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New cosmological model of quintessence and dark matter
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We propose a new class of quintessence models in which late times oscillations of a scalar field give rise to
an effective equation of state which can be negative and hence drive the observed acceleration of the universe.
Our ansatz also describes a new form of dark matter which we call frustrated cold dark matter~FCDM!. FCDM
inhibits gravitational clustering on small scales and could provide a natural resolution to the core density
problem for disk galaxy halos.

PACS number~s!: 98.80.Cq, 04.62.1v, 95.35.1d
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The recent discovery that type Ia high redshift superno
are fainter than they would be in an Einstein–de Sitter u
verse suggests that the universe may be accelerating, fu
perhaps by a cosmological constant or some other field
sessing long range ‘‘repulsive’’ effects@1,2#. The accelera-
tion of the universe is related to the equation of state
matter through the Einstein equation
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for cold matterrc and X-matter with the equation of sta
PX5wrX . Clearly a necessary~but not sufficient! condition
for the universe to accelerate iswX,21/3. In other words
the equation of state of X-matter must violate the stro
energy condition~SEC! so thatrX13PX,0. Investigations
of cosmological models withVm1VX.1 have demon-
strated that these models outperform most others in pre
ing the correct form for the large scale clustering spectru
accounting for CMB anisotropies on large and intermedi
angular scales and providing excellent agreement with
luminosity-distance relation obtained from observations
high redshift supernovae@3#. In addition, flat models are
compelling from a theoretical viewpoint since they agr
with generic predictions made by the inflationary scenari

The literature describing phenomenological forms of m
ter violating the SEC is vast~see@4# for a recent review!.
Nevertheless two kinds of matter have been singled ou
recent times as being of special interest:

~1! A cosmological constantPX52rX(wX521), L
[rX/8pG.

~2! A scalar field rolling down a potentialV(f).
For fields rolling sufficiently slowly f̈.0 and Tik

.V(f)gik , so thatV(f) plays the role of a time-depende
L-term. Although appealing, models with the simplest p
tentials includingV}m2f2 run into problems similar to
those encountered by a cosmological constant. The e
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mous overdamping of the scalar field equation during rad
tion and matter dominated epochs causesV(f) to remain
unchanged virtually from the Planck epochzpl;1019 to z
;2 @5# resulting in an enormous difference in the scalar fie
energy density and that of matter and/or radiation at ea
times. This leads to a fine-tuning problem: the relative valu
of rf and rm must be set to very high levels of accura
(rf /rm) initial;102123 in order to ensurerf /rm;1 at pre-
cisely the present epoch.

A more reasonable assumption might be if the ene
density in thef-field were comparable to that of radiation
very early times—say at the end of inflation@6#. This might
even be expected if thef-field were to be an inflationary
relic, its energy set by an equipartition ansatz. However
the f-field to remain subdominant until recently its ener
density must decrease rapidly at early times. Such beha
clearly cannot arise for polynomial potentialsV(f)}fp, 0
,p& f ew, for which rf will rapidly dominate the total den-
sity resulting in a colossalL-term today ifrf;r rad initially.
Fortunately this problem is significantly alleviated in anew
classof potentials which we introduce below. These pote
tials have the significant advantage of being able to desc
both quintessence and a new form of dark matter which
call frustrated cold dark matterdue to its ability to frustrate
gravitational clustering on small scales. To illustrate t
properties of our model, consider a minimally coupled sca
field rolling down the potential

V~f!5V0~coshlf21!p. ~2!

V(f) has asymptotic forms:

V~f!.Ṽ0e2plf for ulfu@1 ~f,0!, ~3!

V~f!.Ṽ0~lf!2p for ulfu!1 ~4!

where Ṽ05V0/2p. Scalar field models with the potentia
V(f)}e2plf have the attractive property that the ener
density inf tracks the the radiation and/or matter compon
as long as the value off is large and negative, so that@7#
©2000 The American Physical Society17-1
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rf

rB1rf
5

3~11wB!

p2l2
~5!

