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Covariant and locally Lorentz-invariant varying speed of light theories
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~Received 20 June 2000; published 26 October 2000!

We propose definitions for covariance and local Lorentz invariance applicable when the speed of lightc is
allowed to vary. They have the merit of retaining only those aspects of the usual definitions which are invariant
under unit transformations and which can therefore legitimately represent the outcome of an experiment. We
then discuss some possibilities for invariant actions governing the dynamics of such theories. We consider first
the classical action for matter fields and the effects of a changingc upon quantization. We discover a peculiar
form of quantum particle creation due to a varyingc. We then study actions governing the dynamics of
gravitation and the speed of light. We find the free, empty-space, no-gravity solution to be interpreted as the
counterpart of Minkowksi space-time and highlight its similarities with Fock-Lorentz space-time. We also find
flat-space string-type solutions, in which near the string corec is much higher. We label them fast tracks and
compare them with gravitational wormholes. We finally discuss general features of cosmological and black
hole solutions, and digress on the meaning of singularities in these theories.

PACS number~s!: 98.80.Cq, 95.30.Sf
on
Th

n
a
ar
r
r-
to

h
ic
th
ty

ld
m
th
he
ce

o
tr
at
o
ls

pi
in
s
en

or

and
rela-

the
n-
late

out-
i-
d,

of

ni-
ma-
rea-

of
ck
on

tion
e
on-

ow
ian
es
as
ns

er-

scal-
e

ds

a-
I. INTRODUCTION

The varying speed of light~VSL! theory provides an el-
egant solution to the cosmological problems—the horiz
flatness, and lambda problems of big-bang cosmology.
theory has appeared in several guises@1–18#, but in the for-
mulation proposed by Albrecht and Magueijo@2# ~see also
@3–7,13,14#! one finds the most direct mechanism for co
verting the Einstein–de Sitter model into a cosmological
tractor. Unfortunately the foundations of such a theory
far from solid. Covariance and local Lorentz invariance a
explicitly broken, and are not replaced by similar fa
reaching principles. The difficulty in applying the theory
situations other than cosmology~e.g. black holes! stems di-
rectly from this deficiency.

This paper is an attempt to remedy this shortcoming. T
may be achieved in various different ways, some of wh
inevitably rather radical. We note that nothing prevents
construction of a theory satisfying the principle of relativi
while still allowing for space-time variations inc. Such a
theory would in general not be Lorentz invariant, but it cou
still be relativistic. Indeed, Lorentz invariance follows fro
two independent postulates: the principle of relativity and
principle of constancy of the speed of light. Dropping t
latter while keeping the former leads to a new invarian
known as Fock-Lorentz symmetry@19–21#. This invariance
does not distinguish between inertial frames~and therefore
satisfies the principle of relativity! but it allows for a varying
c; indeed it allows for a non-invariantc.

A possible approach is therefore to set up a theory
gravitation based upon a gauged Fock-Lorentz symme
However, we note that such an enterprise accommod
more than is required by VSL theories: it allows the speed
light at a given point to depend on the observer’s speed. A
the speed of light in the Fock-Lorentz space is anisotro
Clearly, certain aspects of the second postulate of Einste
relativity theory may be kept in the simplest VSL theorie
namely that the speed of light at a given point be indep
0556-2821/2000/62~10!/103521~15!/$15.00 62 1035
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dent of its color, direction, or the speeds of either emitter
observer.

In this paper we shall be as conservative as possible
preserve all aspects of the second postulate of special
tivity consistent with allowing space-time variations ofc. In
Sec. II we show that such a reformulation gleans from
second postulate of relativity all that is operationally mea
ingful, in the sense that the aspects of the second postu
which we preserve are exactly those which can be the
come of experiment~such as the Michelson-Morley exper
ment!. The constancy ofc in space-time, on the other han
amounts to nothing more than a definition of a system
units. In Secs. II and III we show that such a theory islocally
Lorentz invariant and generally covariant, subject to a mi
mal generalization of these concepts. In Sec. IV we sum
rize the overall structure of such theories and the basic
sons for adopting it.

We then discuss Lagrangians governing the dynamics
these theories. The main practical drawback of explicit la
of covariance is that it makes an action principle formulati
rather awkward~see@4,18#!. The VSL theories proposed in
this paper, on the contrary, are easily amenable to an ac
principle formulation. However, we shall try to borrow som
features from earlier models, such as the lack of energy c
servation.

In Sec. V we first consider the matter action. We sh
how it is always possible to define the matter Lagrang
so thatc does not appear explicitly. Such a principle fix
a large number of scaling laws for other ‘‘constants’’
a function ofc. It also leads to simpler dynamical equatio
for c.

Two constants are left undetermined by these consid
ations: Planck’s constant\ and Boltzmann’s constantkB .
These cannot be determined by classical dynamics, and
ing laws\(c) andkB(c) should be postulated. In Sec. VI w
consider the implications of various\(c) for quantization.
We identify situations in which a varying speed of light lea
to quantum particle creation.

Then in Sec. VII we consider Lagrangians for gravit
©2000 The American Physical Society21-1
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tional dynamics~we include the dynamics ofc into this
discussion—as the fieldc can be seen as an extra gravit
tional field!. We identify the actions which lead to nothin
but a change of units in a standard Brans-Dicke theory;
other actions are intrinsically different theories.

The rest of the paper is devoted to the simplest appl
tions of these theories. In Sec. IX we discuss empty sp
solutions. We find a variation inc and a global space-tim
which is very similar to those found in Fock-Lorentz spac
We also show how Fock-Lorentz space is nothing bu
change of units applied to Minkowski space-time. Howev
t5` is brought to a finite time in the varyingc representa-
tion. We show that the space is actually extendable bey
this finite time, into what in the fixedc representation would
be a trans-eternal region.

Another flat-space solution to our theory is a solit
string, close to which the speed of light is much larger. W
label it a fast track. A spaceship moving along a fast tra
could move at non-relativistic speeds, without a twin pa
dox effect, and still cover enormous intergalactic distanc
These solutions are not dissimilar to gravitational wor
holes, and indeed they are mapped into wormhole-like st
tures in fixedc units.

We finally discuss general features of cosmological so
tions and black holes in these theories. These will be de
oped further in two publications currently under preparat
@22,23#. Concerning black holes the main novelty is that f
some regions of the couplings the speed of light may go
zero at the horizon. This effectively prevents any obser
from entering the horizon, and its interior should therefore
excised from the manifold. We relabel this boundary
‘‘edge,’’ and comment on the implication of this effect for
generalized cosmic censorship principle.

II. GENERALIZED LORENTZ INVARIANCE

From an operational point of view all laws of physic
should be invariant under global and local changes of u
@24,25,2#. Indeed measurements are always ratios to stan
units, and therefore represent essentially dimensionless q
tities. Physics should therefore be dimensionless or unit
variant. However, this far-reaching principle is rarely inco
porated into theoretical constructions, because a conc
choice of units usually simplifies the statement of law
While this practical consideration should be recognized, i
important to realize that some theoretical constructions
tautological and amount to nothing more than the specifi
tion of a system of units.

An example is the second postulate of special relativ
the constancy ofc. Clearly the postulate is invariant unde
unit transformations when it states that light of different c
ors travels at the same speed—as it makes a statement
the ratio of two speeds at a given point, which is a dime
sionless quantity. The postulate is also unit independ
when it incorporates the result of the Michelson-Morley e
periment: light emitted by sources moving at different spe
travels at the same speed. Again it makes use of ratio
speeds: the ratio of the sources’ speeds and the ratios o
different light rays’ speeds. However, the postulate loses
10352
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meaning when it refers to the light speed at different poi
or even to the speed of light moving in different directions
a given point.

