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Landau-Pomeranchuk-Migdal effect in thermal field theory
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In recent studies, the production rate of photons or lepton pairs by a quark gluon plasma has been found to
be enhanced due to collinear singularities. This enhancement pattern is very dependent on rather strict col-
linearity conditions between the photon and the quark momenta. It was estimated by neglecting the collisional
width of quasiparticles. In this paper, we study the modifications of this collinear enhancement when we take
into account the possibility for the quarks to have a finite mean free path. Assuming a mean free path of order
@g2Tln(1/g)#21, we find that only low invariant mass photons are affected. The region where collision effects
are important can be interpreted as the region where the Landau-Pomeranchuk-Migdal effect plays a role in
thermal photon production by bremsstrahlung. It is found that this effect modifies the spectrum of very
energetic photons as well. Based on these results and on a previous work on infrared singularities, we end this
paper with a reasonable physical picture for photon production by a quark gluon plasma that should be useful
to set directions for future technical developments.

PACS number~s!: 11.10.Wx
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I. INTRODUCTION

The photon production rate is thought to be a quantity
phenomenological interest in heavy ion collisions, possi
enabling one to detect the formation of a quark-glu
plasma. Part of the interest in this electromagnetic obs
able comes from the fact that photons are relatively wea
coupled to nuclear matter (a

EM
!a

S
). Given the typical size

of the system in such collisions~much smaller than the mea
free path of a photon!, they do not reinteract between the
production and their observation. As a consequence, pho
~real photons, or virtual photons decaying eventually int
lepton pair! can provide information on the state of the sy
tem at the time they were produced.

In order to calculate the photon yield from a hot qua
gluon plasma, thermal field theory is the tool of choice sin
its Feynman rules automatically take into account the p
ence of a thermal bath with the appropriate distributions
partons. Thermal gauge theories are however plagued b
frared singularities arising from the Bose-Einstein distrib
tion functions which are singular at zero energy. An im
provement over the bare Feynman rules is achieved by
resummation of one-loop thermal contributions known
hard thermal loops~HTL’s! @1–5#. These thermal correction
make it possible to include in the propagators effects suc
Debye screening or Landau damping, and transform par
into massive quasiparticles. From a quantitative perspec
they provide important changes to the dynamics of s
modes~of momentum of ordergT or less!. This resumma-
tion lacks however two features: it does not provide a
Debye screening for static magnetic fields@such a screening
is expected to arise nonperturbatively in QCD at the len
0556-2821/2000/62~9!/096012~15!/$15.00 62 0960
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scale (g2T)21#, and its quasiparticles do not undergo col
sions @their collisional1 width is also a subleading effect o
orderg2Tln(1/g)#.

In the framework of thermal field theory, the photon
dilepton rate is obtained via the calculation of the imagina
part of the retarded photon polarization tensor@6,7#. This
object has been evaluated at one-loop in the HTL-impro
perturbative expansion, both for virtual@8,9# and real pho-
tons @10–14#. More recently, new processes such as brem
strahlung were studied in detail in this framework and ha
been found to be dominant sources of low invariant m
photons@15–17#. Despite the fact that this process arriv
only in two-loop contributions to the photon polarization te
sor, it is always important because of a strong collinear
hancement. Indeed, it was found in Ref.@16# that for a very
small photon invariant mass, the corresponding diagram c
tains collinear singularities that, when regularized by a th
mal quark mass of ordergT, give an enhancement by a fac
tor of order 1/g2 over naive estimates coming from pow
counting.

After finding that certain two-loop terms are contributin

1In a plasma, it is very important to distinguish two contributio
to the total width: the decay width made of the zero temperat
contribution to the imaginary part of the quark self-energy, and
collisional width which exists only in a medium. The latter is al
called ‘‘anomalous damping rate’’~or just ‘‘damping rate’’ for
short! and is of orderg2Tln(1/g), while in QED/QCD the former
starts at the orderg4. The widthG that we introduce in this paper i
the collisional width, and its inverse is the mean free path of
quark in the plasma.
©2000 The American Physical Society12-1
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at leading order, one may wonder whether this result is s
cific to this two-loop contribution only or if, on the contrary
this is an indication of the breakdown of perturbative exp
sion ~even improved with HTLs!. In a recent paper@18#, we
studied what is the effect of loop corrections to this two-lo
diagram. Power counting indeed indicates a problem v
similar to the problem raised by Linde@19# for the calcula-
tion of the free energy, due to the lack of Debye screen
for static magnetic modes. This problem is avoided for
production of massive enough photons, because some
cellations~occuring within any given topology, when one
summing over all the cuts contributing to the imaginary pa!
generate a kinematical cutoff large enough to prevent
sensitivity to the nonperturbative scaleg2T. Unfortunately,
this cutoff is smaller thang2T whenever the invariant mas
of the produced photon is too small~typically Q2,g2Tq0
for q0,T). In this low invariant mass region, the photon ra
is therefore nonperturbative: exchanged transverse glu
reach the scaleg2T of the nonperturbative ‘‘magnetic
mass,’’ and an infinite set of diagrams must be resumme

In this paper, we present a completely different appro
to higher order corrections, that completes the picture o
lined in Ref.@18#. The idea behind the present study is tha
width on the quark propagator will act as a regulator in
collinear sector, because it moves the poles of the propag
away from the real energy axis. Such a collisional width
necessarily a higher-loop effect, because the hard the
loop framework does not take into account the collisions
quasiparticles. Having in mind the fact that two-loop cont
butions are important because of collinear enhancemen
important question to answer is how much of this enhan
ment is lost when an additional regulator such as width
taken into account. This is the question we want to addres
this paper, by calculating the same two-loop diagrams a
Ref. @15,16#, in the presence of a quark width. To be mo
definite, and keep the model as well as the calculati
simple, we use a momentum-independent width.

A word of caution is necessary here: the formulas fou
using this simple model should not be taken as an accu
quantitative account of what the effect of such a width w
be on thermal photon production rates. Indeed, the cons
width model is probably too naive to be realistic, and mo
importantly our calculation disregards the fact that a mod
cation of the vertices should in principle accompany
modification of the quark propagators. Nevertheless,
simple approach is sufficient here for our purpose which
just to determine the region in which effects of a width
orderg2Tln(1/g) are to be expected, since that gives anot
handle on how and when higher order corrections may af
photon production by a quark-gluon plasma.

We find that the region where a width of orderg2Tln(1/g)
is important is very similar to the one found in Ref.@18# for
the contribution of higher-loop topologies due to an IR se
sitivity to the scale of the magnetic mass. Despite their si
larity, these two non perturbative regions have differe
physical interpretations. In particular, we find that the sen
tivity to the collisional width of the quarks is a manifestatio
of the Landau-Pomeranchuk-Migdal effect. Indeed, it occ
when the formation time of the photon is larger than t
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mean free path of the quark producing the photon. An int
esting consequence of our study is that the Land
Pomeranchuk-Migdal~LPM! effect also modifies the spec
trum of highly energetic photons.

The structure of the paper is as follows. Section II mak
more precise our modeling of the mean free path for
quarks. In Sec. III, we start by computing the one-loop co
tribution in presence of a width. Although not related to co
linear singularities in any way, the purpose of this warm
exercise is twofold: it illustrates the technology~how one
does calculations with a width!, and it shows in a simple way
how collisions can open up the phase space. We also s
that this one-loop contribution is canceled by the resumm
tion of vertex corrections, and is therefore not physical.

