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Radiative corrections to Zbb̄ production
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We report on QCD radiative corrections to the processpp̄→Zbb̄ in the approximation in which theb quark
is considered massless. The implementation of this process in the general purpose Monte Carlo programMCFM

is discussed in some detail. These results are used to investigate backgrounds to Higgs boson production in the
ZH channel. We investigate the Higgs boson mass range (100 GeV,mH,130 GeV) for the Fermilab Teva-
tron running atAs52 TeV.

PACS number~s!: 13.38.2b, 12.38.2t
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I. INTRODUCTION

In this paper we report on the calculation of the stro
radiative corrections to the process

p1 p̄→Z1b1b̄. ~1!

These results are obtained from a Monte Carlo progr
which allows us to obtain predictions for any infrared sa
variable. Since the decays of theZ are included we can per
form cuts on the transverse momenta and rapidities of
final state leptons as well as on the properties of the
present in the event. This discussion is similar to the ca
lation

p1 p̄→W1b1b̄, ~2!

presented in Ref.@1#, although there are some difference
Reference@1# can be seen as a first step towards the ca
lation of a vector boson plus 2 jets atO(as

3), where the
underlying partonic process contains only quarks in the
tial state. When considering the production ofZbb̄ we must
also consider initial states containing two gluons, a furt
stepping-stone towards a generalV12 jet program. With
this in mind, we shall present our method in some det
with a general outline in Sec. II and further details presen
in the Appendix.

Much effort has been devoted to the study of Higgs bo
production at the Fermilab Tevatron running atAs52 TeV
@2#. These studies indicate that, given enough luminosity
light Higgs boson can be discovered at the Tevatron us
the associated production channelsWH andZH. In Sec. III
we perform an analysis in theZH channel that incorporate
as many of the backgrounds as possible at next-to-lea
order. Whilst we use no detector simulation and do not
tempt to include backgrounds due to particle misidentifi
tion, the results presented here can provide a normaliza
for more experimentally realistic studies. This is of impo
tance since more detailed studies are often performed u
shower Monte Carlo programs which can give mislead
results for well separated jets.
0556-2821/2000/62~11!/114012~12!/$15.00 62 1140
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II. CALCULATIONAL OVERVIEW

In this section we will outline the implementation of th
matrix elements in our Monte Carlo program. We separ
the discussion according to the three types of contributi
the lowest order~Born! processes, the virtual~loop! correc-
tions and the real corrections associated with additional
or collinear radiation.

A. Born processes

The Born processes which we are considering are

q1q̄→Z1b1b̄ ~3!

g1g→Z1b1b̄

which are illustrated in Fig. 1. For theqq̄ case, the set of
diagrams represented in~a! is the same as that previous
implemented forWbb̄ production in Ref.@1#. The diagrams

FIG. 1. Representative diagrams contributing toZbb̄ production
at lowest order. A complete gauge-invariant set of diagrams is
cluded in the actual calculation.
©2000 The American Physical Society12-1
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in ~b! are related to those in~a! by crossing. Diagrams~b! are
absent in theWbb̄case since aW does not directly couple to
a bb̄ pair. For the same reason, thegg process~c! is also not
present in the case ofWbb̄ production and these diagram
introduce a new set of matrix elements. In all of the mat
elements we will use the massless approximation for
b-quarks. We expect this to be a good description forbb̄
pairs produced with a large invariant mass,mbb̄ . This expec-
tation is borne out by Fig. 2 where lowest order predictio
with and without theb-quark mass are compared. As e
pected the corrections are of order 4mb

2/mbb̄
2 . Note that Fig.

2 may overestimate the mass effect since a fixed mass, ra
than a running mass which is smaller at high scale, is u
The basic jet cuts used in Fig. 2 to define thebb̄ jets are

uyjetu,2.5,

upjet
T u.15 GeV,

DR.0.7 ~4!

where as usual

DR5A@Dh21Df2#. ~5!

Figure 2 also illustrates the relative importance of the t
sub-processes in Eq.~3!. The total cross section and the co
tribution from gg-initiated processes are shown separate
binned according to thebb̄ invariant mass. If we examine th
total cross sections~integrated over a large range, 10 Ge
,mbb̄,160 GeV), we find that the gluon-gluon contribu
tion is 36% of the quark-antiquark result. However, when
are later interested in examining this process as a backgro
to a ZH(→bb̄) signal, we will be interested in the cros
sections over a limited range ofmbb̄ close to a Higgs boson
massmH , where 100 GeV,mH,130 GeV. We can see
from the figure that in this region thegg contribution is a
much more significant fraction of the total, roughly 60%
the qq̄ cross section in a window aroundmH5110 GeV.

FIG. 2. Lowest order predictions showing the validity of th
zero mass approximation.
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The reason for the importance of thegg process in this re-
gion can be understood from the contributing diagrams.
examination of Fig. 1~c! we see that, in contrast to the oth
diagrams in Fig. 1,mbb̄ may be large whilst keeping al
propagators on-shell.

B. Real corrections

The real matrix elements of Nagy and Trocsanyi~NT!
given in Ref.@3# are implemented using a subtraction proc
dure @4# which follows closely the treatment of Ref.@5#. To
illustrate our method, we outline the subtraction terms t
are needed for one particular piece, namely the leading c
contribution to thegg process. The actual numerical calc
lation that we have implemented includes the full mat
elements, not just this leading color piece.