Hence Lorentz invariance in its usual definition is not
unit-independent concept, and indeed relativity is not a u
independent construction. For instance relativity is not c
formally invariant ~a conformal transformation being just
particular type of unit transformation!. A unit-independent
definition of Lorentz invariance may be inferred by taking
Lorentz invariant theory and subjecting it to the most gene
unit transformation. The resulting theory retains the un
invariant aspects of the second postulate, and clearlyc may
now be anisotropic and vary in space-time. Under such
cumstances what is the structure which represents Lor
invariance?

For simplicity we specialize to changes of units whi
only affect the local value of the modulus ofc. We redefine
units of time and space in all inertial systems:

d t̂5dtea

dx̂i5dxieb ~1!

wheree can be any function, and the metric~in this case the
Minkowski metric! is left unchanged. Ifa5b, we have an
active conformal transformation~for a passive conforma
transformationdx anddt are left unchanged, and the metr
is multiplied bye2a). If aÞb, a Lorentz invariant theory is
replaced by a theory in whichc remains isotropic, color in-
dependent, and independent of the speeds of observer
emitter, but it varies likeĉ}eb2a. A general unit transfor-
mation may be decomposed into a conformal transforma
plus a VSL transformation withb50.

It is immediately obvious that local Lorentz transform
tions in the new units are preserved:

d t̂85gS d t̂2
v̂

ĉ2
dx̂D

dx̂85g~dx̂2 v̂d t̂! ~2!

with

g5
1

A12 S v̂

ĉ
D 2

. ~3!

Hence the standard definition remains unmodified, if one e
ploys the local value ofc in the transformation.

A novelty arises because changes of space-time units
not generally produce new coordinate patches because
~1! need not be holonomic: one may have e.g.d2 t̂Þ0. Hence
there would not be a globalt̂ time coordinate: the new ‘‘co-
ordinate elements’’ would not be differentials of any coord
nates. Even if in one frame the transformation~1! were ho-
lonomic, in a boosted frame it would not be. Some oddit
pertaining to the new units follow. Partial derivatives gen
1-2
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COVARIANT AND LOCALLY LORENTZ-INVARIAN T . . . PHYSICAL REVIEW D 62 103521
ally do not commute. The change in the ‘‘coordinate tim
between two points may depend upon the path taken to
the two points.

We have thus identified the structure of a VSL Loren
invariant theory. The theory is locally Lorentz invariant
the usual way, using in local transformations the value ofc at
that point. However, local measurements of time and sp
are not closed forms, and therefore cannot be made into
ordinates. Integrating factors can always be found, so
d t̂/ea anddx̂/eb are closed forms, andĉ5eb2a.

Although a time coordinate does not generally exist,
many important cases it may be defined. If]mc]mc,0, then
local coordinates exist so thatc only changes in time. We
shall call this the homogeneous frame. Thend2 t̂50, and at̂
coordinate can be defined. Hence, if we insist upon usin
time coordinate, we necessarily pick up a preferred refere
frame—thereby violating the principle of relativity. Thi
situation will be true in cosmology~where the preferred
frame is the cosmological frame! but not in the context of
static solutions, such as black hole solutions. Also a ti
coordinate may always be defined along a line. In particu
for a geodesic, the amount of proper time is always w
defined, although the proper time between two points
pends on the trajectory~a situation already true in gener
relativity!.

III. GENERALIZED COVARIANCE

In order to construct a theory of gravitation we need
discuss general covariance. Covariance is the requireme
invariance under the choice of coordinate chart. This may
trivially adapted to VSL if we only use charts employing a
‘‘ x0’’ coordinate, with dimensions of length rather than tim
Thenc appears nowhere in the usual definitions of differe
tial geometry, which may therefore still be used. The la
for the transformation of tensors are the same as usual.
metric is dimensionless in all components and does not
plicitly depend onc; it transforms like a rank 2 tensor. Th
usual Cristoffell connection may be defined from the me
by means of the standard formula, without any extra term
the gradients ofc ~which only appear if we try to revert to
time type of coordinate!. A curvature tensor may still be
defined in the usual way, and a Ricci tensor and scalar
rived from it. The volume measure does not containc. As we
will see, many novelties introduced by a varyingc only
emerge when we try to connect thex0 coordinate with time.

Whenever applying a unit transformation~1! to a covari-
ant theory, the above remarks apply only to the VSL par
the transformation~that is the component withb50). For
the conformal part of the transformation, withea5eb5V,
the structures of differential geometry transform in the us
way @26#. For instance the Ricci scalar transforms as

R̂5
R

V2 26
hV

V3 ~4!

for active conformal transformations.
It is not altogether surprising that covariance may be

defined so easily for a theory with such different found
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tions. It has been pointed out that covariance is an em
requirement~see@27,28#!. Not only does covariance not im
ply local Lorentz invariance, but alsoany theory can be
made covariant. An example of a covariant formulation
Newtonian gravity is given in@28#. In this theory the tangen
space is not a portion of Minkowski space, rather a port
of Galilean space.

IV. OVERVIEW OF THE UNDERLYING STRUCTURE

What structure represents covariance and local Lore
invariance whenc is allowed to vary? We found that it is
unit-invariant redefinition of these concepts, which inde
does not differ much from the usual definitions if we phra
them suitably. Local Lorentz transformations are the same
usual, using the local value ofc. Covariance and the usua
constructions of differential geometry remain unchanged
long as ax0 coordinate is used or, more generally, if a
coordinates used have the same dimensions.

What is new, then? The novelty is that locally made tim
and space measurements produce a set of infinitesim
which are generally not closed forms. Therefore space-t
measurements cannot be made into local coordinate patc
This leads to the following modification of the structure
relativity. The underlying structure of general relativity is
manifold, combined with its tangent bundle~where physics
actually happens!. If c varies the underlying structure is
fiber bundle. The base manifold has the same structure
usual, but the fibers in which local measurements happen
not the tangent bundle. The fibers are vector spaces obta
by means of a non-holonomic transformation over the t
gent bundle.

It may seem rather contorted to adopt the above struc
when we know that a unit transformation would transform
into standard covariance and local Lorentz invariance. Ho
ever, such a structure has the merit that it only incorpora
those elements of the original structure which are unit in
pendent, and can therefore be the outcome of experim
Moreover, such structure allows for a varying speed of lig
within a covariant framework, which is precluded by th
standard framework. What one may gain from such ex
freedom is a simplified description of any given physic
situation, when all fine structure coupling constants are
lowed to vary, in what looks like a contrived fashion, if w
use units such thatc is constant.

We wish to propose a theory which permits space-ti
variations in all coupling constants, more specifically in ge
eralized fine structure constantsa i5gi

2/(\c)—wheregi are
the various charges corresponding to all interactions a
from gravitation. This purpose draws inspiration from t
findings of@29#. However, we restrict such variations so th
the ratios between thea i remain constant. This suggests th
attributing the variations in thea i to changes inc or \ might
lead to a simpler picture. In suitable units we could rega
our theory as a ‘‘generalized’’ Bekenstein changinge theory,
but in this system of units the picture is rather contrived.

