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Global monopoles in the Brans-Dicke theory
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A gravitating global monopole produces a repulsive gravitational field outside the core in addition to a solid
angular deficit in the Brans-Dicke theory. As a new feature, the angular deficit is dependent on the values of
f` andv, wheref` is the asymptotic value of the scalar field in spacelike infinity andv is the Brans-Dicke
parameter.

PACS number~s!: 04.50.1h, 14.80.Hv, 95.30.Sf
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The phase transitions in the early Universe can give
to topological defects of various kinds@1#. The idea that a
monopole ought to exist has proved to be remarkably
rable. The first ones to study the effects of gravity on
global monopole were Barriola and Vilenkin@2#. When grav-
ity is taken into account, the linearly divergent mass o
global monopole has an effect analogous to that of a
mass at the origin. Harari and Lousto` @3#, and Shi and Li@4#
have shown that this small gravitational potential is actua
repulsive. Recently, Liet al. @5–7# have described a new
class of cold stars, which are calledD stars~defect stars!.
Compared toQ stars, one further requires, as a new featu
that in the absence of matter field the theory has monop
solutions. This requirement is such that the characteristic
these objects, for instance a deficit angle, differ quite s
stantially from those ofQ stars. On the other hand, there h
been renewed interest in the Brans-Dicke~BD! theory@8#, in
which the usual metric gravitational field is augmented b
scalar fieldf which couples to the curvature via a parame
v. The modern studies of BD theory are motivated by
fact that they appear as the low energy limit of string the
@9,10#. Spherically symmetric charge distributions in B
theory have also been investigated before@11–14#. In this
paper, we study global monopoles in the BD theory. W
show that the monopole produces a repulsive gravitatio
field outside the core in addition to a solid angular deficit.
a new feature, the angular deficit is dependent on the va
of f` and v, wheref` is the asymptotic value of scala
field in spacelike infinity.

To be specific, we shall work within a particular model
units G5C51, where a globalO(3) symmetry is broken
down to U(1) in the framework of BD theory. Its action
given by

S5
1

16pE d4xA2gS fR2
v

f
gmnf,mf,n28pgmnca,mca,n

24pl~caca2h2!2D ~1!

where g5det(gmn). R is the scalar curvature,v is a con-
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stant,fa is a triplet of the Goldstone field, anda51,2,3. The
Goldstone field configuration describing a global monop
is

ca5hs~r !
xa

r
, with xaxa5r 2 ~2!

so that we will actually have a monopole solution ifs→1 at
spatial infinity. The general static metric with spherical sy
metry can be written as

ds252B~r!1A~r!dr21r2~du21sin2udf2! ~3!

with the usual relation between the spherical coordina
r,u,f and the ‘‘Cartesian’’ coordinatesxa. Let us now in-
troduce a dimensionless parameterr[hr. From the action
~1! and the definition fors, the equation of motion is as
follows:

1

A
s91F 2

Ar
1

1

2B S B

AD 8Gs82
2

r 2 s2l~s221!s50, ~4!

with the prime denoting differentiation with respect tor.
Varying the action with respect togmn andf we obtain the
field equations

Rmn2 1
2 gmnR5

8p

f
Tmn1

v

f2 ~f,mf,n2 1
2 gmnf ,af,a!

1
1

f
~f,m;n2gmnh f! ~5!

and

h f5
8pT

2v13
, ~6!

where the energy-momentum tensor is

Tmn5]nca]nca2 1
2 gmn@gab]aca]bca1 1

2 l~caca2h2!2#
~7!

andT is trTmn . Using Eqs.~2! and ~3!, we have
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A85ArF4ph2s82~2v11!

f~2v13!
1

8ph2A~2v21!

f~2v13!

3S s2

r 2 1
l

4
~s221!2D2

B8f8

2Bf
2

vf82

2f
1

1

r 2 ~12A!G ,
~8!

B85
rB

2f1rf8F8ph2s8228ph2AS s2

r 2 1
l

4
~s221!2D

2
4

r
f81

v

f
f821

2f

r 2
~A21!G , ~9!

f95f8S A8

2A
2

B8

2B
2

2

r D2
2Ah2

2v13 F2s2

r 2
1

s82

A

1l~s221!2G . ~10!

Equations~8!–~10! can be reduced to the general relativis
~GR! ones@2–4# whenv→` andf→1. We introduce the
‘‘scalar charge’’ of BD theory

S5 lim
r→`

S r 2
df

dr D . ~11!

Note that this is not, in general, a conserved quantity.
define it here since it is included in the expression for
mass of the monopole which we will give below. The equ
tion for f can be formally intergrated, we have an alternat
expression for the scalar charge

S5E
0

`

dr r 2H f8S A8

2A
2

B8

2BD2
2Ah2

2v13

3S 2s2

r 2
1

s82

A
1l~s221!2D J . ~12!