We shall label the momenta of the partons as follows:

g~2p1!1g~2p2!→Z~p34!1b~p5!1b̄~p6!1g~p7!,
~6!

where all momenta are considered outgoing. In lead
color, it is sufficient to consider one ordering of the gluo
along the fermion line, and to obtain the remaining terms
permutation of the gluons@6#. The real matrix elements ar
given by

uMrealu258e4g6CFN3

3S (
(6 perms)

uA~5q
h5,1g

h1,2g
h2,7g

h7,6
q̄

h6!u21OS 1

N2D D
[ (

(6 perms)
uM5~1g,2g,7g!u21O~CFN!, ~7!

where we have used the~NT! notation for the tree-level am
plitude A @see Eqs.~NT:A43-A49!1# and for simplicity we
have suppressed all couplings of theZ boson and the sum
over quark and lepton helicities. As usualCF54/3 andN
53 is the number of colors. The neglected terms are s
leading inN. Equation~7! is very similar to the leading-orde
term,

uMLOu258e4g4CFN2S (
(2 perms)

um~5q
h5,1g

h1,2g
h2,6

q̄

h6!u2

1OS 1

N2D D
[ (

(2 perms)
uM4~1g,2g!u21O~CF!, ~8!

which we will use to construct the subtraction terms.

1We call the reader’s attention to the erratum which corrects so
equations in Ref.@3#. The archive version has been updated.
2-2
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RADIATIVE CORRECTIONS TOZbb̄ PRODUCTION PHYSICAL REVIEW D 62 114012
1. Dipole enumeration

The matrix elements in Eq.~7! become singular when
gluon 7 becomes soft and/or collinear with the quarks
either of the other gluons. There are a number of methods
cancelling these singularities at next-to-leading order@7# and
we choose to use the dipole subtraction method of Ca
and Seymour@5#. In this approach, the dipoles provide
convenient and efficient way of enumerating the singulari
and cancelling them in a local fashion, including spin cor
lations.

A dipole consists of 3 partons, the first two of whic
combine to form the emitter parton,aĩ, and the third is the
spectatorb. The construction of the dipoles starts@4# from
the eikonal factors present in the soft limit which are rew
ten as

2papb

papi pbpi
[

2papb

papi1pbpi
F 1

papi
1~a↔b!G . ~9!

The first term on the right-hand side corresponds to the
limit of the dipole with emitteraĩ and spectatorb. The full
dipole is given by the extension of Eq.~9! to include collin-
ear emission. The dipole must be labeled by the parton t
of both emitter and emitted parton, as well as whether
partons lie in the initial or final state. For instance, the no
tion Di i , gg

17,2 refers to a dipole where 17˜ is the initial-state
gluonic emitter splitting into gluon 1 and parton 7, wi
respect to spectator parton 2.

The dipole structure of the subtraction terms can be
derstood from the soft gluon limit of the matrix elements~7!.
In the soft limit of a single color ordering~permutation!,
gluon 7 can have singularities with neighboring partons on
Each of the six permutations therefore gives rise to two
poles, leading to twelve terms in all. Hence we find
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uMudipole
2 5N@Di i , gg

17,2 1Di i , gg
27,1 1Di f , gg

17,5 1Df i , qq
57,1 1Di f , gg

27,6

1Df i , qq
67,2 #3uM4~1g,2g!u21~1↔2! ~10!

where the dipole functions are listed explicitly in Append
A.

C. Virtual corrections

The virtual corrections to the processes in Eq.~3! are
taken from the work of BDK~Bern, Dixon and Kosower
@8#!. For other work on these parton subprocesses, see
Ref. @9#. In this paper the ultraviolet, infra-red and colline
singularities are controlled by continuing the dimension
space-time tod5422e using the four-dimensional helicity
scheme. The structure of the Monte Carlo program is s
that virtual terms are combined with the integrals of the
pole subtraction pieces defined above. When added toge
e-poles cancel and a finite result is obtained.

To demonstrate this explicitly, we will examine the lea
ing color contribution to the 1-loop diagrams. From BDK th
leadingN-contribution from the loop diagrams is@cf. BDK,
Eq. ~2.12!#,

Re~2MLOM1-loop* !

58e4g4CFN3S aS

2p D
3~4p!2FA6

tree* ~5q,1g,2g,6q̄!A6;1~5q,1g,2g,6q̄!

1OS 1

ND G1~1↔2!. ~11!