We will see, in Sec. VIII, that a natural dynamics wi
emerge in this theory which becomes unnecessarily com
cated when the theory is reformulated in fixedc units. What-
1-3
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JOÃO MAGUEIJO PHYSICAL REVIEW D 62 103521
ever the system of units chosen the general theory we
consider is not a dilaton theory. Some important geometr
aspects~such as inaccessible regions of space-time to
studied in Sec. IX! are missed altogether in the fixedc sys-
tem.

V. MATTER FIELDS SUBJECTED TO VSL

Before embarking on an investigation of the dynamics
c and of gravitation, we first undertake a careful examinat
of the effects of a varyingc upon the matter fields. The ke
point here is that it is always possible to write the mat
Lagrangian so that it does not depend explicitly onc. We
may break this rule, if we wish to, but this is not necessa
This remark is highly non-trivial, and relies heavily on usin
an x0 coordinate~as opposed to time!. The introduction of a
time coordinate would not only introduce non-covariant e
ments in expressions like]mf5(] tf/c,] if), but would also
force the matter Lagrangian to depend explicitly onc, via
kinetic terms.

Using anx0 coordinate the situation is rather differen
For instance, for a massless scalar field with no interacti
we have

Lm52
1

2
~]mf!~]mf! ~5!

which does not depend onc. Similarly for a spin 1/2 free
massless field we have

Lm5 i x̄gm¹mx. ~6!

The above expressions, in particular the latter, are somet
multiplied by\c ~see for example Mandl and Shaw@30#!. If
c and\ are constant, this operation has no effects, other t
modifying the dimensions of the fields. However, in a min
mal VSL theory such an operation should be banned.
dynamical fields should be defined with dimensions such
the kinetic terms have no explicit dependence on eitherc or
\. This forces all matter fields to have dimensions ofAE/L.

The only chance forLm to depend uponc therefore comes
from mass and interaction terms. These may always be
fined so that no explicit dependence onc is present. By di-
mensional analysis this requirement fully defines h
masses, charges, and coupling constants scale withc, pro-
vided we know how\ scales withc. This issue will be dis-
cussed further in the next section.

Let us first consider mass terms. For a scalar field we h

Lm52
1

2 S ]mf]mf1
1

lf
2 f2D . ~7!

Hence in a minimal VSL theory the Compton wavelengthlf
of the particle should not depend onc. For a massive spin 1/2
particle we have

Lm5 i x̄gm¹mx2
1

lx
x̄x ~8!
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with a similar requirement. More generally we find thatc
does not appear in mass terms if all particles’ masses
proportional to\/c ~or their rest energies proportional t
\c).

If we now consider fields coupled to electromagnetis
we find that the electric chargee should scale like\c, if
explicit dependence onc is to be avoided. Consider for in
stance aU(1) gauged complex scalar field. Its action may
written as

Lm52~Dmf!!Dmf2
ufu2

lf
2 2

1

4
FmnFmn ~9!

where theU(1) covariant derivative is

Dm5]m1 i
e

\c
Am ~10!

and the electromagnetic tensor is

Fmn5]mAn2]nAm . ~11!

Hencee should be proportional to\c. The same holds true
for fields of any spin coupled to electromagnetism, since
only appears in the definition of the covariant derivativ
Notice that the constancy ofe/(\c) is also required for the
gauge-invariant field strength tensor not to receive any c
rections. Gauge transformations should take the form

dAm52
\c

e
]m f ~12!

for df5 i f f, wheref is any function. This is necessary s
that Dmf transforms covariantly:d(Dmf)5 i f D mf. But
then the gauge invariant field strength tensor must be defi
as

Fmn5
\c

e F]mS e

\c
AnD2]nS e

\c
AmD G ~13!

and indeed this receives extra terms ife/(\c) is not constant.
Inspection of the electroweak and strong interact

Lagrangians reveals that their coupling chargesg should also
scale like\c. This is indeed a general feature for any inte
action, and follows from dimensional analysis. It is alwa
the combinationg/(\c) that appears in covariant derivative
and, in non-Abelian theories, in the gauge field strength t
sor.

Next we discuss two important cases to be used late
this paper: a field undergoing spontaneous symmetry bre
ing and a matter cosmological constant. Consider aU(1)
gauge symmetric complex scalar field as above, but wit
potential

V~f!5
1

lf
2 ufu22

1

2lf
2 f0

2 ufu4. ~14!

Then the Compton wavelengthlf and f0 should both be
independent ofc. If the quartic term is ignored, then th
vacuum is atf50, so that we have a massive complex sc
1-4
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COVARIANT AND LOCALLY LORENTZ-INVARIAN T . . . PHYSICAL REVIEW D 62 103521
lar field ~with Compton wavelengthlf) and a massles
gauge boson. The charge ise}\c. If we consider the quartic
term, as is well known, we have spontaneous symm
breaking. The vacuum is now atufu5f0. Expanding around
the vacuum we find a real scalar field with Compton wa
lengthlf , and a massive gauge boson with Compton wa
length

1

lA
5

e

\c
f0 ~15!

which therefore is independent ofc. Hence the rest energie
of all massive particles, regardless of the origin of their ma
scale like\c. Because of spontaneous symmetry breaki
the vacuum energy decreases by

DV52
f0

2

2l2 ~16!

and so this process gives rise to a negative vacuum energ
the original vacuum energy is zero. We shall label it
Lm5DV, and call it the matter cosmological constant.
adds a term to the matter Lagrangian

Lm52Lm . ~17!

Under minimal couplingLm does not depend onc. However,
we could also allowf0, and thereforeLm , to depend onc
~as we shall do in@22#!.

Finally we consider an example of a classical Lagrangi
that of a charged particle in a field:

Lm~xg!5E dlF2
E0

2

dym

dl

dym

dl
1eAm

dym

dl
G d (4)~xg2yg!

A2g
.

~18!

Here the affine parameter isdl5cdt, wheret is the proper
time. Note that any of the variations sometimes employed
the literature, e.g. using the square root of2u2 ~with u
5dx/dl), should not be used. This is because, as we s
see,u2 need not remain constant. Minimal coupling therefo
requires that the particle’s rest energy (E05m0c2) and
chargee be independent ofc.

In non-minimal theories we may consider a direct dep
dence onc in the matter Lagrangian. This is far from new
for instance Bekenstein’s theory@31# allows for a direct cou-
pling between a varyinge and all forms of matter coupled t
electromagnetism.

A worked out example

Consider a massive scalar fieldf in flat space-time@met-
ric hmn5diag(21,1,1,1) if we use ax0 coordinate# with a
variation inc such that

c5
c0

11
c0t

R

~19!
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in suitable coordinates~so thatc does not vary in space!. We
have definedc0 as the speed of light at timet50. At time
t52R/c0 the speed of light goes to infinity. As tim
progresses the speed of light decays to zero, ast→`. We
shall see that this is indeed the solution corresponding to
space-time. Thenf satisfies

f̈2¹2f1
1

lf
2 f50 ~20!

which may be solved with Fourier series, with amplitud
subject to

f̈k1S k21
1

lf
2 Df50. ~21!

The solution is

fk5f0~k!ei (6k0x01k•x) ~22!

with a dispersion relation

~k0!25k21
1

lf
2 . ~23!

As expected there is nothing new if we use ax0 coordinate.
If we insist on using a time coordinate, we find that w

can only do so in one inertial frame, the one in which t
speed of light is homogeneous. By requesting to use a t
coordinate and make contact with physics, we therefore
lect a preferred reference frame. In this frame,

x05E cdt5R logS 11
c0t

R D ~24!

and so we find that around a given timet5t0 we have the
Taylor expansion

k0x05k0c~ t0!~ t2t0!1k0R logS 11
c0t0

R D . ~25!