Expanding the metric and the scalar field equation in pow
of r 21 about r 5` one can write the field equations in
linearized form. Using the boundary condition of the asym
totically flat

A;A`1OS 1

r nD ,

B;B`1OS 1

r nD ,

f;f`1OS 1

r nD , ~13!

wheren>1 and the subscript ‘‘̀ ’’ denotes values at space
like `. We also requires→1 at least as fast asr 21. In fact,
as we will show below, the conditions above imply thats
→1 exponentially asr→`.
10750
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The equation for the metric coefficientA(r ) reads

S r

AD 8
1V~r !S r

AD512D~r !Fs21
l

4
r 2~s221!2G ,

~14!

where

V~r !5
4ps82h2~2v11!r

~2v13!
2

B8f8

2Bf
1

vf82

2f
~15!

and

D~r !5
8ph2~2v21!

f~2v13!
. ~16!

We define

D[D~`!5
8ph2~2v21!

f`~2v13!
~17!

and we will show below,D describes a solid angular defic
in the BD theory. Integrating Eq.~14!, A(r ) can be written as

A21512D2
2M ~r !

r
, ~18!

where

M ~r !5
1

2
@D~r !2D#r 1

1

2
expF2E

0

r

V~y!dyG
3E

0

r

dyH D~y!F ~s221!1
ly2

4
~s221!2

1@12D~y!#yV~y!G18p
f8

f
D~y!J F E

0

y

V~z!dzG .
~19!

One can show that lim
r→`

M (r )5MADM , which is the

Arnowitt-Deser-Misner mass@15,16# of the monopole. Let
us first discuss the GR case. Whenv→` and f→1, we
haveD58pGh2 and

M ~r !5
D

2
expF2

D

2E0

r

dys82~y!yG
3E

0

r

dyF ~s221!1
y4

4
~s221!21~12D!

y2

2
s82G

3expFD

2E0

y

dzs82zG , ~20!

which is known as a formula in Ref.@3#. Analogously,

B~r !512D2
2MB~r !

r
~21!

with
1-2
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MB~r !5M ~r !expFD È r

dys82yG
1~12D!

r

2 F12expS D È r

dys82yD G . ~22!

One finds the asympototic expansions

f ~r !512
1

r 2 2
3/22D

r 4
1O~r 26!,

M ~r !5MADM1
D

2r
1O~r 23!,

MB~r !5MADMF12
D

r 4G1
~12D!

2

D

r 31O~r 27!.

~23!

Solving Eqs.~8!–~10! in a linearized form, we find the scala
field has the following asymptotic form:

f5f`2
S

r
1OS 1

r 2D , ~24!

while the line element in this limit is

ds252F12D2
2MK

r
1OS 1

r 2D Gdt21F12D2
2MADM

r

1OS 1

r 2D G21

dr21r 2~du21sin2udf!, ~25!

where

MK5MADM2
S

f`
~26!

is the Keplerian mass of the monopole. TheMK is the active
gravitational mass measured by a non-self-gravitating
particle in a circular orbit at spacelike infinity about th
monopole. Substituting the metric components appearin
the asymptotic form of the line element in Eq.~4!, we have

~12s!91
2

r
~12s!822lS 11D1

2MADM

r D ~12s!

1OS 1

r 2D50. ~27!

We obtain the asymptotic solution
10750
st

in

s512r 2be2krF11OS 1

r 2D G , ~28!

where

k5@2l~11D!#1/2,

b511S 2l

~11D! D
1/2

MADM . ~29!

Therefore,s field tends to one exponentially withr in the
asymptotic region.

Neglecting the mass term in Eqs.~18! and ~21!, and res-
caling variablesr and t at a large distance off the core, th
monopole metric can be rewritten as

ds252dt21dr22~12D!r 2~du21sin2udf2!. ~30!

This metric describes a space with a deficit solid angle:
area of a sphere with radiusr is not 4pr 2, but a little smaller.
In the BD theory, angular deficit is dependent on the valu
of f` andv.

Note that the integrand in Eq.~19! contains a nonpositive
definite term, soM (r ) may be negative. The strongest co
strains on BD theories are usually assumed to come from
solar system weak field tests@15#. As it is well known, ob-
servations constrain the BD parameter to have a value ov
.500. Using numerical integration,M (r ) is indeed negative
all the way from the origin and quickly approaches
asymptotic value of orderM'26ph2(2v21)/@f`(2v
13)#. However, one has takenv521 in the simplest string
effective action@10#, which is relevant to the study of globa
monopole in very early Universe, although in this casef`

51 is physically unrealistic: to approximate a monopole e
bedded in the string dominated Universe, we should choo
value f`,1. In this case, we haveD5224h2/f` . This
means that there is not angular deficit, but angular surplu
the string dominated cosmology.

Finally, the general scalar-tensor gravitational theor
arise from dimension reduction of higher dimensional the
ries @17# and string theory@10#. The general theories ca
satisfy the rather strict constraints determined at the cur
epoch, while still differing considerably from Einstein’
theory in the past@18#. Details of the monopole in more
general scalar-tensor theories will be considered elsewh
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