Extracting only the pole pieces from the leading term@see
BDK, Eqs.~8.5! and~8.7!, together with the renormalization
in Eq. ~6.5!# yields
rms
Re~2MLOM1-loop* !pole52S aSN

2p D uM~1g,2g!u2F 1

e2
XS s15

m2D 2e

1S s12

m2D 2e

1S s26

m2D 2eC1
3

2e S s34

m2D 2e

1
1

3e S 112
2nf

N D1
7

2G
1~1↔2!, ~12!

where we have adopted the usual definitionsi j 52pi•pj . We are now in a position to make a comparison with the dipole te
that we presented in the previous section, Eq.~10!. Inserting the appropriate integrals~the functionsV end from Appendix A!
we find the counterterm from the real contribution to be

uMucounter
2 5S aSN

2p D uM~1g,2g!u23
1

2 F 2

e2 S s12

m2D 2e

1
1

3e S 112
2nf

N D2
p2

3
1

2

e2 S s15

m2D 2e

1
3

2e S s15

m2D 2e

1
1

6e S 112
2nf

N D2
p2

3

131
2

e2 S s26

m2D 2e

1
3

2e S s26

m2D 2e

1
1

6e S 112
2nf

N D2
p2

3
13G1~1↔2!.
2-3
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JOHN CAMPBELL AND R. K. ELLIS PHYSICAL REVIEW D62 114012
When we add these two contributions together, we see
thee-poles cancel, leaving a finite term that is a combinat
of logarithms and constants multiplying the lowest ord
squared matrix elements,

Re~2MLOM1-loop* !pole1uMucounter
2

5S aSN

2p D uM~1g,2g!u23F3

4
lnS s34

s15
D1

3

4
lnS s34

s26
D

2
p2

2
2

1

2G1~1↔2!. ~13!

This result exemplifies the cancellation that occurs throu
out our calculation, both at sub-leading color and in the ot
qq̄ initiated sub-process~the details of which we have omit
ted here for brevity!. In general, when the poles present
@8# are added to the integrated dipoles given in Appendix
the result is extra finite terms proportional to the lowest or
matrix elements.

III. RESULTS

A. Basic features

The standard model is specified by three gauge coupli
the top quark mass also leads to large corrections to
graph results. For our purposes we will replace these f
parameters byMW , MZ , a(MZ) and GF , the values of
which are given in Table I. The coupling constantse, gW
and sin2uW are derived from these input parameters acco
ing to the definitions below,

e254pa~MZ!

gW
2 54A2GFMW

2

sin2uW5
e2

gW
2

. ~14!

When defined in this way, these are effective parame
which include the leading effects of top quark loops@10#. In
addition, we use the 1998 Martin-Roberts-Stirling~MRS98!
parton distribution set@11# with aS(MZ)50.1175.

We apply our results to the phenomenological study
the Zbb̄ background toZH production. We consider the
channelZ→nn̄ which has a branching ratio of about;20%;
the signature in this mode is abb̄-pair and missing transvers
energy, which we denote byE” T . For convenience we impos
the following cuts on our Monte Carlo simulation, and the
will apply to all the results given in this section. We fir
require the observation of ab and ab̄ jet well separated from

TABLE I. Basic input parameters.

MZ ,GZ 91.187, 2.49 GeV a(MZ) 1/128.89
MW ,GW 80.41, 2.06 GeV GF 1.1663931025
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each other and from the direction in the transverse plan
the missing energy. The cuts we impose@in addition to the
basic jet cuts of Eq.~4!# are,

uybu,uyb̄u,2,

upb
Tu,upb̄

Tu.15 GeV,

f E” T ,b ,f E” T ,b̄ ,.0.5, ~15!

DR.0.7,

uE” Tu.35 GeV.

wheref E” T ,b is the azimuthal angle between theb-jet direc-

tion and the direction of the missingET . We also reject
events which have additional jets in the observed region

uyjetu,2.5,

upjet
T u.15 GeV. ~16!

We first examine the distribution of the cross section a
function of thebb̄ mass. Our results are presented at lead
and next-to-leading order for a renormalization and fact
ization scalem5100 GeV and also for a much smalle
choicem520 GeV in Figs. 3 and 4.

This smaller scale is chosen because, as can be se
Fig. 4, for this scale choice the distributions at LO and NL
are comparable for 100,mbb̄,160 GeV. We see that ther
is both a significant enhancement in the total cross sec
and a change in the shape of the distribution when includ
the radiative corrections. Moreover, for the lower choice
scale, the total cross section in the range 20,mbb̄,160 GeV
is even larger and there is a steepening of the distribu
towards the peak at lowmbb̄ .

To further investigate the issue of scale dependence
this process, we consider an integral of the cross section
a restricted range ofmbb̄ . We will consider such integrals in

FIG. 3. Thebb̄ mass distribution inbb̄ 1 missing energy events
with the renormalization and factorization scalem5100 GeV.
2-4
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RADIATIVE CORRECTIONS TOZbb̄ PRODUCTION PHYSICAL REVIEW D 62 114012
our analysis of the Higgs search, where we shall integ
around the mass of the putative Higgs boson. In particu
we will integrate over

mH2A2D,mbb̄,mH1A2D ~17!

whereD is the mass resolution of thebb̄-pair. We assume
that D50.13mH and perform a gaussian smearing with th
resolution. The scale dependence of the cross sectio
shown in Fig. 5. For low values of the renormalization a
factorization scalem the NLO cross-section peaks; it is equ
to the lowest order result atm'15 GeV.

To conclude our discussion of the general features of
Zbb̄ calculation at NLO, we assess the relative importan
of the different sub-processes. We have already seen th
leading order thegg process provides a significant contrib
tion to the cross section, particularly for higher values
mbb̄ . For this reason, in Fig. 6 we show the cross sect
binned bymbb̄ and separated into the contribution of thegg

FIG. 4. Thebb̄ mass distribution inbb̄ 1 missing energy events
with the renormalization and factorization scalem520 GeV.