We find that the local frequency changes proportionally toc:

v~ t !5k0c~ t !5
k0c0

11
c0t

R

. ~26!

In addition there is a phase shift with value

F05k0R logS 11
c0t0

R D . ~27!

As we approach the initial singularity the wave suffers in
nite blueshift. As time flows it redshifts progressively. Th
similarities between this effect and the cosmological reds
have been pointed out in@20#. However, the effect presente
here is not due to gravity~expansion! but is due purely to the
varying speed of light.

Naturally the above identification of a local frequency
only valid if v@uċ/cu. This amounts to requiring
1-5



t

ed
dy

of

lin

pr

ca

e
nt

av
s
/
sin
ein

le

e
e

r-

eld

m

-

ing
all
ac-
e

ral
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k0@
1

RS 11
c0t

R D . ~28!

Hence any plane-wave approximation breaks down near
initial singularity, an interesting result.

VI. QUANTIZATION

Unfortunately the requirement thatc not appear explicitly
in Lm does not fix the scaling withc of all ‘‘constants’’:
Planck’s and Boltzmann’s constants,\ andkB , are left un-
fixed. Furthermore, these two ‘‘constants’’ cannot be fix
by the classical dynamics, i.e. by adding to the action
namical terms in two scalar fields\ andkB ~as we shall do
with c). Instead these have to be provided as a functionc
by means of scaling laws\(c) and kB(c). These scaling
laws should be regarded as postulates of the theory.

Here we explore the implications of various\(c) laws.
Let us consider first the simple case of a non-relativistic
ear harmonic oscillator. Its Lagrangian is given by

L5
1

2
mẋ22

1

2
mv2x2 ~29!

and we assume thatm andv are independent ofc, and there-
fore constant. Its Hamiltonian is

H5
p2

2m
1

mv2x2

2
~30!

and is time independent. We postulate that quantization
duces an expression of the form

Ĥ5\v~N̂11/2! ~31!

where N̂ is the particle number operator; i.e., the classi
energy of the oscillator is in quanta of energy\v. Hence

d

dt
\~N̂11/2!50. ~32!

This implies that should\ drop, the particle number would
increase, which is hardly surprising. Indeed the amplitudA
and frequencyv of the classical oscillations remain consta
and therefore so does their total energyE5mv2A2/2. How-
ever, the quantum particles contained in the oscillator h
energies\v which vary like\. To reconcile these two fact
the number of particles has to vary, proportionally to 1\.
Such a phenomenon has a clear experimental meaning,
the number of particles does not depend on the units b
used.

Furthermore, if the oscillator is initially in the vacuum
state, a drop in\ suppresses the zero-point energy. Partic
should therefore be produced so thatĤ remains constant. We
have both particle multiplication and particle production~a
phenomenon noticed before in VSL theories by@15#!.

Since creation and annihilation operators satisfy a tim
independent algebra@a,a†#51, the best way to express th
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variability of N̂ is by means of a Bogolubov-type transfo
mation. A short calculation shows that

a~ t8!5aa~ t !1b!a†~ t ! ~33!

with

uau25
\~ t !1\~ t8!

\~ t8!
~34!

ubu25
\~ t !2\~ t8!

\~ t8!
~35!

enforces that the expectation values ofN̂(t)5a†(t)a(t) sat-
isfy Eq. ~32!.

This discussion generalizes to relativistic quantum fi
theory, with\c replacing\. Now we should have

Ĥ5(
k

\v~N̂11/2! ~36!

with v5k0c}c. Hence now

d

dx0 \c~N̂11/2!50. ~37!

The time dependence inN̂ can now be expressed in the for
of a Bogolubov transformation

a~k0,xm̄!5aa~k0,xm!1b!a†~k0,xm! ~38!

with

uau25
\~xm!c~xm!1\~xm̄!c~xm̄!

\~xm!c~xm!
~39!

ubu25
\~xm!c~xm!2\~xm̄!c~xm̄!

\~xm!c~xm!
. ~40!

Recalling thatgi /(\c) is a constant, we have particle pro
duction at a rate proportional to 1/a i , where i labels the
various interactions. We shall parametrize\(c) by means of
an exponentq such that

a i}gi}\c}cq. ~41!

VII. GRAVITATIONAL DYNAMICS

We now set up some possibilities for actions govern
the evolution of the metric and speed of light. Only a sm
class of these actions may be transformed into a dilaton
tion, by means of a unit transformation. In the Appendix w
describe a somewhat orthogonal approach.

We shall take as our starting point the action of gene
relativity:

S5E d4xA2gS R22L1
16pG

c0
4 LmD ~42!
1-6
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whereR is the Ricci scalar, andL is the geometrical cosmo
logical constant~as defined in@33,2#! andLm is the Lagrang-
ian of all the matter fields~including the above-mentione
matter cosmological constant!.

A changingG theory was proposed by Brans and Dic
@32#, and we shall work in analogy to this generalization
general relativity in what follows, albeit with a couple o
crucial differences. The idea in this paper~in @32#! is to
replacec (G) by a field, wherever it appears in Eq.~42!. In
addition one should add a term to the Lagrangian describ
the dynamics ofc (G). An ambiguity appears because E
~42! may be divided by any power ofc (G), before the
replacement is performed. Brans and Dicke avoided co
menting on this ambiguity, and cunningly performed the n
essary division byG which led to a theory with energy con
servation. We shall not be hampered by this restricti
indeed we expect violations of energy conservation in VS
Hence we consider actions in which the replacement is m
after the most general division byc is made. In the simples
case we define a scalar field

c5 log S c

c0
D ~43!

so thatc5c0ec, and take

S5E d4xA2gS eac~R22L1Lc!1
16pG

c0
4 ebcLmD .

~44!

The simplest dynamics forc derives from

Lc52k~c!¹mc¹mc ~45!

where k(c) is a dimensionless coupling function~to be
taken as a constant in most of what follows!. We shall im-
posea2b54, although this is not necessary.

Notice thata54, b50 is nothing but a unit transforma
tion applied to Brans-Dicke theory, with

fbd5
e4c

G
~46!

k~c!516vbd~fbd!. ~47!

This shall be proved in Sec. VIII, where we identify the fu
set of cases which are a mere unit transformation applie
existing theories. Among the theories which are truly ne
a50, b524 is particularly simple and we shall call it th
minimal VSL theory.

We can trivially generalize this construction by comp
cating the dynamics encoded inLc , for instance by adding a
potential V(c) to it. We can also take forc a complex,
vector, or spinor field, with the speed of light deriving fro
a scalar associated withc ~e.g.c̄c for a spinor field!. A nice
example~developed further in Sec. X! is a theory in whichc
is a complex field, with

c5c0e2ucu2 ~48!
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and with a Mexican hat potential added toLc .
Another important novelty of our theory, not included

Brans-Dicke theory~but noted by@33#!, is that we allowL
andLm to depend onc. It seems fair to allowL, like \ or
kB , to depend onc. After all L is a much less fundamenta
constant. On the contrary, ifLm depends onc, then so does
the vacuum expectation valuef0, and so we have gone be
yond minimal matter coupling. In what follows we shall a
sorbLm into a total geometrical lambda

L̄5L1
8pG

c4 Lm . ~49!

In our applications to cosmology@22# we shall assume that

L}~c/c0!n5enc ~50!

and

Lm}~c/c0!m5emc. ~51!

