus a number
sults, within statistical uncertainties, for ti8wave kinetic ~ of others including: a more aggressively improved light
mass and spin splitting as was obtained by computing thguark action, asymmetric lattices with temporal spacing re-
vacuum expectation value directly and subtracting it fromduced by a factor of 2, Dirichlet temporal boundaries for
the Hamiltonian. For the present calculation, a similar checlight quarks rather than periodic ones, smeared meson
was performed: the vacuum expectation value was computesburces rather than local sources, and a symmetric depen-
from 400 of the gauge field configurations, and hwave dence orHg in Eqg. (9). Despite these changes, convergence
kinetic mass and spin splitting were computed from 200 conof the 1M expansion remains unconfirmed f@&@wave
figurations using the Hamiltonian with the vacuum value ex-charmed mesons. It is possible that a study of terms beyond
plicitly removed. As expected, the results agree within staO(1/M2) would reveal that the series really is well behaved,
tistics with Tables Il and IV when thepterm is inHp, . but this remains unexplored.
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TABLE VIII. The heavy-light spectrum compared to experiment. The hadron naming scheme f2%ef.
is followed [30]. The charm and bottom masses are fixed to the experimBntaind B; masseggiving
a;M.=1.37(8) andagM b=5.8(fé3)]. The first uncertainty in the lattice data combines the statistical error
with the uncertainty of, from Eq.(30). The second uncertainty in the lattice data corresponds to the errors
in a;M. andagM,,. The value ofxg determined frommy in Eq. (29) has been used.

Charmed meson massi@deV]

Bottom meson mass¢deV]

Experiment/Ref. Lattice Experiment/Ref. Lattice
D 19691)/ [29] input B, 53692)/ [29] input
D¥-D, 144/[29] O(1/M):792)(3) B¥ —B, 47(3)/ [29] 26(1) ("3
0O(1/M?):94(2)(5)
O(1/M?3):1033)(6)
D%~ Ds 530(13)(5) B2~ Bs 451(15)(9)
Dy —Ds 1p,:531(16)(2) B.,—Bs 1p,: 425(24)("2)
Dy—Ds  5661) [29] 3P,:542(22)(8) Bs1—Bs 3p,: 449(22)(°3)
D%—Ds  604(2) [29] 58519)(6) B%,— B, 478(21)("S)
(B¥* —Bg)  484(15)/[29]
Ds—D 99,104/[29] 0O(1/M):1052)(1) B,—B 90(2)/ [29] 92(3)(3
O(1/M?):107(3)(1)
O(1/M3):1124)(1)
D*—D  141,142/29) O(1/M):84(3)(3) B*—B 46/[29] 25(2) (3
0O(1/M?):101(3)(5)
O(1/M3):117(4)(6)
DE—D 57915)(5) B:—B 475(19)("9)
D;—D 596(53)/ [10] 1p,:54820)(2) B;—B 391(16)/ [12]®  'P,: 407(38)(" 1L
D,-D 5582)/ [10] 3p,:55732)(8) B,—B 43120/ [11]°  3P,: 453(33)(*3y)
D}-D 5952)/ [29] 588(30)(6) B5-B 4898)/ [12] P 493(29)("3)
460(13)/ [13] P
(B** —B)  4189)/[29]?

dExperimental signal is a sum over resonances with differing momknata1,2.
®Theoretical estimates for some of the mass splittings have been used as input.