FIG. 5. The scale dependence of theZbb̄ result at both leading
and next-to-leading order, with 94,mbb̄,126 GeV, appropriate for
MH5110 GeV withD511 GeV.
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component of parton luminosity and the contribution of t
rest ~beyond leading order we also haveqg initial states!.

This figure shows that for the interesting range,mbb̄
;100 GeV, thegg contribution is even more importan
relative to the other sub-processes, than at leading orde
fact, if we divide the next-to-leading order curve by the lea
ing order one to obtain the ‘‘K-factor’’ we find that for
mbb̄.60 GeV the ratioKqq̄/qg'1.7 whilstKgg'2.5.

B. Higgs search

Previous studies@2,12–14# have shown that the channe
ZH where theZ decays in neutrinos~observed in the detecto
as missing transverse energy! and the Higgs boson decays
bb̄ can give a significant signal for the standard model Hig
boson with a mass below 130 GeV.

The largest background to this signal is theZbb̄ process
that we have discussed above. After this QCD backgrou
the largest other background at 2 TeV is from the dibos
process Z0(→nn̄)Z(→bb̄). Significantly smaller back-
grounds come from the processesW6* „→t(→bW1)b̄… and
q8t(→bW1)b̄, where in each case theW boson decays lep
tonically, but the charged lepton is not observed. In addit
contributions to the signal are present frompp̄→WH where
theW-decay lepton is missed; correspondingly there are c
tributions to the background frompp̄→Wbb̄ and pp̄
→WZ.

In our analysis, we will calculate the significances usi
our parton level Monte Carlo programMCFM in which the
signal and largest backgrounds are calculated beyond
leading order. In order to calculate the signal we require
Higgs branching ratio intobb̄ pairs, which is a strong func
tion of the Higgs boson mass. The values of the branch
ratio for the four values of the Higgs boson mass that we w
study, as well as additional parameters used to calculate
other backgrounds, are shown in Table II. In order that
normalizations are clear, in Table III we show the total cro

FIG. 6. The contribution of the different parton-parton su
processes to the cross-section, with the renormalization and fa
ization scalem5100 GeV. The lower curves represent the leadi
order results.
2-5
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JOHN CAMPBELL AND R. K. ELLIS PHYSICAL REVIEW D62 114012
section for each process, together with the results when
propriate branching ratios and lepton flavor sums are
cluded. The values shown for theWbb̄ and Zbb̄ processes
only have the basic cuts, Eq.~4!; for t t̄ , WH and ZH the
rates shown are the total cross sections with no cuts.

For each choice of the Higgs boson mass, the signal
backgrounds are integrated over anmbb̄ masss range as i
Eq. ~17!. For the backgrounds we also reject events w
additional observed leptons,

uyl u,2,

upl
Tu.10 GeV. ~18!

Our results at 2 TeV are given in Table IV, where w
have used a doubleb-tagging efficiencyebb̄50.45. When we
compare these results to those of the SUSY-Higgs study@2#
we immediately see a difference in some of the channels
particular, by including the radiative corrections to theZbb̄
process we have increased this background considera
Furthermore, the contribution to the signal from theWH
process and all the backgrounds involving aW are signifi-
cantly lower than in@2#. The reason for this discrepancy
clear. In our Monte Carlo, all these channels involve an
observed lepton, which must therefore have a very lowpT or
be at high rapidity. With a detector simulation, such as
used in the SUSY-Higgs study, these unobserved lep
may be central and thus produce large contributions to
cross-sections, whilst being unobserved by virtue of misid
tification.

To illustrate the effect of these differences on the sign
cance of the different analyses, in Fig. 7 we compare
MCFM results with two approaches from Ref.@2#. The ap-
parent similarity of the significances plotted in Fig. 7 is t

TABLE II. Additional parameters used for the signal and bac
ground calculations for the Higgs search.

mt ,G t 175, 1.4 GeV sin2uW 0.22853
Vud 0.97500 Higgs boson mass~br! 100 GeV, (0.811
Vus 0.22220 Higgs boson mass~br! 110 GeV, (0.769
Vcd 0.22220 Higgs boson mass~br! 120 GeV, (0.677
Vcs 0.97500 Higgs boson mass~br! 130 GeV, (0.525
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result of two effects. We believe that the significance of R
@2# is too high because, theZbb̄ and ZZ backgrounds are
underestimated in the light of the work presented here an
Ref. @15#. On the other hand, our significances are certai
too high, because due to the lack of a full detector simu
tion, the backgrounds from processes with mis-identified l
tons are underestimated.

IV. CONCLUSIONS

We have presented the first results on the strong radia
corrections to theZbb̄ process. The results indicate larg
radiative corrections which can significantly change the e
mates of the backgrounds to the processpp̄→ZH at the
Tevatron. We find that the significanceS/AB could be less
than the result in the report of the SUSY-Higgs workin
group. The results described in this paper do not represe
full analysis of the potential to see the Higgs signature in
ZH channel at the Tevatron. The most significant shortco
ing is the lack of a full detector simulation.