(wB50,1/3 respectively for dust, radiation!. During later
times the form ofV(f) changes to a power law~4! resulting
in rapid oscillations off about f50. The change in the
form of the scalar field potential is accompanied by an i
portant change in the equation of state of the scalar field
long asV(f) is described by Eq.~3!, the kinetic energy of
the scalar remains larger than its potential energy1

2 ḟ2

.V(f) and the scalar field equation of state mimicks ba
ground matterwf.wB . However during the oscillatory

phase^ 1
2 ḟ2& can become smaller than̂V(f)&, the virial

theorem then gives the following expression for the me
equation of state@8#

^wf&5K 1
2 ḟ22V~f!

1
2 ḟ21V~f!

L 5
p21

p11
. ~6!

The corresponding value of the scalar field density and
pansion factor is given by

rf}a23(11^wf&) ~7!

a}tc, c5
2

3
~11^wf&!21. ~8!

From Eqs.~6!, ~7!, and~8! we find that the mean equation o
state, the scalar field density and the expansion rate of
universe depend sensitively upon the value of the param
p in the potential~2!. Three values ofp should be singled ou
for particular attention since they give rise to cosmologica
interesting solutions:

~1! p51: In this case the scalar field equation of sta
behaves like that of pressureless~cold! matter or dust̂ wf&
.0, a scalar field potential with this value ofp could there-
fore play the role of cold dark matter~CDM! in the universe.

~2! p51/2: This results in^wf&.21/3 and rf}a22.
This choice of the parameterp leads to a ‘‘coasting’’ form
for the scale factor at late times:a(t)}t. A flat universe
under the influence of the potentialV(f)5V0(coshlf
21)1/2 will therefore have exactly the same expansion pr
erties as an open universe without being plagued by
‘‘omega problem’’ ~See@9# for related scenarios.!

~3! Smaller valuesp,1/2 lead tô wf&,21/3. From Eq.
~7! we find that the scalar field density falls off slower th
either radiation (r r}a24) or cold matter (rm}a23). The
scalar field therefore dominates the mass density in the
verse at late times leading to accelerated expansion acc
ing to a}tc, c52/3(11^wf&).1. The epoch of scala
field dominance commences at the cosmological redshi
1z!5(Vf /Vm)21/3̂ wf&.

We therefore find that a scalar field with the potential~2!
might serve as a good candidate for quintessence. Figu
confirms this by showing the density parameterVf as a
function of the cosmological scale factor. We find that t
ratio Vf /VB remains approximately constant during the p
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longed epoch of radiation and/or matter domination as
f-field tracks the dominant radiation and/or matter comp
nent. (Vf /VB,0.2 is necessary in order to satisfy nucle
synthesis constraints.! At the end of the matter dominate
epochVf /VB begins to grow as the scalar field equation
state turns negative in response to rapid oscillations off. As
in earlier tracker quintessence models@6# present-day values
Vf.0.7, Vm.0.3, consistent with supernovae@1,2# and
other observations@3#, can be obtained for a large class
initial conditions. ~General potentials leading to oscillator
quintessence must satisfŷV2fV8&.0 where angular
brackets denote the time average over a single oscilla
@10#. We assume that the quintessence field couples v
weakly to other matter fields so that rapid oscillations off
do not result in particle production of the kind associat
with ‘‘preheating.’’! Our potential belongs to the general ca
egory of exponential potentials which are frequently enco
tered in field theory@11#, condensed matter physics@12# and
as solutions to the non-perturbative renormalization gro
equations@13#.