V. P-WAVE SPECTRUM upper bound for the’P,- P, splitting, as presented in Ref.

Each of the foulP-wave operators from Table | leads to a [24). . . . 3
visually identifiable plateau; an example is shown in Fig. 3. The correlation functions constructed usif; and °P,
The method of maximun®, discussed in Sec. I, can be Operators contain some combination of the physitall
used to define precise plateau boundaries and the resultaf€sons. Both calculations should lead to the séligater)
3P,-1s, splitting is shown in Table V. In contrast to the physical mass at large Euclidean times if both operators have
Swave splitting discussed in the previous section, té 1/ a substantial overlap with the less massiel state. In
corrections to the’Py-1S, splitting are not large relative to Principle, the masses of the physical states can be obtained
the statistical uncertainties, even in the charm region. Theising the 'P, /3P, operator basis by also calculating the
splittings given in Table V are consistent with the availablemixing matrix elements, but the effect was too small to be
experimental data, as will be discussed below. observed in these data. In practice, for Euclidean times

Tables VI and VII contain lattice results for splittings Which can be used in our lattice simulation, no significant
which involve the otheiP-wave mesons. In the charm re- energy difference is observed between'theand °P; chan-
gion, the k=0.23 data produce &P, meson which is hels.
heavier than the>P, meson, but atk=0.24 théP,-3P, Predictions for the physical mesons are displayed along-
splitting is consistent with zero. The magnitudes of the split-Side experimental data in Table VIIl. THe;—D and Bg
tings decrease in the bottom region, as expected. —B mass differences depend only mildly @(1/M?) and

A comparison of Tables V, VI and VII plus the effective O(1/M?) terms, and they are close to experiment. In con-
mass plots in Fig. 4 provides some indication of the systemtrast, theSwave spin splittings are significantly smaller than
atic uncertainty which arises from the choice of plateau re€xperimenias is typical of quenched lattice Q(GB,23,29).
gion. In particular, it will be noted that the effective mass Furthermore, theO(1/M?) and O(1/M%) corrections to
plots are monotonically decreasing near the source, so if B*-D are each about 20% of the leading order result. The
plateau region is chosen too near the source, it will produceesults in Table VIII use the value af; determined frommy
a mass splitting which is too large. Thus one arrives at aiin Eq. (29). Use of the other determination in E@9) shifts
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(a) D2>’< - D()* and Dsz* - Ds()* (a) DO* -D and DSO* - DS
LATTICE NRQCD: LATTICE NRQCD:
present work gy P present work ter H
MODELS: MODELS:
Ref. [14] LY Ref. [14] o®
Ref. [15] ) Ref. [15] %
Ref. [16] 8 Ref. [16] LY
Ref. [18] e Ref. [18] %
Ref. [20] . Ref. [20] L
Ref. [21] * 5 Ref. [21] o®
1 1 1 1 1 L 1 1 1 1 1
=300 -200 -100 0 100 200 300 100 200 300 400 500 600 700 800
(b) B,* - By* and B,* - B* () By* - B and B* - B,
T T T T T T T T T T T
LATTICE NRQCD: LATTICE NRQCD:
present work e present work Moy
Ref. [25] H=oa— Ref. [25] 1=
MODELS: MODELS:
Ref. [14] % Ref. [14] o®
Ref. [15] ® Ref. [15] L)
Ref. [16] e Ref. [16] ®o
Ref. [17] ®o Ref. [17] o®
Ref. [18] L) Ref. [18] %
Ref. [20] ® Ref. [20] *
Ref. [21] o) Ref. [21] %
1 1 L L 1 L 1 1 1 1 1
=300 -200 -100 M(;V 100 200 300 0 100 200 300 400 S00 600 700

MeV

FIG. 5. TheD3%-D§ andB3}-Bj} splittings (solid symbol$ and

the D%, — D%, and B3, —BY, splittings (open symbolsfrom lattice
QCD and various model calculations.

FIG. 6. TheD§-D andB{-B splittings (solid symbol$ and the
D%,-Ds andB%,-B; splittings (open symbolsfrom lattice QCD and
various model calculations.

the central values of thB}-Ds and B -B; mass splittings
by 1 MeV or less, and shifts the splittings amoRgvaves
(D¥* andB%*) by 7 MeV or less.