We will see that allowingL to depend onc leads to inter-
esting cosmological scenarios@22#. In such theories it is the
presence of a lambda problem that drives changes in
speed of light. These in turn solve the cosmological cons
and other problems of big bang cosmology. In effect lamb
acts as a potential drivingc.

A. Gravitational field equations

The field equations in this theory may now be derived
varying the action. Variation with respect to the metric lea
to the gravitational equations

Gmn1Lgmn5
8pG

c4 Tmn1kS ¹mc¹nc2
1

2
gmn¹dc¹dc D

1e2ac~¹m¹neac2gmnheac! ~52!

where the matter stress energy tensor is defined as usua

Tmn5
22

A2g

dSm

dgmn
. ~53!

These equations are particularly simple for the minimal V
theory (a50 andb524).

Variation with respect toc leads to

hc1a¹mc¹mc5
8pG

c4~2k13a2!
~aT22arL22bLm!

1
2

3a212k

dL̄

dc
. ~54!

Again the minimal VSL theory is particularly simple:

hc5
32pG

c4k FLm2S 12
m

4 DLmG1
1

k
nL. ~55!

As announced above, in general either a matter or a g
metrical lambda drives changes inc. The total matter La-
1-7
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grangianLm also drives changes inc, if bÞ0. Ambiguities
in writing Lm ~total divergences! are therefore relevant forc,
as indeed for the matter field equations under a changinc
~see below!.

B. Impact upon matter field equations

Bianchi identities applied to Eqs.~52! and ~54! imply

¹m~Tn
mebc!5bebcLm¹nc ~56!

or, equivalently,

¹mTn
m52b~Tm

n 2dm
n Lm!¹nc. ~57!

Therefore we only have energy conservation ifa54, b50.
In all other cases a varyingc creates or destroys energ
indeed beyond the naive expectation~the term inLm is far
from expected!. This fact merely reflects the interaction b
tween the matter fields and the gravitational fieldc, present
due to the couplingebcLm . This interaction affects the field
equations for matter, beyond what was described in Sec
~which is only strictly correct ifb50!. Indeed taking the
variation with respect to matter fields, in every situati
where it is usual to neglect a full divergence, a new term
]mc now appears. For instance scalar fields satisfy a m
fied Klein-Gordon equation

S h2
1

lf
2 Df52b¹mf¹mc ~58!

with gradients ofc driving the fieldf and therefore chang
ing its energy balance. All field equations will be similar
affected, with a net result that energy conservation is v
lated according to Eq.~56!.

To give a concrete example, the plane wave solution s
ied in Sec. V is now subject to

f̈k1S k21
1

lf
2 Df52b

ḟk

R
. ~59!

A solution is

fk5@f0~k!e2bx0/R#ei (6k0x01k•x) ~60!

subject to the same dispersion relation. Hence, in additio
the effects studied in Sec. V, the amplitude of the pla
waves is now proportional tocb. If R.0 andb.0, we not
only have a ‘‘redshift effect’’~affecting the energy of the
field quanta!, but the classical energy of the field also dis
pates.

Finally note that we may also take on board terms wh
are usually neglected in minimal theories because they
full divergences. IfbÞ0, these terms affect the matter fie
equations; indeed they drive changes inc. For instance one
could consider electromagnetism based on

Lm52
1

4
~FmnFmn1zFmnF̃mn! ~61!
10352
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whereF̃ is the dual ofF andz is a constant. The second ter
is usually irrelevant, because it is a full divergence. Ho
ever, we now have Maxwell’s equations

¹mFmn1b~Fmn1zF̃mn!]mc5 j n ~62!

where j n is the electric current.

C. Effect upon classical particles

These processes are also reflected in the equations of
tion for a point particle. From Eq.~18!, with e50, we can
derive the stress energy tensor

Tmn~xd!5mc2E dl
dym

dl

dyn

dl

d (4)
„xd2yd~l!…

A2g
~63!

where we have assumed thatmc2 is a constant~so that the
matter Lagrangian does not depend onc). From Eq.~56! one
gets

d2xm

dl2 1Gnd
m dxn

dl

dxd

dl
52bS dxm

dl

dxn

dl
2

1

2

dxa

dl

dxa

dl
gmnDc ,n

~64!

where we recalldl5cdt. Alternatively we may integrate
the volume integral in Eq.~18! to obtain the action

S52
E0

2 E dlebcgmnẋmẋn. ~65!

Direct variation of this action is equivalent to Eq.~64! and
may be more practical. An immediate first integral of th
action is

u25u0
2~c/c0!2b ~66!

with um5dxm/dl. Hence null particles remain null, bu
time-like lines have a variableu2.

We see that matter no longer follows geodesics. Howe
all bodies with the same set of initial conditions fall in th
same way. A weak form of the equivalence principle
therefore satisfied. In particular there is no conflict betwe
these theories and the Eotvos experiment. In@23# we shall
investigate the impact of these effects upon the standard
of gravitational light deflection and the perihelium of Me
cury. Here, however, we limit ourselves to integrating t
geodesic equation in the local free-falling frame or in fl
space-time. Then Eq.~65! produces the Lagrangian

L5ebc@2~ ẋ0!21 ẋ2# ~67!

where overdots representd/dl. There are three conserve
quantitiesE5 ẋ0ebc, p5 ẋebc, andL521, from which we
may conclude

v2

c2 5
p2

E2 512
ebc

E2
. ~68!

As a result the particle’s gamma factor
1-8
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g25
1

12v2/c2 }c2b. ~69!

If bÞ0, the fieldc will therefore accelerate or brake pa
ticles.

VIII. FIXED SPEED OF LIGHT DUALS

We now identify which of our theories are simply wel
known fixedc theories subject to a change of units. By doi
so we will also expose the undesirable complication of
fixed c picture in all other cases.

Let us first rewrite our theories in units in whichc, \, and
G are fixed, but the couplingsg are variable, thereby map
ping VSL theories into ‘‘Bekenstein’’ changing charge the
ries. Recalling that in VSL units we havea i}gi}\c}cq @cf.
Eq. ~41!#, we should perform the following change of unit

d t̂5dte(32q/2)c ~70!

dx̂5dxe(22q/2)c ~71!

dÊ5dEe(222q/2)c. ~72!

In the new unitsĉ, \̂, and Ĝ are constant,ĝ}e(q/2)c, and
indeedâ5a}cq. Subjecting a VSL minimally coupled mat
ter action to this transformation leads to an action very
from minimal coupling. Indeed all matter fields, e.g.f,
transform like

f̂5fe22c. ~73!

Hence all kinetic terms become rather contorted, since in
new units

]mf→]m̂f̂12f̂]m̂c. ~74!

This leads to complex additions to mass and interac
terms. For gauged fields we have

Dmf→D m̂f̂12f̂]m̂c ~75!

leading to similar complications and to breaking of stand
gauge invariance. In conclusion we can transform a V
theory which is minimally coupled to matter~up to theb
Þ0 factor! into a fixed c, \ and G theory. However, the
result is a rather unnatural construction, quite distinct fr
the changing charge theories previously discussed. Non
our theories is a standard changing charge theory in disgu
indeed choosing a standard changinggi picture for them is
undesirable.

The above may be avoided if we map our VSL theor
onto theories in whichc and \ are constants, butG may
vary. Then in order to preserve minimal coupling all mat
fields should remain unaffected by the unit transformati
e.g. f̂5f This requires

d t̂5dte(12q/2)c ~76!
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dx̂5dxe2~q/2!c ~77!

dÊ5dEe2~q/2!c ~78!

and so we have that

Ĝ

G
5e24c. ~79!

