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Quark orbital angular momentum from lattice QCD
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We calculate the quark orbital angular momentum of the nucleon from the quark energy-momentum tensor
form factors on the lattice with the quenched approximation. The disconnected insertion is estimated stochas-
tically which employs theZ2 noise with an unbiased subtraction. This reduced the error by a factor of 3–4 with
negligible overhead. The total quark contribution to the proton spin is found to be 0.3060.07. From this and
the quark spin content we deduce the quark orbital angular momentum to be 0.1760.06 which is;34% of the
proton spin. We further predict that the gluon angular momentum is 0.2060.07; i.e.,;40% of the proton spin
is due to the glue.

PACS number~s!: 12.38.Gc, 13.88.1e, 14.20.Dh
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I. INTRODUCTION

The spin content of the proton remains a challeng
problem in QCD both experimentally and theoretically@1#.
The surprisingly small contribution from the quark spin r
vealed by the polarized deep inelastic scattering experim
@2# ~world average:S50.2560.10) has stimulated a grea
deal of interest in the understanding of this ‘‘proton sp
problem.’’ While the lattice QCD calculations@3# confirmed
the small quark spin content in agreement with experime
there is little consensus on where the rest of the proton
resides. There have been suggestions based on the Bjo
sum rule@4#, the parton evolution@5#, the chiral quark mode
@6#, and the Skyrmion@7# that the quark orbital angular mo
mentum in the nucleon can be substantial. It is further p
posed that the off-forward parton distributions from dee
virtual Compton scattering can be used to measure the q
orbital angular momentum distribution and thereby its m
ments@8#.

In this paper, we shall report the first lattice calculation
the quark energy-momentum tensor form factors which
mits the extraction of the total quark angular momentu
Combining the lattice calculation of the quark spin conte
@3#, we obtain the quark orbital angular momentum a
thereby predict the gluon angular momentum in the nucl
from the spin sum rule. It turns out that the quark orbi
angular momentum is indeed quite large. It constitu
;35% of the proton spin and the gluon angular moment
is predicted to make up the remaining;40% of the proton
spin. We should point out the caveat that the present resu
based on the quenched approximation and is subjecte
correction when dynamical fermion is included. The form
ism to extract quark angular momentum is given in Sec.
The lattice calculation is presented in Sec. III and the c
clusions are in Sec. IV.

II. FORMALISM

It has been shown recently@8# that the total angular mo
mentum in QCD can be decomposed into three pieces
gauge invariantway
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JW5E d3x
1

2
c̄ gW g5c1E d3x c̄g4$xW3~2 iDW !%c

1E d3x @ xW3~EW 3BW !#

5
1

2
SW 1LW q1JWg. ~1!

The quark spin contribution12 S is defined through the for-
ward matrix element of the flavor-singlet axial-vector cu
rent. Similarly,Lq , the quark orbital angular momentum,
defined from the operatorLW q and Jg , the gluon angular
momentum, is defined fromJWg which is associated with
the gluon Poynting vectorEW 3BW . The total quark angular
momentum isJq5 1

2 S1Lq . Whereas, the total gluon angu
lar momentumJg cannot be further decomposed into gluo
spin and gluon orbital angular momentum without expli
gauge dependence.

Jq can be obtained from the energy-momentum ten
form factors@8#. One can write the gauge invariant quar
gluon energy-momentum tensor as

Tmn5Tmn
q 1Tmn

g 5
1

2
c̄g (m@DW 2DQ #n)c1FmaFna2

1

4
dmnF2,

~2!

where the first part is the quark energy-momentum ten
and the second one is that of the gluon. Form factors of
energy-momentum tensor for either the quark or the glu
are defined by@8#

^p,suTmn~0!up8,s8&

5ū~p,s!FT1~q2! ig (mp̄n)2T2~q2! p̄(misn)aqa/2mN

1
1

mN
T3~q2!~qmqn2dmnq2!

2mN T4~q2!dmnGu~p8,s8!, ~3!
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where p̄m5(pm1pm8 )/2, qm5pm2pm8 and u(p) is the
nucleon spinor. It can be proven that, for polarized target,
total angular momentum of the quarks or gluons is

Jq,g5

^p,su 1
2 e i jkE d3x ~T4k

q,gxj2T4 j
q,gxk! up,s&

^p,sup,s&

5
1

2
@T1

q,g~0! 1 T2
q,g~0!#. ~4!