In Sec. IV, we present the two-loop calculation with
quark width, and obtain a rather simple generalization of
formulas of Ref.@16#. These formulas are discussed exte
sively in Sec. V, in which we also determine the regi
where a width of orderg2Tln(1/g) plays an important role.

Section VI is devoted to establishing the connection
tween the previous results and the LPM effect. In Sec. V
we study the process obtained from bremsstrahlung by cr
ing symmetry, which turns out to be important in the regi
of large photon energy. We show that this process is a
affected by the LPM effect. The last section contains co
cluding remarks. In particular, we combine the present w
on the LPM effect with previous results on infrared sing
larities @18# in order to make a synthesis and present a r
sonable physical picture of thermal photon production.

II. MODEL

Let us first make our framework more definite. The on
modification compared to the context extensively describ
in Ref. @16# is that the quark propagators are given a wid
as outlined by the following substitution in the retarded a
advanced propagators:

D
R,A

~P![
1

P22M`
2 6 ip0e

→D
R,A

~P!

[
1

~p06 iG!22p22M`
2 , ~1!

where M`;gT is the usual asymptotic thermal mass f
hard quarks@20,16#, and whereG is a constant width. The
expression in Eq.~1! is sufficient for the physics we con
sider, which is dominated by hard quark momenta close
the mass shell. Whenever we need to estimate the orde
magnitude of a term containingG in the following, we as-
sume that it is of orderg2Tln(1/g) ~with g!1). Note that we
could as well have written

D
R,A

~P!5
1

P22M`
2 62ip0G

~2!

since the two differ by the small correctionG2!M`
2 to the

real part of the denominator. The retarded~advanced! propa-
2-2
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gator has two complex poles in thep0 plane, located atp0

56vp2 iG (p056vp1 iG), with vp[A(p21M`
2 ).

III. ONE-LOOP STUDY

A. Calculation

Let us now consider the simplest calculation conceiva
in this framework, namely, the computation of the one-lo
contribution to the photon polarization tensor. Our purpos
simply to illustrate possible changes brought in when tak
into account a width for the quarks running in the loop. W
do not attempt a complete calculation including HTL ver
ces, as pictured on Fig. 1. The contribution of this diagram
the imaginary part of the retarded polarization tensor
trivial to obtain

Im Pm
m~Q!'

1

2
e2E d4P

~2p!4@n
F
~r 0!2n

F
~p0!#

3Tr@D
R
~P!2D

A
~P!#@D

R
~R!2D

A
~R!#,

~3!

where Tr denotes the Dirac’s trace associated to the q
loop

Tr528P•R. ~4!

The case withG50 is made simple by the fact that th
differencesD

R
2D

A
are d functions, thereby enabling som

of the integrals to be performed trivially. Let us remind th
for the caseQ2,4M`

2 which we assume throughout th
paper, ImP m

m(Q)50 if G50 due to incompatibilities be
tween thed functions. To evaluate Eq.~3! when GÞ0, we
perform the integral overp0 by closing the real axis in the
complex energy plane and using the theorem of residue

Note first that one can disregard the poles of the statist
weightsn

F
(p0)2n

F
(r 0). Indeed, these poles are the imag

nary fermionic Matsubara frequencies and are to be plug
into differences such asD

R
(P)2D

A
(P). The fact thatG

FIG. 1. One-loop diagram. The boldface quark line denotes
resummation of a width on the fermion propagator.
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G!T makes these differences very small.2 In other words,
the only important terms are those for which denominat
such asP22M`

2 are small, and comparable top0G. This
cannot happen ifp0 is an imaginary number of orderT.

We are therefore left with the poles of the propagat
themselves. At this point, we obtain the following result:

Im Pm
m~Q!'

1

2
e2E d3p

~2p!3 (
h561

@n
F
~q01hvp!

2n
F
~hvp!#Tr~p05hvp!

3
h

2vp
F 1

~q01hvp12iG!22v r
2

2
1

~q01hvp22iG!22v r
2G . ~5!

We can also note for later use that the result of this appro
mation could have been obtained by starting from an exp
sion slightly different from Eq.~3!:

Im Pm
m~Q!'

1

2
e2E d4P

~2p!4@n
F
~r 0!2n

F
~p0!#

3Tr32pe~p0!d~P22M`
2 !

3@D
R

2G~R!2D
A

2G~R!#, ~6!

where we denote

D
R,A

2G ~R![
1

~r 062iG!22r22M`
2 . ~7!

In other words, ifG!T, then we can as well put twice th
width on one of the two quark lines, and nothing in the oth
quark line.3

After Eq. ~5!, the angular integration overdVp is trivial.
In the case whereh511 ~processq→qg), we find

Im Pm
m~Q!'

e2G

2p2q0
E

0

1`

dp~q01p!@n
F
~q01p!2n

F
~p!#

3 lnS ~vp1p!2q21G2~q01p!2

~vp2p!2q21G2~q01p!2D . ~8!

2Strictly speaking, these contributions are needed to ensure
the final result is a real number. Indeed, when one picks poles s
as p05vp1 iG from the propagators and plugs them in the dist
bution functions, the latter become complex numbers. Their~small!
imaginary part is canceled by the~small! contribution coming from
the poles ofn

F
(r 0)2n

F
(p0). For this approximation to be consis

tent, one must also neglectiG in the hard argument of statistica
weights.

3This is where it is important to have a constant width. Inde
some intermediate step relies on the cancellationG(P)2G(R)50.

e

2-3
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In particular, assuming for the sake of simplicity thatq
'q0, it is trivial to obtain the following asymptotic behav
iors for soft and hard photons:

If q0!T, Im Pm
m~Q!;e2GT ln~114q0

2/G2!, ~9!

If q0@T, Im Pm
m~Q!;e2GTln~T2/G2!. ~10!

The main point is that these contributions are proportiona
the width and vanish whenG50, in agreement with a direc
calculation. As a side remark, one may note that forG
;g2Tln(1/g) and soft photons (q0;gT), Eq.~9! is larger by
a factor 1/g than the one-loop HTL result, while in the re
gime of Eq.~10! it is of the same order. It is the collisio
partners of the quarks that open up the phase space~hard
quarks colliding in the medium can emit a photon, a proc
forbidden for collisionless quarks! and make these contribu
tions so large.

Another property of this result is that there is a suppr
sion if q0!T, such that ImP m

m(Q) tends to 0 whenq0
→0. Equations similar to Eqs.~9! and ~10! can be obtained
when considering the contributionh521 to Eq.~6!.

B. Cancellation with vertex corrections

This suppression was interpreted in Ref.@21# as the mani-
festation of the LPM effect. However, despite the suppr
sion at smallq0, the connection with the LPM effect is no
clear in this context. Indeed, the LPM effect is expec
when the photon formation time is larger than the qu
mean free path, a condition which never appears in Ref.@21#,
nor in the above one-loop calculation. In fact, followin
Refs.@22,23#, we know that the propagator of a quark clo
to its mass shell on which a width is resummed can be ev
ated by an eikonal resummation of the multiple collision
By the same method, one can include in this resummation
the vertex corrections. Indeed, one can check that the ph
polarization tensor at this level of approximation is prop
tional to ~in space-time coordinates!