While this ensures minimal coupling for all quantum field
it does not do the job for classical point particles, ifqÞ0.
With the above change of units one should make the ide
fication

f̂bd5
1

Ĝ
5e4c ~80!

and write down the transformed action

Ŝ5E d4x̂A2ĝS f̂bd
(a1q)/4~R̂22L̂ !2

f ~f̂bd!

f̂bd

¹mf̂bd

3¹mf̂bd1
16pG0

c0
4 f̂bd

(b1q)/4L̂mD . ~81!

We see that only theories for whichb1q50 are scalar-
tensor theories in disguise. Ifq50, all structure ‘‘constants’’
a i are constant, and indeed forb50 ~and soa54) we can
recognize inŜ the Brans-Dicke action. However, we see th
there are also changinga theories which are really Brans
Dicke theories in unusual units: theories withb52qÞ0.
Such theories are dilaton theories. On the contrary, ifb1q
Þ0, we have theories which can never be mapped into d
ton theories.

In addition one may perform conformal transformatio
upon VSL theories, mapping them into other VSL theor
with different a andb. The relevant formulas shall be give
in @23#. By means of conformal transformations it is alwa
possible to write action~44! as a scalar-tensor theory, if th
matter Lagrangian is homogeneous in the metric. The la
however, is clearly not true, carrying with it the crucial im
plication that there is only one frame in which the coupli
to matter is of the formebcLm , with Lm independent ofc.
Thus, the much heralded equivalence between confor
frames is broken as soon as matter is added to gravity anc
~a point clearly made by@34#!. One may recognizea54, b
50 as Jordan’s frame,a50, b524 as Einstein’s frame,
anda5b51 as the tree-level string frame. We should al
note that the general class of couplings we have considere
contained within the theories proposed by Damour a
Polyakov @35# as representing low-energy limits to strin
theory, beyond tree level. More specifically, using the no
tion of @35#, our theories are those for whichBi(F) is the
same for all the matter fields.

In spite of these comments, in@23# we shall make use o
conformal transformations to isolate the geodesic frame:
frame in which free-falling charge-free particles follow ge
desics. This can always be defined because the Lagrangi
1-9
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these particles is indeed homogeneous in the metric. W
this trick simplifies some calculations, one should alwa
bear in mind that the geodesic frame only looks simpler
cause a lot of garbage is swept under the carpet by not w
ing the Lagrangian for all the other matter fields. Minim
coupling to all forms of matter always picks up a preferr
frame, which is not the geodesic frame unlessb50.

IX. EMPTY SPACE-TIME

The analogue of Minkowski space-time may be deriv
by settingTn

m5L50 in Eq. ~52!. We should also seta50
and k50 so as to switch off the gravitational effects ofc.
Thengmn5hmn5diag (21,1,1,1), using anx0 coordinate.

The speed of light can be found from Eq.~54!, which in
coordinates in whichc is homogeneous becomesc̈50. This
leads toċ51/R, where R is an integration constant with
dimensions of length (R can be positive or negative!. If we
only use coordinates in whichc is homogeneous~or, as we
shall see, if we stay close to the origin compared to
distanceR), then a global time coordinatet may be defined.
In terms of it we have

1

c2

dc

dt
5

1

R
~82!

which integrates to

c5
c0

11
c0t

R

. ~83!

This is nothing butc near the origin in Fock-Lorentz space
time, in which

c~r ,t;n!5
c0

11
c0t

R

S n1
r

RD . ~84!

Even though global coordinates cannot be generally defi
if c varies, we find that this case is special. The relations

d t̂5
dt

S 11
c0t

R D N11

dr̂5
dr

S 11
c0t

R D N ~85!

~corresponding toa5N11 and b5N) may be recovered
from

t̂5
R

Nc0 S 12
1

S 11
c0t

R D ND ~86!
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S 11
c0t

R D N ~87!

~with N.0) as long asur u!uRu. Hence, near the origin ther
are global varyingc coordinatest and r . Global transforma-
tion laws between inertial frames may be derived for the
coordinates by writing global Lorentz transformations fort̂

and r̂ and then re-expressing them in terms oft and r .
The caseN51 is particularly simple. It corresponds t

q52 for a fixed G representation (a}c2) or q522 in a
minimal varyingG representation (a}1/c2). In these cases
we have global Lorentz transformations for coordinates

t̂5
t

11
c0t

R

~88!

r̂5
r

11
c0t

R

. ~89!

These can be inverted into transformations fort and r :

t85

gS t2
v•r

c0
2 D

12~g21!
c0t

R
1g

v•r

Rc0

~90!

r uu85

gS r uu2
v

c0
t D

12~g21!
c0t

R
1g

v•r

Rc0

~91!

r'8 5
r'

12~g21!
c0t

R
1g

v•r

Rc0

~92!

wherev is the velocity between two inertial frames at th
origin at t50 ~the velocity between two inertial frames va
ies in space and time and is proportional toc @20,21#!. The
transformation we have just obtained is the Fock-Lore
transformation.

This is an interesting result. The Fock-Lorentz transf
mation was first derived by Fock in his textbook@19# as a
pedagogic curiosity. Special relativity may be derived fro
two postulates: the principle of relativity and the principle
constancy of the speed of light. The latter may be repla
by the requirement that the transformation be linear. Fo
examined the effects of dropping the second postulate w
keeping the first. He thus arrived at a fractional linear tra
formation identical with the one we have just derived.

We have just produced an alternative derivation, based
our dynamical equations for the fieldc. The constantR in
the Fock-Lorentz transformation appears as an integra
1-10



fo
-
in
k’

w

er
n

-

n
ia
i

u

rie

as

nt

on

to

t

te
t

on

ly
e

n
l

ct

r-

is

t

on

’
ess

n
ow-
con-

cal
ld
is

ch
y-
an-
a
ite

me

COVARIANT AND LOCALLY LORENTZ-INVARIAN T . . . PHYSICAL REVIEW D 62 103521
constant in our solution. Some features of the Fock trans
mation, not accommodated by our theory~such as an aniso
tropic c), can be neglected if we stay close to the orig
Similarly some features of our theory not present in Foc
theory ~such as non-integrability of infinitesimals! can be
ignored in the same region. Hence it is not surprising that
have arrived at the same construction.

The Fock-Lorentz transformation has a number of int
esting properties, and one of them is crucial for understa
ing VSL theories. If we consider a proper time intervalDt0
~referred to the origin!, we find that this is seen in the labo
ratory frame as

Dt5
Dt0

~11c0Dt0 /R!g2c0Dt0 /R
~93!

which is qualitatively very different from the usual twi
paradox expression. In the standard theory the only invar
non-zero time lapse is infinity. In Fock’s theory such a role
played byDt052R/c0; in contrast infinity is no longer in-
variant but can mapped onto finite times and vice versa. S
able particle lifetimes may be mapped to infinity~i.e. stabil-
ity! by a Fock-Lorentz transformation.

Closer inspection shows that if we look at these theo
from a fixedc perspective,t52R/c0 is indeed mapped onto
t̂5` for R,0 ~or t̂52` for R.0). This is obvious from
Eq. ~85! but also true for other values ofN. Given that the
two representations are globally very different one must
which representation is more physical.