D** (B**) mesons, but th®, states are the absolute light-
est and heaviest. Referen@] claims very small splittings
(tens of MeV) where theP(1/2) andP(3/2) doublets overlap

A detalled comparison dP-wave_ results would be SOME- 44 produce different orderings for tHe, D and B systems
what premature, since the experimental data are rather 'theB is ordered like thedD)
s .

complete and often rely on theoretical models for input, . * 5 % -
while the lattice calculation is quenched and lacks a firm F|gure 5 shows the; -Dg anq B2-Bo §pl|tt|ngs from
connection between the physical mesons andthé opera- lattice QCD and from the models just mentioned. Despite the

tors. Nevertheless, Table VIII shows a general consistencjAn9€ of model predictions, it is evident that some general
between the experimental and compuRedave masses. consistency exists between our results and a number_of the
It is instructive to compare latticB-wave masses to the models. Notice in particular that our results are numerically
predictions of models, such as quark modgld,20,21, a distinct from the large inversion of Rdf20]. Figure 6 com-
Bethe-Salpeter studiL5], a chromodynamic potential model pares the®Pq- 'S, splittings as obtained from lattice QCD
[16], a bag model17] and a Blankenbecler-Sugar approachand the models.
[18]. Many of these present results fd=1 directly in Of special importance is the comparison with Ref5],
the'P, /3P, basis which simplifies the comparison to lattice where the spectrum was also computed from quenched lat-
data, and the quark models may in general be more closelice NRQCD. The discrepancy between the two lattice cal-
related to the quenched approximation than to experiment.culations is exemplified by Fig. 5. While there are many
The models of Refs[14-16,18 predict the traditional differences in method between the two computations, it is
hydrogen-like ordering oP waves, where the’P, is the difficult to identify a compelling reason for the disagreement.
lightest meson, théP, is the heaviest, and the, states lie  Figure 4 indicates that our data must satisf§(B3)
in between. The authors of Rdfl7] find, from lightest to —M(Bj)<100 MeV for any chosen plateau region, and this
heaviest,3Py, P1(3/2),°P,, P,(1/2), where the arguments is not consistent with Ref25]. It is hoped that further lattice
represent the angular momentum of the light degrees of freeefforts will improve this situation. Unfortunately, a recent
dom. Referenc@20] predicts a dramatic inversion where the lattice NRQCD study of the heavy-light meson spectrum
3P, is heavier than the®P, by 1001500 MeV for  [26] has statistical uncertainties which are too large to re-
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solve the discrepancy between our results and those ahost notably, Ref[4] used the average plaquette tadpole
Ref. [25]. definition whereas the present work uses the mean link in
Landau gauge.
VI. CONCLUSIONS No convergence problem is found fé&wave charmed

. masses, and the-wave spectrum for both charmed and bot-
The masses o6 and P-wave heavy-light mesons have {om mesons is predicted. TH#P, is heavier than théP,

been calculated in the quenched approximation, using latticgq p, states in theD** system, withM(D%,)—M(D%))
NRQCD for the heavy quark and a highly improved action_ cc, 17 MeV. For theD** . B** and B** stystemssct)he
+ : : s

for the_ light deg_rees of freedom. Calculations at_flrst, seconcig P, splittings are smaller and consistent with zero. These
and third order in the heavy quark mass expansion were use

. conclusions agree with a number of model calculations and
as a test of convergence, and it was concluded that th 9

O(1/M?) andO(1/M®) contributions to thed*-D splitting re compatible with the available experimental data.
are both near 20%. The? -D splitting receives a 20% cor-
rection atO(1/M?) and a 10% correction &@(1/M?3). These
results might represent a convergerilléxpansion if terms The authors thank Howard Trottier for a critical reading
beyondO(1/M?3) are decreasing appropriately, but conver-of the manuscript, and R.L. thanks Niranjan Venugopal for
gence cannot be ascertained from the present study. Thiseful discussions. This work was supported in part by the
same conclusion was reached in Hdfl. by a computational Natural Sciences and Engineering Research Council of
method which differed from the present one in some detailsCanada.
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