P m n~x,y!5e2E @dAm#eiS[A]Tr @gmS~x,yuA!gnS~y,xuA!#,

~11!

where S@A# is the action of the gauge fields,4 and where
S(x,yuA) is the propagator of a quark in the background fie
A. This formula includes only one quark loop~in addition to
09601
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the quark loops that may have been resummed in the g
propagators and vertices inS@A#), and all orders in the gluon
fields. In the eikonal approximation, the quark propaga
has a very simple dependence on the fieldAm ~which is a
matrix TaAm

a in QCD!:

S~x,yuA!5S0~x,y!Pexp2 igE
x0

y0

vmAmdt, ~12!

wherevm is the four-velocity of the quark, andS0(x,y) is the
free propagator of the quark. Now, if one is looking at ph
tons of very small invariant mass, the two quarks are nea
parallel in the collinear limit~even if the photon is hard!, so
that the two quarks have mostly the samev. As a conse-
quence, the two path ordered exponentials cancel each o
and the product of the propagators under the functional in
gral is

gmS~x,yuA!gnS~y,xuA!'gmS0~x,y!gnS0~y,x!. ~13!

Therefore, at the level of approximation at which the r
summed quark propagator is calculated, the sum ofall the
gluon loop corrections is vanishing:

~14!

This result generalizes a result already known for QED
tablished by Refs.@24–27# for the subset of ladder verte
corrections, and extended to all abelian topologies in R
@28#, to the case where gluons are exchanged~i.e., to non-
Abelian topologies!. Indeed, we see that what makes gluo
specific, namely the fact that they can couple to each othe
hidden in the actionS@A#, which plays a passive role in th
argument.

This result is also closely related to the fact that there
no ggg•••g HTL vertices~see Ref.@29# for an interpreta-
tion of the cancellation found in Refs.@24,25,28# as a con-
sequence of the absence of HTL vertices withn.2 pho-
tons!, because the sum of all the eikonal contributions c
also be written as~whenQ is soft!
~15!

4This action does not play any role in the argument, and therefore can even include the HTL effective action for gluons.
2-4
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where the sum is extended to all the possible ways to c
the external gluonic legs of theggg•••g vertices. It is then
obvious to see that the sum reduces to its first term if th
vertices are vanishing.

One is therefore left with the bare one-loop diagra
which does not contributes to the imaginary part of the p
ton polarization tensor. In other words, the results derived
Eqs. ~9! and ~10! as a warmup and that were claimed to
related to the LPM effect in Ref.@21#, are just artifacts with
no physical meaning. In Sec. VI of the present paper,
show where the LPM effect appears in thermal field theo

Despite the fact that this contribution is not physical, o
learns two things from this calculation.~1! One has to keep
terms beyond the eikonal approximation in order to circu
vent this cancellation and~2! the width may open the phas
space to new processes.

IV. TWO-LOOP CALCULATION

The lesson from the previous section is that physical c
tributions must be looked for beyond the eikonal approxim
tion. This implies inserting explicitly a gluon exchange wi
momentumL in the diagram, and not assuming thatL2

!2P•L.
There are in principle two two-loop topologies contribu

ing to the photon polarization tensor. However, it was fou

in Ref. @16# that only the topology correcting theqq̄g vertex
~see Fig. 2! is relevant in the region where the colline
enhancement takes place. Since our purpose it to study
this collinear enhancement is affected by the widthG, we
limit the present study to the terms that were found import
in Ref. @16#.

There is one difference with the caseG50 that we must
take into account: with a zero width, processes correspo
ing to cuts~a! and ~d! are kinematically forbidden for sma
Q2. As in the previous section, turning on the width ope
those production channels, and we cannot disregard thea
priori . This is not a problem though from a purely technic
point of view, because it turns out that the sum of all the c

FIG. 2. Two-loop vertex diagram. The dotted lines are the va
ous cuts contributing to the imaginary part of the photon polari
tion tensor. The boldface quark line denotes the resummation
width on the fermion propagator. The dot on the gluon indicates
resummation of HTLs on its propagator.
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has a simpler expression than each individual piece.5

If we select only terms that have the large Bose-Einst
factorn

B
( l o), the contribution of Fig. 2 to the imaginary pa

of the photon polarization tensor takes the following simp
form @16#:

Im Pm
m~Q!'

1

2
e2g2E d4P

~2p!4@n
F
~r 0!2n

F
~p0!#

3E d4L

~2p!4n
B
~ l 0!r

T,L
~L !P

T,L

rs ~L !Trrs

3@D
R
~P!D

R
~P1L !2D

A
~P!D

A
~P1L !#

3@D
R
~R!D

R
~R1L !2D

A
~R!D

A
~R1L !#,

~16!

where r
T,L

(L) are the spectral functions of transverse a

longitudinal gluons,P
T,L

rs (L) are the corresponding projec

tors, and where Trrs is the result of the Dirac’s trace for th
quark loop. The result of the previous section requires t
we keep in this Dirac’s trace only terms that do not appea
the eikonal approximation~i.e., which includes soft correc
tions to the hard loop momentum!. In the collinear limit, the
first nonvanishing term~beyond eikonal approximation! is

Trrs'28L2~RrRs1PrPs!, ~17!

which turns out to be the same as the term found in Ref.@16#.
Its contractions with the projectors are given by

P
T

rs~L !Trrs'28L2~r 21p2!~12cos2u8!,

P
L

rs~L !Trrs'18L2~r 21p2!~12cos2u8!, ~18!

whereu8 is the angle between the three-vectorsp and l. At
this point, we have used the fact that we are looking at c
linearly enhanced terms, and consider thatp andr are paral-
lel ~the only place where we do not do this approximation
in the denominators which are very sensitive to the details
the collinear sector!.

In order now to perform the integral overp0, we follow
the method of the previous section, and use the same
proximations concerning the statistical weights. In additio
we compute only the contribution of cuts (c)1(d), and mul-
tiply the result by an overall factor 2 in order to take in
account the contribution of the cuts (a)1(b). Following the
remark of the previous section, we can start directly from
expression

5In the Appendix, we show how one can obtain the differen
between the cuts~c! and (d). Having already their sum, we ca
therefore reconstruct the two contributions separately.

-
-
a
e
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Im Pm
m~Q!'

1

2
e2g2E d4P

~2p!4@n
F
~r 0!2n

F
~p0!#

3E d4L

~2p!4 n
B
~ l 0!r

T,L
~L !P

T,L

rs ~L !Trrs

32pe~p0!d~P22M`
2 !

1

~P1L !22M`
2

3Disc@D
R

2G~R!D
R

2G~R1L !#, ~19!

where we use the notation Discf (G)[ f (G)2 f (2G). We
first do the p0 integration for free thanks to thed(P2

2M`
2 ). In this section, we consider only the case ofp05

1vp ~bremsstrahlung of a quark! in order to keep the calcu
lation compact. The contribution ofp0,0 is identical ifq0
!T, but is different if q0 is large. In the latter case, th
corresponding process is aq* q̄ annihilation (q* denotes a
quark placed off-shell by a scattering! instead of bremsstrah
lung ~see Fig. 3!, and is considered in more detail in Se
VII.

Then, it happens that the angular integral over the dir
tion V l of the three-vectorl can be done analytically in a
rather simple way. We have to perform an integration su
as6

I
L
[E dV l

4p

1

2L•P1L2

1

2L•R1L212P•Q1Q214ir 0G
,

~20!

which can be rewritten as

6Strictly speaking, we have also a factor of 12cos2u8 in the nu-
merator that depends onV l . This factor can be taken into accou
analytically in the angular integral, the price to pay being mo
cumbersome expressions. One can however make the follow
simplification: if the width is small and if we use the colline
approximation for the numerators, then this angle is approxima
given by cosu8'l0 /l, and does not play any role in the angul
integrals.