Interaction clocks and trans-eternal times

Clearly a change of units transforms our construction i
plain Minkowski space-time. Then why not use the fixedc
representation? The point is that the correspondence is
local. We can extend the VSL empty solution beyondt
5tmax52R/c0, for R,0. Such an extension corresponds
extending Minkowski space-time beyondt5`. The choice
between the two representations is therefore dependen
whether this extension is physical or not.

Let us first examinet→tmax in units in whichc varies. In
this picturec goes to infinity attmax, but this has implica-
tions on the time scales of processes mediated by all in
actions. Decay times, rates of change, etc., all depend on
a i . A typical time scale associated with a given interacti
with energyQ is

t5
\

a2Q
. ~94!

In a minimal VSL theory Q}\c}cq, a}cq, and so t
}1/c2q11. But our sensation of time flow derives precise
from change, and this is imparted by interactions and th
rates. One may therefore argue that a more solid definitio
time should be tied to the ratest, and that a more physica
clock should be obtained by making it tick tot. Like all
other definitions of time, this definition should not affe
physics~which is dimensionless!; however, it may lead to a
clearer picture.
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In the varyingc picture, the number of cycles of an inte
action clock ast→tmax is

E tmax dt

t
~95!

which converges ifq,0, that is if all a i go to zero~all
interactions switch off!. Hence our claim that the space
extendable beyondt5tmax is physically meaningful, ifq
,0.

Let us now examine the same situation in fixedc units.
Even thoughc and \ are now fixed, this is not really jus
Minkowski space-time. At the very least all chargesgi must
now be variable, to produce the same changinga i . If we
want to keep all parameters in Eq.~94! constant except for
the a i , we should change units in the following way:

d t̂5dte(122q)c ~96!

dx̂5dxe22qc ~97!

dÊ5dEe2qc. ~98!

For q,0 we have thattmax is indeed mapped ontot̂5`.
However, we find that the number of ticks of an interacti
clock as we approacht̂5`,

E`d t̂

t̂
, ~99!

converges. Hence the temporal infinity of ‘‘Minkowski’
space-time in this theory is spurious. Any natural proc
would slow down as ‘‘fixed-c time’’ went on. More and
more of this ‘‘time’’ would be required for any interactio
process to take place. Given that our sensation of time fl
ing is attached to these processes, we could claim that
versely we would feel that ‘‘fixed-c’’ time would start to go
faster and faster. The fact that a finite number of physi
ticks is required to reacht̂5` means that any observer cou
in fact flow through eternity. Such Minkowski space-time
physically extendable beyondt5`.

We have found the first example of a situation in whi
the fixedc representation, while locally equivalent to a var
ing c representation, may be globally misleading. The adv
tage of varyingc units in this case is that they locate at
finite time distance what can in fact be reached within a fin
number of cycles of an interaction clock.

X. FAST TRACKS IN VSL FLAT-SPACE

More fascinating still is the existence of high-c lines,
which we shall call fast tracks. These are flat space-ti
solutions, in theories in whichc is driven by a potential. We
first establish the possibility of such solutions. Letc be a
complex scalar field, with aU(1) symmetry which may or
may not be gauged~we assume it is gauged in what follows!.
Let the speed of light be given byc5c0e2ucu2. With these
modifications we also have to modify the terms ina andb in
1-11
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Eq. ~44!, but not if a5b50, as we shall assume. Let us al
assume that the field is driven by a potential

Lc52~Dmc!!~Dmc!2V~c! ~100!

V~c!5
1

lc
2 ~ ucu22c0

2!2 ~101!

wherec0 is the field’s vacuum expectation value, andlc is
the Compton wavelength ofc.

Let us consider a Nielsen-Olesen vortex solution to t
theory, that is a solution with a boundary condition

c5c0einu as r→`. ~102!

Such a solution is topologically stable. In the vortex’s co
ucu'0 and so the speed of light isc0. The speed of light

outside the core~which isc0e2c0
2
) is therefore much smaller

The field c undergoes spontaneous symmetry breaking
the unbroken phase, realized in the string’s core, display
much larger speed of light. An approximate solution forr
→` is

c5~c01e2r /lc!einu. ~103!

Hence the string core has a width of orderlc , which could
easily be macroscopic; outside the core variations in
speed of light die off rapidly. The jump in the speed of lig
is exponential and depends only onc0. For c0'3, say, the
speed of light could be ten orders of magnitude faster ins
the string’s core. The size of the core and the jump inc are
related to independent parameters.

What would happen if an observer travelled along
string, inside its core? Let a cylinder of high-c connect two
distant galaxies. Then inside the tubev}c @cf. Eq. ~68! with
b50#. Let us assume thatv!c so that no relativistic effects
are present. Then the observer could move very fast betw
these two galaxies, returning without any time dilation
fects having taken place. There would not be a tw
paradox—clearly this situation, if realizable, is just what
tergalactic travel is begging for. In practice, to avoid diffe
ent aging rates between sedentary and the nomadic twin
should keep the aging pacet fixed, i.e. q521/2. Further-
more in order for thex0 coordinate to track the proper tim
for all observers we should havea50 ~this point will be
developed further in@23# in connection with radar echo dela
experiments!.

In a dual representation, in fixedc units, fast tracks are
wormholes. Ift is to remain unchanged, and ifc is to be
fixed in the new units, then the distance between the gala
must shrink by a corresponding factor@recall that in Eq.~1!
a50 andbÞ0#. Hence the fixedc dual of the VSL theories
we have proposed contain wormhole-like solutions ev
without the presence of gravitating matter. This is due to
fact that the gravitational action is indeed very complica
in the dual picture~notice that the required unit transform
tion is a combination of VSL and conformal transform
tions!.
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Elsewhere@36# we shall show how fast tracks may appe
in other theories, e.g. in the Bekenstein changinga theory.
In such theoriesa is much smaller inside the string core, b
all other couplings remain unchanged. Hence a nomadic t
will age much slower during the trip, since we age elect
magnetically@37#. Strong interactions just provide the nucl
for all the atoms we are made of. But we are essentia
made of stable nuclei. Hence, if all our nuclei aged 16

years, we would not notice it. Naturally in such theories o
cannot avoid different aging rates between nomadic and
entary twins—the curse of space travel.

XI. BLACK HOLES WITH AN EDGE

In @23# we shall examine vacuum spherically symmet
solutions to all these theories. They have a common fea
which can be illustrated by the well-known solution
Brans-Dicke theory~which isa54, b50). Using the isotro-
pic form of the metric,

ds252 f dx02
1g@dr21r 2~du21sin2udf2!#, ~104!

we have

f 5 f 0S 12
B

r

11
B

r

D 2/l

~105!

g5g0~11B/r !4S 12
B

r

11
B

r

D 2(l2C21)/l

~106!

c5
2C

4l
logS 12

B

r

11
B

r

D ~107!

where f 0 , g0 , B, andC, are constants, with

l5@~C11!22C~12vbdC/2!#1/2. ~108!

Expressions for these constants in terms of the black h
massm and couplingvbd may be found in@32#. As we
approach the horizon (r h5B) we find thatc goes to either
zero or infinity @like (r 2r h)N with N related tovbd#. The
implication is obvious: for some parameters of the theory~in
this case requiringqÞ0) no observer may enter th
horizon.1 The number of cycles of an interaction clock tryin
to enter the horizon is given by

1In plain Brans-Dicke (a54,b50,q50) we have thatc→0 but
t→` in such a way that particles may enter the horizon. Hence
discussion presented here does not apply, as one would expec
1-12
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E r h dt

t
5E r h dr

vt
5E r h dr

c2q12
~109!

which diverges for 2(q11)N.1.
Again this phenomenon may be interpreted variously,

pending on which units are used, but all interpretations l
to the same physical conclusion~which is dimensionless!:
particles are unable to enter the horizon. In VSL units p
ticles cannot enter the horizon because they stop asc goes to
zero. In fixed-c units they cannot enter the horizon becau
the time rates of all interactions go to zero~as all couplings
go to infinite!. Old age strikes before anything ‘‘has time’’ t
enter the horizon.