The primary change is the increase in the size of
Zbb̄-background because of the inclusion of NLO effec
Our calculation underscores the importance of having an

- TABLE IV. Signal, backgrounds and significance for th
Z-channel atAs52 TeV.

mH @GeV# 100 110 120 130

Z0(→nn̄)H(→bb̄) 5.8 4.4 2.9 1.8

W(→ ln)H(→bb̄) 0.7 0.5 0.3 0.2

Total S 6.5 4.9 3.2 2.0

Z0(→nn̄)g* (→bb̄) 23.3 21.0 17.5 15.8

Z0(→nn̄)Z(→bb̄) 10.8 6.9 3.3 1.4

W6(→ l n̄)g* (→bb̄) 2.7 2.4 1.6 1.1

W6(→ l n̄)Z(→bb̄) 1.4 0.8 0.4 0.2

W6* „→t(→bW1)b̄… 0.6 0.6 0.6 0.6

q8t(→bW1)b̄ 0.2 0.2 0.2 0.2

Total B 39.0 31.9 23.6 19.3
S/B 0.17 0.15 0.14 0.11
S/AB 1.04 0.87 0.66 0.46
TABLE III. Values of the total cross sections for normalization purposes.

Process s @fb# With BR sBR @fb#

WH, mH5100 274 W1(→e1n)H(→bb̄)34 48.9

ZH, mH5100 162 Z(→nen̄e)H(→bb̄)33 25.3

Zbb̄, 60,mbb̄,160 5290 Z(→nen̄e)bb̄33 1010

ZZ 1240 Z(→nen̄e)Z(→bb̄)3332 71.4

Wbb̄, 60,mbb̄,160 8060 W1(→e1n)bb̄34 1770

WZ 3600 W1(→e1n)Z(→bb̄)34 119

W6* „→t(→bW1)b̄… 449 W6* „→t@→bW1(→e1n)#b̄…34 98.8

q8t(→bW1)b̄ 81 q8t„→bW1(→e1n)…b̄34 35.6
2-6
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RADIATIVE CORRECTIONS TOZbb̄ PRODUCTION PHYSICAL REVIEW D 62 114012
perimental determination of theZbb̄ background, either by
relating it to observedZbb̄ events at lowermbb̄ or by relating
it to Z1two jet events.
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APPENDIX: DIPOLE FORMULAS

This appendix details the exact dipole functions that
have used in the subtraction of the real integral, as wel
the integrals of these dipoles that must be added to the
contributions. We note that these functions differ sligh
from those given in@5# since they carry no color factors. I
addition, these are the dipoles appropriate for the fo
dimensional helicity scheme, which is the scheme of cho
for the calculation of complicated virtual corrections. The
are four basic types of dipole, corresponding to each of
emitter and spectator partons being in either the initial
final state. In all cases we label the partons asi k̃ emitting
partonk with respect to the spectatorj.

1. Initial-initial

We consider the case of an emitteri and a spectatorj,
both in the initial state, radiating partonk into the final state.
We first define the dimensionless variablex to be

x512
sik1sjk

si j
. ~A1!

The dipole functions are then given by

Di i , qq
ik, j 5

g2m2e

xpi•pk
S 2

12x
212xD

FIG. 7. The significance obtained from our Monte Ca
MCFM, as presented in Table IV, compared to the results obta
by the SUSY-Higgs workshop@2#. Note that theMCFM significance
should not be considered realistic because of the lack of dete
effects.
11401
t

e
s

op

r-
e

e
r

Di i , gq
ik, j 5

g2m2e

xpi•pk
~x!

Di i , qg
ik, j 5

g2m2e

xpi•pk
„122x~12x!…

Di i , gg
ik, j 5

g2m2e

xpi•pk
S 2x

12x
12x~12x! D .

~A2!

These are the dipole functions if we neglect spin correlati
between partonsi and k and are thus not sufficient for th
casesDi i , gq and Di i , gg . If the lowest-order amplitude is
represented byMm (Mn* ), wherem (n) is the polarization
index of gluoni k̃, then the required subtraction is actually

~2gmnD ik, j1qmqn D̃ik, j !MmMn* , ~A3!

where the additional pieces are

D̃i i , gq
ik, j 5

g2m2e

xpi•pk

12x

x

2pi•pj

pi•pk pj•pk
,

D̃i i , gg
ik, j 5D̃i i , gq

ik, j ,

qm5pk
m2

pi•pk

pi•pj
pj

m . ~A4!

When we perform the integration, it will be over the az
muthal average of these terms. The azimuthal average
the tensorqmqn can only depend on the vectorspi andpj and
sinceq•pi50 it is equal to

^qmqn&5AF2gmn1
pi

mpj
n1pj

mpi
n

pi•pj
G1Bpi

mpi
n ~A5!

whereA52q2/2. The final result is

^D ik, j&5D ik, j2
q2

2
D̃ik, j , ~A6!

with D̃i i , qq5D̃i i , qg50.
To integrate these dipoles we decompose then-particle

phase space ind5422e dimensions,

df (n)~pa ,pb→p1 . . . pn!

5 )
i 51,n

F ddpi

~2p!d21
d1~pi

2!G ~2p!d d (d)

3S pa1pb2(
i 51

n

pi D , ~A7!

into two pieces,

d

tor
2-7
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df (n)~pi ,pj→ . . . ,kn21 ,pk!

5E
0

1

dx df (n21)~ p̃i ,p̃ j→ . . . ,k̃n21!@dpk~pi ,pj ,x!#.

~A8!