FIG. 3. Different processes contained in the two-loop diagr
of Fig. 2. Left: p051vp.0. The corresponding process is th
bremsstrahlung of a quark. Middle:p052vp,0 and vp.q0 so
that r 05p01q0 ~and alsor 01 l 0) is negative as well. This region
contains the bremsstrahlung of an antiquark. Right:p052vp,0
and vp,q0 so thatr 05p01q0 ~and alsor 01 l 0) is positive. The
corresponding process is the annihilation of an antiquark with
off-shell quark.
09601
c-

h

I
L
5E dV l

4p

1

2L̂•A

1

2L̂•B
, ~21!

where L̂[(1,l̂) provided we introduce the fictitious ‘‘four-
vectors’’

A[S p0l 01
L2

2
,lpD ,

B[S r 0l 01
L2

2
1P•Q1

Q2

2
12ir 0G,l rD . ~22!

The advantage of rewritingI
L

like this lies in the fact that the
last integral is known in closed form7

I
L
5

1

8AD
@ ln~A•B1AD!2 ln~A•B2AD!#, ~23!

where D[(A•B)22A2B2. We need now to evaluate th
three quantitiesA2, B2 andA•B, for which we will also use
approximations based on the fact thatL is soft while the
other momenta are hard. We obtain first a rather simple,
by now very familiar@16#, expression forD:

D'p4q0
2l 2F S 12cosu1

Meff
2

2p2 1
L2

2p2D 2

2
L2

p2

Meff
2

p2 G ,
~24!

whereu is the angle between the three-vectorsp andq, and
with

Meff
2 [M`

2 1
Q2

q0
2 p~p1q0!14i

G

q0
p~p1q0!. ~25!

Therefore, apart from the fact that the effective massMeff
2

now gets an imaginary part coming from the width~and has
been extended to hold for hardq0 as well!, this quantity is
nothing but the denominator appearing in Eq.~39! of Ref.
@16#.

Since A•B'prL2@AD and since the bremsstrahlun
lives in the region whereL2,0, the difference of the two
logarithms in Eq.~23! is just the discontinuity of the loga
rithm across its branch cut, which gives

ln~A•B1AD!2 ln~A•B2AD!'2ipe~G!. ~26!

Therefore, in presence of a widthG, the contribution of
bremsstrahlung to the photon polarization tensor is

ng

ly
7I

L
is an analytic function of its arguments. The two possib

choices for the square root of the complex numberD lead to the
same result.

n
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Im m
m~Q!'

e2g2

32p4

T

q0
2E

0

1`

dp
p21~p1q0!2

p2 @n
F
~p1q0!2n

F
~p!#E dl0

l 0
E l 3dl@r

T
~ l 0 ,l !2r

L
~ l 0 ,l !#

3F12S l 0

l D 2GDiscE
0

2 e~G!du

@u1Meff
2 /2p2#@~u1Meff

2 /2p21L2/2p2!22~L2/p2!~Meff
2 /p2!#1/2, ~27!
ly
n

f 2
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or

e
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e

-
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whereu[12cosu. At this stage, this expression is formal
similar to the one found forG50 and reproduces know
results in this limit. Indeed, whenG50, thenMeff

2 is a real
number, and taking the discontinuity just gives a factor o
@do not forget thee(G) in the numerator#. It is then possible
to use the very same sequence of changes of variables
Ref. @16# to transform the integral overu, and write
ImP m

m(Q) as8

Im P m
m~Q!'

2e2g2

p4

T

q0
2 E

0

1`

dp
p21~p1q0!2

2

3@n
F
~p1q0!2n

F
~p!#

3 (
m5T,L

E
0

1dx

x E
0

1`

dw
u Ĩ muK~w,Ĝ !

~w1R̃m!21~ Ĩ m!2
,

~29!

where we denote

w[
2L2

ReMeff
2 , x[

l 0

l
, Ĝ[

Im Meff
2

ReMeff
2

Ĩ
T,L

[
Im P

T,L

HTL

ReMeff
2 , R̃

T,L
[

ReP
T,L

HTL

ReMeff
2 , ~30!

and where the functionK comes from the integral overu and
is defined as9

8We used the fact that the spectral functionsr
T,L

have a simple
expression in the spacelike region:

r
T,L

~L!5
22 Im P

T,L

HTL
~L !

@L22ReP
T,L

HTL
~L !#21~ Im P

T,L

HTL
!2 . ~28!

9One can go from the variableu to y by the following transfor-
mations:

2p2u[Meff
2 @w~12z!1z2121# and y[4~z2z2!. ~31!
09601
in

K~w,Ĝ ![
1

2
E

0

1 dy

A12y

y14/w

~y14/w!21~4Ĝ/w!2

5
1

4~a21b2!
H a lnS ~11a!21b2

~12a!21b2D
22bFarctanS a11

b
D 2arctanS a21

b
D G J

~32!

with a1 ib a square root10 of the complex number (4
1w)/w14iĜ/w. This functionK(w,Ĝ) is the generalization
to the case of a non vanishing width of the fact
Aw/(w14)tanh21Aw/(w14) appearing in Eq.~89! of Ref.
@16#. In the limit of vanishing width (Ĝ→0), we recover the
results of Ref.@16#. Equation~29! cannot be further simpli-
fied analytically~except in some limiting cases!, and must be
evaluated numerically.

V. DISCUSSION

A. Modification of the emission spectrum

By inspecting our final expression given in Eq.~29!, the
first thing we notice is the very strong similarity with th
same result in the absence of the width. Only the funct
K(w,Ĝ) contains the width, in the form of the dimensionle
ratio Ĝ. When this ratio is small, the width has a negligeab
effect while on the contrary ifĜ@1 then the width plays a
dominant role.

A first simple conclusion is obtained by noticing that th
width arrives in Meff

2 via the combinationGp(p1q0)/q0

which becomes large at smallq0. Therefore, the effect of the
width is more important at smallq0. This property is illus-
trated by the plot of Fig. 4, which shows ImP m

m @obtained
numerically from Eq.~29!# as a function of the photon en
ergy q0 ~the invariant massQ2 is kept zero in this plot!, for
different values of the widthG. On this plot, one can see tha

10Explicitly, we have

a,b5A1

2
$A@~41w!/w#21~4Ĝ/w!26@~41w!/w#%. ~33!
2-7
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the q0
21 behavior of bremsstrahlung at smallq0 is modified

in presence of a width. Instead of that, one reache
plateau11 when q0→0. By comparing the second and thir
curves, we see that the value ofq0 at which we reach this
plateau varies by a factor 102 when G varies by the same
factor. This is a consequence of the fact that the width en
in the result via the ratioG/q0 for small q0. Moreover, the
value of the plateau is proportional to 1/G ~this can be de-
duced from the plot sinceG increases by a factor 102 be-
tween two consecutive curves!. This leads to the conjectur
that the rate has a very simpleG dependence in the regio
where the width is dominant. Additionally, whenG in-
creases, the extension of this plateau increases as we
particular, for a large enough width, even the region of h
photons is modified.

B. Region where the width is important

If one wants to go beyond this qualitative statement, a
get a better idea of the region@in the (q,q0) plane# where the
width is important, one must study the ratioĜ. Indeed, the
curve defined by the equationĜ51 is precisely the curve on
which the effect of the width is comparable to the effect
M`

2 andQ2 ~see Fig. 5!. Above this curve~region II of Fig.
5!, the width is an irrelevant parameter, and below this cu

11A similar behavior has already been observed in a very differ
calculation by Weldon in Ref.@30# ~see Fig. 1 of@30#!. However,
the resummations considered in this paper deal with the possib
to emit more than one photon, and affect the spectrum only be
the scaleq0;a

EM
T, much smaller than the scale at whichG

;g2Tln(1/g) starts playing a role. The effect we are consideri
here appears at much larger photon energies~even including hard
photons ifG is large enough!, since it is related to resummations o
gluons and thus involves the strong coupling constanta

S
@a

EM
.