Therefore, the total angular momentum of the quarks or g
ons can be calculated at theq2→0 limit of the form factor
1/2@T1

q,g(q2)1T2
q,g(q2)#.

III. LATTICE CALCULATION

In Eq. ~3!, the energy momentum tensor is expressed
terms of four form factors; whereas, for calculating the a
gular momentum we need only two, namelyT1 andT2 . T4 j ,
with j in the 3-direction, does not admit theT4 term. To
removeT3, we choose the momentum transfer to be ortho
nal to the j direction. In order to get the requiredT1(q2)
1T2(q2), we calculate the three point functio
GNT4 jN

(t2 ,t1 ,pW ,2qW ) for the operatorT4 j . The three point
function has two parts: connected insertion~CI!, due to the
valence and connected sea quarks, and disconnected i
tion ~DI! attributed to the disconnected sea quarks@9#
~Fig. 1!.

For CI, we express the observableT(q2)[ 1
2 @T1(q2)

1T2(q2)# in terms of the ratio of three- and two-point fun
tions:

Tr@GmGNT4 jN
~ t2 ,t1 ,0W ,2qW !#

Tr@GeGNN~ t2 ,0W !#

Tr@GeGNN~ t1 ,0W !#

Tr@GeGNN~ t1 ,qW !#

5
1

2
e jkm qk T~q2!, ~5!

where Gm and Ge are the spin polarized and unpolarize
projection operators@10#. From the above ratio, we calcula
the latticeTCI(q

2) at differentq2 and then extrapolate them
to q2→0 limit to obtain the CI part of the lattice quark tota
angular momentumJq,CI . Results are obtained for relativel
light Wilson quarks with k50.148, 0.152, 0.154 and

FIG. 1. Quark skeleton diagrams for the three-point funct

GNT4 jN
(t2 ,t1 ,pW ,2qW ). ~a! is the connected insertion.~b! is the dis-

connected insertion.
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0.155. The dimensionless nucleon massesMNa for thesek
values are 1.15~1!, 0.882~12!, 0.738~16!, and 0.670~15!, re-
spectively. The corresponding dimensionless pion mas
mpa are 0.679~4!, 0.486~5!, 0.376~6!, and 0.304~12!. Ex-
trapolating the nucleon and pion masses to the chiral li
we determinekc50.1568(1) andmNa50.531(13). Using
the nucleon mass to set the scale to study nucleon prope
@3,10,13#, the lattice spacinga2151.76(4) GeV is deter-
mined. The fourk ’s then correspond to the tadpole improve
lattice quark masses of about 376, 210, 124, and 80, M
respectively@11,10#. Figure 2 shows the dipole fitting o
TCI(q

2) at different q2. Following the calculation for the
point-split Wilson current@10#, the tadpole improvement fac

tor 1/8kc^
1
3 Tr Uplaq&

1/4 (kc50.15684) is included in the un
renormalizedJq,CI . The chiral limit forJq,CI is taken from a
linear dependence on the quark massmqa for these fourk
values~see Fig. 3!. To account for the correlations, both th
dipole fitting and the chiral extrapolation are done with t
covariance matrix and the final error at the chiral limit
obtained from the jackknife procedure. The dipole mass
found to be 0.8860.07 GeV. Finally, to obtain the result in
the modified minimal subtraction scheme~MS! scheme at
1/a51.76 GeV ~the scale is determined from the nucleo
mass!, we multiply theJq,CI by the tadpole improved renor
malization constant for the operatorT4 j which has been cal-
culated@12# perturbatively to beZ51.045 and obtain the C
part of the quark angular momentumJq,CI50.4460.07. Be-
ing ;90% of the nucleon spin, this almost saturates the s

FIG. 2. Dipole fitting forTCI(q
2) at 4 differentk values.

FIG. 3. Chiral extrapolation forJq,CI as a function of the quark
mass. The value at the chiral limit is indicated byd.
4-2
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sum rule. We also performed monopole fitting for t
TCI(q

2) and found an order of magnitude largerx2. The
calculation is done on a quenched 163324 lattice at b
56.0 with Wilson fermions for 100 configurations.