The first term corresponds to an (n21)-particle phase-spac
and the second is the one-particle dipole sub-space tha
must integrate over. Under this decomposition, the mome
of the particles are transformed. The final state momenta
undergo a Lorentz transformation~the details, which are
given in Ref.@5# erratum, are unimportant here!, The initial
momenta are modified withpi→ p̃i5xpi and pj5 p̃ j is un-
changed. The emitted parton phase space is given by

@dpk~pi ,pj ,x!#5
ddpk

~2p!d21
d1~pk

2!Q~x!Q~12x!.

~A9!

Equation~A9! can be rewritten as

@dpk~pi ,pj ,x!#5
~2pipj !

12e

16p2

dVd23

~2p!122e
dv dx

3Q„x~12x!…Q~v !QS 12
v

12xD
3~12x!22eF v

12x S 12
v

12xD G2e

,

~A10!

wherex is defined in Eq.~A1!, v5pipk /pipj anddVd23 is
an element of solid angle in the directions perpendicula
the plane defined bypi andpj :

E dVd23

~2p!122e
5

~4p!e

G~12e!
5cG . ~A11!

Isolating the common factorg2/pi•pk from the dipole terms
and re-writing all the momenta in terms of the transform
ones, we can further express this as

g2

pi•pk
@dpk~pi ,pj ,x!#5

dVd23

~2p!122e

aS

2p S x

2p̃i• p̃ j
D e

3~12x!22e
dv
v S v

12xD 2e

3S 12
v

12xD 2e

. ~A12!

This is now in a form where we can integrate the dipoles
Eq. ~A2!. We perform the integrals and then expand in po
ers ofe, discarding terms ofO(e). In this way we find
11401
we
ta
ll

o

d

n
-

E @dpk~pi ,pj ,x!#@x^D i i
ik, j&#

5S aS

2p D S xm2

2p̃i• p̃ j
D e

cGF2
1

e
pqq~x!1d~12x!

3S 1

e2
1

3

2e
2

p2

6 D 1
4 ln~12x!

~12x!1

22~11x!ln~12x!G , ~A13!

where we have expressed the result in terms of the split
function,

pqq~x!5
2

~12x!1
212x1

3

2
d~12x!. ~A14!

Before proceeding further we must perform mass factori
tion to get into theMS scheme. Ind5422e dimensions, the
splitting functions contain additional terms

pi j ~x,e!5pi j ~x!1epi j
(e)~x!. ~A15!

We have the following expressions for thepi j :

pqq~x!5
2

~12x!1
212x1

3

2
d~12x!

1eS 2~12x!1
1

2
d~12x! D ,

pgq~x!5
11~12x!2

x
2ex,

pqg~x!5x21~12x!22e 2x~12x!,

pgg~x!5
2

~12x!1
1

2

x
2412x~12x!1d~1

2x!S 1122nf /N

6 D . ~A16!

In order to arrive at the modified minimal subtraction (MS)
scheme, starting from results in the four-dimensional helic
scheme given by Eq.~A13!, we must subtract the counte
term

S aS

2p D F2
1

e
pqq~x!1pqq

(e)~x!G . ~A17!

After performing this subtraction we have
2-8
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S aS

2p D H S xm2

2p̃i• p̃ j
D eF2

1

e
pqq~x!1•••G

2F2
1

e
pqq~x!1pqq

(e)~x!G J
5S aS

2p D H S xm2

2p̃i• p̃ j
D e

@ . . . #2~ ln x2L !pqq~x!

2pqq
(e)~x!J , ~A18!

where@ . . . # represents all the non-pqq terms in Eq.~A13!.
We have used the shorthandL[ ln(2p̃i•p̃j /m

2). With the
above mass factorization procedure understood, we now
troduce the notation

E @dpk~pi ,pj ,x!#@x^D i i
ik, j&#

[S aS

2p D cG@V i i
endd~12x!1V i i

reg1V i i
plus#, ~A19!

where we have split the result into an end-point contribut
proportional tod(12x), regular terms and a term containin
‘‘plus’’ distributions. In theq→q case we have

V i i , qq
end 5

1

e2
1

1

e S 3

2
2L D1

L2

2
2

1

2
2

p2

6
,

V i i , qq
reg 512x2

11x2

12x
ln x2~11x!

3@L12 ln~12x!#,

V i i , qq
plus 5

2L

~12x!1
14F ln~12x!

12x G
1

. ~A20!

The expressions for the other parton splittings, derived in
same manner are

V i i , qg
end 5V i i , qg

plus 5 0,

V i i , qg
reg 5@122x~12x!#@L2 ln x12 ln~12x!#12x~12x!,

V i i , gq
end 5V i i , gq

plus 50,

V i i , gq
reg 5S 11~12x!2

x D @L2 ln x12 ln~12x!#1x,

V i i , gg
end 5

1

e2
2

L

e
1

L2

2
2

p2

6
1

1

6e S 112
2nf

N D ,
11401
n-

n

e

V i i , gg
reg 52@L2 ln x12 ln~12x!#S 12x

x
1x~12x!21D

2
2 lnx

12x
,

V i i , gg
plus 5

2L

~12x!1
14F ln~12x!

12x G
1

. ~A21!