FIG. 4. Effect of the width on the bremsstrahlung as a funct
of q0 /T ~for Q250). The various curves correspond to differe
values of the widthG. From top to bottom, the ratioGT/M`

2 ~which

corresponds toĜ/4 when q0@T) takes the values 1026, 1024,
1022, and 1.
09601
a

rs
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~region I—low invariant mass photons! we have the region
where the width is the dominant collinear regulator.

At first sight, the region where the width is importa
looks very similar to the region where higher loop corre
tions are IR sensitive to the scaleg2T and must be re-
summed, as found in Ref.@18#. We recall that in that work
we considered the infrared structure of higher loop diagra
contributing to thermal photon production. It was shown th
compensations between different cuts cancel all unscree
infrared divergences, and that the remaining terms are se
tive to gluon momenta down to aQ-dependent cutoff. In
addition, we compared this cutoff with the scalem;g2T of
the magnetic mass, and concluded that higher loop diagr
would be sensitive to the magnetic mass for a small eno
photon invariant mass~see Fig. 5 of Ref.@18#!.

This similarity comes from the fact that line in the (q,q0)
plane whereG starts to be important is given by the equati

2G;
q0

2

ReMeff
2

p~p1q0!
. ~34!

while the line on which the magnetic massm becomes im-
portant has the following equation:

m;
q0

2

ReMeff
2

p~p1q0!
. ~35!

In other words, the two lines are defined by comparing
common momentum scale alternatively with the width of t
quarks and with the magnetic mass. The physical interpr
tion of the momentum scale appearing in the right hand s
of Eqs.~34! and ~35! will be given in the next section. The
two boundaries are therefore very similar in QCD beca
G;g2Tln(1/g) and m;g2T are not very different. But on
the other hand,G andm have very different meanings,12 and
we may expect rather different interpretations for the t

t

ty
w

12In particular, the fact thatG andm are very close is specific to
QCD. In QED, one would havem50 andG;e2T ln(1/e).

n

FIG. 5. Boundary obtained from the conditionĜ51. In region I,
the width is the dominant regulator of collinear singularities.
addition, the shape of the emitted spectrum is modified by
width. In region II, the width is only a subdominant correction.
2-8
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conditions Eqs.~34! and ~35!. In the next section, we show
that Eq.~34! is closely related to the LPM effect.

There is also a more technical argument suggesting
difference of Eqs.~34! and ~35!, which becomes clear by
examining how the widthG would appear in perturbation
theory. For that purpose, let us insert a self-energy correc
on the leg of momentumR in the two-loop diagram of Fig. 2
Since we are dealing with the width perturbatively here,
quark propagators contain only the asymptotic massM` . By
a crude power counting, we can estimate that this inser
brings the following extra factor:13

ir 0G

R22M`
2 ;

1

ReMeff
2

iGp~p1q0!

q0
. ~36!

We can already see that a self-energy insertion increase
strength of the potential collinear divergences by bringing
additional denominatorR22M`

2 . On the other hand, this in
sertion does not modify the infrared properties of this d
gram. By summing over the number of such insertions fr
0 to 1`, we get a factor

ReMeff
2

ReMeff
2

% iGp~p1q0!/q0
. ~37!

Therefore, the effect of such a resummation is to substi
ReMeff

2 by ReMeff
2

% iGp(p1q0)/q0 in the factorT2/Meff
2 of

collinear enhancement. This is precisely what has been
served in the more rigorous calculation of Sec. IV. In ad
tion, this simple argument demonstrates clearly that
mode of action of width insertions is to affect the colline
sector, leaving unmodified the infrared sector. On the c
trary, the possibility to have a sensitivity tom found in @18#
is related to infrared singularities due exclusively to tra
verse gluons.14

C. Limit of dominant width

In region I, where the width becomes the dominant re
lator, the ratioĜ is large, which enables us to make som
additional approximations. In particular, we can perfo
very simply the integrals overw and y in Eq. ~29!. Indeed,
we can first note thatĜ sets the order of magnitude of th
variablew. As a consequence, typical values ofw are large,
and we can neglect the correctionsR̃

T,L
and Ĩ

T,L
in the de-

nominator of Eq.~29!, as well as 1/w in front of y. Therefore,
this equation becomes

13A self-energy correction of the type considered here modi
the real part of the pole of the propagator by a mass shiftdM`

2 ,
negligible compared toM`

2 arising from HTL corrections.
14In particular, longitudinal as well as transverse gluons contrib

to G. There is no contradiction with Ref.@18# which found only the
transverse gluons to be important, since the statement of Ref.@18#
was about infrared singularities.
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Im P m
m~Q!'

2e2g2

p4

T

q0
2 E

0

1`

dp
p21~p1q0!2

2

3@n
F
~p1q0!2n

F
~p!#F (

m5T,L
E

0

1dx

x
u Ĩ muG

3F E
0

1`dw

w2

1

2
E

0

1 dy

A12y

y

y21~4Ĝ/w!2G
5

2e2g2

p4

T

q0
2 E

0

1`

dp
p21~p1q0!2

2

3@n
F
~p1q0!2n

F
~p!#

3pmg
2

2ReMeff
2

p

4Ĝ
, ~38!

wheremg;gT is the gluon thermal mass coming from th
prefactor ofĨ

T,L
. We see that this expression is of the form

Im P m
m~Q!'e2g4

T3

G
FS q0

T D , ~39!

whereF is a function independent ofG giving the shape of
the photon spectrum. Therefore, in the region where
width dominates, the spectrum scales asG21. One notes that
the combinationĜ ReMeff

2 is proportional toGp(p1q0)/q0,
and therefore the shape of the spectrum is independent oQ2

andM`
2 . Furthermore, forq0!T, it is independent ofq0 ~see

Fig. 4!.
It may be interesting to compare in two extreme casesq0

soft andq0@T) the result of Eq.~39! with those obtained
with a vanishing width. In the softq0 case, the result when
G50 was obtained in Ref.@16#:

Im P m
m~Q!;e2g4

T3

q0

1

g2 , ~40!

where we have explicitly isolated the factorT2/M`
2 ;1/g2

that comes from the collinear enhancement, while we h
now

Im P m
m~Q!;e2g4

T3

q0

q0

G
. ~41!

The factorq0 /G is in fact the new enhancement factor com
ing from T2/Im Meff

2 . Therefore, the two results differ onl
by the nature of the factor of collinear enhancement. F
hard photon bremsstrahlung, we had on the other hand@17#

Im P m
m~Q!;e2g4T2

1

g2 , ~42!

which becomes now

Im P m
m~Q!;e2g4T2

T

G
. ~43!
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Again, the two expressions differ only by the collinear e
hancement factor: T2/M`

2 ;1/g2 if G50 instead of
T2/ Im Meff

2 ;T/G when the width is dominant. The numer
cal prefactors not written in Eqs.~42! and ~43! could, how-
ever, be quite different since they reflect a different phys

The G21 scaling law in Eq.~39! has also a very simple
physical interpretation related to the fact thatG21 is the
mean free path of the quark in the medium. This result j
tells us that the photon rate is proportional to the mean
path of the quark that emits the photon. In other wor
quarks colliding very frequently do not have enough time
emit photons. This picture is at the basis of the Land
Pomeranchuk-Migdal effect that we discuss in the next s
tion.