For the DI contribution, we follow the calculations for th
flavor-singlet axial coupling@3#, thepNs term @13#, and the
strangeness magnetic moment@14# by summing the curren
insertion timet1 from the nucleon source to its sink in th
corresponding ratio in Eq.~5! for the DI @Fig. 1~b!# to gain
statistics. In this case, the ratio leads to co
11/2e jkmqkTDI(q

2) t2. We take the average of the 3 pola
ization directions. The DI result is calculated from the slo
of this summed ratio with respect tot2. To evaluate the trace
of the quark loop in Fig. 1~b!, we adopt the same stochast
algorithm with theZ2 noise estimator@15# as in other DI
calculations@3,13,14#. In addition, we shall use two mor
techniques to reduce the errors from the stochastic algorit
First one is to observe that from the charge conjugation
Euclidean Hermiticity~CH symmetry!, the three-point func-
tion for the DI which is the product of the quark loop and t
nucleon propagator is real. On the other hand, the Euclid
Hermiticy itself dictates that the loop should also be re
Therefore, we need only multiply the real part of the lo
with the real part of the nucleon propagator and neglect
product of the imaginary parts of them which only introduc
noise to the signal. Secondly, we employ an unbiased s
traction method which has been used in the calculation of
fermion determinant@16#. The trace of the inverse matri
A21 can be estimated stochastically as follows:

Tr~A21!5EF K h†S A212(
i 51

P

l i O( i )DhL G , ~6!

whereh ’s areZ2 noise vectors,O( i )’s are a set ofP traceless
matrices, andl i ’s are the variational parameters which a
determined by reducing the variance of the three-point fu
tion over the gauge configurations. In practice, we found t
a judicious choice ofO( i ) is a set of traceless matrices fro
the hopping expansion of the propagator. Since they ma
the off-diagonal behavior of the matrixA21, they can offset
the off-diagonal contribution to the variance@16#. This
method proves to be very efficient in reducing the error
the DI calculation with negligible overhead. After imple
menting the CH and H symmetries and the unbiased sub

FIG. 4. The summed ratios of Eq.~5! for the DI are plotted for
different time slicet2 with and without unbiased subtraction. Ratio
without subtraction are shifted slightly towards the right.
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tion with traceless matrices obtained from just the first t
terms of the hopping expansion, we obtain a reduction
error of 3–4 times.

Figure 4 shows a plot of the summed three-point to tw
point function ratio@as in Eq.~5! for the DI# vs t2 for k

50.154 anduqW u52p/La with and without subtraction. One
can see that the error bars before subtraction are much la
and only with the subtraction does one get a reasonably g
slope as illustrated by the fitted straight line. With the help
this subtraction procedure we calculate slopes for otherq2

and for otherk ’s which are shown in Fig. 5. We use fixe
source and vary the sink positiont2. From t258 on, the
nucleon becomes isolated from its excited states@10#. Hence,
the slopes are fitted in the regiont2>8 ~Fig. 5! to avoid
contamination from the excited states as was done previo
@3,13,14#. Next,TDI(q

2) is fitted with a monopole form inq2

as in the other DI calculations@13,14#. These are plotted in
Fig. 6. Similar to the CI case, we also use covariant ma
fitting and the final error bars are obtained by the jackkn
method. A finite mass correction factor from the triang
diagram@17# is introduced while extrapolating to the chira
limit with a linear mqa dependence. This is shown in Fig
7~a!. The strange quark contribution is obtained by fixing t
disconnected sea quark mass atks50.154 and extrapolate
the valencekv from 0.148,0.152,0.154 tokc . This is shown
in Fig. 7~b!. It is interesting to point out that the result
fairly independent of the sea quark mass in the fermion lo
@Fig. 1~b!#. Comparing Fig. 7~a! where the valence and dis
connected sea quarks are kept the same (kv5ks) and Fig.
7~b!, we see that albeit the disconnected sea quark mas
Fig. 7~a! changes by a factor of 3, the result still coincid
with those in Fig. 7~b! for each of the valence-quark case
This shows that the DI depends on the valence-quark m
but is almost independent of the mass of the sea quarks in
fermion loop.

FIG. 5. The summed ratios of Eq.~5! for the DI are plotted for

uqW u52p/La.

FIG. 6. Monopole fitting forTDI(q
2). TDI(0) values are ob-

tained by extrapolating toq2→0.
4-3
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This is reminiscent of the disconnected sea-quark con
bution in the flavor-singletgA

0 calculation@3# where the dis-
connected sea-flavor independence was first observed.