2. Initial-final

We now consider the case of an initial emitteri with
respect to a final state spectatorj. We first define the dimen-
sionless variablesx andu to be

x512
sjk

sik1si j
, u5

sik

sik1si j
. ~A22!

The dipole functions are then given by

Di f , qq
ik, j 5

g2m2e

xpi•pk
S 2

12x1u
212xD ,

Di f , gq
ik, j 5

g2m2e

xpi•pk
~x!,

Di f , qg
ik, j 5

g2m2e

xpi•pk
@122x~12x!#,

Di f , gg
ik, j 5

g2m2e

xpi•pk
S 2

12x1u
2212x~12x! D ,

~A23!

with the additional variables needed to account for spin c
relations,

D̃i f , gq
ik, j 5

g2m2e

xpi•pk

2~12x!

x

u~12u!

pj•pk
,

D̃i f , gg
ik, j 5D̃i f , gq

ik, j ,

qm5
pk

m

u
2

pj
m

12u
. ~A24!

The phase-space convolution becomes

df (n)~pi ,pb→ . . . ,pj ,pk!

5E
0

1

dx df (n21)~ p̃i ,pb→ . . . ,p̃ j ! @dpk~ p̃ j ;pi ,x!#,

~A25!

where the transformed momentap̃i and p̃ j are defined in
terms of the original momenta by

p̃i5xpi , p̃ j5pj1pk1~12x!pi , ~A26!

and p̃i
25 p̃ j

250. The dipole phase space is
2-9
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@dpk~ p̃ j ;pi ,x!#5
ddpk

~2p!d21
d1~pk

2! Q~x!Q~12x!
1

12u
.

~A27!

Using the kinematic variables in Eq.~A22!, the phase spac
in Eq. ~A27! can be written as follows:

@dpk~ p̃ j ;pi ,x!#5
~2p̃ j pi !

12e

16p2

dVd23

~2p!122e
du dx

3Q„u~12u!… Q„x~12x!…

3„u~12u!…2e ~12x!2e ~A28!

wheredVd23 is an element of solid angle perpendicular
p̃k andp1.

We manipulate further as before to yield

g2

pi•pk
@dpk~ p̃ j ;pi ,x!#5

dVd23

~2p!122e

aS

2p S x

2p̃i• p̃ j
D e

3~12x!2edu u212e~12u!2e.

~A29!

The integration of the dipoles with this phase space
the mass factorization procedure are handled in the s
way as the initial-initial case detailed above. The only ch
lenging integral is given by

I i f 5E
0

1

du u212e~12u!2e
1

~12x1u!

52
1

e

G2~12e!

G~122e!

~22x!e

~12x!11e
FS 2e,22e;122e;

1

22xD
~A30!

where F@2e,22e;122e;1/(22x)#511O„e2(12x)0
….

Making the separation of the integrated dipoles into differ
types of contribution yields@in a notation similar to Eq.
~A19!#

V i f , qq
end 5

1

e2
1

1

e S 3

2
2L D1

L2

2
2

1

2
1

p2

6
,

V i f , qq
reg 512x2

2 ln~22x!

12x
2~11x!@L2 ln x

1 ln~12x!#2
2 lnx

12x
,

V i f , qq
plus 5

2L

~12x!1
14F ln~12x!

12x G
1

.

V i f , qg
end 5V i f , qg

plus 5 0,
11401
d
e

l-

t

V i f , qg
reg 5@122x~12x!#@L2 ln x1 ln~12x!#

12x~12x!,

V i f , gq
end 5V i f , gq

plus 5 0,

V i f , gq
reg 5S 11~12x!2

x D @L2 ln x1 ln~12x!#1x,

V i f , gg
end 5

1

e2
2

L

e
1

L2

2
1

p2

6
1

1

6e S 112
2nf

N D ,

V i f , gg
reg 52@L2 ln x1 ln~12x!#S 12x

x

1x~12x!21D2
2 ln~22x!

12x
2

2 lnx

12x
,

V i f , gg
plus 5

2L

~12x!1
14F ln~12x!

12x G
1

. ~A31!

3. Final-initial

We now consider a final state emitteri, with respect to an
initial state spectatorj. We first define the dimensionles
variablesx andz to be

x512
sik

si j 1sjk
, z5

si j

si j 1sjk
. ~A32!

The dipole functions are then given by,

Df i , qq
ik, j 5

g2m2e

xpi•pk
S 2

12x112z
212zD ,

Df i , gq
ik, j 5

g2m2e

xpi•pk
,

Df i , gg
ik, j 5

g2m2e

xpi•pk
S 2

12x112z
1

2

12x1z
24D .

~A33!

There is no dipoleDf i , qg since the singularities are alread
accounted for byDf i , qq . The dipole pieces associated wi
spin correlations are given by

D̃f i , gq
ik, j 5

g2m2e

xpi•pk

22

pi•pk
,

D̃f i , gg
ik, j 52D̃f i , gq

ik, j ,

qm5zpi
m2~12z!pk

m . ~A34!

The phase space has the following convolution structure
2-10
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df (n)~pa ,pj→ . . . ,pi ,pk!

5E
0

1

dx df (n21)~pa ,xpj ,→ . . . ,p̃ik!