VI. CONNECTION WITH THE LPM EFFECT

A. Generalities on the LPM effect

The nonperturbative region found in the present paper
also be interpreted in a much more physical way, wh
seems to indicate that the region I in Fig. 5 is the reg
where the Landau-Pomeranchuk-Migdal@31–35# effect
modifies photon production by a plasma. Let us first rec
the condition for the LPM effect, by using a very heuris
argument valid for real photon production. In the bremsstr
lung process of photon production, the gluon exchanged
ing the scattering has a minimal momentum given by@33#

l min'
q0

2

M`
2

p~p1q0!
, ~44!

wherep is the momentum of the quark. The inverse of th
momentum transfer defines the ‘‘length’’ on which the ph
ton is emitted, and for this reason is called the ‘‘coheren
length’’ ~denotedlcoh in the following! for the production of
this photon. It is also interpreted as the ‘‘formation time’’
the photon. Iflcoh is much smaller that the typical distanc
between two consecutive scatterings~proportional to 1/G),
then the photon rate is not affected by multiple scatterings
other words, successive scatterings can be considered a
dependent. On the contrary, if the coherence length is la
than the mean free path, then successive scatterings ar
independent anymore. This is the LPM effect. It is also p
sible to recast the previous condition as a comparison
tween the ‘‘formation time’’ and the mean free path of t
quark in a very suggestive way: the photon must be produ
before the quark scatters off another parton.

B. LPM effect in thermal field theory

Let us now show that the previous discussion arises a
matically in the thermal field theory approach. In fact, the
is in the calculation presented before a quantity very sim
to the coherence length discussed in the semiclassical t
ment of the LPM effect, namely,

lcoh
21;

q0

2

ReMeff
2

p~p1q0!
. ~45!
09601
-

.

t
e
,

-
c-

n
h
n

ll

-
r-

-
e

In
in-
er
not
-
e-

d

o-

r
at-

This value agrees with the one of Ref.@31–33# when Q2

50 since it comes from kinematics, and generalizes it to
case where the invariant massQ2 is non vanishing. Addition-
ally, this quantity was found in Ref.@18# to be the lower
bound for the momentum of exchanged gluons.

It is now possible to reformulate the conditionĜ51 in
more physical terms. Indeed, this condition can be rewrit
as

lmean;G21;lcoh, ~46!

wherelmeanis the mean free path of the quark in the plasm
and the region where the width dominates corresponds to
conditionlmean,lcoh. At this point, the connection with the
LPM effect is obvious: the region we found to be no
perturbative due to the width of the quarks is also the reg
where the LPM effect matters.

This discussion on the condition for the LPM effect
occur is in fact summarized in the expression forMeff

2 intro-
duced in Eq.~25!. This formula can be written very elegantl
as

Meff
2 5

2p~p1q0!

q0
F 1

lcoh
1

i

lmean
G , ~47!

and the physical condition for the LPM effect15 to be rel-
evant is mathematically expressed by the dominance
Im Meff

2 over ReMeff
2 . Conversely, when ReM eff

2 .Im Meff
2 ,

the perturbative approach is valid. As a side remark, let
note that the quantityMeff

2 , which controls the physics o
bremsstrahlung, combines in a very simple way three s
scales of the problemQ2, M`

2 , andG. It is also possible to

give a very simple physical interpretation of the ratioĜ
which contains all theG dependence of the final result@Eq.
~29!#. Indeed, one can rewrite this ratio asĜ5l coh/lmean,
which is nothing but the typical number of coherent scatt
ings necessary to produce a photon.

The analogy with the standard treatment of the LPM
fect is only partial though. Indeed, our estimate of the eff
of the finite mean free path of the quarks is too crude~be-
cause of the constant width, and because of the missing
tex corrections! to be reliable from a quantitative perspe
tive. The trend found here~suppression of the photo

15In Ref. @36# was investigated the influence of the finite me
free path of nucleons on axion~or neutrino pair! production by a
supernova. The connection between the widthG and the LPM effect
is also mentioned in this paper. However, the condition given
Eq. ~46! does not come out from the formalism of Ref.@36# ~it
seems that the approximations made in Ref.@36# for the bremsstrah-
lung do not enable one to track the coherence length, so that onG
appears in the final result!. What we have shown in the prese
section is that a careful calculation of the bremsstrahlung in ther
field theory generates automatically both terms of the comparis
through the effective mass given in Eq.~47!.
2-10
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LANDAU-POMERANCHUK-MIGDAL EFFECT IN THERMAL . . . PHYSICAL REVIEW D 62 096012
spectrum at smallq0! is, however, expected to be a sol
prediction, and is in agreement with what is usually fou
from the LPM effect.

The main difference with the usual calculation of t
LPM effect comes from the treatment of scattering cente
one usually assumes a fast moving charged particle g
through a medium of ‘‘cold’’~static! scattering centers. In
the case we are considering here, both the particle emit
the photon and the scattering centers are thermalized
ticles, of comparable momenta. The approximations mad
Refs. @31–35# do not apply to this situation, and it is no
clear whether a quantitative agreement is to be expecte
all. In particular, the static approximation selects only Deb
shielded longitudinal gluon exchanges, while the width~the
resummation of which introduces multiple scatterings in o
approach! of the thermalized quark receives contributio
from transverse gluons as well. Contrary to Refs.@31–35#,
transverse gluon exchanges are very important in ther
field theory, and matter for the LPM effect as well.

There is a major difference between the LPM effect fro
multiple longitudinal gluon exchanges and multiple tran
verse gluon exchanges, which can be readily seen when
compares the respective ranges of electric and magn
fields to the mean free path of the quark. Indeed, si
lmean@m

D

21;(gT)21, the mean free path is much larg

than the range of Debye screened electric fields. As a co
quence, successive exchanges of longitudinal gluons ar
dependent: they correspond to scatterings off different p
tons. On the contrary, we havem21.lmean, which implies
that the range of magnetic fields can extend beyond the m
free path of the quark. Therefore, successive exchange
transverse gluons may correspond to scatterings off the s
parton. This interpretation is supported by the infrared stu
performed in Ref.@18#, where we found that only transvers
gluons are causing trouble in the infrared sector, and that
problem occurs whenlcoh.m21 @see Eq.~35!#. This condi-
tion means that the production of a single photon occurs o
distance larger than the correlation length of magnetic fie
this emission process is therefore able to probe the sca
the magnetic screening, and the rate is expected to bec
non perturbative. This qualitative difference of transve
gluon exchanges is also supported by the fact that the
tribution of longitudinal gluons toG is perturbative~satu-
rated at one-loop!, while the transverse contribution toG is
nonperturbative@22,23#.

C. Comparison with the approach of Cleymanset al.

The LPM effect has already been studied in the contex
photon production by a quark-gluon plasma, although wit
very different approach, in Ref.@37#. In this paper, the study
follows the semi-classical approach of Ref.@33#, to first de-
duce the photon rate from a single quark trajectory, and t
average over the possible trajectories. Finally, the author
Ref. @37# manage to rewrite the rate as a function of a qu
tity F(u,t) which is related to the probability for the quar
trajectory to undergo an angular deviationu after a timet.
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Additionally, they show that this object satisfies the follow
ing Fokker-Planck equation, which would be in o
notations16

]F

]t
1 i

q0

2 Fu21
M`

2

p2 1
Q2

q0
2 GF5

^u
S

2&

4
“u

2F, ~48!

where ^u
S

2& is the mean square of scattering angleper unit

length.
In order to make the connection with our approach m

transparent, we can factorize out the quark width in the f
lowing way ~recalling the fact thatG21 gives the mean free
path!:

^u
S

2&[16ū2G, ~49!

where ū2 is the average square of the scattering angleper
collision ~up to a purely numerical factor! and where the
prefactor 16 has been chosen for later convenience. We
now rewrite the equation satisfied byF in the following way:

]F

]t
1 iq0Fu2

2
1

1

2p2 $ReMeff
2 1 i Im Meff

2 ū2
“u

2%GF50.