In Fig. 2 we compare the redshift dependence of the
minosity distance for a specific realisation of our quinte
sence model withdL obtained from supernovae observation

Our model also provides the attractive possibility of d
scribing both quintessence and cold dark matter within t
framework of the same class of potentials

V~f,c!5Vf~coshlff21!pf1Vc~coshlcc21!pc

~9!

wherepc51 in the case of CDM andpf<0.5 in the case of
quintessence. The tracking behavior of both the quintesse
component and the CDM field ensures that the system

FIG. 1. The evolution of the dimensionless density parame
for the quintessence fieldVf ~solid line! is shown for the potential
~2! with p50.2. Matter~dashed line! and radiation densities~dotted
line! are also shown. Forz@1 the quintessence field satisfies th
tracker solution~5! and contributes a fixed fraction to the tot
density of background matter or radiation. At later times scalar fi
oscillations commence and the density in the quintessence com
nent rapidly dominates the mass density of the universe leadin
Vf;0.7 today. In this figure the parameters of the quintesse

model used areṼ05831029mPl
2 Mpc22, l530mPl

21 .
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insensitive to initial conditions and one can arrive at t
same final value ofVf (Vc) from different initial values of
f, ḟ (c, ċ). This approach also ensures thatVL

[Vf , VCDM[Vc andV radiationcan have comparable value
at an early epoch and therefore allows for the possibility t
all three physical fields could have arisen~via equipartition!
from a common physical mechanism such as inflationary
heating. Figure 3 shows a working example.

The tracking behavior of the CDM component ends wh
~i! c&mPl /lc , and ~ii ! the effective mass of the CDM

FIG. 2. The luminosity distance vs redshift for the model sho
in Fig. 1 ~solid line!. The dashed line is the standard CDM mod
~shown for comparison! and the horizontal line corresponds to th
fiducial empty Milne universeVm→0. The filled circles show su-
pernovae data from high-Z Supernova Search Team@2# and the
opaque circles show data from Supernova Cosmology Project@1#.
The low-z supernovae are from the Calan-Tololo sample.

FIG. 3. The evolution of the dimensionless density parame
for the CDM fieldVc ~dashed line! and quintessence fieldVf ~thin
solid line!. Baryon~dash-dotted line! and radiation densities~thick
solid line! are also shown. The parameters forf have been given in

the caption of Fig. 1. The parameters forc are: pc51, Ṽc53
3105mPl

2 Mpc22, lc58mPl
21 .
10351
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‘‘particle’’ becomes of the same order as the Hubble para
eter, mc

25V95Vclc
2.H2(t* ). Clearly large values of

Vclc
2 ensure a longer matter dominated epoch. Similar ar

ments apply to the case of the quintessence fieldf. Indeed
the difference in value betweenVclc

2 and Vflf
2 for the

models discussed in this paper@mc;10226 eV, mf(t* )
;10232 eV# is due precisely to the large difference betwe
the epochs when the fieldsc andf begin to oscillate.

It is interesting that the CDM particle in this scenario c
be ultra-light. Since the mass of thec-field is related to the
epoch whenc begins to oscillate, its Compton waveleng
lc5m21 can easily be of order a kilo-parsec or smaller.~In
the cosmological model illustrated in Fig. 3 the CDM fieldc
begins to oscillate atz'105 so that m21.228 parsec.)
Cold dark matter made up of a condensate of ultra-light p
ticles would be frustrated in its attempts to cluster on sca
smaller thanlc because of the uncertainty principle, the r
sulting frustrated cold dark matter~FCDM! model might
provide a natural explanation for two major difficulties fac
by the standard CDM scenario.~i! The dearth of halo dwarf
galaxies: the number of dwarf’s in the local group is an ord
of magnitude smaller than predicted byN-body simulations
of standard CDM~SCDM! @15#. ~ii ! The discrepency be
tween observed shapes of galaxy rotation curves and s
lated dark matter halos. Recent observations of low surf
brightness~LSB! galaxies and dwarfs show them to posse
rotation curves which indicate a constant mass density in
central core region. These observations are difficult to ac
modate within the SCDM model since high resolutio
N-body simulations of SCDM halos indicate a cuspy cent
density profile having the formr}r 21.5 in the core region
@16–20#.