The breakdown of the quark angular momentumJq into
the quark spin1

2 S and the quark orbital angular momentu
at theMS scale of 1.76 GeV is given in Table I. From the C
calculation we obtain the valence and connected sea q
contributions to the quark angular momentumJq,CI50.44
60.07 which is;90% of the total proton spin and it almo
saturates the spin sum rule in Eq.~1! by itself. A previous
calculation of the flavor-singlet axial current on the same
of lattices shows that12 SCI50.3160.04 @3#. Since Jq,CI
5 1

2 SCI1Lq,CI , we obtain the CI part of the quark orbita
angular momentumLq,CI50.1360.07. Thus, for valence
and connected sea quarks in the CI@19#, about 70% ofJq,CI
comes from the quark spin and the 30% is due to the orb
angular momentum. From the DI calculation, we find that
total quark angular momentumJq,DI , like the quark spin
1
2 SDI , is also flavor symmetric within errors. In fac
Ju,DI , Jd,DI , and Js are all equal to20.04760.012. To-
gether, the total DI isJq,DI520.1460.04. Subtracting the
DI of the quark spin1

2 SDI520.1860.03 from Jq,DI , we
obtain the orbital angular momentum contribution from t
disconnected sea quarks to beLq,DI50.04160.035. It is in-
teresting to note that it is consistent with zero with a cen
value which is a factor of 4.5 smaller than the spin conten
the disconnected sea quarks. Adding CI and DI contributi
together, we obtainJq50.3060.07 and, thus, we predict th
gluon angular momentumJg50.520.3060.0750.2060.07
from the spin sum rule@Eq. ~1!#.

We should point out that the above results are obtained
lattice configurations with one coupling (b56.0) without
extrapolation to the continuum. As such, it is expected
haveO(a) error in scaling violation in general for the Wil
son fermions used in this work. However, a recent study
the iso-vector axial coupling constant,gA

3 at three couplings
@18# shows the dimensionless quantitygA

3 has anO(a2) de-
pendence on the lattice spacinga. As a result of this milder
dependence ona, thegA

3 when extrapolated to the continuu
is only larger than the one atb56.0 by ; 6%. Since our

FIG. 7. ~a! The latticeJq,DI as a function of the quark mas
mqa. The quark masses in the valence and the disconnected se
kept the same.~b! Js vs the valence quark mass with the disco
nected sea quark mass fixed atks50.154. The chiral limit value
(kv5kc) is indicated byd.
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results are obtained atb56.0 and, likegA
3 , the quark angular

momentum Jq is dimensionless and contains the flavo
singletgA

0 as a part, we expect the error of the present res
to be of the same order, i.e., 6% as far as the scaling vi
tion is concerned.

IV. CONCLUSIONS

To conclude, the total angular momentum of the quark
calculated on the quenched 163324 lattice atb56.0 to be
Jq50.3060.07 at theMS scale of 1.76 GeV, i.e.,;60% of
the proton spin is attributable to the quarks. Since the qu
spin content is calculated previously to be1

2 S50.1360.06
@3# on the same lattice configurations, we obtain the qu
orbital angular momentumLq50.1760.06. Therefore, abou
25% of the proton spin originates from the quark spin a
about 35% comes from the quark orbital angular momentu
The gluon angular momentum contribution is predicted fro
the spin sum rule to beJg50.2060.07, i.e.,; 40% of the
proton spin is due to the glue. Since the orbital angular m
mentum of the disconnected sea quarks turns out to be q
small, the flavor independence ofJq,DI reconfirms the sea
flavor independence of the quark spin in the DI, nam
Du(DI )5Dd(DI ).Ds observed in the previous lattice ca
culation @3#.

In addition, the fact thatJq,CI almost saturates the spi
sum rule and the disconnected sea quark orbital angular
mentum is small, the gluon angular momentum and the
connected sea quark spin largely cancel each other. Both
flavor independence in the DI and the cancellation betw
the gluon angular momentum and the disconnected sea q
spin suggest that it is related to the anomaly and anoma
chiral Ward identity.

It is important for future experiments to measure t
quark orbital angular momentum and the gluon angular m
mentum in order to conclude the study of the spin and c
tent of the proton. The present work is based on
quenched approximation. It is also subjected to the large
ume, finite lattice spacing, and chiral extrapolation corr
tions which can be as large as 20–30 %@3,13# and will be
addressed in future studies with overlap fermions@20,21#.
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are

TABLE I. The breakdown of quark angular momentum.

Jq
1
2 S Lq

u1d(CI) 0.44(7) 0.31(4) 0.13~7!

u/d(DI ) 20.047(12) 20.062(6) 0.015~12!

s 20.047(12) 20.058(6) 0.011~12!

u1d1s(DI ) 20.14(4) 20.18(3) 0.041~36!

Total 0.30(7) 0.13(6) 0.17(6)
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