~50!

We see that this equation is governed by a complex num
whose real and imaginary part also appear in our appro
In particular, the condition for having LPM effect†discussed
after Eq.~2.21! of Ref. @37## is the same as ours, given th
fact that typical scattering angles satisfyū2;ReMeff

2 /p2.
Note, however, that our calculation also includes the cas
hard photon production, and shows that transverse gluon
changes are equally important, both points which are
contained in the approach of Cleymanset al.

VII. q* q̄ ANNIHILATION

A. Technical differences

In Sec. IV, when we performed the integration over t
quark energyp0 using thed(P22M`

2 ) in Eq. ~19!, we con-
sidered only the positive energy solution, which correspo
to photon emission by the bremsstrahlung of a quark. T
calculation is very similar for the contribution ofp05
2vp , with some peculiarities that we are going to highlig
in this section.

One of the most important differences is that, since
haveq0.0, this contribution contains in fact the sum of tw
processes~see Fig. 3!: the bremsstrahlung of an antiquark
vp.q0, and the annihilation of an off-shell quark~a quark
put off-shell by a scattering! with an antiquark ifvp,q0.
The latter process has been studied in the case of zero w
and real photons in Ref.@17# and was indeed found to be
very important contribution to hard photon production. T

16In Ref. @37#, only soft photons are considered. As a cons
quence, in this comparison, we assume alwaysq0!p, and therefore
do not distinguishp andp1q0.
2-11
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purpose of this section is not to present a complete calc
tion of this process~which would require the discussion of
few other technical issues, especially in the region wh
Q2.4M`

2 ), but only to reproduce in this case the discuss
of Sec. V, in order to have a qualitative picture of the infl
ence of the width on this process.

The calculation of thep0,0 contribution can be per
formed by the same method as thep0.0 one. In particular,
the angular integral overdV l generates an effective mas
M eff82 , the expression of which is

Meff82[M`
2 1

Q2

q0
2 p~p2q0!14i

G

q0
p~p2q0!. ~51!

In addition to this change, the angular integral overdVp is
now dominated by values ofu aroundp ~because 12cosu in
the expression ofD becomes 11cosu).17 A practical conse-
quence of this is thatr'up2q0u in the collinear limit. All
the subsequent steps can be reproduced and one is lead
following final formula:

ImP m
m~Q!'

2e2g2

p4

T

q0
2 E

0

1`

dp
p21~q02p!2

2

3@n
F
~q02p!2n

F
~2p!#

3 (
m5T,L

E
0

1dx

x E
0

1`

dw
u Ĩ muK~w,Ĝ !

~w1R̃m!21~ Ĩ m!2
,

~52!

where the notations are the same as in Eq.~30!, with Meff82 in
place ofMeff

2 .
Another very important technical difference appears wh

one performs the integral over the quark momentump. In-
deed, the range of this integral is controlled by the statist
factors n

F
(r 0)2n

F
(p0)'n

F
(p)2n

F
(p2q0). This factor is

of order 1 in a domain going fromp50 to p;Max(q0 ,T).
In other words, ifq0 is soft, this range is the usual@0,T#
interval. On the contrary, ifq0@T, the integral extends to
p;q0@T. A practical consequence is that forq0!T, the
contribution of p0,0 comes mainly from the bremsstra
lung of an antiquark~since most ofdp integral satisfiesq0

,p;T), while for qo@T it is dominated by theq* q̄ anni-
hilation ~since we then havep,q0). In the intermediate re-
gion q0;T, this contribution is a mixture of both processe

B. Modifications due to the width

Again, we see that the term depending onG in Meff82

comes withG/q0, indicating that the width will modify sig-
nificantly the rate whenq0 is soft. But, in addition, when
q0@T, p can itself be of orderq0, so that the imaginary par

17This difference is also obvious when one compares the pro
on the left of Fig. 3 with the two processes on the right of the sa
figure, which we are dealing with now.
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of Meff82 is of orderGq0, which can be much larger thanM`
2

at very largeq0. This means that the width also chang
dramatically the spectrum of very hard real photons~in the
case of bremsstrahlung, the width modifies only margina
the rate of hard photons, since the imaginary part ofMeff

2 is
of the same order of magnitude asM`

2 if q0@T and G

;g2T) coming from theq* q̄ annihilation.
This has been checked by evaluating numerically E

~52!, and the results are displayed in Fig. 6, where we p
the imaginary part of the photon polarization tensor as
function of q0 /T ~with the same values of temperature a
coupling constant as in Fig. 4! for a set of values ofG iden-
tical to the one chosen in Fig. 4. From this plot, it is obvio
that the regionsq0!T andq0@T are very different. In fact,
in the regionq0!T, we obtain results that exactly matc
those of Fig. 4: indeed, in this region, thep0,0 contribution
is dominated by the bremsstrahlung of an antiquark, wh
as expected contributes equally as the bremsstrahlung
quark.

The new feature coming withp0,0 appears in the hard
photon region (q0@T), where now theq* q̄ annihilation
contributes. At very smallG ~upper curve!, we recover the
result of Ref.@17# according to which the processq* q̄→g
gives a contribution to ImP m

m(Q) that increases likeq0.
Then, asG increases, we see a saturation at large enoughq0,
to a value that behaves asG21. This confirms the above
qualitative statement based onM eff82 . In this case also, it is
possible to obtain a formula such as Eq.~39! showing ex-
plicitly the G scaling law whenG is the dominant collinear
regulator.

The contribution of the processq* q̄→g, first evaluated at
leading order in Ref.@17#, has been found to be phenomen
logically important for the production of direct photons
the 2210 GeV range, because it dominates previous e
mates by a factor of order 5@38#. The inclusion of this con-
tribution in heavy nuclei collisions simulations@39# has lead
to a good agreement with the measured rates from the W
experiment@40,41#. These rates did not include the LPM

ss
e

FIG. 6. Effect of the width in the regionp0,0 as a function of
q0 /T ~for Q250). Each curve corresponds to a different value
the widthG. The set of values taken forG is the same as in Fig. 4
2-12
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FIG. 7. Summary of the various scales in the problem, and comparison with the coherence length. In region A: 0,l coh,lmean. Region
B: lmean,lcoh,m21. Region C:m21,l coh. Each picture shows the new class of diagrams that one must consider when going to larg
larger coherence lengths~in addition to the diagrams already considered for smaller coherence lengths!. A boldface quark line denotes th
resummation of a width in addition to the asymptotic thermal mass.
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suppression advocated here, but one must realize tha
energy range where thermal photons are relevant is also
region of minimum sensitivity to the widthG ~around the
minimum of the curves in Fig. 6!, since for a temperature o
a few hundred MeV, the GeV range corresponds toq0 /T
;10. It is too early to be more quantitative here given t
fact that vertex corrections have been completely disrega
in the present work, but having a precise prediction for t
process would definitely be of important phenomenologi
interest.