Naturally finite sized bodies suffer from further effect
analogous to tidal stresses, since they will probe gradien
c. Since v}c, they get squashed ifc→0 or get stretched
otherwise.c-induced changes of pace also induce gradie
of aging across finite-sized bodies.

A pedagogic illustration, studied further in@23#, is a muon
produced close to the black hole, moving towards its ho
zon. Such a setup is useful, for instance, when trying
convince skeptics of the physical validity of time dilation
Lorentz contraction~e.g. the fate of cosmic ray muons ente
ing the atmosphere!. To an Earth observer, if time dilatio
was not a physical effect, the muon should never hit
surface of the Earth. From the point of view of the muon
the atmosphere did not appear Lorentz contracted, it sh
have decayed before hitting the surface. The same setup
be of assistance here. No matter how close to the horizon
muon is produced, it never reaches it. In VSL units the mu
stops as it tries to enter the horizon, because its speed is
to c, but c goes to zero. In fixed-c units the muon moves
close to the~constant! speed of light, but its lifetime goes t
zero as it tries to enter the horizon. From either perspec
the muon can never enter the horizon.

‘‘Horizon’’ is therefore a misnomer, and we relabel it a
‘‘edge’’: a boundary wherec goes to zero sufficiently fas
that no object may reach it. On physical grounds we sho
postulate that regions beyond the edge be excised from
manifold. Then VSL manifolds may have an edge.

We arrive at a similar conclusion to Sec. IX. VSL an
fixed-c units are locally but not globally equivalent. Th
VSL picture may be globally more clear~in the casea54,
only if qÞ0). It builds into space-time the topology pe
ceived by actual physical processes, in this case exci
regions which are physically inaccessible.

The implications for the theory of singularities are qu
impressive. Even though we have a singularity atr 50, it is
physically inaccessible. One may be able to prove that
singularities are subject to the same constraint. This situa
was discussed in@38#. It looks as if a stronger version of th
cosmic censorship principle might apply to these theorie

XII. CONCLUSION

One must sympathize with the view that VSL theories
rendered objectionable by their outright violation of Loren
invariance. However, previous attempts to make
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Albrecht-Magueijo model ‘‘geometrically honest’’ were n
less ugly than the original, and were useless for cosmolo
In this paper we proposed a geometrically honest V
theory, corresponding to a theory in which all fine structu
constants are promoted to dynamical variables. A chang
charge interpretation in unnecessarily complicated—so
adopt units in whichc changes, leading to a simple pictur
This should not scandalize anyone.

All these theories are locally Lorentz invariant and cov
riant in a sense incorporated by a generalized structure.
find that physics resides on a fiber bundle. Usually phys
takes place on the tangent bundle. At each point in spa
time there is a tangent space, corresponding to free fal
frames in which physics is Minkowskian. We have a simi
construction, but in the new units the space is not the tang
space of any coordinate patch in the manifold. It is stil
vector space—but it is not the tangent vector space, exce
the rare cases where the change of units is holonomic.2

Given that a change of units maps these structures to s
dard covariant and local Lorentz invariant theories, one m
wonder why it is worth bothering. To answer this questio
throughout this paper we examined these ‘‘dual’’ theori
For themc is a constant~as well as\ and possiblyG), but
naturally other quantities must vary. Indeed all couplin
must change, at fixed ratios. We therefore have a theory
dissimilar from Bekenstein’s changinge theory, but such a
picture is horribly misleading for the following reasons.

First, all charges, not onlye, will vary. But they vary at
constant ratios, so that all changes may be attributed
change inc alone. Hence the dual theory is a theory whi
promotes coupling constants to dynamical variables, but t
only allows rather contrived variations, i.e. variations whi
may be absorbed into a changingc. It seems therefore more
natural to consider a changingc description, even though th
two descriptions are indeed operationally equivalent.

Second, the minimal dynamics in the two frames is tota
different. This results from the fact that the action has un
and, therefore, changes under a change of units mapping
theories. The minimal Bekenstein type of theories does
have the same coupling to gravity as appears in the mini
VSL formulation. Rewriting the Lagrangian of minimal VS
theories in fixedc units leads to an unpleasant mess~Sec.
VIII !.

Third and more importantly, the correspondence betw
VSL and its duals is only local. Globally the VSL picture ca
be more clear. We gave two striking examples. Fock-Lore
space-time is just a change of units applied to Minkow
space-time; however, it containst.` extensions to
Minkowski space-time which are physically accessible. T
horizon of a black hole may be physically impenetrab
sincec goes to zero. Calling it an edge and excising the
beyond the edge seems reasonable. In the dual pictur

2The situation is more complicated for a gravitation theory ba
upon Fock-Lorentz space-time. Now the physics’ space at a g
point is no longer a vector space, but a projective space. The
bundle multiplies the base manifold by a projective space at e
point.
1-13
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warning about the fact that a piece of the manifold is in
cessible is given. It is an afterthought to notice that all int
action strengths force the pace of aging to become very
thereby, for all practical purposes, preventing anything fr
entering the horizon.

Hence the VSL theories we have proposed are changic
theories simply because choosing units in whichc varies
leads to a simpler description. Their underlying geometri
structure is that of standard fixedc theories subject to a
change of units, a fact undeniably placing them at the p
nacle of geometrical honesty. It remains to show that th
theories, applied to cosmology, perform as well as
Albrecht-Magueijo model. Such is the purpose of@22#. In
any case it is not difficult to guess the overall cosmologi
picture to emerge in these theories. We see that the pres
of a cosmological constantL generally drives changes inc,
which in turn convert the vacuum energy into radiation lea
ing to a conventional big bang. However, such a big ban
free from the standard cosmological problems, including
cosmological constant problem. The fact that particle p
duction occurs naturally in these theories ensures that
also solve the entropy problem.
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APPENDIX: BIMETRIC REALIZATION
OF THE ALBRECHT-MAGUEIJO MODEL

A theory which emulates many of the features of t
Albrecht-Magueijo model~except for breaking Lorentz in
. B
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variance! is the following. Let there be two metrics,g cou-
pling to gravitation and matter, andh coupling to the fieldc
only. Then we may take the following action:

S5S11S2

S15E d4xA2gS R22L1
16pG

c0
4e4c

LmD
S25E d4xA2h~H22Lh2khmn]mc]nc! ~A1!

where gmn and hmn lead to two Einstein tensorsGmn and
Hmn , andL and Lh are their respective~geometrical! cos-
mological constants. Varying with respect tog, c, and h
leads to equations of motion

Gmn1Lgmn5
8pG

c0
4e4c

Tmn ~A2!

hhc5
32pG

c0
4e4ck

Ag

h
Lm ~A3!

Hmn1Lhhmn5kS ¹mc¹nc2
1

2
hmn¹ac¹ac D . ~A4!

Hence we may derive from an action principle the prope
that the fieldc does not contribute to the stress-energy ten
which acts as a source to normal space-time curvature
@22,23# we shall highlight some curiosities pertaining
these theories.
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