3@dpk~ p̃i ;pj ,x!#, ~A35!

where

@dpk~ p̃i ;pj ,x!#5
ddpk

~2p!d21
d1~pk

2! Q~x!Q~12x!
1

12z
,

~A36!

and the transformed momenta are given by

p̃i5pi1pk1~12x!pj

p̃j5xpj . ~A37!

Equation~A36! can be written out more explicitly as

@dpk~ p̃i ;pj ,x!#5
~2p̃ipj !

12e

16p2

dVd23

~2p!122e
dz dx

3Q„z~12z!…Q„x~12x!…

3„z~12z!…2e~12x!2e, ~A38!

wheredVd23 is an element of solid angle perpendicular
the plane defined byp̃i andpj .

The form needed to integrate the dipoles is then

g2

pi•pk
@dpk~ p̃ik ;pj ,x!#5

dVd23

~2p!122e

aS

2p S x

2p̃i• p̃ j
D e

3~12x!212edz z2e~12z!2e,

~A39!

and the integrations overz can now be performed. The onl
difficult integral is

I f i5E
0

1

dz z2e~12z!2e
1

~12x1z!

52
1

e

G2~12e!

G~122e! F ~22x!22eFS e,2e;11e;
12x

22xD
2„~12x!~22x!…2e

G~122e!G~11e!

G~12e! G ~A40!

whereF(e,2e;11e;z)511O(e2z). With definitions analo-
gous to Eq.~A19! we find

V f i , qq
end 5

1

e2
1

1

e S 3

2
2L D1

L2

2
2

3L

2
132

p2

2
,

V f i , qq
reg 5

2 ln~22x!

12x
,

11401
V f i , qq
plus 52F2 ln~12x!

~12x! G
1

2
3

2~12x!1
,

V f i , gq
end 52

2

3e
2

13

9
1

2L

3
,

V f i , gq
reg 50,

V f i , gq
plus 5

2

3

1

~12x!1
,

V f i , gg
end 5

2

e2
1

1

e S 11

3
22L D2

11L

3
1L21

67

9
2p2,

V f i , gg
reg 5

4 ln~22x!

12x
,

V f i , gg
plus 52F4 ln~12x!

12x G
1

2
11

3~12x!1
.

~A41!

4. Final-final

The remaining dipole to consider is one in which we ha
a final state emitteri with respect to a final state spectatorj.
In this case we define the dimensionless variablesy andz,

y5
sik

sik1si j 1sjk
, z5

si j

si j 1sjk
. ~A42!

The dipole functions are then given by,

Df f , qq
ik, j 5

g2m2e

pi•pk
S 2

12z~12y!
212zD ,

Df f , gq
ik, j 5

g2m2e

pi•pk
,

Df f , gg
ik, j 5

g2m2e

pi•pk
S 2

12z~12y!

1
2

12~12z!~12y!
24D , ~A43!

with the auxiliary information,

D̃f f , gq
ik, j 5

g2m2e

pi•pk

22

pi•pk
,

D̃f f , gg
ik, j 52D̃f f , gq

ik, j ,

qm5zpi
m2~12z!pk

m . ~A44!

In terms of the momentap̃i , p̃ j and pk , this phase-space
contribution takes the factorized form:
2-11
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df (n)~pa ,pb→ . . . ,pi ,pk ,pj !

5df (n21)~pa ,pb→ . . . ,p̃i ,p̃ j !@dpk~ p̃i ,p̃ j !#, ~A45!

where

@dpk~ p̃i ,p̃ j !#5
ddpk

~2p!d21
d1~pk

2! J~pk ; p̃i ,p̃ j !,

~A46!

and the Jacobian factor is

J~pk ; p̃i ,p̃ j !5Q~12z! Q~12y!
~12y!d23

12z
.

~A47!

In terms of the kinematic variables defined earlier, we ha

@dpk~ p̃i ,p̃ j !#5
~2p̃i p̃ j !

12e

16p2

dVd23

~2p!122e
dz dy

3Q„z~12z!…Q„y~12y!…„z~12z!…2e

3~12y!122ey2e, ~A48!

wheredVd23 is an element of solid angle perpendicular
p̃i j and p̃k . In this case the momenta transform as

p̃i5pi1pk2S y

12yD pj , p̃ j5
1

~12y!
pj , ~A49!

and the phase space factorizes to yield the relevant mea

g2

pi•pk
@dpk~ p̃i ,p̃ j ,x!#5

dVd23

~2p!122e

aS

2p S 1

2p̃i• p̃ j
D e

dz z2e

3~12z!2e dy y212e~12y!122e.

~A50!
l,

11401
e

re,

The soft integral is then given by

I f f5E
0

1

dz z2e~12z!2eE
0

1

dy y212e~12y!122e

3
1

12z~12y!

5
1

2e2

G3~12e!

G~123e!
. ~A51!

In this case, there is no need to separate the integrated fo
of these dipoles and with the simplified notation

E @dpk~ p̃i ,p̃ j ,x!#@^D f f
ik, j&#[S aS

2p D cGVf f , ~A52!

we find

Vf f , qq5
1

e2
1

1

e S 3

2
2L D1

L2

2
2

3L

2
1

9

2
2

p2

2
,

Vf f , gq52
2

3e
2

19

9
1

2L

3
,

Vf f , gg5
2

e2
1

1

e S 11

3
22L D1L22

11L

3
1

100

9
2p2.

~A53!
e,

6
gy

gy
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