C. LPM effect in q* q̄ annihilation

When p0,0, the condition under which the width is th
dominant collinear regulator can be rewritten as

2G.
q0

2

ReMeff82

puq02pu
, ~53!

and the quantity in the right hand side is the minimal va
l min for the momentumL of the gluon exchanged in th
scattering. Therefore, its inverse is also the coherence le
for the emission process, and the above condition is noth
but the criterion for having LPM effect.

As a consequence, we are lead to the conclusion tha
LPM effect plays a role not only for the photon productio
by bremsstrahlung at low energy, but also for theq* q̄ anni-
hilation at high energy. This conclusion was also recen
obtained in Ref.@42# by a semiclassical method followin
the original method of Migdal@33#. The authors of Ref.@42#

in fact studied the inverse of the processq* q̄→g, namely
the production of a fermion pair out of a photon~this process
is made possible by the fact that one of the fermions is p
duced off-shell and then scatters in the medium!. They found
that the LPM effect is important for the fragmentation
very high-energy photons. This is equivalent to our obser
tion that the LPM effect modifiesq* q̄→g for largeq0.

VIII. CONCLUSIONS

In this paper, we have studied the effect of the finite me
free path of quarks on photon production by a quark glu
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plasma. The main result is that such a correction may h
important effects by affecting the collinear sector.

We have first considered the effect of a quark width in t
simplest one-loop diagram, and shown that potentially la
one-loop contributions cancel when a more complete su
mation is performed. This cancellation is not new in fact, a
has been noticed elsewhere. It has connections with the
that there are no hard thermal loops for vertices with t
photons and any number of gluons.

Two-loop contributions beyond the eikonal approxim
tion escape this cancellation, and lead to a result which
hibits features of the LPM effect. It is indeed possible
interpret the region where the width of the quark is importa
as the region where the formation length of the photon
larger than the mean free path of the quark. Our study a
shows that the LPM effect modifies the emission spectrum
very hard photons. Despite its nice interpretation, our pres
result is not complete because it does not consider the ve
corrections that should accompany the resummation o
width.

Multiple scatterings due to longitudinal gluon exchang
are independent, as in the semiclassical treatment of
LPM effect. On the contrary, the transverse sector displ
features that are qualitatively different from what is usua
accepted in the semiclassical treatment~which just disre-
gards transverse gluon exchanges!. Indeed, we find that mul-
tiple transverse gluon exchanges are very important also,
that they are not independent due to the long range of m
netic fields.

The various scales in the problem are summarized in F
7. Three of these scales are intrinsic to the quark glu
plasma: the Debye screening lengthm

D

21, the mean free path

of the quarkslmean;G21 and the magnetic screening leng
m21. The fourth scale, the coherence lengthlcoh ~or forma-
tion length of the photon!, depends on the energy and inva
ant mass of the photon one wants to observe, and shoul
compared to the first three. This leads to three zones wh
have simple physical interpretations. In addition, the nat
~and complexity! of the dominant higher loop correction
depend on the coherence length.

Region A: 0,lcoh,lmean, and photon production is
2-13
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dominated by single scatterings. The large scale structur
magnetic fields is irrelevant. The only relevant diagram is
two-loop diagram~with HTL resummed quarks! already con-
sidered in Ref.@16#. The contributions of transverse and lo
gitudinal gluons are comparable.

Region B:lmean,lcoh,m21, which implies that photon
production is affected by multiple scatterings~LPM effect!.
In this region, the emission process is not yet sensitive to
magnetic screening. Indeed, according to Ref.@18#, this sen-
sitivity comes in whenlcoh.m21. It is sufficient to resum a
width ~saturated at one loop18! on the quarks, and to conside
vertex corrections involving both longitudinal and transve
gluons. So far, we have said nothing about the vertex cor
tions that should come with self-energy insertions. Nevert
less, it is reasonable to assume from Ward identities
1-loop self-energy insertions talk to ladder corrections.19 We
can note also that the discussion of this region is somew
academic, because its extension is only proportional
ln(1/g). Additionally, the new topologies of the region C a
at most suppressed by powers of ln(1/g)21 if evaluated in
region B.

Region C:m21,lcoh. The LPM effect still modifies pho-
ton production. In addition, the emission of a photon la
long enough for the process to be sensitive to the magn
screening. This is the physical meaning of the result of R
@18#. Diagrams with an arbitrary number of ultrasoft tran
verse gluons, connected in all the possible ways, mus
resummed. In addition, the width included on the qua
contains nonperturbative contributions due to transverse
ons @22,23#, and the effective gluon vertices must be co
rected to hold for ultrasoft momenta@43#.

A full study ~including vertex corrections! of the correc-
tions to photon production due to longitudinal gluons see
within the reach of perturbation theory, but the situation
very different in the transverse sector which seems far
yond the possibilities of perturbative methods. In this
spect, photon production is not very different from the c
culation of the quark damping rate@22,23#. New tools, like
functional methods, transport equations, and eventually
tice techiques, are presumably the way to go in this area
particular, the picture emerging from Fig. 7 suggests an a
ogy with the successive resummations of@44,45#, in which
the scalesT, gT andg2Tln(1/g) are successively integrate
out. Indeed, going to larger and larger coherence lengths
quires the inclusion of more and more complicated topo
gies, a procedure which amounts to integrate out degree
freedom encountered at smaller length scales.
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APPENDIX: SEPARATION OF THE VARIOUS CUTS

Equation~27! includes automatically the sum of the cu
~c! and ~d! of Fig. 2. To see it explicitly, let us first denote

F~G![
1

u1Meff
2 /2p2 ,

G~G![
e~G!

@~u1Meff
2 /2p21L2/2p2!22~L2/p2!~Meff

2 /p2!#1/2.

~A1!

Then, the discontinuity on the last line of Eq.~27! equals

DiscF~G!G~G!5F~G!G~G!2F~2G!G~2G!

5
@G~G!1G~2G!#

2
DiscF~G!

1
@F~G!1F~2G!#

2
DiscG~G!.

~A2!

In the last line, the first term corresponds to cut~d! and the
second term gives cut (c). The fact that both cuts contribut
to the photon rate whenGÞ0 was to be expected. Indee
the cut~d! which corresponds to the processq→qg is kine-
matically forbidden ifG50, but is now allowed by the very
fact that the widthG reflects the collisions of the quasi-qua
~and the channelq→qg is allowed in the presence of a me
dium!.

The integrals to be calculated are more complicated if o
wants the two cuts separately. But it turns out that the d
ference between the two cuts is also very simple. This
ference is given by

~c!2~d!}
@F~G!1F~2G!#

2
DiscG~G!

2
@G~G!1G~2G!#

2
DiscF~G!

5F~2G!G~G!2F~G!G~2G!. ~A3!

Therefore, in order to get (c)2(d), one has to start from
Eq. ~27! in which the last line is substituted b
DiscF(2G)G(G). The same transformations can be appli
to this integral, and one finally obtains an equation similar
Eq. ~29!, but in which the functionK(w,Ĝ) is replaced by

nt
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L~w,Ĝ ![
1

2
E

0

1 dy

A12y

y14/w

~y14/w!21~12y!~4Ĝ/w!2
.

~A4!

This new integral is also elementary and can be obtaine
closed form if needed.
Z.

rd

e

.

v.
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It is obvious that in the limit of zero width (Ĝ→0), the

two integralsK(w,Ĝ) andL(w,Ĝ) become equal. The only
way for this to happen is that the contribution of cut~d! goes
to zero. Therefore, we recover the fact that the procesq
→qg disappears whenG50.
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