It is both interesting and revealing that a physical mec
nism suppressing small scale clustering arises in the FC
model at the purely classical level. To demonstrate this
note that oncec begins oscillatingV(c) acquires the form

V(c).V0@ 1
2 l2c21 1

24 l4c4#. Using the relationship@21#

^ċ2&5V0@l2^c2&1(l4/6)^c4&# and assuming that the gra
dient energy is subdominant we obtain the following expr
sions for the mean pressurepc and the mean densityrc :
pc5(V0/24)l4^c4&, rc.V0l2^c2&. The motion of c is
driven mainly by the quadratic terml2c2 ~which also pro-
vides the dominant contribution to the energy density!. As a
result ċ5AV0l2(c0

22c2), which can be used to establis
^c4&5 3

2 ^c2&2. Substituting the resulting expression for th
speed of soundvs

25dpc /drc5rc/8V0 into the Jeans length
lJ.Avs

2/Grc, we get

lJ.ApmPl
2

V0
[AplS mPl

m D . ~10!

We therefore find that the Jeans length islarger than the
Compton wavelength (lJ.m21) if l.mPl

21 @22#. For the
FCDM model illustrated in Fig. 3, one findslJ.2 kpc. A
lighter particle will possess a larger Jeans length whilelJ is
smaller for ac-field which began oscillating much befor
teq , a very massive field will resemble standard CDM. B

l

r

7-3



ch
e

th
di

he

i-
fo

or
he

d

n-

-

n
d by

l in

the
and
d
ur
ale
se-
o-
xei
W.

VARUN SAHNI AND LIMIN WANG PHYSICAL REVIEW D 62 103517
inhibiting gravitational clustering on scales smaller thanlJ
;kpc, FCDM is expected to give rise to galaxy halos whi
are less centrally concentrated leading to better agreem
between theory and observations.

Finally we note that quintessence and CDM models of
kind discussed above can be derived from a variety of
ferent potentials. We give two examples. The potential

V~f!5V0@explf221#p ~11!

shows tracker1quintessence properties forp<0.5 and
tracker1CDM properties forp51 ~see also@14#!. In the
latter case the value of the Jeans length islJ

.A3pmPl
2 /V0. Such potentials are encountered in t

framework of supersymmetric particle physics models@23#.
Another example is provided by the following simple mod
fication to the symmetry breaking potential responsible
the axion:

V~f!5lS ufu22
f 2

2 D 2

1m2f 2~12cosu!p. ~12!

The second term in Eq.~12! when expanded aboutu
[arĝ f&50 acquires the formm2f 2(u2/2)p. Accordingly
rapid oscillations of theu field aboutu50 now give rise to
an equation of state described by Eq.~6!, resulting in^wu&
<21/3 for p<1/2. ~In the standard scenariop51 and f
→ f PQ is the Peccei-Quinn symmetry breaking scale.! As a
result an axion-like scalar withp<1/2 will be a candidate for
quintessence since its energy density will diminish m
slowly than that of either matter or radiation, leading to t
rd

ev

v
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dominance of theu-field at late times and the accelerate
expansion of the universe.

It should be noted that motion under the action of pote
tials ~2! and ~12! is well defined even though forp,1/2,
V8(f) is weakly singular atf50. One can makeV(f)
mathematically more appealing by the field redefinitionf
→(f21fc

2)1/2, fc→0, this will not affect our results in any
significant way.

It is also worth mentioning thatV9,0 during the oscilla-
tory stage ifp,1/2. This is likely to affect very long wave
length fluctuations inf for the potential~2! since the scalar
field begins oscillating fairly recently in this case.

We would also like to point out an important distinctio
which exists between the quintessence models suggeste
us and those of@6#. In our models the quintessence fieldf or
u oscillates about asmall value at late times~formally f,u
→0 as t→`). Additionally the potentialV(f) is not con-
straind to be flat since the field does not have to slow-rol
order to give rise to a negative equation of state.
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